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1. IacmopT KOMILIEKTA KOHTPOJIbHO-U3MEPUTEIbHBIX MATEPUAJIOB
B pesynbTaTe ocBoeHMs yueOHOM AUCHUIIITUHBI «Mamemamuxa» 00ydaromuiics

noibkeH oOnaaath npeaycMorpeHHbiMu  DPI'OC no cnernumansHocTu CITIO 15.02.14
OcHallenne cpeacTBAMU ABTOMATHU3ALMU TEXHOJOTMYECKMX IPOIECCOB U
NPON3BOACTB (MO0 OTPACIASAM)CICAYIONUMU YMEHUSIMH, 3HAHUSIMHU, KOTOPHIC
bopMupyroT MpodeccuoHaIbHYI0 KOMIIETSHIINIO, U OOIITUMU KOMIIETEHIIUSIMU:

YMmenus (Y):

VYV 1 - BBINONHATH ONEpalMy HaJ MaTpUUAMHM U pPEIIaTh CUCTEMBI JIMHEHHBIX
YPaBHEHUM;

Y 2 - pemaTh 3aja4M, UCHOJB3Yys YPaBHEHHUs MNPSIMBIX U KPHUBBIX BTOPOTO
NOPSIIKA HA IIOCKOCTH;

VY 3 - npumeHsATh MeToAbl U HEepeHITNATBHOIO U HHTErPATIbHOTO NCYUCIICHUS
GyHKIUN ¢ 0OTHON IIEPEMEHHOW;

VY 4- nmpumMeHsTh MeToAbl TUdPEPEHITNATEHOTO U HHTETPAITBHOTO UCYUCIICHUS
(GYHKIIMHA HECKONBKUX TEPEMEHHBIX;

VY 5 - pemate quddepeHnuanbHpie YpaBHEHUS;

VY 6 - MOaB30BaTHCS MOHATUAMU TECOPUU PSIOB.

VY 7- monb30BaThCs MOHATUSMHU TEOPUU KOMITJIEKCHBIX YUCE;
3nanus (3):

3 1- OCHOBBI MATEMATHUYECKOTO aHANIN3a, THHEHHOU anreOphl U
AHAUTUTUYECKON TEOMETPUH;

3 2- ocHOBBI MU PEPeHIINATEHOTO U UHTETPATLHOTO UCUUCTEHUS (DYHKIIHIA ¢
OJTHOM NIEPEMEHHOMU;

3 3- ocHOBBI MU PEPEHIINATEHOTO U HHTETPATLHOTO UCUUCTEHUS (DYHKITHI ¢
JBYMS IEPEMEHHBIMU;

3 4-0CHOBBI TEOPUU PSAIOB.

3 5- OCHOBBI TEOPUH KOMIUICKCHBIX YHCEIT;

OK 1 BriGupath ciocoOsl pemieHus 3ana4d npodhecCHOHATBHON NeATeTbHOCTH
MPUMEHUTEIIHHO K PA3TUIHBIM KOHTEKCTaM

OK2 OcymiecTBasaTh MOWCK, aHAIW3 W HWHTEPIPETANio WHGOPMAIIHH,

HEOOXOUMOM /sl BBITIOJIHEHUS 3a7a4 MPO(HEeCCUOHAIBHON JIESITEIbHOCTH



OK 9 HUcnonb3oBaTh MH(DOPMAIMOHHBIE TEXHOJOTHHM B MpO(ecCHOHaIbHON
NEATEIBHOCTU

OK 10ITonb30BaTHCA npodeccuoHaIbHON JNOKYMEHTaIEN Ha
rOCYJapCTBEHHOM M MHOCTPAHHOM SI3bIKAX

OCHAIlleHUE CPEeJCTBAMH aBTOMAaTH3aIuU TexHoorundeckux mnpoieccon(I1K)

I[IK 1.3 IlpoBoauTh BUPTYyaldbHOE TECTHUPOBAHUE pPa3pabOTaAaHHOW MOJEIH
AJIEMEHTOB CHCTEM aBTOMATH3AIMM ISl OLICHKH (YHKIHMOHAIHHOCTH KOMIIOHEHTOB

[IK 1.4 ®opMupoBath makeT TEXHUYECKONW JOKYMEHTAIMU Ha pa3paboTaHHYIO
MOJENb 3JIEMEHTOB CUCTEM aBTOMAaTU3aLMHU

[IK 2.3 IIpoBoAuTh UCHBITAHUS MOJEIHN DIEMEHTOB CUCTEM aBTOMAaTU3allMU B
pEeaNbHBIX YCIOBUAX C IIEJIbI0 MOATBEPXKIACHUS pabOTOCIIOCOOHOCTH M BO3MOMKHOM
ONTUMU3ALUU

I[IK 4.3 Opranu3oBbiBaTh pabOThl MO YCTPAHEHUIO HEMOJIAJI0K, OTKa30B
000py10BaHUS ¥ PEMOHTY CUCTEM B paMKaX CBOEH KOMIIETCHIIUH

dopmotii aTTecTaIiu 1o yaeOHOU TUCTIMILTAHE SIBIISIETCS
nudepeHITMpOBaHHbBIN 3a4eT.



2. Pe3yabTarhl 0OCBOCHHMS YU4eOHOM TUCHUININHBI, MOAJIE/KALIHE IIPOBEPKe

2.1.

B pe3ynbrare arrtecTalMu MO y4yeOHOM JUCUMIUIMHE OCYILECTBIIAETCS

KOMIUIEKCHAs MPOBEpPKAa CIHEAYIOIIMX YMEHUW W 3HAHUK, a TaKXke JMHAMHKA

(dopMupoBaHus 00IIMX KOMIETEHIUN:

Pe3yabTaThl 00y4eHHs:
yMeHMs, 3HAHUSA U o01ue
KOMIIeTEHIINH

IToka3zaTeu olleHKH
pe3yJjbTaTa

dDopma
KOHTPOJIA U
OLICHUBAHUSA

YMmerh:

Y I - BeIOAHATE Onepanuu
HaJl MAaTPULIAMU U PELIAThH
CHUCTEMBI JIMHEUHBIX
YPaBHEHUM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIIBHOCTD,
BBIOMPATH TUIIOBBIE METOIBI U
CIIOCOOBI BBHITTOJIHEHHUS
npodeccuoHaNbHBIX 3a]1a4,
OLICHUBATh UX

3 PEKTUBHOCTH U Ka4eCTRBO.

- BrlmosiHeHue nevicTBUi Haxq
MaTpULIaMU: CJIOKEHUE,
BBIYMTAHUE, YMHOXKEHHUE,
YMHOKEHUE MAaTPUIIbI Ha
YUCII0

-Beruncienue onpenenurencu
- Pemrenune cucreM TUHEHHBIX
YPaBHEHUH METOJIOM
00paTHON MaTPHUIIBI

- Pemenne cucrteM TUHEHHBIX
ypaBHEHUM 1Mo popMynam
Kpamepa

- Pemenne cucrteM TUHEHHBIX
ypaBHEHUH MeToIoM ['aycca.

YCTHBIN onpoc,
CaMOCTOSTEIIbHBIC
paboThI;
NIPAKTHYECKUE
paboTHI, IK3aMEH

Y 2 - pemiatp 3324w,
UCIIOJIb3Ysl YPaBHCHUS
MPSIMBIX M KPUBBIX BTOPOTO
MOPSIAKA HA TIOCKOCTH.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITCIIHBHOCTD,
BBIOMPATh TUITOBBIE METObI
CIIOCOOBI BHITIOTHEHUS
mpo¢eCCHOHANILHBIX 3a]1a4,
OIICHUBATH MX

3 PEKTHBHOCTHH Ka4eCTBO.

- BrimosiHeHne nevicTBUM HaxQ
BEKTOpPaMHU: CJII0KEHUE U
BBIYNTAHUE BEKTOPOB,
YMHOKE€HHUE BEKTOPA HA YUCIIO
- Haxoxienue ckaiasipHoro,
BEKTOPHOTO U CMENIAHHOTO
MPOU3BEACHHS BEKTOPOB

- CocTaBneHue ypaBHEHUI
MPSIMBIX U KPUBBIX 2 TIOPSIKa,
UX TIOCTPOCHUE

YcTHBIN Oompoc,
CaMOCTOSITEIIbHBIC
paboTHI;
MIPAKTUYECKUE
paboThI




Y 3 - npUMEHATh METOIbI
nudpepeHnanbHOTO U
HMHTErPaIbHOTO UCYUCIICHUU
1St QYHKIMM C OTHOU
MIEPEMEHHOU

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOMPATH TUTIOBBIC METOIBI U
CrocoObI BBITIOTHEHUS
npodeccroHaIbHbIX 3aj1a4,
OIICHMBATh UX

3¢ PEeKTUBHOCTH U KaU4€CTRBO.

-Beruncnenue npenena
(YyHKUMU B TOUKE U B
OECKOHEUHOCTH

- UccnenoBanue GyHKIUU Ha
HENPEPHIBHOCTH B TOUKE
-OnpeneneHue BU10B TOUEK

paspsiBa- Haxoxnenue
POU3BOJIHON (PYHKUINH-
Haxoxnenue npon3BogHou
CIIOXHOM PyHKIUU-
[Ipumenenue npasuna
JlonuTtans it BBIYUCIICHUS
IIPEAEIIOB

-Pa3yioxxenue aieMeHTapHbIX
bynkuuit B psa Teiinopa u
IPUMEHEHUE JIs1 HAaXOXKIACHUS
peAEIoB-
Jlorapudgmuyeckoe
nuddepeHnupoBaHue -
Hccnenoanue pyHKINU C
IIOMOIIBIO IPOU3BOHON U
HOCTpOEHUE rpadu

- Haxoxnenue
HEONPEICICHHBIX HHTETPAJIOB
(HEmoCpeACTBEHHOE
UHTErPUPOBAHUE ,
UHTErPUPOBAHUE
MOJACTAaHOBKOM ,
WHTETrPUPOBAHUE IO YACTSIM )
-UuaterpupoBanue QyHKITHH,
COJIEpKAIIUX KBAAPATHBIN
TpeXuwieH -
HNuTterpupoBanue
parMoHATBHBIX (PYHKITUH

- UnTerpupoBanue

palMoOHAIbHBIX IPOOCH-
HNuTterpupoBanue
TPUTOHOMETPUUYECKUX
bynkuuii-MaTerpupoBanue
UPPAMOHATHHBIX ()YHKITAN-

YcTHBIN Onpoc,
CaMOCTOSTEIbHBIC
paboThI;
PaKTUYECKUE
paboThI, IK3aMEH




Brrancnenue onpeeneHHbIX
uHTerpanoB-HecoOCTBEeHHbIE
UHTETpalbl-Borancnenue
iomaae Guryp ¢ moMoIbo
OIPEJICTICHHOI'0 UHTErpaa-
Jnuna nyru-dusnyeckoe
IPUIOKEHUE ONPEIEIIEHHOTO
UHTErpaia

Y 4- npuMeHsATh METObI
g depeHnrnasbHOro U
UHTETpajibHOTO UCUUCICHUU
1St PYHKIIMI HECKOJIBKUX
nepeMEeHHBIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIIBHOCTD,
BBIOMPATH TUIIOBBIC METOIbI U
CIOCOOBI BBHITTOJTHEHHUS
npodeccuoHaNbHBIX 3a]1a4,
OLICHUBATh UX

3¢ PEKTUBHOCTH U Ka4eCTRBO.

-IIpou3BOAUTH BHIYUCITIEHUE
npeaesioB GyHKIUM ¢ IByMS
NepEeMEHHBIMU
-HaxoxxneHue yactbix

pou3BOHBIX -Haxoxnenue
JaCTBIX MTPOU3BOJIHBIX
BBICIITUX TIOPSJIKOB-
[IprmeHenue 1moaHoro
nuddepeniuana K
PUOIMKEHHBIM
BbIYMCIeHUsAM-Haxoxnenue
nuddepeHIanoB BICIITUX
nopsiikoB-Haxoxnenue
MIPOU3BOTHOM CIIOKHOMN
bynknun-Haxoxaenue
IKCTpeMyMa (PYyHKIIUH JIBYX
nepeMeHHbIX-Bbruucienue
JIBOMHOT'O MHTErpaja B
J€KapTOBBIX KOOpAMHATAX-
Brruncnenue 1BOMHOTO
MHTErpaJia B MOJSAPHBIX
KoopauHarax-IIpumenenue
JIBOMHOT'O MHTErpaja JJist
BBIUHCIICHUS 00beMa Tea,
TUTOIIAIH TUTOCKOHM (DUTYPHI,
MAacChbl HEOAHOPOJHOU
MJIACTUHBI

YCTHBIN 0o1npoc,
CaMOCTOSTEIIbHBIC
paboThI;
PaKTHUYECKUE
paboTHI




Y 5§ - pewars
nudepeHmanbHbIe
yYpaBHEHHUS

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOMPATH TUTIOBBIC METOIBI U
crocoObI BBITIOTHEHUS
npodecCUOHANbHBIX 3a]1ad,
OIICHMBATh UX

3¢ PEKTUBHOCTHU KAYE€CTBO.

-Pemenne
mu¢depeHurnanbHbIX
YPaBHEHUH IIEPBOTO IOPsAIKA
-Pemenne

g depeHunaITbHbIX
YPaBHEHUH IIEPBOTO MOPSAIKA
C pa3aeIAOIMMUCS
IepeMeHHbIMU-Permenne
OJTHOPOJHBIX
nuddepeHnranbHbIX
YPaBHEHHUI NEPBOTO MOPSIAKA-
Peuienne nuHENHBIX
YPaBHEHHUI NEPBOT0 MOPSIAKa-
Pemenue nuddepennmaibHbIx
YpaBHEHUI BBICIIETO
nopsaka-Pelnienue ypaBHEHUM
, IOMCKAOIINX MOHUKEHHE
nopsiaka-Pemenue JIOAY
BTOPOTO MOPSAJIKA C
MOCTOSIHHBIMHU
kod(dpunuenramu- Pemenue
JIHJY BTOpOTO Mopsizika ¢
MOCTOSIHHBIMU
Kod(pUIIMEHTaMU U TIpaBOi
YacThIO CIELUAIBLHOIO BUAA

YcTHBIN Onpoc,
CaMOCTOSTEIbHBIC
paboThI;
PaKTUYECKUE
paboThI, IK3aMEH

Y 6 -- 1071B30BaTHCA
MOHSATHUSIMHU TCOPHH PSIJIOB.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITCIIHBHOCTD,
BBIOMPATh TUITOBBIE METObI
CIIOCOOBI BHITIOJTHEHUS
mpo¢eCCHOHANILHBIX 3a]1a4,
OIICHUBATH MX

3 PEKTHBHOCTHH Ka4eCTBO.

-BrimonnsaTe uccnenoBanue
PSAIOB HA CXOAMMOCTb-
Haxonuts pannyc
CXOAUMOCTH , 00JIaCThb
CXOAUMOCTH -BBIMOTHATH
pasnoxkenne QPyHKIUH B
CTETICHHBIC PSI/IBI

YcTHBIN ompoc,
CaMOCTOSITEIILHBIC
paboTHI;
PAKTHYECKUE
paboThI




Y 7 - nonp30BaThLCA
MIOHATUSIMU TEOPUU
KOMIIJIEKCHBIX YHCEII;

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBEIOMPATH TUITOBBIC METOIBI U
crocoObI BBITIOTHEHUS
npodecCUOHANbHBIX 3a]1ad,
OIICHMBATh UX

3¢ PEKTUBHOCTHU KAYE€CTBO.

- [Ipou3BoauTh IEUCTBHUS C
KOMIUIEKCHBIMH YHCIIaMU B
anreOpanyeckou,
TPUTOHOMETPUUECKOM,
nokazaTebHON dhopmax-
OcyuiecTBasITH
FEOMETPUYECKYIO
UHTEPIPETALUIO
KOMIUIEKCHOTO YHucIa -
[lepeBoAUTH KOMIJIEKCHBIE
YKCIa U3 OJHON (OpMBI B
npyryo-Pemars ypaBHeHuUs
HA MHOKECTBE KOMILUIEKCHBIX
qHCeN

YcTHBIN Onpoc,
CaMOCTOSTEIbHBIC
paboThI;
PaKTUYECKUE
paboThI, IK3aMEH

3HATH:

31- OCHOBBI MaTEMaTHUUECKOTO
aHaju3a, JMHEWHOU anreOpsl
U QaHAJTUTUYECKON TeOMETPHH;

OK 1. [ToHumaTth CylmHoOCTh
U COITMATBbHYIO 3HAYMMOCTh
cBoel Oynymieit npodeccun,
MPOSBJIATH K HEW YCTOMYMUBBIN
UHTEpEC.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITCIIBHOCTD,
BBIOMPATH TUTIOBBIC METO/IBI U
CIIOCOOBI BBITIOTHEHUS
npodeCCHOHANILHBIX 3a]1a4,
OLICHUBATh UX
3 PEKTUBHOCTH U Ka4eCTRBO.

BocnpouszBoanTs anropuTMbl
pEeUIEHNs CUCTEM JTUHENHBIX
YPaBHEHUI METOJIOM
0o0paTHOI MaTPUIkI, 110
dopmynam Kpamepa, metogom
lNaycca

- Bocipou3BoiuTh
CxansipHoe, BEKTOPHOE U
CMEILIaHHOE MPOU3BEACHUS
BEKTOPOB
- Onpenenarb ypaBHEHUs

KPUBBIX BTOPOTO MOPSIKA

YCcTHBIN onpoc,
CaMOCTOSITEIbHBIC
paboTHI;
MPaKTUYECKUE
paboThl, 9K3aMEH




32- 0CHOBBI

¢ depeHunasbHOro 1
MHTETrpajJbHOT0 UCUUCICHUS
dbyHKIMI ¢ OJTHON
IIEPEMEHHOM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOMPATH TUITOBBIC METO/IBI K
CrocoObI BBITIOTHEHUS
npodeccuoHaIbHbIX 3374,
OIICHMBATh UX
3¢ PEeKTUBHOCTH U KaU4€CTRBO.

- Bocipou3BOIUTH METOIBI
BBIUMCIIEHUS MIPEIEIIOB,
3aMevaTebHbIE MTPeIebl-
KnaccudummpoBatb Touku
pa3pbiBa GyHKLIHHU-
Bocnpouszsoauts npasuia
nudepeHpoBaHus U
IIPOU3BOJIHBIE OCHOBHBIX
AJIEeMEHTAPHBIX (DYHKIIHHA,
CIIOXHBIX ()yKLIUIA-
BocnpousBoauts airoputm
NOCTPOEHHUS TpadUKOB
(GYHKIIMN C TOMOUIBIO
npou3BoaHOM- Ha3piBaTh
TaOJIMYHbIE UHTETPAJIbI
-Pemiats uHTErpaNbl METOIOM
3aMEHBI [IEPEMEHHOM,
WHTErPUPOBAHUEM I1OYACTSIM-
Hcnonp30BaTh MPUIIOKEHHE
ONPENIEICHHOr0 UHTETpaja K
BBIYHMCIICHUIO IUIONIAAEH
IJIOCKUX (UTYpP, OOBEMOB T
BpallEHUs, MyTH,
MPOKJIEHHOTO TOYKOM

YcTHBIN Onpoc,
CaMOCTOSITETIbHBIC
paboThI;
PaKTUYECKUE
paboThI, IK3aMEH
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33 — OCHOBBI
nudpepeHnanbHOTO U
MHTETrpajJbHOTO
UCYUCIICHUAPYHKIIUN
HECKOJIbKHUX NEPEMEHHBIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOMPATH TUTIOBBIC METOIBI U
CrocoObI BBITIOTHEHUS
npodeccuoHaIbHbIX 3374,
OIICHMBATh UX
3¢ PEeKTUBHOCTH U KaU4€CTRBO.

- Haxoguts 061acTh
onpeneneHus QyHKUUN IBYX
nepeMEHHBIX
-BocnponsBoauts mpasuia
HAXOXJACHHS YaCTHBIX
IPOU3BOJIHBIX (PYHKIUH C
JBYMsI TIEPEMEHHBIMU -
BocnpouszBoauts alroputm
HAXO0XACHUS IKCTpeMyMa
GyHKUIMU ¢ ABYMS
nepeMeHHbIMHU-
BocmnpousBoauTs cBoiicTBa
JIBOMHBIX UHTETPAJIOB U
IIpaBUJIa UXBBIYUCICHUS

34-0CHOBBI TeOpUM PAIOB

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JI€ATEILHOCTD,
BBIOMpATH TUTIOBBIE METOIBI U
CIIOCOOBI BBITTOJTHEHHUS
npodeccroHaIbHbIX 3a7a4,
OILICHUBATh UX

3¢ PEeKTUBHOCTH U Ka4eCTRBO.

-Paznuuate psaasl o hopmysie
00111eT0 YiIeHa-
Bocrnpon3BoauTh npu3HaKku
CXOIUMOCTH PSIJIOB

YcTHBIN Oompoc,
CaMOCTOSITEIbHBIC
paboTHI;
MPaKTUYECKUE
paboThI, IK3aMEeH

11



35 - ocHOBBI TEOpUH - [IpencraBiaTh YcTHBIN Onpoc,
KOMILJIEKCHBIX YHACE KOMILJIEKCHOI'O YHMCJia B CaMOCTOATCIIbHBIC
paboThI;
IIpaKTUYECKue
paboThI, IK3aMEH

anreOpanyeckou,
OK 2. Opranu3oBbIBaTh

COOCTBEHHYIO JI€SITEIHHOCT,

BBIOMPATh TUTIOBBIE METOIbI U
CIIOCOOKI BEITOTHCHHS BBITIOJIHATH JEUCTBUS B HUX.

TPUTOHOMETPUUECKOM,
nokazaTebHON dhopmax,

npodeccuoHanbHbIX 3a/1a4,
OILIEHUBATh UX
yhheKkTURHOCTE U KAYECTRO

3. OueHka ocBOeHUs Y4eOHOW TUCIUIINHBI
3.1. ®opMbI U METOABI OLIECHUBAHUSA
[Ipeamerom oreHKU CiyKaT yMeHUsl U 3HaHus, npeaycMmorpeHubie @I'OC no

IUcCIUIUIMHEe  «Mamemamux», HanpaBleHHble Ha (QopMuUpoBaHHE OOIUX U
npodeccuoHaIbHBIX KOMITETEHIIUH.

OneHka OCBOEHUS JUCHMIUTUHBI «Mamemamuxka» BKJIIOYACT TEKYIIHMA
KOHTPOJIb YCIIEBAEMOCTH,  MPOMEKYTOUHYIO aTTeCTAallMl0 B BHUJE DJK3aMeHa.
[IpoBenenne TeKyIero KOHTPOJISI yCIEBAEMOCTH OCYIIECTBIISIETCS B (pOPME YCTHBIX
OIPOCOB, MMCbMEHHBIX 33/IaHUM (CaMOCTOATENbHbIE PA0OThI, TECThI), MPAKTHUYECKUX
pabor. [lns stux uenedt popmMupyroTcss (POHIBI OIEHOYHBIX CPENICTB, BKIIOYAOIINE
TUTIOBBIE 3aJlaHUs, TECTBl U METOJbl KOHTPOJS, IMO3BOJSIONIME OLIEHUTHb 3HAHUA,
YMEHHS U YPOBEHb IPUOOPETEHHBIX KOMITETEHIIUN.

12



3azlamm JJIA OEHKHU OCBOCHUSA JUCIUIIJINHDBI

DJIeMEHThI JTMHEHOM anredpbl
IIpakTyeckas padora Ne 1

Tema «Pemenue cuctemM TuHeNHHbBIX YpaBHeHUl 1o popmynam Kpamepa.Pemenue
CUCTEMYpPAaBHEHHUN MeTOAOM ["aycca» Heab: Hay4yuTbCS BBIUUCIATH
ONPEAECTUTETUTENN 2- TO U TPETHETO MOPSJIKA, PEIIaTh CUCTEMbI JIMHEWHBIX YPAaBHEHUM C
MOMOIIIBIO OmpeaenuTene , metonoM ["aycca, hopMupoBaHre BHIYUCITUTEIBLHBIX
HAaBBIKOB.3aJaHUA

—-K, 2+kK ol 52
1 2
1.Bbruyucnuts onpeAeanuTea BTOPOro nopsaka: 1) A= , 2)A=| 3 :
Ky "K, 5 3.k, 6
1
A= 9°° K,-64°
(05)° 4?
2.BBIYHUCINTD ONPENETUTENN TPETHETO MOPSIKA:
-1 3k, 2 3k, 4 -5 1 -2 x -k,
DA=|2 8 «k,, 2JA=|8 Tk,-2 -2, 3)A=3 x, -5
1 1 2 2 -1 8 2 K, 5

3..Pemuth cucremy ypaBHeHHI MeTosioM Kpamepa, caenaTh NpOBEPKY:

2X+y+3z2=17, 2X—y+22=3, X—y+z=12, (2Xx-y+3z=-4, (3x-2y+4z=12,
142x+3y+z=1  2iX+y+2z=-4, 3:X+2y+42=6,44X+3y+32=11, 5:3x+4y-2z=6,
3X+2y+1z=6. AX+y+4z =-3. 5x+y+2z=3. |X=-2y+2z=-7. |2X-y-7=-9.

8Xx+3y—-6z=-4, [4x+y-32=09, 2x+3y+4z=33, |2Xx+3y+4z=12,
bax+y—-z=2, TaX+y—z=-2, 847x-5y=24, 9{7x-5y+1z=-33

4x+y—-3z=-5. 8x+3y—-6z=12. |4x+11z=39. 4x+z2=—1.

X+4y—-2=6, 3X—-2y+4z =21, 3Xx—2y -5z =5, 4x+y+4z =19,

1045y +4z =-20, 11.3x+4y—-22=9, 12.2x+3y—-4z=12,13:2Xx-y+2z =11,
3X—2y+5z2 =-22. 2x—-y—-1z=10. X—2y+3z=-1. X+y+2z=8.

2X—y+2z=0, 2X—Yy+22 =38, 2X—-y—-3z=-9, 2Xx—y—-32=0,
144X+ y+4z2=6, 154X+Yy+22=11, 16 x+5y+z2=20, 17<3x+4y+2z=1],
X+y+2z=4. AX+Yy+4z7=22. 3X+4y+2z=15. X+5y+z=-3.
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—3X+5y+6z=-8, 3X+y+2z=-4, 3X-y+z=-11, 3X-y+1z=9,
18.43x+y+z=-4, 194-3x+5y+62=36, 20:5x+Yy+2z=8, 21:5x+y+2z=1]

X—4y -2z =-9. Xx—4y -2z =109. X+2y+4z=16. X+2y+4z=19.
2X+3y+2z2=4, 2Xx+3y+2=12, X—2y+3z=14,
222X+ y+32=0, 23.2X+Yy+3z=16, 24:2x+3y-4z=-16,
3X+2y+z=1. 3X+2y+1z=8. 3x—-2y-5z=-8.
3x+4y-2z=11, X+5y—6z=-15, 4x —y =6,
2542X-y -7 =4, 263X+ y+4z =13, 273X+ 2y +52 =-14,
3X—-2y+4z=11. 2Xx—-3y+12=0. X—3y+4z=-19.
5x+2y -4z =-16, X+4y—z=-9, xX+4y—-17=13,
28{x+3z=-6, 29<4X—-y+52=-2, 3043x+2y+3z=3,
2x—-3y+2=09. 3y—-7z=-6. 2x -3y +z=-10.
Bapuanm | «, K, Bapuanm K, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTposibHBbIE BONIPOCHI:

1. Yrto Ha3bIBaeTCA ONpEAEIUTEIEM MAaTPULIbI?
2. Kak BBIUHCIIUTH ONpeaeIuTe b BTOPOro mopsiaKa?
3. Kaxkue criocoObl BEIYMCICHUS OMPEICTUTEINS TPETHETO TOPSAIKa BAM U3BECTHBI?
4. Tlepeuncnute CBONCTBA OMpEACITUTENCH.
5. Chopmynupyiite Teopemy Kpamepa.
6.AnroputmM npuMeHeHus merona ['aycca.



IIpakTnueckas padora Ne 2
Tema: Pemenne matpuunbix ypaBHeHui, CJIAY MaTpU4HBIM METOIOM.

Heab: Hay4UTHCS BBIUUCIATH MUHOPBI, ajreOpandeckue JOMOJHEHHUS, OTPEIeTUTETN
YETBEPTOTO MOPSIAKOB , HAXOAUTH OOpaTHBIC MATPHUIIBI ,pEIIaTh MPOCTEUIIINE MATPUUHBIC
ypaBHeHusA, CJIAY mMaTpuyHbIM METOIOM .

3aganmue 1
2 11 K 1 -2 1 «k,
Jlanbl onpenenuTenu: 1) A = 1 23 A= -2 3 K 2
o ' Pr, 201 11 -3 -2 a4f

1) HaiiTu MUHOpBI U anreOpandecKue A0MOIHEHHUS JIEMEHTOB diy, dy;

2) BbIUHCIUTH ONPEACIIUTENH, PA3I0KHUB HX 10 dJICMEHTaM a) I-0i CTpOKH, 0) J-ro

cronlua
Bapuanr | «, K, i j | Bapmaur | «x K, i J
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 3) 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 ) 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
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13 -3 2 4 28 2 -3 4
14 -4 -1 2 29 -2 5 2
15 -1 5 1 30 -5 -1 1
kK, -2 -1
3ananue 2. Jlana matpunia 4= 2 1 2 |. Haiitu
3 -k,
a) A" unposepumv, umo A-A"= A" A=E
6) A+ A
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 3) 1
3 3 -4 18 2 0
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 3) 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
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3ananue 3

1. Pemutsh
METOJIOM);

2X+Yy+3z2=1,
1.1:2x+3y+z =1
3X+2y+12=6.

2X—Yy+3z=-4,
1.4.x+3y+3z=11
X—2y+2z=-1.

4x+y-32=09,
17ix+y-2=-2,
8x+3y—6z=12.

X+4y—1z2=6,
1.10<5y+4z =-20
3X—2y+52 =-22.

AX+y+4z =109,
1.1342x—-y+2z =11,
X+Yy+2z=8.

2X—y—-3z=-9,
116 x+5y+1z =20,
3X+4y+2z =15.

X+Yy+2z2=-4,
1.19.-3x+5y+6z = 36,
X—4y -2z =19.

2X+3y+z=4,
1.2252x+y+3z =0,
X+2y+z=1

1.2.

1.5.

1.8.

1.11.

1.14.

1.17.

1.20.

1.23.

2X—Yy+27=3,
X+Yy+2z=-4,
4X+y+4z =-3.

3X—-2y+4z=12,
3X+4y—-22=06
2X—-y—2=-9.

2X+3y+4z =33,
TX—5y =24,
4x+11z = 39.

3X—-2y+4z=21,
3x+4y-2z2=09,
2x—-y-2=10.

2X—-y+22=0,
4X+y+4z =6,
X+Yy+2z=4.
2x—y—-3z=0,
3X+4y+2z=1

X+5y+z=-3.

X—-y+z=-11,
SX+Yy+2z=38§,
X+2y+4z=16.

2X+3y+2=12,
2X+Yy+3z =16,
3X+2y+z=8

1.3.

1.6.

1.9.

CUCTEMBbl YpaBHEHHMH € MOMOIIBIO OOpaTHOM MaTpuubl (MAaTPUUYHBIM

X-y+z=12,
X+2y+4z =6,
5Xx+y+2z=3.

8x+3y—-6z=-4,
X+y—-2=2,
4X+y—3z =-5.

2X+3y+4z =12,
7X—=5y+1z=-33
4X+27=—1.

1.12.

1.15.

1.18.

1.21.

1.24.

3x—2y -5z =5,
2X+3y -4z =12,
X—2y+3z=-1

2X—Yy+22 =38,
X+y+2z=11,
Ax+y+4z=22.

—3X+5y+6z=-8,
X+y+z=-4,
X—4y—-2z=-9.

3X—-y+2z=9,
SX+y+2z=11
X+2y+4z=19.

X—2y+3z =14,
2X+3y—4z =-16,
3Xx—2y-5z=-8.
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3x+4y-2z=11, X+5y -6z =-15, 4x —y = -6,
1.2552x -y -7 =4, 1.26.43x+y+4z =13, 1.2743x+2y +5z =-14,
3x-2y+4z=11. 2X—-3y+z=0. X—3y+4z =-19.
5X+2y—4z =-16, X+4y—z=-9, 7X+4y—-2z=13,
1.28.5 x+3z = -6, 1.29.44x-y+52 =-2, 1.30.43x+2y+3z =3,
2Xx—-3y+z=09. 3y—7z=-6. 2x -3y +z =-10.

KoHTpo/ibHBIEC BONPOCHI

YTto Ha3pIBa€TCA MUHOPOM?

UYrto HazbIBaeTCs anreOpanyeckuM JOMOTHEHUEM DIIEMEHTA MATPHUIIbI?
Kak pa3noxuTh onpeaenuTesnp Mo 3JIeMeHTaM CToI0a Ui CTPOKU?
Kakast maTpunia Ha3bIBa€TCSl HEBBIPOKIECHHOMN?

TpancnoHupoBaHHass MaTpUIA.

Kaxkast MaTpunia HazbiBaeTcsi 0OpaTHOM 10 OTHOIICHHIO K JAHHOM?
KaxoB nopsiiok BeruncieHus 00paTHO MaTpuIlbl?

AJTOpPUTM pelieHrs NpOCTEUIIEro MaTpUYHOTO YpaBHEHUS

Nk WD

Tect 1o Teme «J/InneitHas aaredopa»

24 10 20 5) (-2 5
) (—12 —30J b)[—lo —15]6)(—10 —3)

4
1. Ecou matpunia 4 =( 5 3} TO MaTpHIa 54 UMeeT BUI:

1 0 4 2 1 -1
2. Ecoim matpuneiA=| 3 1 2| u B={3 0 1 |, tow™marpumia 24+ B uMeeT BUL:
-4 1 2 52 -3
4 1 7 -4 1 -7 -1 8 4
a)l9 25/ b)|9 1 5| ¢|-31 -2
-3 41 -3 1 2 4 1 0
4 1 7
3. qns matpuniel 4=| 9 2 5| yKa3zaTh CyMMY 2JIEMEHTOB, PACTOJI0KEHHBIX Ha
-3 4 2
rJIaBHOW JUaroHalin
a)6b)10¢) 8
4 17
4. Jlnga matpunibl A= | 9 2 5| ykazaThb CyMMY 3JIEMEHTOB, PACIOJIOKEHHBIX HA
-3 4 2

BCIIOMOTaTEJIbHOM AuaroHalin
18



a)6Db)10c) 8
5. Ilpu ymHOkeHuM MaTpulibl 4 Ha Matpully B 1omkHO coOroaaTbes yCioBHeE:

a) YHCIIO CTPOK MaTpuilbl 4 paBHO YHCITY CTPOK MaTpuIlsl B

b) uncio cTpok MaTpuIilkl 4 PaBHO YHUCITY CTOJOIOB MaTpullbl B

C) YHUCIJO CTOJIOLOB MaTpUllbl A paBHO YKCIYy CTPOK MaTpulpl B
6. KBagpatHas Matpuia Ha3bIBae€TCs OUACOHATLHOU, €ClIU:

a) SJIEMEHTHI, JIe)KaIie Ha TJIABHOM TUaroHald paBHbl HYIIO

D) aneMeHTHI, He JekKallue Ha TJIABHOW JMArOHAIN PaBHBI HYJIIO

a) PIIEMEHTHI, JIeKalliue Ha MOOOYHON TuaroHanu paBHbl HYJIIO

1 4 5
7. Ilpn kakoM 3HaueHun & ompexaenurtenb 0 4 2 |paBeH HYJO?
0 0 2a-

)2 b)0,5¢c) — 2
8. Eciim momeHsTh MecTaMu JIB€ CTPOKH (71Ba CTOJIOIA) KBaAPATHOW MATPUIIbI, TO
OTIPEICTUTEb:
a) HE UBMEHUTCS
b) craHeT paBHBIM HYJIIO
C) TMTIOMEHSIET 3HaK
-1 2 0
9. YUeMy paBeH MUHOpD A7, onpenenurens |3 7 -17
5 4 2
a) 4 b) 0 c) 11
-1 2 0
10. Yemy paBeH MUHOp az,, onpenenurens |3 7 -17
5 4 2
a) 4 b) -2 ¢) 011. Yemy paBHO anrebpandecKoe TOMOTHEHHE
-1 2 0
4, onpexnenutens |3 7 -17?
5 4 2
a) -4 b) O c) -1112. Uemy paBHO aireOpandeckoe AOMOJHEHUE 4,
-1 2 0
onpenenurens |3 7 -17
5 4 2
a) 4 b) -2 c) 013. Uemy paBeH IIaBHBIA ONIPEICTUTEND
3x—y=5
CHUCTEMBI YPABHEHUN <—2X+Yy+7=0
2X—y+4z=15
a) -5 b) 6 c)5
0

2
14. Ecnu maTpuibl A4 = (3 A

1 2
nu D= 2 of TO omnpenenuTeab Matpulibl 4-D paseH:
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a) -32b) 32 c) -1615. Halitu MMUHOD 1UI DJIEMEHTA  ,, ONPEICIIUTENS

-3 -2 1 0
2 -2 1 4
14 0 -1 2
3 1 -1 4
a)?2 b)20 c) —2016. Halitu anredbpanueckoe JONOJHEHHE AJISA DIEMEHTA o ,,
-3 -2 1 0
2 -2 1 4
OTPENICUTENSI, MUHOP JIJISl DJIEMEHTA a 32 A = 4 0 -1
3 1 -1 4

a)2 b)20 c)-20a)-8 0)8 B)-5
17. Haiitu anrebpanyeckoe JOMOTHEHUE JIJIsl DJIEMEHTA d ,3 ONPEACIIUTEIIS

-4 0 1
A=2 -1 3
3 2 2
a) -8 b)8 ¢)-5
CamocTosiTesibHasi padora
Bapuanr 1
2 30 -1 0 3
1. Haittu matpunyy C=A+3B, eciu A=|-2 1 8|, B=12 4 1
2 1 30
-1 3 9
OmBer: C=| 4 13 11
5 13 3

2. PemuTh cucTteMy JIMHEWHBIX YpaBHEHUN METOJOM OOpaTHOIN MaTpPHUIIBI.
3. Pemmuts cucteMy NTMHEWHBIX ypaBHEeHUM 1o ¢popmynam Kpamepa.
4. PemuThb cucTeMy JIMHEWHBIX ypaBHEHU MeTo10M [ aycca.

X, +2X, —X; =1,

2%, — X, + X3 =5,

3X, +2X, +X; =7.

OtgeT: (2;0;1)

Bapuanr 2
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2 30 -1 0 3
1. Hatitu matpury C=2A-B, ecrmu A=|-2 1 8|, B=| 2 4 1
2 4 1 30
5 6 -3
OtBer: C=|-6 -2 15
3 5 6
2. PemuTh cucteMy JIMHEWHBIX YpaBHEHUN METOJOM OOpaTHOIN MaTpHULIbI.

Pemuts cuctemy nuHeNHbIX ypaBHeHUH 10 dhopmynam Kpamepa.
PemmmTh cucTteMy JIMHEMHBIX ypaBHEHUN MeTOIOM I aycca.
X, — X, + 2%y = =2,

B w

X, +2X, =Xy =1,
2X, + X, —3X; =5.

OtseT: (1;3;0)

Bapuanr 3
2 30 -1 0 3
1. Haittu matpuntyy C=3A+B, eciu A=|-2 1 8|, B=12 4 1
2 4 3 1 30
5 9 3
OtBer: C=|-4 7 25
7 15 9

2. PemmTh cucTeMy JUHEHWHBIX YpaBHEHUN METOJIOM OOpAaTHOM MATPHIIHI.
3. PemuTh cuctemy JTMHEHHBIX ypaBHEHUM 1o Gpopmyrnam Kpamepa.
4. PemmTh cUCTEMY JMHEHHBIX ypaBHEHUN MeTo0M ['aycca.

X, +3X, —2X, =4,

X +4X, = X3 =7,

2X, + X, + X, =3.

Otset: (0;2;1)

Bapuanr 4
2 30 -1 0 3
1. Haiitu maTpunty C=A-4B,ecom A=|-2 1 8|, B=12 4 1
2 4 1 30
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6 3 -12
OmBer: C=|-10 -15 4
-2 -8 3

2. PemuTh cucteMy JIMHEWHBIX YPaBHEHUN METOJOM OOpaTHOIN MaTpHULIbI.
3. PemuTh cuctemy JTUHEWHBIX ypaBHEHU Mo Gpopmynam Kpamepa.
4. Pemmth cucTeMy JMHEHHBIX ypaBHEHH MeTO0M [aycca.

X, +2X, = X3 =3,

X, +3X, + X; =6,

2X, — X, + X3 =4,

OtseT: (2;1;1)

Bapuanr 5
2 30 -1 0 3
1. Haittu matpunyy C=4A-B,eciu A=|-2 1 8|, B=12 4 1
2 4 1 30
9 12 -3
OtBer: C=|-10 0 31
7 13 12

2. PemmTh cucTeMy JTUHEHWHBIX YpaBHEHUN METOJIOM OOpAaTHOW MATPHIIHI.
3. PemuTh cuctemy JTUHEHHBIX ypaBHEeHUM 1Mo Gpopmynam Kpamepa.
4. PemmTh cUCTEMY JMHEHHBIX ypaBHEHUN MeTo0M ['aycca.
X, + X, =3X; =2,
X, +2X, + X3 =3,
3X, +7X, + X, =10.

Otset: (1;1;0)

Bapuanr 6
2 30 -1 0 3
1. Haiitu matpunry C=A+2B, ecrm A=|-2 1 8|, B=| 2 4 1
2 4 1 30
0 3 6
OtBer: C=(2 9 10
4 10 3

2. PemmuTh cucTeMy JIMHEWHBIX YpaBHEHUH METOJAOM OOpaTHON MaTpPHIIHI.
3. Pemmth cucteMy NTMHEWHBIX ypaBHEeHUN 1o hopmyrnam Kpamepa.
22



4. Pemmmth cucTEMY JMHENHBIX ypaBHEHH MeTO0M ["aycca.
X, + X, + X =3,
2%, — X, + X3 =1,
2% +3X, —X; =1.

JIEeMEHThI AHAJTMTHYECKOH reOMeTpHH
YcTHBIN onpoc

Uto Ha3bIBa€TCSI BEKTOPOM?

Kakue BeKTOpBI Ha3bIBAIOTCS KOJIJTUHEAPHBIMHU?

UTto Ha3bIBaeTCS KOOPJMHATAMU BEKTOpa?

Kaxk HaifTi KoopJIMHATHI BEKTOPA, 3aJJAHHOTO IByMsI TOUKaMu?

Kak Haiftu nyiMHy BeKTOpa, 3aJJaHHOTO CBOUMH KOOpPIUHATAMU ?

3anummute GOpMYIIbI JAeTICHUs OTpe3Ka B JaHHOM OTHOIIICHUH.

JlaTh omnpezesieHrne MPOEKIMU BEKTOpa Ha OCh U MEPEUHCIUTh €€ CBOMCTBA.
JlaTh orpesesieHne CKaJIIPHOTO IPOU3BEIACHUS BEKTOPOB.

. JlaTb ompejeneHue BEKTOPHOTO MPOU3BEICHUS BEKTOPOB.

10 JlaTh omnpeesieHre CMEIaHHOTO MMPOU3BEACHUS BEKTOPOB.

CoNoOk~OWNE

IIpakTuyeckas padora Ne 3 mo reme

«J1eMeHTbI BEKTOPHOH aJredpbn)

Hean: [IpoBepuTh 3HAHUA U YMEHUS 110 HAXOKICHUIO: KOOPJUHAT BEKTOPA, OIEpalui
HaJ| BEKTOPaMH, MOJIyJIsl BEKTOPA U CKaJISIPHOTO MMPOU3BEACHUS, BEKTOPHOTO
IIPOU3BEICHHS], CMEIIAHHOTO MPOU3BEIAECHUS.

3ananus
1. TTo koopaunatam Touyek A, B u C 1 ykazaHHbIX BEKTOPOB HAWTH:

a) KoopamHatbl BEeKTOPOB a = AB,b=BC, c=AC,d = BA, p=CA

b) Monaynb BekTOpa % =3G+6 —d

¢) CkanspHoe Mpou3BecHNE BEKTOPOB a 1 b;

d) Ipoekmuro BexTopa ¢ Ha BeKTOp d;

e) Koopaunatel ToOukr M, Jeisiiei OTpe30K p B OTHOIICHUH & . §

K K Koopaunatsi o B
BapuanT: oopauHaThbl | KoopauHatsl TouKH C
TOYKH A TOuku B a y:;
1. (-2,1.3) (3.-6, 2) (-5, -3, -1) 1 3
2. (1,3.6) (-3, 4, -5) (1,-7.2) 1 2
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3 (7.2. 1) (5.1, -2) (-3.4.5) 2 1
4. (3.5, 4) (-2.7.-5) (6.-2. 1) 3 2
5, (5.3.2) (2.-5.1) (-7. 4, -3) 2 3
5 (11,1, 2) (-3, 3, 4) (-4,-2,7) 1 2
7 (9. 5. 3) (-3.2.1) (4.-7. 4) 3 1
8. (7.2.1) (3.-5. 6) (-4, 3, -4) 3 2
9, (1,2, 3) (-5, 3, -1) (-6. 4. 5) 2 1
10. (2.5, 1) (3.2, -7) (4.-3.2) 4 1
11, (3, 1. 2) (-4, 3, -1) (2.3.4) 2 1
12, (3. -1, 2) (-2.4.1) (4.-5.-1) 1 3
13. (4.5.1) (1,3.1) (-3.-6. 7) 3 4
14, (1.-3.1) (-2, -4, 3) (0.-2. 3) 2 3
15, (5.7.-2) (-3.1.3) (1. -4, 6) 4 3
16. (-1 4. 3) (3,2, -4) (-2.-7.1) 1 3
17. (5. 4. 1) (-3.5.2) (2. -1, 3) 3 1
18. (2. -1, 4) (-3.0, -2) (4.5, -3) 2 1
19, (-1.1,2) (2.-3.-5) (-6. 3. -1) 1 2
20. (1.3.4) (-2.5.0) (3, -2, -4) 2 3
21, (1. -1, 1) (-5, -3, 1) (2.-1,0) 3 2
22, (3,1, 2) (-7.-2, -4) (-4.0. 3) 2 1
23, (-3.0.1) (2.7.-3) (-4.3.5) 1 3
24, (5. 1. 2) (-2.1,-3) (4.-3.5) 2 3
25, 0. 2, -3) (4, -3, -2) (-5. -4, 0) 1 2
26. (3.-1.2) (-2.3.1) (4.5, -3) 3 4
27. (5.3. 1) (-1, 2. -3) (3. -4, 2) 1 2
28. (3.1.-3) (-2.4.1) (1. -2.5) 3 4
29, (6. 1. -3) (-3.2.1) (-1.-3.4) 4 3
30. (4.2.3) (-3.1.-8) (2. -4.5) 3 2

3aganue 2
1. Jlaubl BexTOpHI &, b 1 ¢. HeoOxoaumo:
a) BBIYHCJIMTH CMEIIaHHOE IIPOU3BEICHUE TPEX BEKTOPOB;
0) HalTH MOAYJIb BEKTOPHOTO MTPOMU3BEICHHS,
B) BBIYUCIIATD CKAJSIPHOE MPOMU3BEIACHHUE JBYX BEKTOPOB;
I') IPOBEPHTH, OYAYT M KOJUIMHEAPHBI WIK OPTOTOHAILHBI 1B BEKTOPA,

1) IpOBEpUTH, OYAYT JIM KOMIUIAHAPHBI TPU BEKTOPA.

Bapua
HT

BekTopsl

CwMelagHo
€

Monynb

BEKTOPH

Ckansapu
oe

Kommuu
e

Kommnanapuo
CTb BEKTOPOB
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IIPOU3BECH | IPOU3BE | IPOU3BE | APHBI
ue II. bi UJIU
IEPIIECH
K
BEKTOPO
B
b=j+4k,
c=51+2j-3k
a=3i+4j+k, 5a,2b,c 4b,2c a,c b,c 2a,—3b,c
b=i-2j+7k,
c=-3i—6j+21K
a=2i—-4j-2k, | a,2b,3c 3a,-76 —2a,c a,C 3a,2b,3c
b=7i+3j,
c=3i+5j-7k
a=-7i+2k, a,—2b,—7c 4b,3c 2a,—7cC b,c 2a,4b,3c
b=2i-6j+4k,
c=i—j+2k
a=-4i+2j—Kk, | a, 6b,3c a,2b a,—4c a,b a,6b,3c
b=3i+5j-2k,
c=j+5k
a=3i-2j+k, a,—3b, 2c 5a,3c —2a,4b a,C 5a,4b,3c
b=2j-3k,
c=-3i+2j-k
a=1i-j+3k, 7a,—4b,2c 3a, 5c 2b,4c b,c 7a,2b,5c
b =2i+3j-5k,
c=7i+2j+4k
a=4i+2j-3k, | 2a,3b,¢c 4a,3b b,—4c a,C 2a,3b,—4c
b=2i+k,
c=-12i -6 +9K
a = —i+5k, 3a,—4b,2c 7a,—3c 2b,3a 6,C 7a,2b,—3c
b=-3i+2j+2k,
c=-2i—-4j+k
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10 a=6i—-4]+6k, | 2a,—4b,3c 3b,-9¢ 3a,—5¢ a,b 3a,—4b,—9c
b=9i-6]j+9k,
c=i-8k

11 a=5-3j+4k, | a,—4b,2c —2b,4c —3a,6¢ b,c a,—2b,6¢
b=2i—-4j-2k,
c=3i+5j-7k

12 a=-4i+3j-7k, | —2a,b,—2c 4b,7c 5a,—3b b,c —2a,4b,7c
b=4i+6j-2k,
c=6i+9j-3k

13 a=-51+2j—-2k, | 2a,4b,—5c —3b,11c | 8a,-6C a,C 8a,—3b11c
b = 7i -5k,
c=2i+3j-2k

14 a=-4i-6j+2k, | 5a,7b,2c —4blla | 3a,-7c a,b 3a,7b,—2c
b=2i+3j-k,
c=—-1+5j-3k

15 a=-4i+2j-3k, | 5a,—b,3c —7a,4c | 33,9 a,C 3a,—9b,4c
b =-3j+5k,
c=6i+6j—4k

16 a=-3i+8j, 4a,—6b,5¢ —7a,9c¢ | 3b,-8¢ b,c 4a,—6b,9c
b =2i+3]j-2k,
c=8i+12j-8k

17 a=2i—-4j-2k, | 7a,5b,—c —5a,4b | 3b,-8¢ a,C 7a,5b,—c
b =-9i + 2k,
c=3i+5j-7k

18 a=9-3j+k, 2a,—7b,3¢c —6a,4c | 5b,7a b,c 2a,—7b,4c
b=3i-15] + 21Kk,
c=i—-5j+k

19 a=-2i+4j-3k, | a,—6b,2¢c -8h,5¢ —9a,7c a,b a,—6b,5¢
b =5i+ j -2k,
c=Ti+4j-k

20 a=-9i+4j -5k, —-6b,7¢c 9a,4c b,c —2a,7b,4c
b=i-2j+4k,
C=-5i+10j 20k —2&70.5¢C
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21

a=2i—7]j+5k,
b=—i+3j-6k,
c=3i+2]j—4k

—3a,6b,—c

5b, 3c

7a,—4b

7a,—4b,3c

22

a=7i-4j-5k,
b=i-11j+3k,
c=5i+5j+3k

3a,—7b,2c

2b,6¢c

—4a,-5¢C

a, C

—4a,2b,6¢c

23

a=4i-6j-2k,
b=-2i+3j+k,
c=3i-5j+7k

6a,3b,8c

—7b,6a

—5a, 4c

a,b

—5a,3b,4c

24

a=3i—]+2k,
b=—i+5]— 4k
C=6i—2j+4k

4a,—7b,-2c¢c

6a,—4c

—2a,5b

a, C

6a,—7b,— 2¢c

25

a=-3i— ] b5k,
b=2i—4j+8k,
c=3i+7j-k

2a,—b,3c

—9a,4c

5b,-6¢

2a,5b,—6¢

26

a=-3i+2]j+7k,
b =i-5k,
c=6i+4j—Kk

—2a,b,7c

5a,—2c

3b,c

a, C

—2a,3b,7c

27

a=3i—j+5k,
b=2i—4j+6k,
c=i-2j+3K

—3a,4b,-5c

6b,3¢c

a,4c

—3a,4b,-5c

28

a=4i—5]— 4k,
b=5i-j,
c=2i+4j—3k

a,7b,—2c

—5a,4b

8c,—3a

a, C

—3a,4b,8c

29

a=-9i+4k,
b=2i-4j+6k,
c=3i—6j+9k

3a,—5b,—4c

6b,2¢

—2a,8c

3a,6b,—4c

30

a=5-6j—k,
b=4i+8j-7Kk,
c=3j—-4k

5a,3b,-4c

4b, a

7a,—2c

a,b

5a,4b,— 2c

KOHTpO.]] BbHbIE€ BOIIPOCHI

1. Yto Ha3zwpIBaeTCs BEKTOPOM?
2. Kaxue BeKTOpBI Ha3bIBAIOTCS KOJUTMHEAPHBIMU?
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UYrto Ha3pIBaeTCA KOOpAMHATAMH BEKTOpA?

Kak HaiiTn KoOpAMHATHI BEKTOPA, 3aJaHHOIO IBYMsI TOUKaMu?
Kak HaiiTh 1nmHy BEKTOpA, 3aJaHHOTO CBOMMH KOOPJIUHATAMMU ?
3anumute (OpMyJIbl JEJIEHUS OTpe3Ka B JAHHOM OTHOILIEHUH.
Kak HaiiTn ckansipHOE IPOU3BEIECHUE BEKTOPOB?

Kak HaiiT BEKTOpPHOE NPOU3BEIECHUE BEKTOPOB?

Kak HaiiThn cMeniaHHOE NPOU3BEICHHUE BEKTOPOB?

©CoOoN Ok

IIpakTuyeckas padora Ne 4 «Ilpsimass TuHUSD

Heﬂb: HAaY4IUTHCA COCTABJIAITH YPABHCHUC IIPAMBIX, HAXOAUTH YTOJI MCKIY
MPAMBIMU,BBIITOJIHATE IMOCTPOCHUA.

3amanue

1. Tanpl BepmuHbl Tpeyroabuuka ABC: 4(x,,y,), B(x,.v,) C(x,,y,) HalTH:

a) ypaBHEHHUE CTOPOHBI AB;

0) ypaBuenue BoicoThl CH;

B) ypaBHEHHE Meauanbl AM;

) ypaBHeHHEe O6uccekTpuchl BC;

1) Touky N nepeceuenust Mmenuanbl AM u BeicoThl CH;

€) ypaBHEHHUE NpsMOH, IpoxoAsuiel yepe3 Bepiunny C napaienbHo cTopoHe AB;

K)yron Mmexay npsmeima AB u AC.

Bapuantsl | A(x, ) B(x;,5,) | C(x5:33)
1 A(24) |[BG 1) |[Ccao7
2 A(3.-2) |B(14,4) |C (6 8)
3 A(L7) | B(-3,- |C(L-3)
1)
1 A(LL0) | B(L4)]|C(@O5)
5 A(L2 B |CG.7)
6 A(2-3) |B(L6) |C® D
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7 A(-4,2) | B(-6, [C(6,2)
6)

8 A(4,-3) |B(7,3) |C(1,10)

9 A4, - |B(8,2) [C(3,8)

4),

10 A(-3,-3) |B(5,-7) |C(7,7)

11 A(1,-6) | B3, |[C(3,3)
4)

12 A(-4,2) |B(8,-6) |[C(2,6)

13 A(-52) | B(0,- [C(5,7)
4)

14 A4, -4) |B(6,2) |C(1,78)

15 A(-3,8) |B(-6,2) |C(0,-5)

16 A(6,-9) |B(10,- |C(-41)
1)

17 A4, 1) |B(-3-1)|C(7,-3)

18 A (-4, 2) |B(6,-4) |C (4, 10)

19 A(3,-1) |B(11,3) |C(-6,2)

20 A(-7,-2) |B(-7, 4 |C(5,-5)

21 A(-1,-4) |B(9, 6) |C (-5, 4)

22 A(10,-2) |B(4,-5) |C(-3,1)

23 A(-3,-1) |B(-4,-5) | C (8, 1)

24 A(-2,-6) |B(-3,5) |C(4,0)

25 A(-7,-2) |B(3,-8) |C(-4,6)

26 A(0,2) | B(7,- |C(@3,2)
4)

27 A(7,00 |B(1,4) |C(-8, -4)
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28 A(1,-3) |B(,7) |C(24)

29 A(-51) |B(,-2) |C(1,4)

30 A(2,5 |B(3,1) | C(0,4)

KoHTpoJibHBIEC BOIPOCHI

3anuImnTe ypaBHEHUS OCEW KOOPAMHAT.

OO61iee ypaBHEHUE MIPSIMOM.

YcnoBue napamieIbHOCTH U NEPIEHAUKYISIPHOCTH PSMBIX.
3anuimuTe ypaBHEHUS MPAMBIX, TapaUICIbHBIX OCSIM KOOPAUHAT.
Cdopmynupyiite ycinoBue mapamuieabHOCTH IPSIMBbIX.
Cdopmynupyiite ycinoBue NeprneHIuKyISIPHOCTH TPSIMBIX.

Kak Haiit yros Mexay npsiMpiMu?

Kak HaiiTh paccTossHHE MEXAY MPSIMBIMH?

NGO~ WDE

JlonosiHuTEIbHBIE 3aJaHU S
2. Pemuth ciieayromme 3axaq4u

2.1. Haiitu ypaBHEHUE MIPSIMOiL, MPOXOASIICH yepe3 TOUKY MepeceueHUsl MPSIMbIX
3X-2y-7=0 ux+3y-6=0wu orcekaromieil Ha OCH a0CIIUCC OTPE30K, PaBHBIN 3.

Omeem . X =3

2.2. Haiitu npoekiuio Touku A(-8, 12) Ha mpsiMyto, IPOXOAINyI0 Yepe3 Touku B(2, -
3u

C(-5,1) Omeem : A (—12,5)

2.3. Jlansl aBe BepiuHbl TpeyroiabHauka ABC: A(-4, 4), B(4, -12) u Touka M(4, 2)
nepecedenus ero BoicoT. Haitu BepmnHy C. Omeem :C(8,4)

2.4.HaiitTn ypaBHEHUE MPSIMOM, OTCEKAIOLIEH Ha OCU OpAMHAT OTPE30K, PaBHBIN 2, U
MIPOXOIAIIEH MapaIEIbHO MPSAMOM 2y - X = 3. Omeem :x—2y +4=0

2.5. Haiitu ypaBHeHUE psIMOM, IpoxoAsiei yepe3 Touky A(2, -3) u Touky
rnepecevyeHus NpsiMbIX 2X -y =5ux+y = 1. Omeem:x =2

2.6. Jokazatp, yto ueTbipexyroibuuk ABCD - tpanenus, eciu A(3, 6), B(5, 2), C(-
1, -3), D(5,5).

2.7. 3anucarb ypaBHEHHE NPsIMOH, poxoasiei yepe3 Touky A(3, 1)
neprneHauKyasapHo k npsamout BC, eciim B(2, 5), C(1, 0). Omeem :x+5y-8=0
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2.8. Haiitu ypaBHeHUE IpsIMOii, mpoxoasiei yepe3 Touky A(-2, 1) napamienbHo
npssmori MN, eciiu M(-3, -2), N(1, 6). Omeem :2x—y+5=0

2.9. Haiftu Touky, cMMMETpUUHYIO Touke M(2, -1) oTHOCUTENBHO TpsIMOii X - 2y + 3

4 23
=0. O M| ———
0. Omsem 1[ : 5)

2.10. Haiitu Touky O nepeceueHus auaronainei yereipexyroibauka ABCD, eciou A(-

1; _3)9 B(39 5)9 C(Saz)a D(37 -5) Omeem MO[B’ %j

2.11. Yepes Touky nepeceueHus npsameix 6x - 4y + 5 =0, 2x+ Sy + 8 = 0 npoBecTu
IpAMYIO, TapalIEIbHYI0 OCH a0CIUCC. Omeem:y = —1

2.12. N3BecTHbI ypaBHeHUsA cTopoHbl AB Tpeyronpanka ABC 4x +y = 12, ero BeicOT
BH 5x - 4y = 12 u AMX + y = 6. Haiitu ypaBHeHuUs1 IBYX IPYTUX CTOPOH TPEYroJbHUKA
ABC. Omeem:7x—7y—-16=0; 4x+5y—28=0

2.13. Mansl aBe Bepiiunbl Tpeyroabunka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Haiitn koopaunarsl Touku M nepecedyenusi ctoponsl AC
10 62
. O M| —=—
u BbICOTBI BH. Omeem (17 17]
2.14. Haiitu ypaBHeHUsI BBICOT TpeyrojibHuka ABC, mpoxoagimux yepe3 BepIrHbl A
u B, ecnu A(-4, 2), B(3, -5), C(5, 0). Omeem :7x+5y+2=0; 9x+2y—28=0

2.15. BelYuCANTh KOOPAUHATHI TOYKH MEPECEUEHUS IEPIICHIUKYIIAPOB,
IPOBEAECHHBIX YEPE3 CEPEIUHBI CTOPOH TPEYTOJbHHUKA, BEPIINHAMU KOTOPOT'O CIIYXkKaT

Toukn A(2, 3), B(0, -3), C(6,3). Omeem:M (3;—3

2.16. CocTaBuTh ypaBHEHUE BBICOTHI, TPOBEAECHHOMN Yepe3 BEPUINHY A TpEyrojJbHHUKA
ABC, 3Has ypaBHeHus ero cropoH: AB-2x-y-3=0, AC-x+5y-7=0,BC-3x-2y+
13 =0. Omeem :2X+3y -7 =0;

2.17. Jlan tpeyronsHuk ¢ BepmuHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
YpaBHEHHE U BBIYUCINUTH JJIMHY €r0 MEAUAHbI, IPOBEACHHON 13 BepinHbI C.

Omeem :2X+Yy+2=0; d zﬂzl&l

7

2.18. CocTaBuTh ypaBHEHHE NPSIMOU, MPOXOAAIIEH YePE3 HAYAJIO KOOPJAUHAT U TOUKY
nepecedeHus NpsAMbIX 2X + 5y -8 =0 u 2x + 3y +4 = 0. Omeem :6x+11y = 0;
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2.19. Haiitn ypaBHEHMS NEPIEHAUKYISAPOB K psiMoit 3X + 5y - 15 = 0, mpoBegeHHbIX
yepes TOUKU [IepecedyeHrs JaHHOU NPSIMOM € OCSIMU KOOpIUHAT.
Omeem :5x -3y —25=0; 5x+3y+9=0;

2.20. lanbl ypaBHEHHS] CTOPOH YeThIpexyrojibHuka: X -y =0, x+3y=0,x-y-4 =
0, 3x +y - 12 = 0. Halitu ypaBHeHHs €ro AUaroHaneil. Omeem:y =0; x =3

2.21. CocraButh ypaBHeHust meauanbl CM u BoicoThl CK Tpeyronsuuka ABC, ecin
A4, 6), B(-4, 0), C(-1, -4). Omeem:7x—y+3=0—CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu npsiMyro: a) OTCEKAIOIIYIO0 PaBHbIE OTPE3KH Ha
0csAX KOOpAMHAT; 0) napamuiensHyto ocu OX; B) napamienabHyto ocu Oy.
Omeem X+y—-7=0;, y=2; x=5

2.23. 3anucath ypaBHEHHE MPSAMOU, Mpoxosiie yepe3 Touky A(-2, 3) u
cocTamJstoien ¢ ocbto Ox yrou: a) 45°, 6) 90°, B) 0°.
Omeem . X—y+5=0-CM; x+2=0;y-3=0

2.24. Kakyto opauHaTy uMmeeT Touka C, nexaras Ha OJJHON psMoi ¢ ToukaMu A(-
6, -6) u B(3, -1) u umeromas abciuccy, paBHyt0 3?7 Omeem: y =9

2.25. Yepes Touky nepeceueHus npsameix 2x - Sy - 1 =0 u x + 4y - 7= 0 npoBectu
IPSAMYIO, IETISIIYI0 OTPe30K Mexay Toukamu A(4, -3) u B(-1, 2) B oTHOomennun = 2/ 3.
Omeem :2X—y—-5=0;

2.26. N3BecTHBI ypaBHEHUS JIBYX CTOPOH pomba 2X -5y - 1=0u2x-5y-34=0 u
ypaBHEHUE OJIHOM U3 ero AuaroHaneu x + 3y - 6 = 0. Haiitu ypaBHeHuE BTOpOi
JUATrOHAIIU. Omeem :3X — Yy — 23 =0;

2.27. Haiitu Touky E nepeceuenuss MeuaH TpeyrojibHUKA, BEPIIMHAMUA KOTOPOTO
sBisttoTest Touku A(3,1), B(7, 5) u C(5, -3). Omesem :E(31)

2.28. 3anucath ypaBHEHHUS NPSIMBIX, MPOXOAAIIKX yepe3 Touky A(-1, 1) mox yriom
45° x npamoit 2x + 3y = 6. Omeem :x—5y+6=0; 5x+y+4=0

2.29. lansl ypaBHeHUs BbICOT TpeyroibHuka ABC 2x -3y +1=0,x+2y+1=0u
KOOpAWHATHI ero BepuiuHbl A(2, 3). Halitu ypaBuenust ctopoH AB u AC tpeyrosbHHKA.
Omeem :2x—y—1=0— AB; 3x+2y—12=0— AC

2.30. {anpl ypaBHEHHUS ABYX CTOPOH mapasienorpamma x -2y =0,x-y-1=0mu
TOYKa nepeceueHus ero quaronaneit M(3, -1). Haittu ypaBHeHuUs ABYX IPYTUX CTOPOH.
Omeem . X—y—7=0; x—2y-10=0

IIpakTuyeckas padora Ne 5 mo reme
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Hean: [IpoBepuTh ypoBEHb YCBOCHHUS MaTepHrasa Mo COCTaBICHUIO YPABHEHUN KPUBBIX

«KpuBble BTOPOro nNopsiaka»

BTOPOTO MOpsiiKa (OKPY>KHOCTH, ILIUIICA, Tapa00JIbl, TUTIEPOOJIHI .

3amanus

1. CocTaBuTh KAHOHUYECKUE YPABHCHUS

a) anurica; 0) runepoodsl; B) mapabonsl (A, B - Touku, nexariue Ha KpuBoi, F -

dokyc, a - 6osbInas (IelcTBUTENbHAS) TIOJYOCh, D - Manas (MHUMas) MOJIyOCh, € -

AKCLIEHTPUCUTET, y=+KkX - ypaBHEHUS aCUMITOT runepoossl, D - mupexTpuca KpuBoii, 2¢

- (oxycHOE paccTosiHUE).

Bapuant duunce I'mnep0Oosa ITapa6osna

1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4

2. b=2,F(4+2,0) a=7,¢e=4357 D:x=5

3. A3, 0), B2, +/5/3) |k=3/4,e=5/4 D:y=-2

4. e= /21/5, A(-5,0) | A(+/80, 3), B(4+/6,3/2) |D:ry=1

5. 2a=22,e=-5711 |k=2/3,2c=10./13 ock cummMeTpud OX
A(27,9).

6. b=.15,e=410/25 |k=3/4,2a=16 ock cummerpun Ox u
A(4, -8).

7. a=4,F=(30) b= 2.0, F(-11, 0) D: x = -2

8. b=4,F=(90) a=5,e=7/5 D:x=6

9. A0, +2), B(,f14/3 | k= 421/10,£=11/10 D:y=-4

1)
10. e="1/8, A(8,0) A3, - \[3‘!_5) B(m 6) | D:iy=4
11. 2a=24,e=422/6 | k=.2/3,2c=10 ochk cummerpuu OX u

A(-7,-7).
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12. |b=2,e=5/29/29 |k=12/13,2a =26 ock cummetprd OX

A(-5, 15).
13. | a=6, F(-4, 0) b=3, F(7,0) D:x=-7
14 |b=7,F(,0) a=11,e=12/11 D: x = 10.
15. A(--A773, 1/3), k=1/2,e=+f5/2 D:y=-1
B(+21/2, 1/2);

16. e=3/5, A0, 8) A(+6,0),B(-242, 1) |[Diy=9

17. 2a=22,e=10/11 k= .11/5, 2c=12 ochk cuMmerpun OX U
A(-7, 5).

18. b=35,e=12/13 k=1/3,2a=6 ock cummetpun Oy u
A(-9, 6).

19. a=9, F(,0) b =6, F(12, 0) D:x=-1/4

20. |b=5, F(-10,0) a=0,¢c=4/3 D:x=12

21. | A(0, -2), B(+15/2, | k=2410/3,e=11/9 D:y=5

1)

22, |&=2/3,A(-6,0) | A(<E,0),B(+20/3,2) |Diy=1

23. 2a=150,£=3/5 k = .25 /14, 2¢c =30 ock cummerpuu Oy u
A4, 1).

24, b=2.15,e=7/8 k=5/6,2a=12 ock cummerpuu Oy u
A(-2, 3,/2).

25. | a=13, F(-5, 0) b = 44, F(-7, 0) D: x = -3/8

26. |b=7,F(13,0) b =4, F(-11, 0) D: x = 13
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27, [A(3,0), B(L, 40,3 [ K= 23 ,c= 53 D:y=4
)
28.  |e=5/6, A0, +f11) |A(432/3,1), B(3, 0) D:y=-3
29. 2a=30,e=17/15 | k= .17/2,2c=18 ock cummeTpuu Oy 1
A(4, -10)
30 b= 22,e=7/9 k=.2/2,2a=12 ock cummeTpun Oy u

A(-45, 15).

2. 3anucaTh ypaBHeHHE OKPYKHOCTH, MPOXOAsiIIeii Yepe3 YKa3aHHbIe TOUYKH U

HMeleil HeHTP B TO4YKe A.

2.1. Bepmunsl runep6onsl 12x2 - 13y? = 156, A(0, -2).

2.2. Bepumnsl runep6oinsl 4x% — 9y? = 36, A(0, 4).

2.3. ®okychl runepbonsl 24y? — 25x2 = 600, A(0, -8).

2.4.0(0, 0), A - Bepmna napabonst y? = 3(X - 4).

2.5. ®okychl smmunca 9x% + 25y? = 1, A(0, 6).

2.6. Jlesnlii pokyc runepbons 3x2 — 4y? = 12, A(0, -3).

2.7. ®okycsl smmunca 3X? + 4y? = 12, A - ero BepXHsis BEpIIUHA.

2.8. Bepmmny rumnep6onsl X2 - 16y? = 64, A(0, -2).

2.9. ®okycel runep6oisl 4x% - 5y? = 80, A(0, -4).

2.10. O(0, 0), A - BepirHa mapabonsl y2 = - (x +5)/2.

2.11. Ipasslii poxyc smunca 33x% + 49y? = 1617, A(1, 7).

2.12. Jlesslii pokyc runepbonsl 3x? - 5y? = 30, A(0, 6).

2.13. ®oxkycel smmunca 16X? - 41y? = 656, A - ero HUKHAS BEpLINHA.

2.14. Bepmuny runep6oinsl 2X% - 9y? = 18, A(0, 4).

2.15. ®okycel runep6ossl 5X% - 11y? = 55, A(0, 5).
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2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

B(1, 4), A - Bepmuna napa6oinst y? = (x - 4)/3.

JleBb1i oxyc smmmnca 3x% + 7y? = 21, A(-1, -3).

JleBy1o Bepuny runep6onsl 5x% — 9y? = 45, A(0, -6).
doxychl >anunca 24x% — 25y% = 600, A - ero BepxHss BEpPIIUHA.
[Ipasyro BepmuHy runepbonsl 3X° - 16y? - 48, A(L, 3).
JleBblit pokyc runep6onst 7X? - 9y? = 63, A(-1, -2).

B(2, -5), A - Bepmuna napabonsl x2 = -2(y + 1).

[IpaBeiii Qokyc smmnca X2 + 4y? = 12, A(2, -7).

IIpasyro BepmuHy runepbonst 40X? - 81y? = 3240, A(-2, 5).
®oxycsl >aaunca X2 + 10y? = 90, A - ero HUKHsAS BEpIIMHA.
IIpaByo BepmuHy runep6oist 3X2 - 25y? = 75, A(-5, -2).
doxycel runepoosl 4x% - 5y? = 20, A(0, -6).

B(3, 4), A - BepmuHa napabonsl y2 = (x + 7)/4.

Jlesnlit pokyc amunca 13x2 + 49y? = 837, A(1, 8).

ITpasblii Gokyc runepbonsl S7X% - 64y? = 3648, A(2, 8).

KoHTposbHbIE BONIPOCHI

aObrwbdPE

3anumunTe KAHOHMYECKOE YPAaBHEHUE AJUIHIICA.
3anuirTe KAHOHUYECKOE YPAaBHEHHUE TUTIEPOOJIBI.
3anuirTe KAHOHUYECKOE YPaBHEHHE 1MapaboIIbl.
UTo Ha3bIBaETCA KCUETPUCUTETOM BIUIUICa?
3anuirTe ypaBHEHHS aCUMITOT TUTIEPOOITHI.

CamocrosiTeqbHast padora mo treme «Bekropbp)

Bapuanrt 1

JlaHBI BEKTOPHI &(9;—2;1) U 5(4;3;0) (mst Ne 1-5).

1. Haiitu a.b.(Omeem: 24)
2. Haiitu (é A 6).OTBGT:(AJ

586

3. Haiitu a?.(Omeem: 86)
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4. Haiitu ‘6‘.(Omeem: 5)

5. Halitu KkoopauHaTel BEKTOPOB ¢&=a+b , d=a-b , f=-3a (Omeem:
c(1311), d(5-5:1), f(—27;6,0))

6. B mpsMoyroiapHON IekapToBod cucrteMe koopawHaT moctpouth Touku A (0; 0),
B (3; -4), C (-3; 4). Onpenenutsb paccrosiaue Mexay Toukamu A u B, Bu C, A u C.(Omsem:

|AB|=5, |BC|=10,|/AC|=5)
Bapuanr 2

JlaHBI BEKTOPBI &(—3;2;1) U b(3,0;4) (mast Ne 1-5).
Haiitu .0 .(Omeem:-5)
Haittu (@ ADb).(Omeem: —

[axb). )

Haiitu a2.(Omeem. 14)
Haiitu ‘5‘ (Omeem: 5)

o P b

Haiitu  koopauHaTel BEKTOPOB c=a+b , d=a-b , f=-3a (Omeem:
c(o 2;5), d(—6;2,-3), f(9;—6,-3))

6. B mpsMOyrojpHON [IeKapToBOW cucreMe KoopawHaT moctpouth Touku A (0; 0),
C (-3; 4), D (-2; 2) E (10; -3). Onpenenuth pacctossaue mexay Toukamu Cu D, Au D, D u
E.. (Omsem:|CD|=+5, |AD|=2+2,|DE| =13)

TecT 1y1st caMOKOHTPOJIA 10 TeMe «BexkTopHas aaredpa»

1. JlaHbl BEKTODPHI G =(2;4;1) HMc =(1;2;0) HalTi KOOpIUHATBEI CYMMBI BEKTOPOB.
a) (3;6;1) b)(0;6;1) c¢) (L2:1)

2. JlaHbl BEKTOPBI & =(2;4;1) M =(12;0) HaliTu koopIuHATBI pa3HOCTU BEKTOPOB.
a) (3;6;1) b)(0;6;1) c¢) (L2:1)

3. Jlans Bexropsr @ =(241) y&=020) Hajitn koopauHatsl BekTOpa d+2C .
a) (=381 b)(4,81) c) (L21)

4. HaiiT KOOpIUHATHI BEKTOpa AB, €Clii 4 (2; 4; —6) U B (2; —4; 8)
a) (0; —4;7)b) (2, —4; 2) c) (0; 4, —7)

5. Haiitu nnuHy BekTOpa i (—1; 2; —2)

a) 4 b)3 ¢)1

6. Haittu wmny Bektopa AB, ecm 4531 y B(45-1)

a) 3 b) 2 c) 1l
7. YcioBue KOJJTMHEAPHOCTU BEKTOPOB a(x; v z) gy b(xz, Y2y 22) MMEET BU/L:
Xl yl Zl
a) X, X, + Y1y, +2,z, =0b) x,X, =y,¥, =2,2, )~ ==—=—=m

X, Y 2
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8. YKaKuTe BEKTOP, KOIUIMHEapHsiit BekTopy 4 (2 —3 —1)
a)b (6,-9,-3) h)b(812-4) c)b(-46,-2)

9. HaiiTu ckansipHOE IPOU3BEJCHUE BEKTOPOB 4 (4; —3;1) H b (5, -2, -3)
a) 3 b) 12 c) 23

10.HaiiTi KOOpIAMHATHI BeKTOpa d = —1 +3] +5 k
a)(L -3, -5)b) (-1 —3;5)c) (-1 3;5)

11.VcnoBue nepneHAMKYISIPHOCTH BEKTOPOB G (x,; y,; z,) U b(xz; Vi 22) MMEET BUJ:

XX i 7y
a) X X, + V.Y, +2,Z, =Ob) X X =YY, =2,7, C) — =—=_—=m

X, Y 2

12.11pu kakoM 3HaueHuu M BEKTOpBl &(1; 3; —2) U b (—1; m; 4) BEKTOPHI
NEPIEeHIUKYISPHBI?

a) 5 b)3 ¢) -3

13.BepimnHamu TpeyronbHUKa CIIy>KaT TOUKH A (10; —2;8), B (8 0;7) U C (10; 2; 8).
Haiitu nmuny croponsr AB.

a) 4 b)3 ¢)1

14.BepmuHamMu TpeyrojJbHUKA CIIyXKaT TOYKH 4 (10; —2;8), B (8;0;7) U C (10; 2; 8).
Haiit nmuny croponsr AC.

a4 b)3 o1l

15.HaiiTi KoOpIMHATHI BEKTOPA El+5, ecnu a =30 +2 T—SIZ nu a= —2T+3i+412
a) L5 -1 b))’ -1-9) ) (-1 35)

16.HaiiT KOOpAMHATHI BEKTOPA 67—6, eciu d =31 +2 17—5|Z u a= —27+3J7+4|Z
a) (L5 -1)b) (5 -1 —9)c) (-1 3 5)

17 Haiitu yron Mexy BEKTOpaMHu G (2; 2; —1) H b (-3;6;6)
a) 45° b) 60° c) 90°

18. Manpi Toukn  4(3:5:6) u B(5:~1:0) Hajiti koopauHaTh cepeumb otpeska 4B

a)(4;2;3) b)(5-2;2) ¢)(—4; 2,-3)

TECT 10 TEME «YPABHEHME IPSIMOM»
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1. O6uee ypaBHEeHHE NPAMONA UMEET BU/L:

- X—X
a) y—y, =k(x—x,)b) Y=h _ L ¢) Ax+By+C=02. HeoOxoaumoe 1 10CTaTOYHOE

Y=V Xy =Xy

|(l 2

YCIJIOBHE MapajieIbHOCTH MPSAMBIX C YIJIOBBIMU KO3 (DULIMEHTaMU
b) k, -k, =—1 c) k, +k, =0

u a) k, =k,
3. Heobxonumoe 1 J0CTaTOYHOE YCIIOBUE MEPIEHANKYIAPHOCTH NPSAMBIX C YTJIOBBIMU

k
KO3 dUIMeHTaMu u 2.
a) k, =k, b) k, -k, =—1 ) k, +k, =0

|(l

4. YKaxuTe ypaBHEHHE TIPAMOiT apaienpHoi Y =X +6

a) y=—5x b) 10 x—y+12=0 ¢) 10 x—2y+8=0

5. Bribepute ypaBHEeHHE, OMUCHIBAIOIIEE MPSIMYI0, W300pPaXKEHHYIO Ha PUCYHKE

YV oA

/_2 D X

X
a) —2x+3y=0 D) 37 lz =1¢) Lz + % =16.Ykaxure ypaBHEHUE MPSMON

TepIeHIMKYIAPHOH TIpsiMoit Y = 9X+6 4 y:—%x b) 10 x—y+12=0 ¢) 10 x—2y +8=0

7.CocTaBUTh ypaBHEHHE MPSAMOM, IPOXOAIICH Yepe3 Haualo KOOPAUHAT, €CITU €€

k=5 a) 5x+ y=0 a) x+5y=0 c) 5x— y=0

7 x—-3y+21=0

yrII0BON KO PUITHEHT

8.YkazaTh TOUKY, MPUHAIJICIKAITYIO IIPSIMOM a) A(4;13) b) A(3;14)

c) A(—4;13)9. CocTaBuTh ypaBHEHHE HPAMOM, IPOXOIALIEH Yepe3 Hauano KOOpJUHAT U

OX yrom 45.a) x—y=0hb) x+y=0c) x—y +1=010.

o0OpasyroIei ¢ 0Chio
CocTaBUTh ypaBHEHHUE MPSAMOU, MPOXOIAIIECH Yepe3 TOUKY (5-1) g SIS

yrioBoit kodbduumeT ¥=3. 2) 3x —y =0 a) 3x+y-16=0¢) 3x—y —16 =0

Tect nmo Tteme «KpuBbie BTOPOro nmopsiaKa»

1. VYpaBHeHwue uiurnca MMeeT BUI:
2 2 2 2

X
a) — — 5=
a.2

2. YpaBHeHUE THUNEPOOIIBI UMEET BUI:

39



X2 2 X2 2
Q) -zl b r=loyon

3. YpaBHeHue napaboiabl UMEET BUJ:
2 2 2 2
X Y Ly _ ,
a) ?__—:H)) a_2+b_2—1c) y©=2px

4. Haiitu pammyc oKpykHOCTH X +Y° +4y—5=0
a) 7 b)3 ¢5b

2 2
X +y—:1

5. Uemy paBHa 60NbIIAs MOTYOCh dmmmmca 30 29
a) 6 b)1l ¢) 5

6. Haiitu skcuieHTpricHTeT Diiknca  —— + — =1

a) 6b)0,3c) 0,7

Y

7. UeMy paBHA HelCTBHTENbHAs OCh THIepbonsr 04 25
a) 6 b)18 ¢) 5

2 2

Xy

8. Haiitu skcuentpucurer runepbonsr 29 11
3 6
14b)2¢c) —
a) 14 b) c c) 5

2 2

X y

9. 3ammcaTh ypaBHEHHS acCUMITOT —rumepOonsr 144 256 )

a) y:igx b) yzi%x c) y=+3x

10.3anucath ypaBHEeHHE apaboIbl ¢ BEPIIMHON B HaUajae KOOPAMHAT, eciiu ee (hOKyC

HAXOJUTCS B TOUKe © (30)
a) y>=2x b) y?=12x ¢) y=12 x>

11.JTnst rumepbonsr 16X° —9Y* =144 yajity paccTOsSIHHE MEX OKyCaMH.
p p Yy Yy
a) 6 b)10 ¢) 5

12.HaifTn KOOpJIMHATHI IIEHTPa OKpyXKHOCTH X + Y~ —8X—10y -8 =0
a) (45)b) (54)c) (25)

13.HaiiTn KOOpJMHATHI PaJINYC OKpYXKHOCTH X +Y° —8x—10y -8 =0
a) 6b) 10¢) 7
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IIpeneJibl M HENMPEPBLIBHOCTH

YcTHbIN onpoc

©WooN o O b~ wbhpkE

Haiite onpenenenus npeaena pyHKIUHA B TOUKE.
CdopmynupoBaTh CBOKHCTBA IIPEEIOB
Kakune tunsl HeonpeaeneHHOCTEN BaM U3BECTHBI?

Kax n30aBUTbCS 0 HEONPEAEICHHOCTU % ?
Yemy paBHO 3HaUECHHE Mpeaena GyHKIUU IPU HEOIPEAECIEHHOCTH

quy PaBHO 3HAYCHUC IIPCIACiia (l)yHKI_[I/II/I ITpHU HCOMPCACIICHHOCTHU

oo oln
-0

Chopmynupyiite nepBbIii 1 BTOPOU 3aMeyaTeIbHbIN MPEIeIbl.
UeMy paBHa HEOIIPEAEICHHOCT BHUAA c¢” ?
UeMy paBHa HEOIIPEAEICHHOCTb BUAA 0O-c¢ ?

IIpakTnuyeckas padora Ne 6 mo Treme

«BblunciaeHnue npeaesaony

I.[e.m;: HpOBepI/ITI) YMCHUS U HABBIKU CTYIACHTOB B BBIYUCJIICHUH ITPCACIIOB, PACKPBITHA

HGOHpCHGHGHHOCTGﬁ.

3aganusa

1.HaiiTn yka3aHHbIE Npeaeibl.

2 3 2
—5x+6 ) —xi 42
1.1. lm ;:f—xomeem:1 1.2. lin womeem:l
=xt - 12x+ 20 8 =0 x+x
. btx-zt . 2xf-x-1
1.3. lin # omeem:—i 1.4. xg—xomeem:—
=3yt =27 27 =1 5x" —x-2 5
2x% —Tx+4 : . 124 x-2* :
15, fm :Jr2 x omeem ' Hem 16. 3x x° omeem:nem
=3y —Sx 4+ 6 pewenus w3 * 7 pewenusn
. 3t 4ox-1 . oxt—d4x-5
1.7. lim % omeem:ﬂ 1.8. lim xz—xomgemiE
L | e o F 4
. 3x42x-1 . 3x -1z +6
1.9. lim xj—x omgem:—ﬂ 1.10. lim xj—x omeem :1
il ' x4 2 3 w3 Dxt —hy— 3
3 3
-5 . —x—Z
1.11. tm ;:— omeem:E 1.12. lm % omeem :—1
=dxt+x—6 5 -l oy +1
2 2
=16 8 oAt +11x-3 13
LS g ooy A gy omeens
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_ 3x* -Tx-6 1

11

115, tm o - omeem.—
B3 Dt _Fe 3 5
2 —
1.17. fim m 6
S T i M
_ Txt+dx-3
1.19. lm xz—xomeem:l
R T i By P |
2_
1.21. fim womgem:_l
=2 x4 4310 .
_ =, 3
1.23. lim 5?: Hlx-2 g
=2 3}( —I—l[:l
2— —
1.25, lim 25 2078 2
¥—=5 2?{ _3?(—35 17
2— —
1.27. lim %mm:ﬂ
= 2xt +11x+ 5 3
2— —
1.29. tm N omeem:g

= xﬂ —2x—4

2. HaiiTu yka3zaHHbIe npeaebl

27t +11x+15
2.1. lm xg—x Omeem:i
P 31— +5x—12 13
3
—3x+2
2.3. lm xg—x omeem :0
=1 x _4x+3
4 2
-z +x+1
2.5. lm #Omeem:o
==l Pal |
x—x43
2.7. lim —— - omeem .-
Pl Gyt 4 3y 3 >3
2
-1
2.9. lim i omeem . — 2

¥—=-1 x2 i

2 —_—
211, fm 2 1S T
75 2xY +11x +5

2
213, tm & 2x ]

2 omeem .0
r=al Dt Jr g

_4xt +T7x-2
1.16. lm xg—x Omeem:g
wsd Fpd 4 Qe 4] 2
x—dx-5
1.18. — - omeem:0
B dal L P
2 - -
1.20. lim w omeem .nem
¥t xf —x—12 pewenus
2 - -
1.22. fim 4§+_xﬁ omeem: nem
=1 pd Dy 41 pewenus
2 — —
1.24. tm xgﬁ—xm )
¥—=7 2?{ _9}[__35 19
2 -
1.26. ti 45+ 35H15 omaemisem
¥=3 xf —hx — 27 pewenus
. 2x" +15x-8
1.28. lm xg—x Omeem:E
¥ Ext 4+ 25548 23
2x® +5x—73
1.30. lm ;Z—x omgem:z
7233 410543
2 - -
2.2, lim w omeem :Hem
ik x =1 peluerust
2 -
2.4, i 2 F2xHL omeem:nem
=EoxT -8 peuierust
4 - — .
2.6, lim 21 2L omseminem
=1 x =1 peuterust
2 -
2.8. lim 2}:;2;{ omeem .nem
=2 x +4dx+ 4 pewenus
o 2xt+Tx-4
2.10. lim f'fz—x 3
¥ ¥ ad 16
3 2
2.12. lim .7:3:!:—?: Omeem:l
=l e D
3
-B
2.14. lim il omeem :—12

x—ﬂm
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] _ 3 _ .
215, fm 9x +17x-2 omeemig 216, fim ¥ +x—-2 omeem: Hem
w2 xi4ox 2 w1 3% — % _ x4 1 pewenus
I 4 £ 2
247, tim 2 EOT e 218 4m T s
=0 3xt +x 7 L
. Ext45x-1 : o x=30
2.19. fim T2 OO 920, tim S omeem:— 2
x*—5x+6& pewenus % 4125 75
24 3x-28 Bx* -1
2.21. % omeem :— 2.22. lim j— omeem .6
r—d ' = fd w12 o —1,.(4
3 3
. +3x— 28 . A+ 11x+10
2.23. lm % omeem:E 2.24. tim xz—xomeem:o
A I . 4 Frd ozt —ox 414
2 2
. x4 4 i 4x _
22 T 10 220 M T e e O
2 _ _ 2 -
2.27. lim M omeem:E 2.28. lim xE—l-E—xE.‘/-l omeem .0
w8 Syt — 20x+12 16 w= Px* 4+ 152418
I 3_
2.29. lim ﬂ omeem:—E 2.30. lim ;:—64 omeem . —
=2t —11x+18 7 ¥4 Pyt X —4 29
3. HaiiTu yka3zaHHbIe npeaebl
3 o2 3
31 Im 3x3 5x2+2 3.2 I -*-'31;{ +?2x
e 2xt+5xt - x ¥ lxt —4xt +5
4 o3 I A2
33 Im 5x4 3x3 +7 3.4 lm Tx ix + 4z
Poe oyt +dxT +1 ¥ 2xT 45
35 fm 2 —4x* +28x 36 i 3x° +10x+3
T e 5t 43t 4 x -1 T e 23t 4553
R C 2x 4+ Tx+3
3.7 tim X TXFX 3.8, g 2X 1A+
e x4+ 3x—2 e Syt —3x+4
. 3 o2
3.9 m x2+3x+1 3.10. fim x 33:!: +10
e 3xt 4 x5 e Pxt 4 2x+1
C Axt 4557 3t ox 4+
311, fin 22 X1 3.12. fn 2 F2X*1
rre 2x —x 410 e xt —xT 2%
313 ]J.m3x2+2x+9 314 ]J.m3x2+5x—?

e 2xt— x4

e 3xt 4 x+1
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3
315, fi 25 T1x-2

e 3x® - x—4

4 o 2
3.17. fim 22 0% *2
Fow o x +4x-3

4 4.2
319, ]jmw
¥ 2x +1

3
3.21. fim 2 0T
Pow gyt —3x+ 2

393 fm 2xt 4+ 7x% -2
T e Gt —dx 43

3.95 fim x—2x% +55
T e 243 4t

_ 2 5
3.27. fim 227~
eyt +6x 48

Ax* - 2x+1
3.29. lm — =7~
P Qx4 3x 42

18x% +5x

3.16. lm

=08 —3x— 9x*

C BxX4+d4x-5

3.18. lm

3.20. lm

to dx? — 334 2

It —dx+ 2
rw fx® 4 Gx 41

1+4x -z

3.22. lim

rw x4 3x% 4 oyt

Ix+14x°

3.24. lm

e 1+ 2x+7x°

o3t —oxto7

3.26. lim

3.28. lim

3.30. lim

4. HaiiTh yka3aHHbIe IIpe/eabl

41 Tt 2 —2x+44
T v 22 4327 41

2 —
43, fim 25 T7E74

pee 37 405 —1

3 —
45 fm 2x?+7x-1

e P N P

6 o2
47 fim 3x3 Sxt 42
o 2xT +4x -5

2
4.9, fim (X TOxH?

e 14+ 4x—x°

P
411 fim 2x°+5x 47

e 3t _0x? g

R
413, fm X 3X 7
P x4 3x0 41

4.2. lim

row xt 4345

P iy P i
R N P

C5x = 3x+1

T i

R T A
e 230 +x+7

ix—x°

4.4, lim

4.6. lim

e x? — x4 5

2t +7x +4

AL |

X +5x —dx

4.8. lim

4.10.

4.12. lim

4.14.

e x4 11— 7

4 1
lirn 3x2+x &
¥=vo QA3 4 ax 4]

C o Ext4dxt—7x

rew 2x 4 Tx—3

e Sxt - 3x+1

pwe 14 2x— xt



: 2
415 fim 2x2+3x +5
e 3xt —dx+1

3
417, fim T
¥oowe Dxt = 2x+1

3 2
419, fm X X3

pw Dxd 7

S 4.3
421 fi 0X 4T +3

pww 23 4 x 7

4 a3
4.23. fm 222X F3
Febem Qg p R

4.95 G ixt+2x4 -8
T e 82 —dx 45

3
497 fg JF —2xt4

pow Ox? x-S

4.29. tim 2
¥ 3xt - 2x 45

ox? +10x-11

2—
4.16. fim OF_21F2
e Ayt +2x—1

418, i 8x% 43245
T rme dx® - 227 41

2
420 b Axt +4x -7

A P |

2
499 fm 2x° =Tx+1

rw x® 4 dxt -3

P, .2
4.24. i AT T
vow 2yt —0x 43

4.96. tm It oxn—4
T e 3xt _dx 41

4.28. fim X
isw Gyt 4 ox— 10

4.30 ]J.m?x3+3x—4
T e Dt = Sx 41

5.HaiiTu ykazaHHbIe npeaeabl

51t 2xl 4+3x-5
T e 7x - 227 41

4_
53, i JX I
¥ gyt — x4

P2
55 fi dx —2x° +=x

K= —to 3?{2—:&'

2_
57 lm 2;{ 5;r+2
Pow gt + 350 -0

59 lm 2xF = 3x% 4+ 2x

e gt 4 7x+1

5 4 3
5.11. fim 17 FO% X
e 2x +hx+1

513, fm 3%
T ree 2y 4320 -5

o 3x =T+l
5.2. fm —— "%
eyt +dx—4
. oxt —x+7
N T
2x —=5x* +10
56 i Izt —2x+1
e 3t 4 2x -5
C Gxf—dx+2
5.8. ]JI'ﬂ 3—
L L s s
L 3 —Tx+5
5.10. ijl_mf‘_—3
dx' —ZEx7 42
512 fm 4-3x—2x°
T rew 3xY 451
514 fim gxt+7x7 -3

rew 3% x4

o AxP45xt -3

45



3x+7 o x =3x+1

5.15. fim —— ' 5.16. lim
e D3y 4 dx e Tx+5
_ i 2
5.17. fim — 10X~ 5.18. fim % 2
e 3xT 4+ 217 +1 ¥ | 2 +5x
4
5.19. fim "2 5.20. fim —2 T 2%_
vow pt =yt —x ¥ Jxt —3x-7
2 _ i3
5.21. lin —2 2T+? 5.22. fim X %
e 3x —2xt +x e dxt 356
e 2
5.23. fim — 21 5.24. fim X%
¥oe pt = 5x° +4x e x - 16
2 _ E
5.25. fin 22 107+ 5.26. fim 22 2211
¥ow Ayt —3x Fmowo x4 Ay
2_
5.27. fim — 212 5.28. fim —x _2%*1
¥mw et —3xT —4x Ll S i
. 81
5.29. fim — 5.30. fim — "7
e 3t pdx 42 e 3x7 —Sx +1

6. HaiiTu yka3zaHHbIe npeaebl

P yx- S . 8
6.1. lim rAx-le omeem .71 6.2. lim wfx-l—glE ﬁ"m x 0meem:—£
LR R [ R, K4 +2x-18 48
_ 7 5.
6.3. lim \'Ifxt,m V47 omeemi—£ 6.4. lim = gx xto omeem:i
e N | 91 e e v 10
—_— 2_
6.5. lin «fB+§x Vx+4 omeem:ﬁ 6.6. lim — e Omeemi—\/é
=l Exf —dx+1 20 =S -x—Ax+l
. 3zt +4x+1 . 2xt—9x+4
6.7. lin 22 6.8. lim —7
e S >t Box—afr—3
_ 11 — 2
6.9, tjm YT =316 omeem- VL 610, i RS FRa: o N2
=i Pyt —TTx-15 286 L x4 +8x+15 8
Y  fimx-
6.11. lim x—»\."'_ omeem 2 6.12. lim il il omgem:—l
=0 x4l %0 J7x 7
. 3 . Af2x+1-3 22
6.13. lim il omeem:3 6.14. fim =272 omeem: X2
=0 M+ x—a1-x x_}“"\.l'x_z_’\l'@ 3



6.15.

6.17. lim

6.19. lim

6.21. tm

6.23.

6.25.

6.27. lm

6.29.

q.'5+x—2 3
i 1 J{T_B Omeem.—z

Jx=3-2 3
4?@ Omgem.E

Aox+1-4
- omeem :—

r=3 iy — 15 64

X 44-2

=016 -4
o J2x+7 -5

e omeem :——
=9 T ,\_E 5

omeem .2

- =27

Nx+al-4 + 20 -4
omeem . ——

H“‘ x +r54 384

I x =3

lim — omeem . —
=0 x4y 16

omeem:—5 6.26.

/.HaiiTu ykazaHHbIE Npeaesibl

7.1.

7.3.

7.5.

7.7, 1

7.9.

C(x+a"
liry (x ] Ortser: e!?
¥wl x4 8

—4x
] Otser: €2

5x
] Otser: €10

1+3%
] Otser: €2

. 2 ix
litn ( il 3] Ortser: €92

e 1 Ix+2
. lim ( ] Otgert: e®
¥l x4 4

6.16.

6.18.

6.20.

6.22. lim

6.24. lim

omeem .

ax
=0 A x-S+
2—Jx 25

—————— omegem.—
w4 jbx+1-3 24

14327 -1

35

]jI'.['.I. E % omeem .—
=0 xT+x 2
3x* -2 10
6.28. lin —— = omeem:
w1 Btz -3 J10-3
R i P
=1y g 8
=3
7.2. hm( il ] Otger: ¢ 12
¥wl x +1
- X—l A-3x 3
7.4, OtBeT: €
b =] x
=A%
7.6. 1 [x+3] OteT: ¢
¥=rm _x
=4
7.8. 1 [x+3] OtgerT: ¢ *
LTI — |

47



71 . X—E ax-3 6
13. " OTtBeT: €
¥l ¥
X—? 4x-2 2
7.19. T OTtBeT: €
K—=mh oy
7.21. 1 @‘;x] Omser: e 7.22.
K= —ax
It
7.23. i [jx:] Otser: e
¥—rm x
. 2?{—1 - . A5/2
71.25. o a Otser: €2°7.26.
¥—mh Dy
7.27. i (;2"‘] Otser: e 7.28.
K x
I-2x
7.29. ]jm[ "’“J Otset: e 27.30.
¥wh o —

8. HaiiTu yka3zaHHbIe npeaeibl

8.1. Eﬂ(?;:g]m Otger: 0
8.3. E:}m(gxxtl ]Ex Otger: 0
8.5. Hm[ﬂj__f]m OTtBeT:
8.7. ?En%[zxlel]” OtBert:
8.9. ?En_m(zxxti]m Otser: 0
8.11. lim (5x_ BJM OtBer:
rsuoh x+4
8.13. &nﬁ[; ]h Ortger: 0

8.8.

8.10

8.12.

8.14.

. lin

X

i [ x+1
roy 2x—1

[2x+1

K-l

Sx
] OtBeT: 0

x-1
] OtBeT: 0

x—

litn (EX_B] Otser: 0
¥l T x+4

h.m[x+3
r=wol dx — 5

%
] Otset: 0
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YA 3x—4Y"
8.15. lin OtseT: 0 8.16. OTBeT:
rs-wl 3r 41 +6
I—E ix e 3 G +1
8.17. ]jm[ ] Otsert: 0 8.18. lim [ ] OT1BeT: ©
w3y 410 we—wl x4
bx+54"
8.19. lim [ ] OtBert: 0 8.20. [ ] OTtBeT: ©
r——wh Bx — 1] =l — 100
]
8.21. tlim [Bx—l_?] OtBeT: o 8.22. 4 [ 71 ] OtseT: 0
- wvel dx +5
ax
8.23. lim [5x ?] OTtBeT: © 8.24. [32—4;{] OTtBeT: ©
X == = —_ x
—x TE
8.25. ]jm(l_zx] OtgeT: 0 8.26. 1 [4+3x] OTBeET: ©
P 3— % po—wh S+x
o 3x-1YT 1=z Y
8.27. lim OtBeT: 8.28. lim Ortsert: 0
rowl x4+ 5 rowh 2 —10x
ax 3x
8.29. lim ( 3+x] Ortsert: 0 8.30. lim ( x+5] Ortsert: 0
po Qx— 4 ¥l 4x—2
O.HajiTu yxka3zaHHbIe npeaebl
Haiitu npeneisr.
K — nopsiokoewiii nomep 6 scypnane
- 2 2
1).lim sin 3x 2) lim k X 3)lim tg (kx + 3x) X |
o0 (k+2)x" 7 xosin25x xo0 5X
4 lim (l+5jx 5) fim SN Kx=sin 5 6) lim 052X~ COSKX
X—>0 x—0 kx x—0

KonTposibHbIE BONIPOCHI

1. Jatite onpeaeneHus npeaena GyHKIMA B TOYKE.
2. Kaxkwue Tumsl HeOnpeneIeHHOCTEN BaM U3BECTHBI?

3. Kak n30aBUTBCS 0 HEONPEICIICHHOCTH 09

4 Yemy paBHO 3HaUCHHE Mpenaesia QyHKIUU MPU HEONPEAEICHHOCTH % ?

5.UeMy paBHO 3HauUeHHE Npenesia PyHKIUU MPU HEONPEEICHHOCTH 09
C



6. 3anucaTb 3aMeyaTesbHbIE IPEIETIBL.

IIpakTHyeckas padora Ne 6 mo reme

«IIpenea pynxkuun. HenpepbiBHOCTL pyHKIMU. ToukHn paspeiBa»

Henab: HayyuThCs BBIUMCIATH MPENEIbl,UCCIEI0BATh GYHKLMIO HA HEIPEPBHIBHOCTD,

KJIacCU(UIIMPOBATH TOUKH Pa3pbIBa, CTPOUTH I'paduku ¢ yHKIIHMA.

3apanme 1.Haiitu npesenbl, HCHOIb3YS SKBUBAJICHTHbIE OECKOHEYHO MaJjible (PYHKIIUU.

o I 1+3x°

2.1 tim 2R 2
U s Py 5
Csin 7

2.3. 6m =2 peem:t
=0 feldx 2

. ichx
2.5, lim ZERY
w0 Dxd 3y

. m Sx
2.7. L sm omeem :—
=0 arcie2x
ax
-1
2.9. lin i omeem . —
=0 ngx

2.11. lim M omeem:— 2

x—=0 2){2

2 13. lim arcig3x
w0 In(142x)

omeem . —

5?{ 1

2.15. lim 2

=0 o 2%

223 lim 2%
w0 In(142x)

omeem . —

29 fim arcsi Ox

omeem .
=0 gggx

ix _1 1
2.4. — .- _omeem:.—
=0yt

2.6. lm M omeem:
x—=0 2:_,[—

nf1+3
2.8. lig SITID o
w0 g 2x

N w

2.10. lim M omeem 1

P23t Sx 46

&
2.12. fim —mmg

x—=0 4.7(
2 . arcen 4x 4
A4, lim ———— omeem:=
=0 fehx 5

2.16. lim ﬁg(x+2) omeem:—%

¥——2 X _4

arcsin 2x
2.18. lim —— omeem:l
w20 fody 2

220 i cosdx—cosdx

. lim omeem .2

=0 sz

. arcighx
2.22. tim 82 o2
¥=+0 folx 2

&
224, lin — - arcein 87 omeem 2
=0 fody
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Sx 1

225 lim &=~
=0 fgzx

omeem . —

Y i Ca) S 5
27

w3 x? 07

2.29. lim ﬂ omeem 1

¥—=0 2){2

2.26. lim In(1+4x) omsem:g

w0 o 2x

2.28. fim BEFY)

¥==5 2 _ 05

2.30. lim M omeemig

#=0 op Sx

3apanme 2. VccnenoBars aHHble GYHKIMU HA HEMIPEPBIBHOCTH U MOCTPOUTH UX TpaduKu.

X+4,x<-1,
2.1, f(X)=<x*+2-1<x<1,
2X,x>1.

X+2,x<-1
2.3. f(x)=x*" -1<x<1
—-X+3,x>1

-2(x+1),x<-1
25, f(X)=<(x+1)°-1<x<0
X, x>0

x2+1,x<1
2.7. f(x)=12x1<x<3
X+2,Xx>3

V1-Xx,Xx<0
2.9. f(x)=400<x<2
X—2,X>2

sin X,x<0
2.11. f(x)=1x0<x<2
0,x>2

Xx-1x<0
23.13. f(x)=<x*0<x<2
2X, X =2

X+1,x<0
2.2. f(x)=4(x+1D*0<x<2
—X+4,x>2

—-X,X<0
24 . f(x)={-(x-1D*0<x<2
X=3,x=>2

-X,X<0
2.6. f(x)={x*0<x<2
X+1,x>2

X—3,x<0
2.8. f(x)=<x+10<x<4
3+X,Xx>4

2x% x<0
2.10. f(x)={x,0<x<1
2+ X Xx>1

T
COSX, X < —
2

2.12. f(x)= 0,%<X<7r

2X>T1

X+1,x<0
214, f(x)={x*-10<x<1
-X,Xx>1
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-X,Xx<0 X+3,x<0

2.15. f(x)=4x>+10<x<2 2.16. f(x)=41,0<x<2
X+1,x=>2 )(2_2’)(>2
x-1,x<0 -X+1x<-1

2.17. f(X)=1{sinx,0<x<rx 2.18. f(X)={x*+1-1<x<2
3X>7x 2X, X > 2
1,x<0 —X+2,X< -2

2.19. f(x)=12,0<x<2 2.20. f(x)={x*-2<x<1
X+3,X>2 2,x>1
3X+4,x<-1 X, Xx<1

221, f(X)=<x*-2,-1<x<2 2.22. f(x)=4(x-2)*1<x<3
X, X=>2 —X+6,x>3
Xx-1,x<1 X3, x<-1

2.23. f(X)=4x>+21<x<2 2.24. f(x)={x-1-1<x<3
—2X,X>2 —X+5x>3
X, X< -2 X+3,Xx<0

2.25. f(x)=1-x+1-2<x<1 2.26. f(x)=4-x"+40<x<2
x?-1,x>1 X—2,X>2
0,x<-1 -1,x<0

2.27. f(x)={x*-1-1<x<2 2.28. f(x)=<cosx,0<x<rx
2X, X > 2 1-xX,Xx>rx
2,x<-1 -X,X<0

2.29. f(x) ={1-x,-1<x<1 2.30. f(x)={x’0<x<2
Inx,x>1 X+4,x>2

3aganue 3. VccnenoBarh qaHHbIe PYHKIIMU HA HEMPEPHIBHOCTh B YKa3aHHBIX TOYKAX

1
31 f(x)=2x%+1 x,=3 Xx,=4

N

3.2, f(X)=52 -1 x =3, x,=4

3.3. f(x) =

X+7
X_ 1



3.4, f(x)=2"2 x -2 x. =3
()="—2 % ,

1

35, f(X)=4%*+2, x =3 X,=2

1

3.6. f(x)=92*, x, =0, x,=2

1

3.7. f(x)=2*5+1, x =5 Xx,=4

1
3.8. f(x)=5"*-1 x,=3 x,=4

1

3.9, f(X)=6"2+3, x =3 x,=4

1

3.10. f(x)=75*+1, x =5 x,=4

3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

X—3
f(x)= , X, =-5 X, =—4
(x) 4 2 2
X+5
f(x):x_z, X, =3, X,=2

2
f(X) :5X_3| X]_ :3a X2 =4

2

f(x)=41-3, x =1, x,=2

5

f(x)=2 -1, x =0, x,=1

4

f(x)=82-1 x =2 x,=3

4

f(x)=5*+1, X, =2, X,=3

3x

f(X)=X_4, X, =5, X, =4
2X

f(x):xz_l, X, =1 X, =2

3

f(x)=2%2+1, x =-2, X, =-1

3

f(X)=42+2, X =2, X,=3



2

4.22. f(x)=31-2, x,=-1, x,=0

3

3.23. f(x)=5*+1, x, =-5 x,=-4

3.24. f(x):x_4, X, =2, X, =—1
X+ 2
X—4

3.25. f(x) = . X, =3 X, =-2
X+3

3.26. f(x):);tg, X, =3, X,=4

4

3.27. f(x)=3"*+1 x =1 x,=2

3.28. f(x):x4:(5, X, =-5, X, =—4

2

3.29. f(x)=6*, x =3 x,=4

3.30. f(x):))((j;, X, =2, X, =3

KoHTpoabHbIe BONIPOCHI
1.Kakue BenmnYMHBI Ha3bIBAIOT OECKOHEYHO MaJIBIMH OJHOTO MOPSIKAa MaToCTH?
2. Kakue BennumHbI Ha3bIBAIOT YKBUBAJICHTHHIMUA O€CKOHEYHO MaJIbIMH ?

3. Kakas pyHKIMS Ha3bIBa€TCS HEMPEPHIBHOW B TOYKE?
4.CKOJBKO U3BECTHO BaM TOYEK pa3pbiBa (PYHKIINH, Kakue?

CamocrosiTennbHas padora Ne 1
Bapuanrt 1

1. Beraucnuth npeaen GyHKIUM:
2
. X -9
im ———.
x-3 X° —8Xx +15
2. Bwramciuth npenen GyHKIUN:

. X+5
lim .
x->23X -6

3. Bpruuciaurp npenei (byHKuI/II/I:
sin17x

im — .
x=0 5jn 12X
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4. BbrauciauTh npeaen GyHKIUH:

fim (1+ ZJS .
X—0 X

Bapuanr 2

1. Beruucnuth npeaen GyHKIUU:

X2 +x-20
jim X X2
x4 x°-16

2. Bprumcnuts npenen QyHKIUU:

. 3X+6
lim .
x>2 2X — 4

3. Beraucnuts npeaen GpyHKIUH:

. Sin7x
lim — .
x=0 5jn 13X

4. BprauciauTh nipeaen GyHKIUH:

lim [1 + 3)4 .
X—>o0! X

Bapuanr 3

1. Beruncnuts npeaen QpyHKIuu:

o x*-49
im ———.
-7 X -5x-14

2. Bwramciuth npenen GyHKIUN:

. X2 +4
lim ,
-3 2X -6

3. Beraucnuts npeaen GyHKIHUH:

. Sin 9x
lim — .
x—=0 sin 4X

4. BprauciauTs npeaen GyHKIHNH:

lim [1 + Ej .
X—00 X

Bapuanr 4

1. Beraucauth npeaen GyHKIUN:

. x?-12x+35
lim — .
x5 X —-25
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2. Bprumcnuts npenen QyHKIUU:

x? -1

3. Beraucnauts npeaen GpyHKIUH:

. sin 8x
lim — .
x=0 5jn 19X

4. BpraucauTh nipeaen GyHKIUH:

2x
lim (1 + ﬂj .
X—>00 X

Bapuanr 5

1. Beruucnuth npeaen GyHKIUU:

. x*-3x-18
im ———.
X—6 X _36

2. Bwramcnuth npenen QyHKIUU:

. 2X-=3
lim .
x—4 3x —12

3. Beraucnauts npeaen GpyHKIUH:

sin 5x
im — .
x=0 sin 14X

4. Bpruucnuth npenen GyHKINUN:

3x
lim (1+ Ej .
X—>00 X

Bapuanr 6

1. Beruucnuts npeaen QyHKIuu:

x* -81
-9 x2 —11x+18

2. Bwramciuth npenen GyHKIUN:

. 3Xx-=5
lim .
x—6 2X —12

3. Beraucnouts npeaen GyHKIHUH:

. Sin19x
lim — .
x=0 sin 3X

4. Beraucnuth npenen GyHKIUn:

2X
lim (1+ Ej .
X—>00 X
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CamocrosiTeqibHast padora Ne2

Bapuanr 1

HccnenoBath PyHKIUIO f (X) = % Ha HENPEPBIBHOCTD B TOYKE x, =0 .

Bapuanr 2
2

npu X=0

X Xx#0
Uccnenosath GyHKIUIO f(x) :{ U ' Ha HEMIPEPBIBHOCTD B TOUKE x, — O
1

Bapuant 3

HccnenoBaTh QyHKIUIO f(x) = x> HA HEIIPEPBIBHOCTD B TOUKE x, =0 .

Bapuanr 4

Uccnenosats pynkmuio f(x) = x  Ha HeMpepBIBHOCTE B TOUKE x, — 0 -

Bapuant 5

" o foo = x <0
CCJICA0BATH YHKHI/II'O = Ha HerepBIBHOCTB B TOYKEC Xo = 0

x, x =0
Bapuanr 6
—5x, x <0
Hccnenosars pyakmmio f(x) = 22 x>0 Ha HENPEPBIBHOCTh B TOUKE x, = 0

ITonsiTHe MPOU3BOAHOM U ee reoMmeTpudecknii cMmbIc/L.JludpPepenuunan pyHkuun
YcTHBIN onpoc

1.Yto Ha3pIBaeTCA MPOU3BOAHOM PYHKITUHU?

2.Chopmynupyiite mpaBuia auddepeHupoBanus ?

3.Kakast pyHKIMSI Ha3bIBAETCS CIIOAKHOM?

3. ChopmynupyiiTe MpaBUIIO HAXOXKICHUS ITPOU3BOTHON CIIOKHOU ()yHKITHH.

4. Yto HaspiBaetcsa nuddepernuaniom GyHKITAN?

5.Kak nHaittu npousBoHbie U AU PepeHIuanbl BICIIUX MOPSIAKOB?

6.1TpaBuio Jlonurans.
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7.410 Takoe 3KCTpeMyM (QyHKIUHU?

8. UTo Takoe TOUKM neperuda , MHTepBajbl BHITYKIOCTH ,BOTHYTOCTH ?
9.Kak HaliTi acHMHOTOTHI ?

10.Paccka3aTh o0LIyI0 CXEMY UCCIEA0BAHUS (PYHKIUU.

IIpakTuuyeckas padora Ne 7 mo teme «Haxo:kaeHue npou3BoIHOM CJI0KHOH
(pynknuu. I'eomerpuyeckunii cMbICI npou3BoaHoNi. {udpepenunuan pyHkumum»

«Bbruuciienne IMPOU3BOIHBLIX»

Hean: [IpoBepuTh 3HaHUS U YMEHUS 110 HAXOXKJACHHUIO TIPOU3BOJIHBIX AJIEMEHTAPHBIX U
CIIOXHBIX () YHKLIHA.

3ananue 1.Hautu npousBoHble GyHKIUN

B1 Y=x>-5x?+11 B16 Y=x>-5x?+11
Y=x?ctgx Y=xctgx
Yzarc;ctgx Y=ar(;tgx
y=Yx3+5 v=Yx3+5
Y=e %’ Inx Y=e % Inx

Y=(cosx — 1)**

B2 Y=2x3-x>+17 B17 Y=2x3-x?+17
Y=xtgx Y=x>tgx
=artgx Y=artgx
4x 4x
Y=3x2 =3 Y=3x2 — 3
Y=in— Y=in—
x+1 x+1
B3 Y=7x3+3x?-2 B18 Y=7x3+3x2-2
Y=xarctgx Y=xarctgx
yXS y_XHS

Inx Inx
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1
T (2x+11)8

Y=sin3(4x? + g - 1)
B4 Y=-3x3+5x*-81

Y=2xsinx

X

" sinx
Y=VxZ -3

X
Y=coS —
x+1

B5 Y=7x5-3x2+32

Y=x3arcsinx

2
T (3-6x)°

cosx
3x

Y=In(x — x% — 6)
B6 Y=-x>+3x3-11

Y=3x2ctgx

arccosx
3x

v=x2 -3

Y=e3%" In2x

Y

B7 Y=3x*6x2+19
Y=x3sinx

tgx
y=t9%
3x

Y=1/2x3 — 6

Y= %’ Inx

1
T (2x+11)5

Y=sin3(4x? + % - 1)
B19Y=-3x3+5x*-81

Y=2xsinx

X

" sinx
Y=Vx2 -3

X
Y=cos —
x+1

B20 Y=7x°-3x2+32

Y=x3arcsinx

2
T (3-6x%)6

COSXx

3x
Y=In(x — x% — 6)
B21 Y=-x>+3x3-11

Y=3x2ctgx

arccosx

3x

y=x2 -3
Y=e3*" In2x

B22 Y=3x*-6x2+19
Y=x3sinx

tgx
y=t9%
3x

Y=/2x3 — 6

Y=e %’ Inx
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B8 Y=-4X%+9X2-12

Y=x3tgx

_arcctgx
6x

Y=3/3x + 6

Y=2""Inx

Y

B9 Y=5x*-2x3+65

Y=x2arcsinx

_ 5
_(6x—4)3

Y=3xZ 5

Y=32%" Inx

B10 Y=-2x°-3x2+19

Y=x?ctgx

_arctgx

Y

Y=Vx3 + 5

2
Y=e%*"Inx

X

B11 Y=8x*6X°+1

Y=2x3arccosx

thg_x
5x
9
" (6x-5)*
Y=4"%"Inx

B12 Y=3X%+11x3-87

Y=3x3ctgx

B23 Y=-4X+9X?-12

Y=x3tgx

_arcctgx
6x

Y=3/3x + 6

Y=2"Inx

Y

B24 Y=5x%-2x3+65

Y=x2arcsinx

_ 5
_(6x—4)3

Y=3xZ 5

Y=32%" Inx

B25 Y=-2x°-3x2+19

Y=xctgx

_arctgx

Y

Y=x3+5

2
Y=e%*"Inx

X

B26 Y=8x%-6X°+1

Y=2x3arccosx

thg_x
5x
9
T (6x-5)*
Y=4"%"Inx

B27 Y=3X2+11x3-87

Y=3x3ctgx



cosx

2x

y=——
(4x+9)°

Y=56*" Inx
B13 Y=x>+9X2-51
Y=x2arcsinx

X

_COSX
Y=V8x3 -3
Y=e2%" Inx
B14 Y=3x7-9X3+11
Y=5x3tgx

2x

" arcsinx
y=2x%* -6

3
Y=e3*" Inx

B15 Y=x°-8X2+16

Y=4x2ctgx

_actgx

3x

09
T (2x—15)6

Y=62%" Inx

COSX

2x

-3

Y=
(4x+9)>

Y=56" Inx
B28 Y=x>+9X2-51
Y=x2arcsinx

X

—COSX
y=1/8x3 -3
Y= Inx
B29 Y=3x7-9X3+11

Y=5x3tgx

2x

" arcsinx
Y=2x%* -6

3
Y=e3*" Inx

B30 Y=x°-8X%+16

Y=4x?ctgx

_actgx

3x

9
T (2x—15)¢

Y=62%" Inx

KonTpoJsibHBIE BOITPOCHI
1.ChopmynrpoBTh onpeneneHne Mporu3BOHON, TpaBmiIa nudGepeHIpOBaHNA.
2.3HaTh TabIUIly TPOU3BOIHBIX dJIEMEHTAPHBIX QYHKITUH.

3.ChopmynupoBaTh MPaBUIIO HAXOKASHUS MMPOU3BOIHON CIIOKHON (PYyHKITUH.



IpakTuyeckas padora Ne 8 mo reme«McciienoBanuss QyHKIMU U IOCTPOEHHUE
rpagpuxa»

Henb: HAyuyuThCA HCCIEAOBATH (PYHKIMIO U MO pe3yibTaTaM UCCIEIOBAaHUS CTPOUTD
rpadux.

3apanme 1.MccnenoBaTh QyHKIMIO M0 IPEASIOKEHHON CXEME U MIOCTPOUTH €€ Irpaduk:
1.Haiitu obsacth onpeneneHust QyHKIHUH.

2.MccnenoBaTh Ha YETHOCTh M HEUETHOCTD.

3. UccnenoBath Ha MEPUOJUYHOCTD.

4. HaiiTu cTaniuoHapHble M KPUTHYECKHE TOYKU MEPBOTO POJA.
5.HaiiTu mpoMexxyTKku Bo3pacTaHusi U yObIBaHUS (PYHKIIUH, SKCTPEMYM.
6.HaiiTu ctarqmoHapHeie ¥ KPUTHYECKHE TOYKHA BTOPOTO POJA.

7. HaliTu mpOMEKYTKH BBITYKIOCTH (DYHKIIMH, TOUKH TIeperuoa.

8. Haiitu acuMnOTOTHI (BEpTUKAJIbHBIE, TOPU3OHTAILHBIE, HAKJIOHHBIE).
9.Haiitu Touku nepeceuenus rpapuka GyHKIUU C OCIMU KOOPIUHAT.
10.Haiiti 1OTIOTHUTEIBHEBIE TOUKH.

11. ITo pe3ynbpTaTaM HccleIOBaHUS TOCTPOUTH rpaduK (YHKITHH.

= 2(2-x)2- _x*-2x-8 B16. a)y=%% - 12x% _gx+1;
B1. a) y = x*(2-x)*; 6)y=—"—

x3
6)y=xz+1

x2+2x—8 1 .. 1 . x3
B2.a)y=xv1l —x; 6) y=—"— B17. a)y=3" 2V -2x-1; 6)y=x —z

x2-3x—10

. |
B3.a)y=x-arctgx; 6)V=f BlS.a)y:E"" X*-3X 43

; 6)y=.r5 -3
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B19. a)y=—X% T 3X% 4ox;

_x*4+3x-10 x3-1
T %43 6)y=3x + 5

1- 2_4x-12
BS.a)y=/TX; 6)y=%

2 Z+4x-12
B6.2) y=rm  6)y=—
2_x-20
B7.a) y=x2j:16; 6)y=x sz
ﬁ X2 4+x—-20
B8.a) y=e+; 6)y= —
2_2x-15
B9. a) y=ﬁ; 6)y=%
2 9y
B10. a) y =2x-x%; 6)y=%x115
5 —2x

B1l.a)y=X*-3X* 14 6) y=x=-2

B12. a)y=—X* +3x*-2 .

B13. a)y=¥*-12x+6 .

X3
b)y=x=-1
X
6y =X2+4-

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

4
a) y=x>-20x ; 6) y=1-

x2—1

a)y=x3+15x2-x-250 6)y= -

X

av=x+2; 65
a) y=x2-4x ; 6)y= 3x+§+5
3 x*—2x—8
a)y =3x-x3; 6)y="—"11
a)y = 2/3x3-2x=1; 6) y=-X2)f+9
— 9y 2y b _1-x?
a) y= 2x*-x*; 6)y=—
a) y= 2X2-8 ’ 6) y= X2X_1
1
a)y = x*-8x2+3 ; 6)y= =1
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B14. a)y=X?+9x* + 24x + 12

3 3 x2+3x-10
- B29.a)y= ; 6)y=—""-7
6)y=6x- + 18 x+3

4—x2’

o . 3
B15. a)yz—x" +3x%-2 : 6)y=x7-1

2_oy_
B30.a)y=xV4 —x; 6) y=X 2x-8

x+3

KoHTpoJibHBIE BOIPOCHI:

1.YTo Takoe obnacth onpeaencHuss GyHkiuun?

2.Kakue QyHKIMY Ha3bIBalOTCA YETHBIMH , HEYETHBIMHU, 0011IeT0 BUAA?
3.Buasl Touek pas3pbiBa.

4.Yto Takoe HyJIu QyHKIHUU?

5.Kak onpenenanTts NTpOMEXYTKHU BBITYKIOCTH?

6.Buasr acuMIITOT.

CamocrosTenbHas padora Ne 1

Bapuanr 1

1.Haittu nponssoaayto Gynkuun y=sin®(4x3 — 2).

2. Haiity mpou3BOAHYIO TPETHETO nopsaka GyHkuun y=3x*+C0s5X.

3.BpIUMCINTG IPEAEIIbl, UCIONb3Ys IpaBuiio Jlonurans:

X s )l (sinx) L
im — ; lim x
2 Ctgx  2cosx " ox-00 X

Bapuanr 2
1.Haittu npoussoguyio ¢pyukuun y=cos*(6x?2 + 9).
2. HaiiTu npou3BOJHYIO TPETHErO Mopsaaka GpyHkuuu y=3X°-Sin3X.

3.BbIYucauTh nIpeaesnpl, UCHOab3ys IpaBuio Jlonurans:
x* 1

lim 2— ,a > 0; lim(cosx)x?
x—w  edx’ 'x—>0( )

Bapuanr 3

1.Haiitu npomnssoxnyio ¢pyrkuun y=tg®(3x* — 13).
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2. Haiity mpoU3BOHYIO TPETHETO MOpsaKa GyHKIUK Y=4X3-e°%,
3.BbluucnuTh npeaesnbl, UCHOab3ys npaBwio Jlonurand:

tgx — 1

;i
) x—l>£tr}4( sindx

)

-1 lnx  x—1
Bapuanr 4

1.Haittu npoussoauyio pyukuun y =ctg*(5x3 + 6).

2. Haiity mpou3BOHYIO TPETHETO Mopsaka GyHKuuu Y=5x*- COS4X.

3.Beruuciauth npeaessl, UCNonab3yda npaBuiio Jlonurand:

X
lim(1—-x)tg—; lim(a/*—-1),a>0
x—1 2 X—00

CamocrosiTennbHas padora Ne 2

Bapmuanr 1

. 1
1.Haiitu obnacte onpeneneHuss GyHKIUU y= -

6—x—x?
2. Haiitu obnacth 3HaueHuid QyHKmun y=3sinx+4cosx.
3. Haiitu mpoMeKyTKU Bo3pacTaHus (QyHKIMH Y=9X+3X?-X°,
4. HaliTu cTariuoHapHbIE TOYKH (DYHKITUU y=X+COSX.

Bapuanr 2

. 1
1.Haiitu obnactes onpenencHus GQyHKIUUA y= NSk
X—X

2. Haiitu obnactb 3HaueHu GyHKIMN y=5sinx-12C0SX.
3. Haiitu npoMexyTku yObIBaHuS (QyHKIUH Y=-18X+1,5x%+X°,
4. HaliTi crarinoHapHbIe TOUKA (QYHKIIUU y=X- SINX .

Bapuanr 3

1

1.Haiitu o6macts onpenencHus GQyHKINNA y= Ny
X— —X

2. Haiitu obnacts 3HaueHudd pyHkuun y=12sinx+5cosx.

3. Haiitu npoMexyTky yobiBanus QyHkuuu y=-6x-0,5x>+1/3x3,
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4. Haiitu cTamoHapHbIE TOUYKH (DYHKIIMHU y=X+ SInX .

Bapuanr 4

1.Haiitu obnacte onpeneneHuss GyHKUUU y= T
X —X

2. Haiitu obnactb 3HaueHuid PyHKuu y=4sinx-3COSX.

3. Haiitu npoMexyTku yobiBanus (Qynkmun y=-10x+3,5x2-1/3x3,

4. Haiitu cTainoHapHbIE TOUKH (PYHKIMU y=X- COSX.

CamocrosiTtesibHast padora Ne 3

Bapmuanr 1

1.0npenenuTs CKOPOCTh TOUKH, ABMKYLIEHCS 10 IpaAMoii 1o 3akonyX(t)=1/3t3-5¢2,

2. Touka ABUKETCS O OPAMOi 110 3aKoHY s(t)=2t2-3t-1.0npeaeanTh MTHOBEHHYIO
CKOpOCTB IIpH t=2.

3.0mnpeeuTh YyCKOPEHUEe TOUYKH, ABUKYILEHCs 1o 3akoHy s(t)=t3-5t2,

4.Temo mMaccoit M aBrkeTcs 1o 3akoHy X(t)=3cos3xnt. OnpenenuTh CUily ,AeHCTBYIOIIYIO
Ha TEJO B MOMEHT BpeMeHH t=1/3.

Bapuanr 2

1. Onpenenurs CKOPOCTh TOYKM, ABUKYLIEHCS 10 IpAMOii 1o 3akony X(t)=1/2t2-4t,
2. Touka JABMKETCS 1O TIPAMOIA 110 3aKoHYy s(t)=4t?-5t+7.0npe1enuTh MTHOBEHHYIO
CKOpOCTb IpH t=2.

3.0mpenennTs yCKOpEHHE TOUKH, JBUKYIIEics o 3aKoHy s(t)=2t%-t3,

4.Teno maccoii M aBmxkeTcs 1o 3akoHy X(t)=-2sin2zat. OnpenenuTs CUTy, ACHCTBYIOIIYIO
Ha TEJIO B MOMEHT BpeMeHU t=1/4.

Bapuanr 3

1. Onpenenurs CKOPOCTh TOUKH, ABMKYIIEIcs Mo npsaMoii 1o 3akony X(t)=3t3+2t2,
2. Touka ABUKeTCs MO NPAMOif 10 3aKkony s(t)=-t2+10t-7.0npeaenuTs MTHOBEHHYIO
CKOpOCTb npH t=1.

3.0mpenenuTh yCKOpeHHe TOUKH, IBHKYILelcs 1o 3akony s(t)=1/3t3-6t.

4.Teno maccoii M aBmkeTcs 1o 3akoHy X(t)=-2sindxt. OnpeneauTs CUIy, ACHCTBYIOIIYIO
Ha TEJI0 B MOMEHT BpeMeHHu t=1/8.
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Bapuanr 4

1. Onpenenurs CKOPOCTH TOYKH, JBUKYIIEHCS MO IPAMOii 110 3akoHy X(t)=2t3+1/4t2,
2. Touka ABUKETCS MO IPAMOM 110 3aKOHY s(t)=3t?+2t-1.0npenenuTh MIHOBEHHYIO
CKOpOCTb IpH t=3.

3.0npenenurs yCKOpEHUe TOUKH, JBUKYILEHCS Mo 3aKkoHy s(t)=t>-t.

4.Teno maccoit m aBuxkeTcs 1o 3akony X(t)=-3cos2at. OnpeaenuTs CUITy, ISHCTBYIONIYIO
Ha TeJI0 B MOMEHT BpeMeHH t=1/8.

JAunddepeHunabHOe HCUUCTEHUE (PYHKIMH HECKOJIBbKUX MEePeMEeHHbIX
YcTHBIN onpoc
1.Kakast pyHkius Ha3biBaeTCs (PyHKIMEH HECKOIBKUX MIEPEMEHHBIX ?
2.Yt0 Takoe 00JacTh onpeeneHus GyHKIUA HECKOIbKUX MEPEeMEHHBIX ?
3.YT1o Takoe 4acCTHBIE MPOU3BOHbI?
4. ChopMynupyiTe MPaBUIIO HAXOKIACHUS MPOU3BOIHON CIIOKHOW ()YHKIIMH HECKOJIBKUX
MEPEMEHHBIX.
5. YUrto Ha3bIBaeTCs MOJHBIM AuddepeHimanoM (QyHKIUA HECKOIbKUX MePEMEHHBIX?
6.Kax naiitu nponsBonbie 1 nuddepeHIanbl BEICIIUX TOPSIKOB?
7.4to Takoe 3KCTpeMyM (DYHKIIMN HECKOJIbKUX MMEPEMEHHBIX ?
IIpakTuueckas padora 9 no reme

«Haxoxaenne 4acTHbIX Npou3BoAHbIX. [loaublili nuddepenuman»

Lens: mpoBepuTH YMEHUE HAXOAUTH M CTPOUTH 00IACTh ONPEACIICHUS CIOKHON () YHKIIUH,
HaXOAUTh YaCTHBIE TPOU3BOJHEIE.

3aganua:

1. HaiiTu 1 mOCTPOUTH 00J1aCTh ONpeaeeHUs CJI0KHONH PyHKIIUM.
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2. BpluucanTh NPOU3BOJHYIO CJI0KHOH QYHKIMHU.

B1 1.z=arcsin(1-x2-y?)

2.a) z=Vinx —x e, y=1

6) u=x2-y?+3z2%, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)

= X = =
2.3) z—nyInx,x 1,y=2

B)u=3x?%/2-
v2/2+22?,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2.a)z=x0-xwe, v-1
Xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4lz=|\/y —x+2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x%+3y2-22?,
x=2,y=1/3,2=3/2

. x?
B5 1.z=arcsm?

2.a)z=arcg(x>-y?)+1/,/xy

_Vx _ _yz
6)u= X+y

B6 1.z=arcos(2x-y)

2.a)z=arccos£+em, x=2,y=1

6)u=\/§x2-%-6\/§zz, x=1,y=2/3,2=1//6

B16 1.z=In>
y

2.a)z=(x2 4 y2)¥* 7’

6)u=x\/§-(z+y)\/§, x=1,y=1,z=-2

17 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=m/2

6)u=/xy — 72 ,x=1,y=1,2=0

B18. 1.z=|nsinx-\/;

. u
2.a)z=arcsm; - Inv, u=0, v=1

6)u=(x2+y%+z2)32, x=0,y=-3,z=4

B19. 1.z=In(y?/4-x?/9-1)

2.a)z=Iny/x2 + y2+1/y,x=y=1//2
6)u=2/x+3/2y-

\J6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-1/vV6x,x=1,y=2,2=1/v/6

B21. 1.z=1+,/1 — (x — ¥)>?

2.a)z=cos(1/y)-1/\/x_, X=1/2,

y=2/m

6)u=x\/§-yzz,x=2,y=1,z=-1



B71.2=\/In(2 —x — y),

y
2.a)z=tgl/x.ex,x=1/m,y=0

6)u=
2./x + y+y.arctgz,x=1,y=1/3,2=1//6

B8 1.z=In>
y
2.a)z=(x2 4 y2)¥*>*
6)u=x,/y-(z+y)Vx, x=1,y=1,2=-2
B9. 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=1/2

6)u=,/xy — V4 — z2,x=1,y=1,2=0

B10. 1.z=|nsinx-\/;
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x2+y2+z2)3/2, x=0,y=-3,z=4
B11. 1.z=In(y?/4-x?/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§
6)u=2/x+3/2y-\/6/47,x=2/3,y=3/2,2=1/2

B12. 1.z=arcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-1/\/5x,x=1,y=2,z=1/\/€

B22. 1.z=In(x?+y)

2.a)z=e"2\/x2 — y2, x=1,y=0

=gj l = = =
6)u—smxz,x 2,y=m,z=1

B23. 1.2=V1 — x2+,/1 — y2
2.a)z=yIn(x2-y?), x=2,y=1

6)u=x3/16+y?/9-
72/8,x=2,y=1/2,2=1/3

B24 1.Z=\/ln(2 —-x =),

y
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B25 1.z=arcos(2x-y)

2.a)z=a rccos§+e‘/"_y, x=2,y=1
6)u=\/§x2-%-6\/§zz, x=1,y=2/3,2=1//6
2
B26 1.z=arcsinx7

2.a)z=arcg(x>-y?)+1/,/xy

Vx _ yz
6)u—y =

B271.z= | [y —x + 2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x?+3y2-22?,
x=2,y=1/3,2=3/2
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B13. 1.z=1+,/1 — (x — y)? B28 1.z=,/Inx + Iny

1
= - pg = y—’X:eryzl
2.a)z=cos(1/y)-1/./xy, x=1/2, 2.3)z X'

y=2/m
6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

6)u=x\/§-y22,x=2,y=1,z=-1

B14. 1.z=In(x%+y) B2 9.z=In(y-Inx)

e’ [x2 — 2 x=1vy= = [xvinZ x=1 v=
2.a)z=e X y4, x=1,y=0 2.a)z xylnx,x 1, y=2
6)u=siné, x=2,y=m,z=1 B)u=3x?%/2-

v2/2+22%2,x=2/3,y=2,2=2/3

B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x>-y?)
2.22yIn(x?-y?), x=2,y=1 2.a) 2=VInx %, x=e, y=1
u=x*/16+y*/9-2*/8 x=2,y=1/2,2=1/3 6) u=x2-y2+322, x=1/2,y=1/2,2=1/2

KoHTpoabHbIE BONIPOCHI:

1.ChopmynupoBaTh ornpeaencHie QyHKIIUHA C ABYMS TEPEMEHHBIMH.

2.Urto Ha3wiBaeTCs 00JACThIO ONpeneeHIs] PYHKIIMA HECKOJIBKUX IEPEMEHHBIX?
3.ChopmynrpoBaTh MPaBUIO HAXOXKJICHUS MPOU3BOTHON (PYHKIIMHA HECKOIBKUX
TIepEMEHHBIX.

4.Yto Takoe noiHBINA quddepeHnnan GyHKINU HECKOIBKUX TTEPEMECHHBIX ?

IIpakTnuyeckas padora 10 mo reme «IkecTpeMyM (PYHKIUHU ABYX MepeMEHHBIX)
Heanb: npoBepuTh yMEHHE HCCIEAO0BATH (YHKIIUIO HA YKCTPEMYM.

3ananue 1.HaiiTn yacTHBIE POM3BO/IHbIEC BTOPOT0 MOPSAKA

B1z=x?y2-4x-5y B16z=x3-y3-3xy
B2 z=y%-x*+xy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x%+y?+xy-3x-6y

B4 z=y\x-y?-x+6y B19. z=xy*(1-x-y)
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B5 z=e*/?(x+y?)

B6 z=x3-y3-3xy

B7  2=0,5xy+(47-x-y)(x/3+y/4)
B8  z=x%*t+y’+xy-3x-6y

B9  z=xy*(1-x-y)

B10 z=x3+y3-15xy
B11z=x%*+y%+xy-4x-5y

B12 z=y2-x*+xy-2x-6y

B13  z=xy(1-x-y)

B14  z=yvx-y?-y+6y

B15z=e*/%(x+y?)

B20. z=x3+y3-15xy

B21. z=3-2x2-xy-y?

B22. z=y2-xy-2
B23.z=x%+2xy-y?+4x
B24z=2x%+2xy-y?/2-4x
B25z=x2+xy-2

B26.  z=y?-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28.  z=4x+2y+4x*+y*+6
B29  z=x%+2xy-10

B30. z=x%+2xy-y2-4x

3ananue 2.McciienoBaTh 3aJaHHYI0 PYHKIMIO HA IKCTPEMYM

B1. z=12+2xy-x?
B2.z=5x2-3xy+y’+4
B3.z=4x%+9y2-4x-6y+3
B4.z=x2-2xy-y*+4x+1
B5.z=y?+2xy-x>-4y
B6.z=x%+3y%+x-y

B7.z=x%y

B16.z=x%+2xy-10
B17.z=4x+2y+4x*+y’*+6
B18.z=1-2xy+2x?
B19.z=x2+2xy-y?+2x+2y
B20.z=y?-2xy-x*+4y+1
B21.z=x%+xy-2

B22.z=2x?+2xy-y?/2-4x
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B8.z=4-2x2-y?
B9.z=x2/2-xy
B10.z=1+xy?
B11.z=4-2y?+x?
B12.z=y%+2xy-x2-4y
B13.z=x2-xy

B14.z=xy(4-x-y)

B15.z=x%+2xy-y2-4x

KoHTposbHbIE BONIPOCHI

B23.z=x2+2xy-y?+4x
B24.z=3-2x2-xy-y?
B25.z=y%-xy-2
B26.z=x>+y?+xy-4x-5y
B27.z=y?-x?+xy-2X-6y
B28.z=x%+y%+xy-3x-6y

B29.z=x3-y3-3xy

B30.z= x3+y3-15xy

1.ChopmynrpoBaTh anrOpuTM HaAXOXKACHHUS IKCTpeMyMa (PYHKITUU HECKOIBKUX

IMCPEMCHHBIX

CamocTosiTesibHasi padora Nel

Hatitu monmubie nuddeperimans: GyHKImi

Bapuanr 1.

a)  Z=X2+Xy-2
0) Z=yVx-y*-x+6y

Bapuanr 2.

a)  z=x3-y3-3xy
0) z=Xx/2-xy
Bapuanr 3.

a)  z=yVx-y’-y+6y
0) Z =X>+y*+xy-3x-6y

Bapuanr 4.

a) z=xy(1-x-y)
0)z =x?+2xy-10

72



HNuTerpajibHoe ucUucaeHre (PYHKIUHA OTHOM NepeMeHHOM

YcTHBIN onpoc

1.YTo Ha3bIBaeTcs mepBOOOpa3HOM HyHKIIMHU?

2.YT10 Ha3bIBAECTCS HEOMPEAECICHHBIM UHTETPAIIOM?

3.CBolicTBa HEONPEAECICHHBIX UHTETPAIOB?

4. TaGnuiia HEONPEACICHHBIX NHTETPAJIOB .

5. MHTerpupoBaHue IMOACTAaHOBKOW M MO YACTSM.

6.MnTerpupoBanue panroHaIbHBIX ApoOeii. B yem cyTh MeToma HeompeaeIeHHbIX
kod¢ punreHToB?

7.IHTErpupOBaHUE TPUTOHOMETPUUECKUX BBIPAKEHUM.

8. HTerpupoBaHne nppauvOHAIbHBIX BBIPAXKEHUM.

9.3amauun, npuBOASIIME K MOHITUIO ONIPEAECICHHOTO HHTETpaa.

10. Yto Ha3bpIBaeTCA OMpEAEICHHBIM UHTErPATIOM?

11.CBoiicTBa onpenenenHoro unrerpaia. ®opmyna Hetotona-JIeitonuna.
12.Yt0 Takoe HECOOCTBEHHBIN MHTETpa?

13.Kakue cymecTByIOT METOAbl TPUOINKEHHOTO BEIUUCICHUS OTPEICICHHBIX
HWHTETPAIOB?
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IIpakTnyeckas padora Ne 11 mo reme

«Bbrunciienue HEOIIPEACJICHHBIX HHTEI'PAJIO0B»

HCJILZ IMPOBCPHUTH YMCHHC HAXOAUTHb HCOIIPCACICHHBIC NHTCTPAJIbl HCIIOJIb3YSA MCTOAbI

HCTIOCPCACTBCHHOI'O MHTCTPUPOBAHHNA, HHTCTPUPOBAHUC HOIICTB,HOBKOfI H 110 9acCTsIM.

3ananue 1.Haiitn HeonpeneneHHbIE HHTETPaNbl HCIIOJIbB3Ys METOI HEMOCPEICTBEHHOT O

MHTETPUPOBAHUS

B1.[(5cosx — 3x?+1/x)dx

3x8—xS4x*

B2.J 2 g

B3.[(6%32% — 4) dx

1
B4 'f(am 2x V1—x2)dx

BS.f 1+16x2

B6. [ (6sinx + 4x3 — i) dx

9_a7 6
B7fx 3x’+2x dx

X7
BS.[(7%2%* + 5) dx

1
1+x2 snﬂx

BY. [ (— ) dx

B10. f_4 —

B11.[(9cosx + 2x3+1/x)dx

5x7 —x3 +x2

B12. f—dx

B13..[(9%23* — 6) dx

B14. f( 7=)dx

sin?x 1- x2

BlSf1+64xz

B16. [ (cosx + 2x3+1/x)dx

6x7 —2x5—x*

B17. fx—dx

B18.[(2*5* + 8) dx

1
Blg'f(ngx V1—x2)dx

BZOf1+4 2

B21.[(—2sinx + 6x* — %) dx

6x%+2x7-7x3

B22. [ ————dx

B23/[(3*67* — 3) dx

1
1+x2 snﬂx

B24 [ (—

) dx

825. | =

B26. . [ (3sinx — 6x%+1/x)dx

3x242x5—x3

B27. [ —————dx

B28.[(8*3* + 3) dx

B29.[ (— = )dx

cos? x 1- x2

B30. f 9+4x2

3aganue 2.BpruucanTh HEONPEAEIEHHBIE HHTErPAJIBbI C TOMOIIBIO 3aMEHBI IEPEMEHHOMN
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sinx

B1 a)f —dx b)[(x® +3)x*dx

B2a) [ —

— 4alxb)f cos*xsinx dx

X3
B3a) x4+7

3)5 XZ dx

B5.a)[(2x3 — 5)°x% dxB5.

6)[ x3sin(x* — 3) dx

B7a)[ —

2x3+1 dx
6) [ xcos(x? + 3) dx
B8a)[(2x” + 4)®x® dxB8

6)[ x%cos(x>®+ 7) dx

3x*
B9a)[ ——dx
6) [(3 +x*)>x3 dx
B10a) [ (2 — 4x3)°x? dx

6)[ x*cos(x® + 1) dx

sinx

Blla )f — dx 6)[(3 + x°)® x* dx

B12.a)

B16a) e

B8a)[(2x”7 + 4)3x® dxB8

6) [ x%cos(x®+ 7) dx

4
B18.2)[ -

4)5 X3 dx

B19a) [ (—4x3 + 2)°x? dx

6)[ x*cos(x® + 1) dx

sinx

B20a )f

b) [ (x> + 3)6x4 dx

3
B21a)f 7;_1 dx6) [ sinxcos*x dx

6/ (1 —3x3)°x*dx

B23. a)f —dx 6)f sin®xcosx dx

XZ
B24a)[ ——dx
6)[ x3cos(x* +5) dx
B25a) [ (5 — 2x3)°x? dx

6)fx3$in(x4 —3)dx

3)6 x2 dx

BZ7a)f dx6)f sin®xcosx dx

75



6)[(1 —3x3)° x* dx

B10a) [ (5 — 2x3)°x2 dx6) [ x3sin(x* — B29 a) [

3)dx

KoHTpoJibHBIE BONIPOCHI:

1.TaGnuiia UHTETPAJIOB .

2. B yem cyTh MeToaa 106aBouHOrO Ko3ddunreHTa’?

3.MeToJ ITOJICTAaHOBKH.
4.MeToa MHTETPUPOBAHMUSI TIO YACTSIM.

4)5 X3 dx

sinx

—dx 6) (3 + x°)® x* dx

IIpakTuyeckasi padora Nel2 no reme

«/HTerpupoBaHUe PALIHOHAJBHBIX JAPO0eii»

Heanb: mpoBepUTh yMEHNE UHTETPUPOBATH PALIMOHATIBHBIE APOOH

3amanme . Haiitu unterpanbl

X—6
a)f (x+1)(x+2)(x+3) dx

x3—6x%24+13x—6
V[

B1 x+2)(x—2)3

B 16

)j' X3 +4x? +4x+2
X
(14+x)2(X*+x+1)

)f3x4

x3+6x%+13x49

B2 6)]mdx B17

233+ 7x* + 7x—1
(2 + x)2(X* + 2x + 2)

a)f 2x—=5

(x+1D)(x+2)X X

6) J-x +6x%+13x+8
X(x+2)3

fx3+4x2+3x+2
) (1+x)2(x2+1)

a)f 4x—-3

X(x—2)(x—3) x

) fx3+6x2+14x+10
(x+1)(x+2)3

23 +4x* +2x— 1
(1+x)2(x* + 2x + 2)
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5x—2
a)f D20

x3—6x2+11x—10
B3 %) | o2y

)f X3+ 6x>+9x+6
X
X+ 120 +x + 1)

a)J (x—3)(x—42)(x— 5) dx

23 +6x2+7x+6
6) | —— 7

B4 X(x+1)3

33 +6x* +5x—1
(1+ X% +2)

9x+2
a)/ =5 —6)x—7) X

x3—6x2+13x—7
B> o) | o2 G+ D(x—2)°

jx3+6xz+8x+8
) ) Tt T4

—4x—5

a)/ (- 2) (c43) (x4 4) dx

x3—6x2+10x—10
B 6 6) f (X+1)(X_2)3 d

j 253 — 4 — 6x — 12
6) (-1 4+ x)2(x* + 4x + 5)

—6x—7

a)/ (x+4)(x+5) (x+6) dx

3x3+9x2 +10x+2
B7 6) f x—1)(x+1)3

f x3 + 2x% + 10x

6X—
N e ™

X3+6x2+11x+7
B 18 6) f (x+1)(x+2)3

2x3 + 11x% + 16x + 10
) (2 +x)%(x* + 2x + 3)

10x+3
a)/ —6)—7)(x—8) °F

x3+6x2+10x+10
B 19 6) f (x—1)(x+2)3

x3 +9x% + 21x + 21

6) (3 +X)2(X2 + 3) dx

—5x—6

a)J (+3)(x+4) (x+5) dx

x3—6x2+13x—8
B 20 6) f X(X 2)3 d

x3 +5x% +12x + 4
)| T2+ 4)

—7x—8
a)J (+5) (x4 6) (x+7) dx
x3—6x*+14x—8
B 21 ) f (X+1)(X_2)3
—3x3 4+ 13x% — 13x + 11 .
) (—2+x)2%(x*—x+1) *
—9%x—10
a)/ A7) (1 8) (ot 9)
x3+x+2
B 22 6) f(x+2)x3

f 3x3 + 46 + x
(—1+x)2(x*+9)
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a) [ ——2< x
x+6)(x+7)(x+8)

2x3+6x%2+7x+4
(x+2)(x+1)3

B8 6) [

4x3 4 24x% + 20x — 28
B+x)?(x*+x+1)

)f —-10x—11
(x+8)(x+9)(x+10)

2x3+6x2+7x
) f (x—2)(+12)3

j 3B +x+1
°) & +x+ D2+ 1)

B9

)f —12x-13

(x+10)(x+11)(x+12)

x34+6x%+4x+24
6) [ —

B10 (x=2)(x+2)3

2x3 + 4x% + 2x + 2

X+ 14+x)2 +x+2)

)f —14x—-15
(x+8)(x+9)(x+10)

3 2 _
B 11 )fx +6x“+18x—4

(x—2)(x+2)3

4x° + 4 + 3x
e)f 5
1+x)x*+x+1)

a)f —13x-5

(x+3)(x—2)(x+1) x

x3—6x%+14x—4
) [

B12 (x+2)(x—2)3

)f —11x—12 X
(x+9)(x+10)(x+11)

2x3 +x+ 1
(x+ 1)x3

B 23 6) [

2x3 +3x* +3x+ 2
A+x)2 +x+1)

) f —13x—14 X
X+9)(x+10)(x+11)

2x3+6x%+5x
V[

B 24 (x+2)(x+1)3

)_[ X3 4+ 4x* + 4x + 2
(1 +x)26% + x+ 1)

)f —15x—16 X
x+7)(x+8)(x+9)

2x3 +6x245x+4
) [

B 25 (x—2)(x+1)3

x> +x+3
s)f > dx
(1+x)%+x+1)

a)f —11x-3

X(x+1)(x—2) x

x3+6x%2+14x+4
6) [ —

B 26 (x=2)(x+2)3

3x3 + 4x% + 6x
C+x)2+x+1)

a)f —-7x+1

(x—6)(x+7)(x—8)

x34+6x2+10x+12
) J

B 27 (x=2)(x+2)3

78



2x°+1—x p
6)j(x2+1)(x2—x+ "

—Ox—
a )f (x—3)(x+4)(x—5) dx

2x3 —6x2+7x—4

513 ) e (x=2)(x-1)3

f B +x+1
2 (1 +x2)(x2 +x+1)

f xX+x°+1 P
D drD0E x>

—3x+5
A e hones ™

x3+6x%+15x+2
)f (x—=2)(x+2)3

a)f —5x+3

(x=9)(x—2)(x—11) X

x3+6x%2—-10x+52
) [

B14 (x=2)(x+2)3

23 +2x+ 1
6)] >
(x

+1D)(x* —x+1)

a)f x+9

x—1D)(x+2)(x—1)

2x3 —6x2 +7x
)f(x+2)(x 1)3

4+ x

)j B +2%+x+1
(1+x)X2+x+1)

a)f —x+7

(x+1)(x+2)(x+3)

X3 4+6x%+4x+24
) [

B15 (x+2)(x—2)3

j 23 +2x* + 2x+ 1
K +x+ D0+ 1)

KoHTponbHbIE BOIPOCHI:

QR+x)2 +x+2)

8x+1
a)f (x—4)(x—5)(x—6) X

x3—6x%+13x—6
) [

(x+2)(x—2)3 dx

3x3 + 7x> +12x+ 6

(x> +x+3)(x2 + 2x + 3)

1.B yem cyTh MeTo1a HeonpeaeIeHHBIX KO PUIIMEHTOR?

IIpakTHyeckas padora Ne 13 mo Teme

«AHTEerppoBaHue TPUTOHOMETPUYECKUX (PYHKIUI U HPPALHOHAIBbHBIX
BbIPasKeHUIN»

Iesb: MpOBEPUTH YMEHUE HAXOAUTHh HEONPEAEICHHBIE UHTErPaIbl TPUTOHOMETPUUYECKUX
GYHKITUH ¥ UppaliOHATBHBIX BBIPAKEHUH.

3ananme 1.Halitu unrerpaisl

fi B 16 [x3y2 — X% dx

X + V/x2

8xsin5x d
B1 [ cosxcos3x dx ,[COS XSMoX ax
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3
X /xz eXd
B zj'_i____t____f

X(1-¥X)
j sinxsin5x dx

f \/idX
0

f sin’x dx

f \/idX
3

J dx
1 — sinx

in*2x dx

B3

B4

VX dx

VX dx
f1—3x/7

B 6/ cos®2x dx

f\/mdx

X

B7J< dx

3+5cosx

ng‘ Xdx
VX +1

f dx
5 — 3cosx

Xdx
B9 f V2X+3

f sin*3x dx

2—X
(2— x)2 24X dx

B17)

f sin2xsin6x dx

dx
B 18f V(X=1)3(X-2)

j sin®x dx
COSX

dx
B19 f 3/(x—=1D3(X+1)

j sin?xcos3 xdx

B20[ — =
(1-X) ] (1-Xx?)
] dx
cos*x
dx
B21 | VEPET
fsiansin6X dx
dx
B 22 f —_—
x1 /(1+x4)
f sin3x dx
2 + cos3x
B 23f (1- \/_ X)2VX

[(cosx + 5)* sinxdx

B24[ X°/(1+Xx3)2dx
j ctgx dx
sin?x




(VX+1+1)dx
510 | e VI+X+1
j cosx dx
1 + cosx
B 11 f(x 1)dx
fcos3xdx
B 12 X314+ X2 dx
fcoschosSxdx
f&de 13 [ sin®xcos? xdx
dx
B 14f JX=1)3(X-2)
jcos‘*xdx
B 15 fL
(1-X)_|(1=X?)
Jsin“xdx

KonTposibHBIE BONIPOCHI:

dx
B2 T

f cosxdx

sinx

B 26/ vx(1++x)3dx

j sin3x dx
2 + cos3x

B 27 [ Ux* —4x?dx
f dx

cos?x(2tgx+1)

dx
B 28f V1-2x=X?

.[ cos6xcos4dx dx

VX+1+1)dx
VITX+1

f J2tgx+1dx

cos?x

B 29, [ (LD

(X—1)dx
B30.] =

f cosx dx
V2sinx+3

1.CdhopmynupoBath npaBuiia HaX0XKJACHHUS HHTETPATIOB UPPAIIMOHATBHBIX BHIPAKCHHIA.

2. ChopmynupoBaTh IpaBuiia HaAX0XKICHUS UHTETPATIOB TPUTOHOMETPUUYECKHX.

IIpakTHyeckas padora Ne 14 nmo Teme

«Bblunciienue ONpeac/JICHHBIX HHTEI'PAJI0B)»

LICJ'II)Z IMPOBCPUTHb YMCHUC BLIYHUCIICHUA OIIPCACIICHHBIX HHTCTPAJIOB .
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3aganue 1.HaiiTu uHTerpaIbI

B1

B2

B3

B4

B5

B6

B7

B8

B9

B10

B11

B12

f2 X3 dx
0 x2+4

foz In(x? + 4) dx

f21n2xdx
1 x2

1
J,x*arctgx dx

1/2
j 2 arcsin2x dx
0

0 V1-x2-2x
fozn cos®x/4 dx
foe 2 sin(Inx) dx

fi 2arctgx/2 dx

3 15xdx

0 %/(5x+1)3+%/5x+1

/2
j cos?x dx

o

B 16

B17

B 18

B 19

B 20

B21 [

B22

B23

B 24

B 25

B 26

B27

foz xe ™ dx
foz V4 —x% dx
[ In(x+ 1) dx
2
JZ,In(x + 2) 3x°dx

fon/4 sin33 xdx

dx
V1-x2-2x

fozn cos®x/4 dx
foe 2 sin(Inx) dx

f(z) 2arctgx/2 dx

3 15xdx

0 */(sx+1)3+%/5x+1

/2
Jy /2 cos?x

/4

j tg?x dx

0
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B13
/2

f cos?xsin? xdx
0

4 xdx

1 ax+2
5\/_dx

B14/

B15[

B29 [

B 28 fon/z cos®xsin® xdx

4 xdx
1 V4ax+2
5
Vvx—1dx
30]—
X
1

33}]3‘13 2. BerauciauThb ONIPCACIICHHBIC HHTCI'PAJIbI.

0
2.1. j (X® +5x + 6) cos 2xdx.
-2

2.3, T (x2 +AX+ 3)cos xdXx.
]

25, jl (x2 +7X +12)cos xdXx.
%

2.7. '[ 9x +9x+11 cos 3xdx.
0

2.0. T(sz + 5)cos 2XdXx.

0

2r

2.11. j (3 —7X? )cos 2xdX.
0

2.13. I(x2 +2X +1)sin 3xdx.
]

0

2.2, j(xz —4)cos3xdx.

-2

0
2.4, _[(x +2)” cos3xdx.
-2

2.6. T(sz +4x+7)costdx.
0

2.8, T(sz +16x +17)cos4xdx.

0
2.10. 2f(2x2 —15)cos3xdx.
0

2

2.12. j (1—8x2 )cos Axdx.

3

2.14. _f(x2 —3x)sin 2xdX.

0
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o'-—,r\)‘.ﬁ

2.15. 'T(xz —3x+2)sin xdx. 2.16.
0

2.17. }(x2 +6x+9)sin 2xdX. 2.18.
5

(x +17, 5)S|n 2xdX.

2 ;
219, j(l 5x> )sinxdx. 2.20. J.(Bx X )sin2xdx.
° :
In? xdx
2.21. | xIn? xdx. 2.22. .
| e
% In? xdx !
2.23. 2.24. [ (x+1)In?(x+1)dx.
! ™~ !( )In*(x+1)
3 0
2.25. j(x—l)slnz(x—l)dx. 2.26. j(x+2)3ln2(x+2)dx.
2 -1
2 e
2.27. j(x+1) In*(x +1)dx. 2.28. jﬁlnzxdx.
0 1
2.20. j x2e 2 dx. 2.30. j x2e¥d

-1

KonTpoJabHble Bonpochl: 1.UTo Takoe onpeaeieHHbIMN
uHrterpain’?2.CdhopmyanpoBaTh OCHOBHBIC MPABUJIa BRIYUCICHUS

ONPCACIICHHBIX HHTCTPAJIOB.

CamocrosiTesibHas padora

(x —5x+ 6)sm 3xdx.
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1 BapuanT 2 BapuaHT 3 BapuaHT

1 2 3
I(4x3 +3x% + 6x)dx f(6x2 —4x® +7x —9)dx I(Sx“ +5x° —7x—3)dx
0 0 0

i d 3 d : 4d
-([ X ;[ X -([ sin 2Xx
n

T K2 r

2 2 3

I cos xdx I Cos Xdx j sin xdx
i 0 0

6

i(x3 +2x)dx T(ZX —x*)dx T(SX — x%)dx

T T

N N
sin 4xdx jcos 4xdx jcos 2xdx
0 0

O t— N

SF Adx f dx fdx
25+x% 16+x* §1+x?

i(3—2x)3dx j.(S—x)“dx i(4—3x)3dx

1 1 1
J'ezxdx I(x3 —2)°-3x%dx I(ng +1)* - x%dx
0

0 0

1 1 1
I arcsin xdx J'arccos xadx I xarctgxdx
0 0 0

z
Lo foxdx Lo

Ixe dx_[ — Ixe dx
0 7SN " X g
6

IIpakTHyeckas padora Ne 15 mo teme
«Bpluncjaenue miomaaeu »
eab: mpoBeprTh YMEHUE BHIYUCIATH IJIOIIAN C TIOMOIIBIO OMNpPEIeICHHBIX HHTErPAIoB

3ananue. Haiitu muiomaas (purypbl, OrpaHu4eHHON JAHHBIMH JIUHUAMHU
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B1.y2- 2y+x2=0, y?-4y+x2=0

X
y_\/_gl y _\/§X

B2. y2- 6y+x?=0, y?- 8y+x?=0

X
y_\/_§' y _\/§X

B 3. y?- 8y+x?=0, y2- 10y+x%=0

X
V=7 Y =/3x

B4. y2 4y+x?=0, y*- 6y+x>=0

y=X, x=0

B 5. y2- 6y+x2=0, y?- 10y+x?=0

y=X, x=0

B6. y2- 8y+x?=0, y?>- 10y+x*=0

x=0y =1/3x

B7. y2- 4y+x%=0, y?- 6y+x*=0

x=0vy =1/3x

B 8. y2- 2y+x%=0, y?- 6y+x?=0

X
y_\/_gl V - O

B 16. y2- 4y+x2=0, y?- 8y+x?=0

X
y_\/_gl y - 0

B17. y% 2y+x?=0, y*- 4y+x?>=0

y= X, x=0

B 18. y?- 4y+x?=0, y?- 8y+x?=0y= x, x=0

B 19. y2- 2y+x%=0, y2- 10y+x?>=0

y=0y =v/3x

B 20. y?- 2y+x%=0, y>-4y+x*>=0

X
V=7 =v/3x

B21. y?- 2y+x?=0, y2-6y+x?=0

X
y_\/_gi y _\/§X

B 22.y2- 2y+x2=0, y*>-8y+x?=0

X
y_\/_gi Yy _\/§X

B 23.y2- 2y+x2=0, y*>- 6y+x?=0

X
y_\/_gl y - 0
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BO. y2- 2y+x2=0, y?>-10y+x?=0

X
V—\/_? V _\/§X

B 10. y2- 4y+x?=0, y>-10y+x?=0
X
V=7 ¥ =V3x
B11. vy 4y+x2=0, y?-2y+x>=0

y=X, x=0

B 12. y2- 6y+x2=0, y?-8y+x?=0

y=X, x=0

B 13. y2- 4y+x%=0, y>-8y+x?=0

y=X, x=0
B 14. y2- 4y+x2=0, y?- 8y+x*=0
x=0y =1/3x

B 15.y2- 2y+x2=0, y*- 6y+x%=0

X
y_\/_gl X= O

KOHTpO.]] BbHbIE€ BOIIPOCHI

B 24. y?- 2y+x?=0, y?- 6y+x?>=0

X
y=7 V=0

B 25. y?- 6y+x?=0, y2-2y+x?=0
y=X, x=0
B 26.y%- 4y+x2=0, y?- 2y+x%=0

x=0, y =1/3x

B 27. y2- 4y+x2=0, y>-8y+x?=0

x=0, y =1/3x

B 28. y2- 4y+x%=0, y?-8y+x?=0

X
V=7 Y =v/3x

B 29. y2- 4y+x2=0, y*>-6y+x2=0

X
V=75 ¥ =V3x

B 30. y2- 6y+x%=0, y>-10y+x*=0

X
V=7 Y =/3x
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1.Pa3nuunble BUABI IIIOCKUX PUTYP U CIIOCOOBI BEIYUCIEHUS UX IJIOIIAIEH.

IIpakTnueckas padora Ne 16 mo reme

«IIpubdanKeHHOEe BEIYMCICHUE ONPeAeJeHHbIX HHTETPAJI0B»

Lenb: npoBepUTh YMEHUE BBIUUCIATH OMPEAEIICHHbIE HHTETpaibl O GopMysiam

MPsIMOYT'OJIbHUKOB, Tpaneuui, napado.

3aIIaHI/Ie. Breraucianth l'IpI/I6JH/I)KeHHO€ 3HAYCHUC UHTCI'paJIa MCTOAOM IIPAMOYTOJIBHUKOB,

Tpanenuii, Mmerogom CumiicoHa, B3 n=10, To4HOCTb BeIumcIeHuit 107,

B 1.

B 2.

B 3.

B 11.

BS.

B 6.

B7.

f04\/16—X2dx
2 0N9 — X dx
4 [y3

Jo VX° +9dx

f3 X2 dX
2 \1+x2

2V2X?-2

J7V8X — x? dx

f04 X%sinx dx

B 16.

B 17.

B 18.

B 19.

B 20.

B 21.

B 22.

f3 0,2x>2
2 Inx

foz 4 — X dx

fon/z J1—0,11sinx dx

1
N

3+2cosx

flsx/X3 — 8dx

4 2
fO V4-5x dx
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B 8.

BO.

B 10.

B 11.

B 12.

B 13.

B 14.

B 15.

KoHnTposibHBIE BONPOCHI:

1.B yem cyTh MeTO/Ia NPSIMOYTOJIbHUKOB?
2. B yeMm cyTh MeToAa Tpanenui?
3. . B gem cyTb MeToma mapaboin?

CamocrositesibHast padora Ne 1.

f01\/4 + X* dx

2 1
fo \/4—3de
JIVX+ X dx

3 x?
f
1 2
Jo V1 —Xx"dx
fol 1+ X*dx

1In(1+x)
dx
fO 1+X?

/3
fo/ cos3x dx

Bapwuanr 1.

B 23.

B 24.

B 25.

B 26.

B 27.

B 28.

B 29.

B 30.

JoX =X dx

foz 3 — 2X*dx

fol 4+ 2X* dx

11n(2+4x)
[ 0 13 dx

/4 .
fo/ sin3x dx

f: X3cosx dx

3

3 X
|,

fol 2+ 4x* dx
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1.Be1auciuTh HCONIPCACIICHHBIC NHTCTPAJIbI

a) [ ax;  b)f (x5 +3)0x*dx, B)(4-3x)e 3 dx

cos3x

2.BpraucauTe mwionaab GUrypsl, orpaHu4eHHON TUHUAMU. ClienaTh 4epTexK.

V=6/x uy=-x+7.

3.BeruncinuTh HEeCOOCTBEHHBIN MHTETPaN WM JI0Ka3aTh €r0 PacXOJUMOCTh

.fw dx
e x(Inx)3’
Bapmuanr 2.

1.Be1unciauTn HCOMPCACIICHHBIC NHTCTPAJIbI

a) [ 1_)6;4 dx; b)[ cos*xsinx dx, B)(1-6x)e** dx

2.BpraucauTh wionaab GUrypsl, orpaHu4eHHON TuHUSAMU. ClienaTh 4YepTexK.

1 1
V=x?u y==x+1.
2 2

3.BeryuciauTh HeC06CTBeHHBII>'I HHTCTpaJI UJIW JOKAa3aThb €TI0 PaCXOAUMOCTD
foo x dx
0 (x+2)3°

Bapuanr 3.

1.BpruncinuTh HEONpeIeICHHbIE UHTETPaIbl

a) [ x37dx; b)[(1 —3x3)°x%dx, B)(2-9X)e 3 dx

x*+

2.BeraucauTs wiomaabs GUrypsl, orpaHu4eHHON TUHUSAMU. ClenaTh 4YepTeK.

Y=4/ X u y=x+5.

3.Beruncnuth HECOOCTBECHHBIN HHTCT'pall LJIKM JOKAa3aThb €I0 PaCXO0AUMOCTD

fgo xe*” dx.
Bapuanr 4.

1.Beryncnnuts HEONpEAEICHHbBIE HHTETPAIbI

a) [ 3 dx; b)[sin®xcosxdx, B)(5x-2)e3 dx

2x3+3

2.BbraucuTh mwiomab GUrypsl, orpaHu4eHHON TuHUsAMH. ClenaTh YepTex.
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1
Y=EX2 n y=4-x
3.BbrluucnuTh HECOOCTBEHHBIN MHTETPaNl UK JOKA3aTh €ro pacXxoguMOCTb
0 2
[ x%*a*” dx.
0
HNuTerpajbHoe ucyucieHre GyHKIUNA HECKOJIBKHUX NepeMeHHbIX
YcTHBIN onpoc

1. 3agaun, npuBOAAIIME K NOHSATHUIO JBOMHOTO UHTErpaa.

2.YT1o Ha3bIBACTCS ABOMHBIM UHTErPAIOM?

3.CBoiicTBa IBOMHOIO UHTErpaa.

4.Bbr4uciieHUe JBONHBIX MHTETPAJIOB B JIEKAPTOBBIX KOOPAMHATAX.
5. Beiuncnenue TBOWHBIX HHTETPAJIOB B MOJISIPHBIX KOOPJIMHATAX.

IIpakTnueckas padora Ne 17 mo Teme
«BbruncijieHne IBOMHBIX HHTETPAJIOB B IeKAPTOBbIX KOOPAUHATAX»

He.]'lb: IMPOBCPUTH YMCHHUC BBIYHUCIIATH ﬂBOﬁHBIG HHTCTPAJIbl B ACKAPTOBLIX KOOPANHATAX

3anaHne 1. Berauciuth HWHTCTPpAJI I10 oOnactu D, OfpaHquHHOﬁ YKa3aHHBIMH JINMHUAMU.

B1[ y*cosxydxdy B16/[ yzcos%dx dy

D D

D:x =0,y =.m/2y=x/2 D:x=0,y=\/n—/2; y=x/2

B2ff 3yzsin%dx dy B17 [ (18x2y? + 32x3y3) dx dy
D D

o — — _3/. —3
D:X=O,y=,/47'[/3;y=2x/3 D.X—l,y— \/EI y=X
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B 3[[ (3x%y? + 4xy) dx dy:
D

D:x=1 y=—/x;y=x?

B4[[(27x*y* + 12xy) dx dy

D

D:x =1,y = —{x; y=x?

BSffyzsin%dx dy
D

D:x =0,y = V/r; y=x

B6[[ 4y*sin2xy dx dy
D

D:x =0,y =V2m; y=2x

B7[[ 4y*sinxy dx dy
D

D:x =0,y =,m/2; y=x

B18[[ (9x%y? + 2xy) dx dy
D

D:x=1; y=+/x; y=—x3

B 19 [[(18x2%y? + 8xy) dx dy

D

D:x =1,y = Vx; y=—x?

B20([ yze_xzt_y dx dy
D

D:x =0,y = 4; y=2x

B21[[(27x*y* + 12xy) dx dy

D

D:x =1,y = —/x; y=x3

B 22[[(9x%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x3
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B8[[ (49x2y? + 28xy) dx dy

D

D:x=1,y=—-Vx; y=x?

B9

ﬂ (9x2y?% + 48x3y3) dx dy

D:x =1,y =+/x; y=—x?

B10|[ yze_% dx dy

D:x =0,y =2;y=x

B11[[ (36x2y? + 96x3y>) dx dy
D

D:x=1,y=3x; y=—x3

B 23[[ y?cosxy dx dy

D

D:x =0,y =m; y=x

B 24[[(18x%y* + 32x3y3) dx dy

D

D:x=1,y=3%x; y=—x?

B 25 [ (18x%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

B26ff yze_xz_y dx dy
D

D:x=0,y=1;y=x/2

93



B12([ yzsin%dx dy
D

D:x=0,y = VTT; y=x/2

B13[[(12x%y?* + 16x3y3) dx dy
D

D:x =1,y = —/x; y=x?

B14([ yze_xs_y dx dy
D

D:x =0,y = 2; y=x/2

B15ff yzcos%dx dy
D

D:x =0,y =+V2m; y=2x

B 27 [ y*cosxy dx dy

D

D:x = 0,y=\/E;y=2x

B 28 ([ (18x2y? + 24xy) dx dy

D

D:x=1;y = —Vx; y=x3

B29([/(9x%y? + 12xy) dx dy

D

D:x =1;y =+/x; y=—x?

B 30/[ y*cosxy dx dy

D

D:x=0,y =m/4;y=x

3amava 2. MI3MeHUTHh NOPSAOK UHTErPUPOBAHUSL.
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2.11. jdxj fdy+jdxjfdy

1_

/4 siny z/2  cosy

2.13. Idyjfdx+_[dyj f dx..

/4

1y e 1
2.15. !dy! f dx+£dyj f dx.

Iny

217. jdyjfdx+jdy j f dx.

_Zy

ccccccc

e —Iny

2.12. jdyj f dx+fdy :[yf dx.
0 0 1 0

-1 0 0 0
214. [dx [ fdy+[dx][ f dy.
= 2 -1 3

2 —(2+x)

1 0 2 0
216. [dy [ f dx+[dy | f dx
0 -y R N

1 y2 2 2—-y
28. [dy [ f dx+[dy [ f dx.
0 0 1 0
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0

e o
2.19.jdx j fdy+jdxj f dy 2.20, jdyj

4-x2-2 —\a-x?

2.21. jdyjf dx+jdyj f dx.

1 Iny

/4 sinx /2 cosx

2.23. jdxjfdy+jdxjfdy

/4
1 x° 2 2-x
2.25.£dx_(|:f dy+!dx£ f dy.

2.27.jdx} f dy+jdx 'T f dy.
0 —Vx 1 -2

1y N
2.29. Idyj f dx+jdy j fdx.
0 0 0

1

3agaua 3. BelunciauTe.

” 12x y> +16x°%y° dxdy;

D: x=1 y=x", y:—\/§.

. ” (36x7y* —96x°y® ) dxdy;

D: x=1y=%¥x, y=-x%.

0 0
f dx+jdyj f dx.
-2 —(2+y) -1 3y

1 X2 2 2-x2
2.22. !dx!f dy+J1.dx [ fay.

0

0 0
fdx+jdyjf dx.
-1

ENCE 2_y2 y

1 X 2
2.28. !dx!f dy+_!‘dx ! fdy.

1 JUx 2 J2—x
2.30. [dx [ f dy+[dx [ fd
0 0 1

0

” 9x y* +48x° y dxdy;

D: x=1 y=+X, y=—x2

ﬂ 18x y* +32x° y dxdy;

D: x_l,y_x , Y= \/§
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” 27x y* +48x° y dxdy;

D: x=1y=x? y_—\/§.

ﬂ 18x y* +32x° y dxdy;

D: x=1y=x,y= —Jx.

” Axy + 3x° y dxdy;

D: x=1, y_x , y:—\/;.

8 9 dd;
311ﬂ Xy + xy xdy

D: x=1y=3%x, y=—x°.

12 27 dd;
313” Xy + xy xdy

D: x=1y=x", y:—$/§.

215 ”( xy+—x y jdxdy;

D: x=1, y_x , y:—\/;.

. ” 24xy — 48x°y* ) dxdy;

D: x=1y=x", y:—\/§.

4 16 dd;
319“ Xy + xy xdy

D: x=1 y=3%x, y=—x%.

” 18x y* +32x° y dxdy;

D: x=1 y=%x, y=—x2

” 27x y* +48x°y® dxdy;

D: x=1 y=+X, y=—x.

12 9 dd;
310” Xy + xy xdy

D: x=1 y=+X, y=—x

24 18 dd;
312“ Xy + xy xdy

D: x=1 y=x5 y:—i/;.

8 18 dd;
314” Xy + xy xdy

D: x=1y=%x, y=—x2

216 ”( Xy + 9x%y jdxdy;

D: x=1 y=+/x, y=—%°.

6 24 dd;
318” Xy + xy xdy

D: x=1 y=+X, y=—x2

4 16 dd;
320“ Xy + xy xdy

D: x=1 y=x5 y:—i/;
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44 16 dxdy;
321” Xy +16x°y°® ) dxdy

D: x=1y=x%y=-%x.

4x%y* )dxd
323HXy <y oy

D: x=1 y=x%y=-Jx

6x2y? + —x* 4jdxd :
3.25. IDI( y y y

D: x=1 y=x2 y=-JX.

| C

D:X=Ly=Jiy=—

. ” (54x%y? +150x"y* ) dxdy;
3,

D: x=1y=x3y=-3Xx.

KoHTposbHbIE BONPOCHI:

X'y jdxdy;

4 176 dxdy;
322“ Xy +176x°y* ) dxdy

D: x=1, yzf/g, y=-—

o “ 4xy +176x°y° ) dxdy;

D: x=1, y:\/;, y=-—

326J (9x*y? +25x"y* ) dxdy;

D: x=1, y=\/;, y=—

92 25 dxdy;
3'28” x2y? + 25x*y )xy

D: x=1 y=x%y=-%Xx

9 dd
330”Xy €y oy

D: x=1, yzﬁ/;, y=—

1.Kakoil uHTerpan Ha3bIBAETCsl IOBTOPHBIM ?
2.YT0 Ha3bIBaeTCA 00JIACTHIO MHTETPUPOBAHUS?
3.Kak HaliTu 00J1acTh HHTETPUPOBAHUS ?
IIpakTnueckas padora Ne 18 nmo reme
«BbIunc/IeHre IBOWHBIX HHTETPAJIOB B MOJAPHBIX KOOPIANHATAX))

Ieab: MpOBEpUTh YMEHUE BBIYHUCIISTH JBOMHBIC HHTETPAJIBI B TTOJISPHBIX
KoopauHatax3ajganue. BoIYuCauTH HHTErpaJ mo odJsactu D, 3axanHoil cuctemoii
HEpPaBeHCTB:
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- n300pa3uTh 00J1aCTh B AEKAPTOBOM CUCTEME KOOPAUHAT;

- BBIYUCJINTb HHTCTpAJI, IICPCXOAA K ITOJIAPHBIM KOOPpJAHWHATAM.

B1ff /16 — x2 — y2dxdy

D
x? +y% <4
D:
x=20y<0
B2.J (9+X2+Y2)? xdy

D_{x2+y2S3;
' y<0

B5.[f arctggdx dy

D

B16[[ \/x? +y?dxdy

D

D_{x2+y2S9
"y=0;x=>0

1
B 17ffmdx dy

D

D.{x2+y2S9;
' 0<y

B18.[[(x —y)dxdy

D

o. {23x2+yzs4;
' 0<y

B19.[[ /16 — x2 — y2dx dy
D

D_{x2+yzs4;
' 0<x

B 20. ffx—lze%dx dy

D
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D_{x2+yzs4;
' y=0

1
Bﬁffmdx dy
D

_{x2+y232;
L y*<o0

x2
B7.ff;dxdy
D

{x2+y2S9;
D:
y=0

B8.[[ /16 —x2 —yZdxdy

BO.[[ e+ dx dy
D

D_{4Sx2+y2S9:
' 0<y

B 10.[[ In/16 — x2 — y2dx dy
D

D_{4Sx2+y2S9;
' y=0

D_{le2+y2S4;
' 0<y

1
B 21. ffmdx dy
D

D.{x2+y2S4;
' y=0

B22 [ arctg%dx dy

D

D.{x2+y2S4;
' 0<y

BZ3.ff%dxdy
D

0<y;
D:{ 2 2
16 < x“+y=- <25

1

{ y=0;x=0;

D 2<x?+vy%2<4

xz
BZS.ffﬁdx dy
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B11. [[(x —y)dxdy BZG.ff%dxdy D

D { x = 0;
. 2 2
D_{23x2+y234; lL=x"+y"=4
 y=20;x=0
B12.(/(9 —x? —y?)dxdy BZ7.ffy—zdxdy
X
D D
x“+yc <4 2 2
<
D{ V<0 D:{x + y% < 4
y =20
B13.[[ In\/16 — x2 — y2dx dy BZSff;lydxdy
D D
D:{45x2+3’239; x% +y% < 4
y=0 D: y =0
B14.[[ /4 —x2 — y2dxdy B29.[[ (X2jy2)2 dx dy
D D
5 x> +y%<9; x > 0;

y =0 '{x2+y2S2
B15.[[(1—x*—y*)dxdy B 30. [ x’,:; dx dy
D D

0<y 2

<
D{x2+y2<9 D:{x ;3;0—4'
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3ananue 2. BeruucnuTh IBOWHON MHTETPAJ, NEPENRIS K HOJAPHBIM KOOPAUHATAM.

4.

5. g‘x iR dxdy,rﬂe D x2+y2=1; xEU.

N g{l+x2+y3}dxd}” e D #21yl=4; x20, y20
7 gjdxdy’rﬂeﬂ: x2+_y2=9

8. II d:::dy’meﬂ x4+ yi=2x; y=0

9. gadxdy’rﬂe D ;&:2+_y2 =16;x =0

10. gdxdy’ D x2+y2=49; y=0

11. Hddxdy rle D: x? +y =4x; y =0

12, H 9 - 2 - dxc:iy e D x2+_)f2=9; xz0; y =0
13. J]'.idxciy, e D x +_)f2+2x=ﬂ.

14. H dxdy e D x* +y =23, x=0; y =0

- H.'x +y dm?y . D: x2+y2=4y_

6 36 )my, te Dt %0+ yP =6x

17. E{I2+y2)dxdy, e Dt G+ D +y7 =1

18. g{x2+y2)dxdy’ —t (x-1)% + =1

10. g{x2+y2)dxdy e.D: x2+{y+2]2=4

[ ey
«,l'i—x —y T D:x2+_y2=4;y20.
Hq.'x + 32 dxdy
rue

2
Hmdxdy e Dt 224 y? =16, x20; y 20,
dxciy

J .
D.[25 - x* —y r;[eD:x + ¥ =25;x2ﬂ;y£ﬂ.
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[[1-x?% — y*dxdy
LD ,
[[Jx? + y? duddy
. D ,
l.2, .2
. g Yy dxdy’ I'le D x2+y2+ﬁx=ﬂ.
2, .2
X0+ yodxd
.g Y y’rﬂeD:x2+y2—lﬂy=ﬂ.

F
arcte = dxdy
24.1-!' X r;[eD:x2+y2=1.

- 4 _
20 rz[e‘D'x + ¥ —Zx_

21 rﬂeﬂ:x2+y2+4y=ﬂ_

22

23

F
arcte L dxdy
25.£J‘: X ,r;[eD:xz-"yz:g.
J
arcte = dxdy
26. 'Ig X e JRN Iz-l-_}’z:lﬁ.

xedxd
27_g y’rﬂeﬂ:x2+y2=lﬁ_

xalxd
28.1-!' y,rﬂeﬂ:xz"'yz:zy.

[[ yddxdy
29. D

claxed
30. Jg}’ y,rne D x2+y2=4x.

r'e D x2+_}’2=1ﬁ.

b

Kontpoabhsbie Bonpocsi: 1.ChopMynupoBaTh alroOpuT™M NEpexoaa OT AeKapTOBBIX
KOOPJMHAT K MOJIAPHBIM KOOpPUHATAM.

IIpakTuyeckasi padora Ne 19 mo reme

«Bbryucienue miomaae ¢ NOMOUbI0 JBONHBIX HHTEIPAJIOB»

]_le.]'lb: IIPOBCPHUTh YMCHHUC BbIYHCIIATH INIOIIAAN C IIOMOIIBIO ,Z[BOﬁHI)IX HHTCT'PAJIOB .

3ananue. Hajitu niiomans Gpurypsbl, OrpaHMYeHHON JaHHBIMH JIMHUSIMH

B1.y?- 2y+x?=0, y2-4y+x?=0 B 16.y*- 4y+x?=0, y2- 8y+x?=0

X X
V=75 ¥ =/3x V=7 y=0
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B2.y?- 6y+x?=0, y?- 8y+x2=0

X
y_\/_gl y _\/§X

B 3. y2- 8y+x2=0, y?- 10y+x?=0

X
y_\/_§' y _\/§X

B 4.y2- 4y+x2=0, y?- 6y+x*=0

y=X, x=0

B 5.y%- 6y+x2=0, y?- 10y+x?=0

y=X, x=0

B 6.y%- 8y+x2=0, y?- 10y+x?=0

x=0y =1/3x

B 7.y%- 4y+x%=0, y?- 6y+x*=0

x=0vy =1/3x

B 8.y%- 2y+x2=0, y?- 6y+x?=0

X
y_\/_gl V - O

B 17.y%- 2y+x?=0, y?- 4y+x?=0

y=X, x=0

B 18.y?- 4y+x?=0, y2- 8y+x?=0

y=X, x=0

B19. vy 2y+x%=0, y2- 10y+x%=0

y=0y =v/3x

B 20.y?- 2y+x%=0, y2-4y+x2=0

X
V=75 =v/3x

B 21.y%- 2y+x%=0, y?-6y+x*=0

X
=75 =/3x

B 22.y%- 2y+x%=0, y?-8y+x*=0

X
y_\/_gi Yy _\/§X

B 23.y?- 2y+x%=0, y*- 6y+x?=0

X
y_\/_gl y - O
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B 9. y?- 2y+x?=0, y2-10y+x2=0

X
V—\/_? V _\/§X

B 10.y%- 4y+x?=0, y>-10y+x2=0
X
V=7 ¥ =V3x

B 11.y?- 4y+x?=0, y?-2y+x*=0

y=X, x=0
B 12.y%- 6y+x%=0, y2-8y+x2=0

y=X, x=0

B 13. y2- 4y+x?=0, y>-8y+x?=0

y=X, x=0

B 14.y?- 4y+x?=0, y2- 8y+x?=0

x=0vy =1/3x

B 24.y?- 2y+x?=0, y?- 6y+x?>=0

X
V=7 V= 0

B 25.y2- 6y+x%=0, y2-2y+x2=0
y=X, x=0
B 26. y>- 4y+x2=0, y?- 2y+x%=0

x=0, y =1/3x
B 27. y?- 4y+x2=0, y>-8y+x>=0

x=0, y =1/3x

B 28.y%- 4y+x%=0, y>-8y+x*=0

X
V=75 =/3x

B 29.y*- 4y+x%=0, y?-6y+x*=0

X
y=75 v =V3x
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B15y2- 2y+x2=0, y?-6y+x2=0

X
y_\/_gl X= O

B 30.y?- 6y+x°=0, y>-10y+x?=0

X
y_\/_gl V _\/§X

3apanme 2.BpruncnuTh mioniaab (GUIypbl, OrPaHUYEHHON JTUHUSMU B MPSMOYTOJIbLHOU

CUCTCMC KOOpAHHAT.

1. y=4—x2;3x—y=0; yzﬂ.

2y=x2; 2x+2y-3=0

2.
3. y—2x=ﬂ;y=x2;x=1_
4 y=xy=xy=2x
5. yzzx; 3y2=4x—4.
6. ¥=(x—-47% y=16-x*
7 y=x+l, y=cosx y=0
2 :

y=—x y=smx, y=0

8. T

9. 4_)f=8x—x2; dy=x+6

10. y=e'; y=e", x=3

11, y=2" 2x+3y =8 x=0, p 20 26
217.
28.
29.
30.

12 y=hhx; y=-1 x=3
13, =6 x+y=T7

14. =4, x—y=0, x—4=ﬂ.

15. ;ac+2y2 =0, :r;+3y2 =1_

ylead =2
16. 3.

KonTposibHBIE BONIPOCHI:

1.AnropuT™ HaXOXKJI€HHS YaCTH MOBEPXHOCTH S, MPOEKTUpYIoLIeicsa Ha o06nacTs D.

CamocrosiTeqibHas padora

Bapwuanr 1.

117G vy, N
1). = D — kpyr * -

SRR

17.
18.

19.
20.
21,

22,
23.

24
25

.
9’ _
y=lnx x+y=1 y=1

x=4y2;x= r=2

y=2% y=2x-x% 0=x<2
y=aresing, 0<y<a, x20
y =arccosxy, v 20, x 20

. i3
X = arcsm y, ﬂixii; ¥y 20

X = arccosy, v 20, x <0
y=fg;—:; y=3; x20
Cy=ax-1 y=ho-2]

, x=4-y°

A=Y

x=Iny;, y £7.29; x20

y=x2+4x; x—y+4=0
y=x2; 4y=x2; ¢ =22

y=x2+1; yzi*!—x2

D — nonykpyr
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x5+ dve,

P

2). © D —1 yeTBepTh Kpyra ﬁ by,
Pyl 2g 2). & D — xpyroBoii cexTop
ey Sl ey s DEpail
Bapuanr 3. Bapuanrt 4.
117G y)yebuay, .
1). = D — kpyroBoii cektop 1 Q S, ¥)didy D
Mty Ed ey Sxf3xzd )} -, A s ~ KPYTOBOEC KOJIbIO
S e A Ol K
] — ﬁf4?%=
o T > 2). =+ 7Y 7+ D — nomykpyr
2. — KPyroBo€ KOJIbLIO Y Py

ey Eix ey 24

Bapwuanrt 3.

"

117G yebeeiy,

3]

1).

> 3. ., >
Lo R e S L

{3 + 37 )ebudy,

'Qilﬂm_w-:

> > o~
X +yv =4

Bapwuant 7.

117 yyabeey,

D — xpyroBoe KoJib110

>

D — monykpyr *

i

Bapuanr 6.
117G ey, s
1). % D —kpyr ¥ *¥ =<2
z_ .2

Lrormmreiiy
™

1—x" — v ey,
D — xpyroBoii

3]

2).
S
cekrop * T3

RE}
3

3;:3«"5«5.1:,,3;?30

14

L,
D — xpyr

=

117G yebeeiy,
9 )”_

o

D — komab10
F+yi =16

D — kpyroBoii cekTop
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AunddepeHunajbHble YPABHCHHS.

YCTHBINM ONpocC MO TEME:

1.3agaun, npuBoasimue K 1udhepeHIuaTbHBIM YPaBHEHHUSIM.

2.Kakue ypaBHEHUS Ha3bIBAIOTCS AU(hepeHITHaTbHBIMU?

3.Pemenue nuddepeHnnaabHOro ypaBHCHHUS.

4. Inddepennmansaoe ypaBHEHHE TIEPBOTO MOPSIKA.

5. 3agava Komm.

6. luddepennmanbHoe ypaBHEHUE TIEPBOTO TOPSIKA C PA3ISISIONIUMUCS TEPEMEHHBIMH.

7. Jluneitnoe nuddepeHnnalibHOE YpaBHEHUE NIEPBOTO MOPSIKA
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8. OnHoponHoe nuddepeHranbHOe ypaBHEHHUE MEPBOT0 MOPSIKa.
9. Muddepennmanpabie ypaBHEHUS BBICIINX MOPSIKOB. Perienne ypaBHeHUS.

10. JIuneiinbie oqHOpoaAHbIE AU( (hepeHInaIbHble YPABHEHUS BTOPOrO MOPSIIKA C
MOCTOSIHHBIMU KO3 (PpUIIIEHTaMH.

11. JIuneiinble HEOTHOPOAHBIE MU PepeHIIaTIbHbIE YPABHEHHUS BTOPOTO MOPSAKA C
MOCTOSIHHBIMU KO3 (pUIIIEHTaMH .

IIpakTnueckas padora Ne 20 mo Teme
«IudpepeHnuaibHbIe YPABHEHUS NIEPBOr0 MOPAAKA
Heanb: npoBepuTh yMeHHE pemiaTh AUQdepeHuaIbHble YpaBHEHUS IEPBOTO MOPsJIKA C
pa3IeICHHBIMU U Pa3AEsIOIIIMUCS TEPEMEHHBIMH.
3ananue 1.Haiitu olmiee penienue ypaBHeHuUi a), 0).
3apanme 2.HaliTh yacTHOE pelIEHUE YPABHEHHUS C PA3ACAIOIINMUCS IEPEMEHHBIMU

Bl.1.a)x* dx = 3y*dy B16.1.a)x> dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0

2y%dx =e*dy; y=1npux =0 2.dx =edy; y=1npux =0

1 3 1 3

B2. 1.a)\/—)_(dy = \/—vdx B17. 1.a)\/—)_( dy = \/—;dx

6)y’dx + (x—2)dy =0 6)y’dx + (x—2)dy =0

1 1 1

2.y—2dx=X—2dy,y=2npux=0 2.dx=x—2dy,y=2npux=0
B3l.a)Vxdx = +ydy B18.1.a)Vxdx = /ydy
6)(1+y?)dx —Vxdy = 0 6)(1+y2)dx —Vxdy = 0
2.(1+y)dx =1 —-x)dy, 2.(1+y)dx =1 —x)dy,

y:3 npux:—z y=3npux=—2
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B4. 1.a)(3x* — 2x)dx = dy
6) -(2xy+3y)dx + x*dy = 0

2.ydx = xdy,y = 6 npux = 2

B5.1.a)(4x — 3) dx = dy
dx
6) (xy+x)d—y—1

2x—1 dx
et y=0npux =5

B6. l.a)xdx = dy

6) 2(xy+y)dx = xdy

2.(y+1)dx—(1—-—x)dy =0,
y=1npux=20

3. .xy2y/ =x3 4P

4.xy/+y =x+1

B7.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2ytdx=e*dy; y=1npux =0

BS.l.a)%(dy - %dx

6)y’dx + (x—2)dy =0
1 1 _ _
2—dx —;dy,y— 2npux =0

y

B9. 1.a)Vxdx = +/ydy

B19. 1.a)(3x* — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0

2.ydx = xdy,y = 6 npux = 2

B20. 1.a)(4x— 3)dx = dy
6) (xy+x)2—;=1

2x—1 dx
T3y y=0npux =5

B21.1l.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux =20
3..xy2y/ =x3 + P

4.xy/+y =x+1
B22.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2y%dx=e*dy; y=1npux=0

BZ3.1.a)% dy = %dx

6)y’dx + (x —2)dy =0
1 1 _ _
2—dx = X—zdy,y =2npux =10

y

B24.1.a)Vxdx = /ydy
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6)(1+y?)dx — Vxdy = 0 6)(1+y?)dx — Vxdy = 0

2.(14+y)dx=1—-x)dy, 2.(1+y)dx =1 —-x)dy,
y =3 npux =-—2 y =3 npux = -2

B10 1.a)(3x* — 2x) dx = dy B25.1.a)(3x* — 2x) dx = dy

6) -(2xy+3y)dx + x* dy = 0 6) -(2xy+3y)dx + x> dy = 0
2.ydx = xdy,y = 6 npux = 2 2.ydx = xdy,y = 6 npux = 2
B11l.1.a)(4x —3)dx =dy B26.1.a)(4x —3)dx =dy

dx dx
6) (xy+x)d—y—1 6) (xy+x)a—1
2x—1 dx 2x—1 dx
L 4y y=0npux =5 L = 4 y=0npux =5
Bl12.1.a)xdx = dy B27.1.a)xdx = dy
6) 2(xy+y)dx = xdy2.(y + 6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0, Ddx—(1—-x)dy =0,
y=1npux=20 y=1npux=20

B13.1.a)x? dx = 3y*dy B28.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0
2.2 dx = e ¥ dy; 2y¢dx=e*dy; y=1npux=0

y=1npux=20
1 3 1 3

314.1.3)\/—)_(61)/ = \/—de B29. 1.8)\/—; dy = \/—;dX
6)y’dx + (x—2)dy =0 6)y’dx + (x—2)dy =0

1 1 1 1
Z.y—zdxz);dy,y=2npux=0 2.y—2dx=x—2dy,y=2npux=0
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B15.1.a)Vxdx = +/ydy B30.1.a)Vxdx =y dy

6)(1+y2)dx —Vxdy = 0 6)(1+y2)dx — Vxdy = 0
2.(1+y)dx =1 —x)dy, 2(1+y)dx =1 —-x)dy,
y =3 npux = —2 y =3 npux = —2

KoHTponbHbIE BONPOCHI:

1.Kakoe ypaBHeHue Ha3biBaeTcs nuddepeHaibHbM ?

2. YUto Ha3bIBaeTca 0OmMM petieHueM AuddepeHuanbHOro ypaBHeHus ?
3.Yto Ha3bIBaeTCS YACTHBIM pelIeHreM U] PepeHIInalIbHOTO YpaBHEHUS ?

4. Ilonstue JII/I(I)(I)CPCHHI/IEUIBHBIX ypaBHGHI/Iﬁ C pasacCICHHBIMHU U pa3aCIAOIMINMHACAH
MMCPCMCHHBIMU.

IIpakTuyeckasi padora Ne 21 mo reme
«OnHopoanbie 1uddepeHnuaIbHbIe YPABHEHHUS EPBOT0 MOPSIAKA»

Heab: HAydIUTHCS pemaTh OAHOPOIHBIC AU PEepEeHIINATBHBIE YPAaBHEHUS TIEPBOTO
HOps/IKA.
3aganue. Pemuts ogHOponHoe auddepeHmaibHoe ypaBHEHHE.

BL.xy+y? — (2x* + xy)y/=0 B16.xy+y? — (2x% + xy)y/=0
B2.(x-y)dx+xdy=0 B17. (x-y)dx+xdy=0

B3 (x2- xy)dy-y? dx=0 B18.(x%- xy)dy-y? dx=0
Ba.xyyy/ = x° + y° B19.xy%y/ = x3 + y°

BS. (.x-y)ydx = x* dy B20.(x-y)y dx = x* dy
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B6.xy2y/ = x> + 3

B7.xy+y? — (2x% + xy)y/=0

B8.(x-y)dx+xdy=0

B9. (x2-.xy)dy-y? dx=0

B10.xy2y/ = x° + 3

B11. (x-y)ydx = x> dy

B12.xy%y/ = x3 + 3

B13.1.a)x? dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0

2.2 dx = e ¥ dy;

y=1npux=20
3.xy+y? — (2%% + xy)y/=0
4.xy/- xy = (1+x?)e*

B14.(x-y)dx+xdy=0

B15. (x2-.xy)dy-y? dx=0

B21.xy2y/ = x3 4+ 3

B22. xy+y? — (2x% + xy)y’=0

B23. (x-y)dx+xdy=0

B24.(x2-.xy)dy-y? dx=0

B25.xy2y/ = x° + 3

B26. (x-y)ydx = x*dy

B27.xy%y/ = x3 + °

B28.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2y¢dx=e*dy; y=1npux=0

3.xy+y? — (2x% + xy)y/=0

4.xy/- xy = (1+x?)e*

B29. (x-y)dx+xdy=0

B30.(x2-.xy)dy-y? dx=0
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KoHTponbHBIE BONPOCHL:

1. Kakoe ypaBHEHHE Ha3bIBAECTCS OAHOPOAHBIM YPABHEHUEM IIEPBOTO MOPSAIKA

IIpakTnuyeckas padora Ne 22 no teme

«OaHopoaubie U depeHHATbHbIC YPABHEHUS NIEPBOI0 MOPAAKA»

Heab: HayuuThCcs pemiath JuHeHHbIe AU(depeHuanbHble YpaBHEHHUS IEPBOTO MOPSIKA.
3apanme. Pemuth nunelinoe auddepeHnuaibHoe ypaBHEHUE.

B1.xy’- xy = (1+x?)e*
B2.y/+2 xy = x3
B3(1+x2)y/-xy =2x

B4.xy/+y =x+1

B5.2Y — L = x
dx x
B6.y/+y =x+1

B7.xy/- xy = (1+x?)eX
B8.y/+2 xy = x3
B9. (1+x%)y/-xy =2x
B10.xy/+y =x+1

B11.2Y — Y =

dx  x
B12.xy/+y =x+1
B13.xy/- xy = (1+x?)e*
B14.y/+2 xy = x3

B15.(1+x%)y/-xy =2x

B16.xy’- xy = (1+x2)e*
B17.y/+2 xy = x3
B18.(1+x%)y/-xy =2x
B19.xy/+y =x+1

BZO.d—y —L=x

dx  x
B21.xy/+y =x+1
B22.xy’- xy = (1+x?)e*
B23.y/+2 xy = x3
B24. (1+x?)y/-xy =2x
B25.xy/+y =x+1

B26.22 — L = x

dx  x
B27.xy/+y =x+1
B28.xy’- xy = (1+x?)e*
B29. y/+2 xy = x3

B30.(1+x%)y/-xy =2x

3apaua 2. Haiitu pemenue 3amgaun Kormm.
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4.1. y'—y/x:)(z’ y(]_):O
y'—yctgx=2xsinx, y(z/2)=0.

, 1.
4.3. y+yCOSX:ES|n2X, Y(O):O- 44. y' +ytgx=cos’x, y(z/4)=1/2.

/ y 2 ' 1 X
__ ) 2 ~1)=3/2. Y= 1 =1.
45.Y oy X“+2x%, y(-1)=3/2.46.y x+1y e(x+1), y(0)
4.7. y’—lzxsinx y(z):l. 4.8. y’+1=sinx, y(ﬂ)=£-
X ’ 2 X T
' y 2 2X 2X2 2
—_— = y 1 :1. . . ! = , = —
4.9.y+2X x*, y(1) 4.10 y+1+xzy Y y(0) 3
, — , Y x+1
411 Y ==Y =5 y(2)=4.  a12.y Ho=— e y(1)=e.
;Y In x oy 12
-2 =-2—/ y(1)=1. 14. Y —==——, y(1)=4
413. Y » N y(1) 4.14. 'Y N y(1)

4.15. Y +§y =X, y(1)=-5/6.

4.17. y,_12xy2 =1+x°, y(1)=3.

+ X

, 3y 2
-2 y(1)=1
410 Y+ =g y(1)

4.2.

4.16. Y + % =3x, y(1)=1.

X
418. Y +———Y =1,

y(1)=1.

4.20. y'+2xy =—-2x°, y(l)=e".

4.22. y'+xy =—x°, y(0)=3.

115



2 2
'———y=¢e"(x+1)", y(0)=1.
423 Y - y=¢ (x+1)", y(0)

Yy +2Xy = xe ™ sinx, y(0)=1.

425 y' - 2y/(x+1)=(x+1)’, y(0)=1/2.

y'—ycosx=-sin2x, y(0)=3.
4.27. y'—4xy =-4x°, y(0)=-1/2.

4.29. y’—3x2y:x2(1+x3)/3, y(0)=0.
y'—ycosx=sin2x, y(0)=-1.
431 y' —y/x=-2/x*, y(1)=1.

KOHTpOJII)HI)IC BOIIPOCHI:

4.24.

4.26.

I
4.28. Y — Y —ﬁ, y(1) =1.
X X

4.30.

1. Kakoe ypaBHeHUE HA3bIBACTCS JIMHEWHBIM ypaBHEHHEM MEPBOIO MopsiaKa?

IIpakTyeckasi pa6ora Ne 23 mo Teme
«AnddepeHuuanbHbie ypaBHEHUS BTOPOro MOPSIAKA.
JIuHeiliHbIEe OTHOPOJAHBIC YPABHEHUSI BTOPOI0 NMOPAIKA € MOCTOSIHHBIMH
KO3(pUUMEeHTAM»
Ienb: HaydyuThCS pelIaTh JUHEUHBIE OJHOPOIHBIE YPABHEHUSI BTOPOTO MOPSAKA C

MOCTOSIHHBIMU KO3 DUITMEHTaMH

Pemutes onHOpOHBIE TUHEHHBIE MU PepeHIaTbHBIE YPaBHEHHUS BTOPOTO Mopsiaka. B
MIyHKTE a) HAUTH YaCTHOE PEUICHUE MPHU 3aJaHHBIX HAYaJIbHBIX YCIOBHIX

yx) =y, Y@=y,

1,10.a)

i /
6) ¥y +123 +36y =0

5) 4y" +9y=0

"1y -2y=0 y©@=1 3'(0)=3
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i ! _ _ ; _
212.a) 2 ~2¥ -8 =0 y0)=1 y'(0)=1

i i
6) ¥ -6y +9y=0
g ¥ 8y +17y=0

i ! _ _ ; _
313.2) 2 1Y TIr=0 y©=6 3'(0)=10

6) y'+8y'+16y =0
5 43" -203 425y =0

i ! _ _ ; _
414.0) Y 7Y HOr=0 y@=2 y'0)=-1

6) _}’H+1Dyf+25y=[}
g ¥ 2y +3y=0

if ; B _ fo
515.a) 2 ¥ =7 =0 y@=1 y(0)=-1

6) 43" -4y +y=0
g ¥ -2y +10y=0

if /o _ o
6.16.2) 22 TV =0 y0)=1 y (©)=4

5 ¥ 14y +49y=0
i
B) ¥ +4y=0

i ' _ ; _
7,17.a)12~"" +3y =0 y0)=2 y'(0)=2

6) 93" -6y"+y=0
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) 59" -6y +5y=0

o f _ _ ! - _

6) lﬁyﬂﬁ'g}’fﬁ"y:ﬂ
) 36y +13y=0

i / _ _ Feay—
9’19_,&)}’ -4y -5y=0 y0)=2 y(0)=-3

T f
i F
B)y -4y +13y =0

i / _ _ [y —
10’20_a)y -3y +2y=0 y(@)=1 3y (0)=6

6)9yﬂ+6yf+y=ﬂ

i
B)y +9y=0
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CamocrosiTeqbHasi padora
1 BapuanrT.

Onpenenuts Bua AUQdHepeHInanbHOro ypaBHEeHUs, HAUTH €ro o0l1iee pelieHue, a riue
YKa3aHO YaCTHOE PELIEHHE:

1) y=x-2
2) (Bx-4)y =y
c1-2
3) y= x;
y
4) y —2xy=xe";

5) » =% {»(1)=2}, mocrpouts nuTErpaNBHYIO KPUBYIO.

2 BapuaHT.

Onpenenuts BUa A depeHnanb-HOro ypaBHEeH s, HAWTH ero odliee pelieHue, a rie
yKa3aHO 4aCTHOE PEIICHUE:

1) y —4y=8xe";

2) y =2x-3
3 .y .
4y yy =8x-3;
+1
5 y = TS {¥(1)=0}, IOCTPOUTH HHTEIPAILHYIO KPHUBYIO.

IIpakTuyeckasi padora Ne 24 mo reme
«J/InHeiiHbIe HEOHOPOAHbIE YPABHEHHUS BTOPOr0 MOPSAKA »

Iesab: HAyYUTHCS pelIaTh JIUHENHBIE HEOJJHOPOAHBIE YPABHEHUSI BTOPOT'O MOPSIIKA.

Bapuanrt 1

1. Haiitu oOmiee pemenne nudpepeHnnanrbHOT0 ypaBHEHHUS :

a) (1 —x?y" =xy’

6)y” — 4y’ + 3y = e>*
2. Haiitu pemenne nudepeHnnanrbHoro ypaBHEHHS, YAOBICTBOPSIONISe HAYaIbHBIM
YCIIOBUSIM:

a)y” + 4y — 12y = 8sin 2x; y(0) =0, y'(0) =0

6) y» — 8y’ + 16y = e**; y(0)=0, y(0)=1
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Bapuant 2

1. Haittu oOmiee pemenue nuddepeHnanbHOro ypaBHEHHUS:

a) 2yy" + (y)? + (y)* =0

0)y” — 6y’ +9y = e*
2. Haiitu pemenune audpepeHimaibHoro ypaBHEHUs, YI0BIETBOPSIONIEE HAaYaIbHBIM
YCIJIOBUSIM

a)y” — 6y +9y = x? —x + 3; y(0) =§, y'(0) =%
0) y”+ 4y’ — 5y =8cosx; y(0)=0, y(0)=0
Bapuant 3

1. Haiitu oOiiee pemenne nudPepeHnanbHOro ypaBHEHUS :
a) y” + y'tgx = sin 2x
0)y” + 7y + 12y = sinx
2. Haiitu pemenue nudpepeHnnanibHoro ypaBHeHs, Y0BIETBOPSIOINIEEe HaualbHbIM

YCIIOBHSIM:
a)y” + 4y = e %%, y(0)=0, y(0)=0
0)2y"+y —y=2e% y(0) =0, y(0)=0

Bapuanrt 4

1. Haiitu o6iee penierne audGepeHnuaibHoro ypaBHEHHUSA:
1
)y + -y = x°
0)y” + y = cos2x
2. Haiitu perenune qudGpepeHIHaIbLHOrO YPaBHEHHUS, YIOBIECTBOPSIONIEE HAYaIbHBIM

YCTOBHUSIM:
a) y” — 2y’ + 5y = xe?%; y(0)=1, y(0)=0
o)y’ — 2y’ — 3y = 2x; y(0) =0, y(0)=0

Bapuant 5

1. Haiitu obmee pemenne nudepeHnnanTbHOT0 YPaBHEHHUS :

a) 1+ () +yy =0

0)y” — 4y’ + 8y = sin 2x
2. Haiitu pemenne nudepeHnnanrbHOro ypaBHEHHS, YAOBICTBOPSIONISE HAYaIbHBIM
YCIIOBUSIM:

a)y” + 5y’ + 6y =12 cos 2x; y(0) =1, y(0)=3

6) y» — 6y + 9y = —12x; y(0)=0, »(0)=0
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BapuanT 6

1. Haittu oOmee pemenue nuddepeHnanbHOro ypaBHEHHUS:
a) y'(1+y)-5yy* =0
6)y” +y —2y =e”

2. Haiitu pemenune audpepeHimaibHoro ypaBHEHUs, YI0BIETBOPSIONIEE HAaYaIbHBIM

YCIIOBHSIM:
a)y”— 5y + 6y =(12x—7)e™%; y(0) =0, y'(0) =0
6) y» +y = sin3x; y(0) =0, y(0)=1

Bapuant 7

1. Haiitu oO1ee pemenne nudPpepeHnanbHOro ypaBHEHUS :
a) xy” + 2y’ = x3
6)y” — 4y’ — 5y = x*
2. Haiitu pemenue nudpepeHnnanibHoro ypaBHeHus, Y0BICTBOPSIOINIEee HadyalbHbIM

YCIIOBHAM:
a)y” — 4y + 13y = 26x + 5; y(0)=1  y(0)=0
6) " + 4y = x; vy =1y =1

Bapuant 8

1. Haittu obmiee permenue nuddepeHnnaibHOro ypaBHCHHS:
a) y'tgy = 2(y)?

0)y” —y =2(1—x)
2. Haiitu pemenue audpepeHImaibHoro ypaBHeHHS, YI0BISTBOPSIOIICe HauyaabHbIM

YCIIOBHSIM
a)y” — 4y = 6x% + 1; y(0) = 2, y'(0) =3
0)y”— 2y +y =cosx; y(0) =0, y(0)=1

KonTposibHbIE BOIIPOCHI
1. Anroputm pelieHus TMHEHHOTO HEOJHOPOIHOTO YPABHEHUSI BTOPOTO MOPSIAKA.
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Teopus psaos

IIpakTnueckas padora Ne 25 o Teme
«HMccnenopanue YUCI0BBIX PSAAOB HA CXOAMMOCTD)

HCJ’IL: HAaYYHUTBLCA UCCIICA0BATH YHMCIOBBIC PAALI HA CXOOAUMOCDH

BbinucaTb Tpy NepBbIX YNeHa psaa HauTy TPETbI0 YaCcTUYHYH CyMMY

e 2" i)
1,11a) #=17 CE 6) n=1 %
S n=w  4pd

Pﬂim|3mﬂ|
— 5!
313a) #=1(2—3) 5 "1 03
— 2n
§ 2 ”‘mcmszﬂ
_1H- !
4,14 a) »=1% (n+1) , 6 ] 3?15
G 3';|€ H=om 7
—1ain+1).
5,150) n=17%/ (21, 6) a=ln’ +1
= 2
B»=om
5 n-+1 n=m

= M
616a) * Nn-3" .

M=.3‘:.2M+2F12

—n b
Z 2n—1 g £
7474) #71 3 5 n=1l+e™
=cn A K
} = .l - .
2 Z:/ZH;‘ n==gin? n
8,18a) #=1 a; 5 -1 N
e (2n)) o
2 - <
=1fp!
9,192) * t(n!) ; 5) n=13[ 2 -COSH
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REmplln+1))

1020a) »=1 (2)0

2

el I ot Soda )

A

IIpakTuyeckas padora Ne 26 mo reme «OQ0,1aCTh CXOAUMOCTH CTEIICHHOT0 PAIA»

HCJ’IL: HAaY4IUTBCA UCCIICAO0BATL CTCIICHHBIC PAABI HA CXOAUMOCH

2. I/ICCJICI[OBB,TB pAad Ha a6COJ'IIOTHy1-O " YCJIOBHYHO CXOOIUMOCTDH

Ly =i )Z( v

= (3n-2)!' 50n+5

- (=D)"(n-3). (2n+1)(-1)"
R L)Y
- () S ()"

) )nZi(ZnH)”’ )n_zn-ln n'
G (n+5)( ",
> ;100n+1’ Zi n? +3n

0 1n+l
o a);(an ' b)nz‘l(n 3"

- (D"
he )nZiZn+1 nZ'l\/—\/n +1
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8. a)

9. a)

- 2"

S’ b)n;l (2n)!
=N’ D" .
o Zn (n?+1)’
. D"
1o a)nzlﬁ’ Z(2n+1)n

?3=m )

a) 1_2.?1 1 )

ntml b

. a) n= 15?12\/_

#
-5

La) " h/_(ﬂ +1):
5" 5"

Z 2 2
.a) n=12"{n +1);

”i"”ﬂ.ﬁzﬂ x5
) a) n=1 fH+5)! :
e .:.:.3?3+1 o

. a) 52.’3 1 ,F’E, .
D 53?@ l_xn

2 2 7
.a) n=1{nr" +n) -2 :

— 3;'23z+1xn

E—
a) n=1H" [/?1 +1)

R T2 gy oA

Z n—3
.a) n=13 (?1—3);

& (D" (),

Qi@ﬂ%éﬁ

c)g(— )™ n_z?n++11)

C)Z n+5

n=w 3tz 1 )

6) w=15""n +1):

0)
0)
0)
0)

0)

E
6) »

0)

noe 50 3 )

; 2 -1
n=l{n® +1)2 ,
HEI'ZEH_IH(.X —2)7
a=l (2n—1)4""1

n;(ﬂ? +2)57 (x-1)"

Hatitu o0macThb CXO0AMMOCTHU U TPOBCPUTH CXOAUMOCTDb Ha I'PAHUIIAX UHTCPBAJIA:

a=l (2n% 43277
- 2 #

nERC RS + 2 )W x -2
s ( M J

a1 (n° +1J3%"

n;fﬂ(ﬂ? +2)(x—1)"

#=1 52H+1|:/?12—2)

2?z+3 3( )

37?4 5)
H=m23?ﬂ+1ﬂ2(lx_1).32
=1 3?11

2 2 4o ) x—1)

E

n=1 (2?14—1)52?2 2
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?ﬂg‘j bz’ X EURT LI ST Pl
10. a) »13"(n+2)!: 6) n-t  (Sn®+1a7T

IIpakTnueckas padora Ne 27 mo Teme
«Pa3y1oxeHuil QYHKIHMHA B CTENIEHHOH pAI»
IIpakTnueckas padora Ne 27 o reme
HAy4YUTHCS PACKIIAJbIBaTh PYHKIUU B CTENIEHHOM Pl

Tect mo Teme «Paab»

1 BapuaHT.
3ananue 1.YeTBepThlil WieH psla i ()" paBen:
2

no1 2N —

EEOR B)ér)_

~N| -

2

cos’x cos®x cos’x
+ +

6 24

3amanue 2. P cosx+ +.. SIBIIETCA. ..

A. CteneHHbIM
b. ®yHKIIMOHATBEHBIM
B. 3nakouepenyromumcs
I'. 3HAKOIIOIOKUTEIIEHBIM
2N
3amanue 3. JlaH pg —
A Jlan psn ;mn 11

. Ucionb3yst He0O0X0AMMOE YCIIOBUE CXOAMMOCTH Psijia,
CIeJIauTE BEIBOJI

A. psn pacxoguTcs

b. psan cxogurcs

B. Henb3s onpenenuTh CXOAUTCA WIM PACXOIUTCS PsiJl

I'. npyrou orBeT
3amanue 4.Psn Z@ HCCIIeIOBAJIM HA CXOJAMMOCTD 110 NMpu3HaKy Kollin, BEIYUCITUIN TPeaes

o=

k=Ilimn/a, = % Torna MOXHO cJliejIaTh BBIBOJI, UTO ...

oo
A. JlaHHBIN pag CXOAUTCS

b. JlanHbIN psif pacXoauTcs

B. JlaHHBII psig MOXKET KaK CXOJIUTHCS TAK U PACXOAUTHCSI.
I'. 1aHHBIH psig HE CYLIECTBYET

3aganue 5. Halinute cymmy paga i(EJ
n=1

=\ 2
1.1
2. -1
3. 05
4. -0,5
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3amanue 6. YCTaHOBUTE MEXKIY PAJIOM U €r0 Ha3BAaHUEM.

Hazsanue Pan
1. Pax ¢ monoXuTenpHBIMU A 1,1 1.1
YJIICHAMU 2 3 4 5
2. 3HakouepeyromIuiics b, x+x?2+x®+x*+x°+...
pan B. 1+2+3+4+5+6+...
3. CreneHHOM psj I'. cosx+cos® x+cos® x+cos* X +...
4. OYHKIHUOHAIBHBIN P

3ananue 7. YCTaHOBUTE COOTBETCTBHE MEX/1Y YHCIOBBIM PSAJIOM U €ro 0OLIUM YJIEHOM 4,

Psin OO6muit uieH psna d,

Lo1,11.1 Aot

2 4 6 8 n+2
2. 1+1+£+1+ b. a,=

3 5 7 2n

31,111 B .1

3'5 7 9 2n+1
4 1,111 |

3 4 5 6 2n—1

2BapHaHT

3ananue 1.YeTBepThlil WieH psla Z(_l) paBeH:
“~ 3n+1

a)l 6) 1 B L 1)
13

=
N[k W
v~ ©F

3amanue 2. Psan 1+-x+£11x +;x +.... ABASgETCA

A. 3HaKouepenyronumMcs
b. ®dyHKIIMOHATBEHBIM

B. Crenenabim

I'. 3HaKOIMOI0KUTEIBHBIM.

3ananue 3. [lad psn

— 1 :
CIeJIauTE BEIBOJI

A) psan cxoguTcs

b) psin pacxonurcs

B) Henb3s onpeaenuTh CXOAUTCS WM PACXOUTCS PsiJl
I') npyroii oTBer.

3ananue 4. Psan 25 UCCIJIeIOBAJIM HAa CXOJUMOCTh M0 Mpu3HaKy [lamambOepa, BRIUUCTIIN
n=1 n

MPEIeN ¢  jim 2 —5. TOrIa MOXKHO CAENaTh BBIBOJ, UTO. .

n—oo a

A. JlaHHBIN pag CXOAUTCS

b. JlanHbIi psig pacxoauTcst

B. JlaHHBII psig MOXKET KaK CXOJUTHCS TAK U PACXOAUTHCS.
I'. TaHHBII psig HE CYLIECTBYET

3ananue 5. Halinure cymmy psina: Z(llo)
n=1
Al
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b. 0,1

B. 0,9
r. L
9
3agaHue 6. YCTaHOBUTE MEKY PAJIOM M €r0 Ha3BAaHUEM.
HazBanue Pan
1. Pax ¢ moNOXHUTEIHLHBIMH A. sin x+sin? x+sin3x+sin* x+...
YJICHAMH b. 1+2x+3x% +4x°+...
2. 3HaKouYepeqYIOUIHNACS i ,1. 1.1 1.
pan 2 4 8 16 32
I 1-2+3-4+5-6+...

3. CreneHHOM psj
4. OyHKIUMOHAIBHBIN psll

3anHue 7. YCTaHOBUTE COOTBETCTBHE MEX]1y YUCIOBBIM PSAJIOM U €ro 0OLIUM WICHOM 4,

Psin OOmuit uneH psna d,
1' £+£ 1+1+ A' an:i
2 4 6 8 n+2
2' 1+1 1+i B' an:i
2 4 8 16 2n
3' 1+1+1+i B. an:i
4 9 16 2"
4' 1 £+1+1+ l—" an:i
3 4 5 6 n?
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OcHoBBI TCOPUHN KOMIVICKCHBIX YHCEJI

IIpakTnueckas padora Ne 28 o reme
«JleMCTBUA HAJl KOMIUIEKCHBIMHU YHCJIAMHU B ajiredpandeckou popme»

He.]]]): HAaY4YHTb BBIIIOJHATH HCﬁCTBHH C KOMIIVICKCHBIMH 4YHCJIaMHU B anre6panquK017I

dopme

BapuanT Nel

1. BeinmosmHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=2-Ti, Z2=3+5i.Havitu: Z1+72;Z1-72;Z1-72, Z1:72
Bapuant Ne2

1. BeimosmHuTh 1eCTBUA B anireOpandeckoi popme.
Z1=3+4i, Z2=-1-2i.Hanitu:Z1+Z2; Z1-Z2; Z1:72,71-Z2
BapuanTt Ne3

1. BeimosmHUTh 1eUCTBUA B aireOpandeckoi popme.
Z1=3-4i, Z2=2+5i.Haittu: Z1+22; Z1-72; Z1-72,71:72.
Bapuant Ne4

1. BeimomHUTh IeHCTBUA B anreOpandeckoi Gpopme.
Z1=3-2i, Z2=-3+5i.Hawitu: Z1+Z2; Z1-Z22; Z1.Z2,Z1-Z2
Bapuant Ne5

1. BeimomHUTh IeHCTBUS B anreOpandeckoi Gpopme.
Z1=2-51, Z2=2+4i.Hawitu: Z1+Z2; Z1-Z2; Z1-Z2,Z1:Z2.
BapuaHTt Ne6

1. BeIToTHUTE OelCTBUS B alnreOpandeckoi hopme.
Z1=1+2i, Z2=-5-2i\.Havitu: Z1+722; Z1-722; Z1:Z2,71-72
BapuanTt No7

1. BBITIOTHUTH AEHCTBUS B anredpandeckoit hopme.

Z1=2-6i, Z2=3+4i.Haittu: Z1+722; Z1-72; 71-72,71:72 .
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BapuanT Neg

1. BeinonHuth ecTBUA B anredpanyeckoit popme.
Z1=1+2i, Z2=-1-7i\.Hawitu: Z1+Z22; Z1-72; Z1:Z2,71-7Z2
Bapuant Ne9

1. BeinmonHuTh 1eUCTBUA B asireOpandeckoi popme.
Z1=2-4\, Z2=3+2i.Haiitu: Z1+Z2; Z1-72; Z1Z-2,71:Z2 .
BapuanT Nel0

1. BeinmosHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1-2i, Z2=-1-3i.Haiitn:Z1+2Z22; Z1-7Z2; Z1:Z22,272-17Z2
Bapuant Nel 1

1. BeimosmHuTh 1eMCTBUA B aireOpandeckoi popme.

Z1=1+7i, Z2=2+2i.Haiitn: Z1+Z22; Z1-72; Z1Z-2,71:72

Bapuant Nel2

1. BeimosmHUuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=3+i, Z2=-1-2i.Haiitu:Z1+Z2; Z1-Z2; Z1:Z2, Z1Z2-
BapuanTt Nel3

1. BeimomHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1-4i, Z2=-2+51.Hawitn: Z1+722; Z1-72; 71-72,71:72.
BapuanTt Nel4

1. BeimomHUTh IeHCTBUS B anreOpandeckoi Gpopme.
Z1=3+2i, Z2=-3+2i.Haiitu:Z1+22; Z1-72; Z1:72,7Z17Z-2
Bapuant Nel5

1. BeIToTHUTE OelCTBUS B alnreOpandeckoi hopme.
Z1=3-5i, Z2=2+4i.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,Z1:Z2.
Bapuant Nel6
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1. BeinonHuTh 1eMCTBUA B aireOpandeckoit popme.
Z1=-1+3i, Z2=-5-3i.Haittu: Z1+Z2; Z1-72; Z1:72,Z17Z-2
Bapuant Nel7

1. BeinmonHuth necTBUA B anredbpanyeckoit popme.
Z1=2-61, Z2=3+4i.Haiitu: Z1+Z2; Z1-Z2; Z1Z2-, 71:.Z2 .
BapuanTt Nel8

1. BeinmosHuTh 1eMCTBUA B aireOpandeckoi popme.

Z1=1+2i, Z2=-1-Ti\.Haiitn:Z1+22; 71-72; 71:72,Z17Z-2

BapuanTt Nel9

1. BeimosmHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1-4i, Z2=3+4i\.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,71:7Z2 .
Bapuant Ne20

1. BeimomHUTh 1eUCTBUA B aireOpandeckoi popme.
Z1=-1-2i, Z2=2-3i.Haittu: Z1+22; Z1-72; 71:72,Z17Z-2
Bapuant Ne2 1

1. BeimosmHUTh IeHCTBUS B aireOpandeckoi popme.
Z1=2-i, Z2=3-51.Haittu: Z1+Z2; Z1-Z2; Z1Z2,-21:Z2
Bapuant Ne22

1. BeimomHUTh IeHCTBUS B anreOpandeckoi Gpopme.
Z1=3+4i, Z2=-1+2i.Haiitu:Z1+22; Z1-72; Z1:72,Z17Z-2
BapuanTt No23

1. BeimomHUTh TeHCTBUS B anreOpandeckoi Gpopme.
Z1=3-i, Z2=2+5i.Haiitn: Z1+Z22; Z1-22; Z1Z-2, Z1.Z2.
Bapuant No24

1. BeInoJHUTH IEUCTBHS B alireOpandeckou ¢popme.
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Z1=3+2i, Z2=-3+i.Hawitu: Z1+Z22; Z1-72; Z1.72,717-2
BapuanTt Ne25

1. BeinonHuTh 1eMcTBUA B aire0pandeckoit popme.
Z1=2-3i, Z2=1+4i.Havitu: Z1+Z2; Z1-72; Z1-72,71:7Z2.
BapuanT Ne26

1. BeinmonHuth necTBUA B anredbpanyeckoit popme.
Z1=1+2i, Z2=-2-2i.Hawitu: Z1+Z22; Z1-722; Z1.Z2, Z1Z2-
Bapuant Ne27

1. BeinmosmHuTh 1eMCTBUA B aireOpandeckoit popme.
Z1=2-5i, Z2=2+4i\.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,71:7Z2 .
BapuanT Ne28

1. BeimosmHuTh 1eMcTBUA B aireOpandeckoi popme.
Z1=1+2i, Z2=-1-4i.Haiitn:Z1+2271-72; 71:72,71-72
Bapuant No29

1. BeimosHUuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=2-4i, Z2=-3+5i.Hawitu: Z1+Z2; Z1-Z22; Z1Z-2,Z1:Z2
BapuanT Ne30

1. BeimomHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=3+i, Z2=-3-2i.Haiitu: Z1-22; Z1+Z72; 71:72,71-72
KoHTpo/sibHBIE BONIPOCHI:

1. Yto Ha3bIBaeTCSI MHUMOM €IUHUIIEH?

2.CBOIMCTBO MHUMOM €IUHMUIILI.

2.IIpaBuio BO3BEACHHSI MHUMOM €IMHUIBI B HATYPAJIbHYIO CTEIIEHB N.
3./laTs onpeneneHre KOMIUIEKCHOTO Yncia’?

4.]JleificTBUS ¢ KOMIUIEKCHBIMH YHCIIaMH B alreoOpandeckoil popme.
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IIpakTnueckas padora Ne 29 o reme
«/leiicTBMS HAl KOMILJIEKCHBIMH YMCJIAMH B TPUTOHOMETPHYECKOH 1
NnoKa3arejbHOil (opmax»
Heab: HAYYUTH BBINOJHATH JEUCTBUSA C KOMIUIEKCHBIMU YUCIIAMHU B

TPUTOHOMETPUUYECKON U MOKa3aTeabHOl popmax3agaHue. BoImoaHUTE AeicTBUS C

JaHHBIMH KOMIIJIICKCHBIMU :

Z1

1::
2
3
4
5.
6
7
8
9

22
z; = 8(cos 55° +5in 55°), z, = 2(cos5° + sin 5°),
.z = 5(cos 48° +sin48°), z, = 2(cos 12° + sin 12°),
. 23 = 3(cos 70° + sin 70°), z, = 2(cos20° + sin 20°),
. z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145%), z, = 2(cos 5° + sin 5°),
. z; = 7(cos 255° + sin 255°), z, = 2(cos15° + sin 15°),
. z; = 9(cos 168° +5in 168°), z, = 2(cos 12° + sin 12°),
. z; = 6(cos 40° + sin40°), z, = 2(cos20° + sin 20°),
. 2y = 3(cos 40° +sin40°), 2z, = 2(cos5° + sin5°),

10. z; = 10(cos75° +sin75°), 2z, = 2(cos 15° + sin 15°),

11
12.
13.
14.
15.
16.
17.
18.
19.
20.
21;
22;
23:
24.
25;
26.
27.
28.
29,
30.

z; = 9(cos 123° + sin 123%), z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 235° + sin 235°), z, = 2(cos5° + sin 5°),

z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° + sin 258°), z, = 2(cos 12° + sin 12°),
z; = 7(cos 115° + sin 115°), z, = 2(cos 20° + sin 20°),
z; = 14(cos 310° + sin310°), 2z, = 2(cos 5° + sin 5°),
z; = 8(cos45° +sin45°), z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° +5in 213°), z, = 2(cos12° + sin 129),
z; = 9(cos 70° +5in 70%), z, = 2(cos20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 6(cos300° +s5in300°), z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +5in33°), 2z, = 2(cos12° + sin 12°),

z; = 5(cos 250° +sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +5in85°), 2z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° + 5in48°), z, = 2(cos12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos 175° +s5in175°), z, = 2(cos5° + sin 5°),

z; = 16(cos 120° + sin 120°), z, = 2(cos 15° + sin 15°),

1) Z1+22; Z1-72; 71-72,

KonTtponbsHbIe BONTPOCHI

IIpakTuyeckast padora Ne 30 mo reme
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«Pemenne ypaBHeHnﬁ HAa MHOXKECTBC KOMIIJICKCHBIX YHCEI»
HCJILZ HAaY4YUTb PCIIaTh YPABHCHUSA HaA MHOKCCTBC KOMIIJICKCHBIX YHCCII

3anmaya 1
Pemuts xBagpaTtHoe ypaBHEHUE:
I.x2-2x+17=0

22x2+2x+1=0
3.4x%-4x+17=0
4.2 +6x+25=0
5.4x>-20x+29=0
6.9x°-6x+2=0
7.X2-4x+29=0
8.2x2-2x+5=0
94x°+4x+5=0
10.X2-4x+13=0
I1.9x%> -6x+ 17=0
12.4x%-12x+25=0
13.x°+4x+5=0
142x°—10x+17=0
15.x°-6x+13=0
16. x> +6x + 18 =0
17. X°-4x +40=0
18.4x%-12x+13=0
19.2x>+6x+5=0
20X -2x+5=0
21.9x%-6x+ 10=0
222x%4+6x+5=0
23.X°+6x+13=0
24.2x%- 6x+17=0
25.9x%-6x+2=0
26.x°-6x+10=0
27.x%+2x+26=0
28.2x2+6x+9=0
29.2x2+10x+13=0
30.X2-6x+34=0
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CamMmocTosiTeJILbHAs padoTa
BAPUAHT 1

1. JlaHbl KOMIUIEKCHBIC YHCIA: Z1=2-
3i, 22:2i+3, 23:3-2L
Boruucnure: a)z, + z,; 0) z1 + z3;

B) Zy — Zy; T)Zy—Z3; N)Z;°Zy, €)
Z3 - Zz.
2. Beruamcaure: (2 -1)(2 +1) - (3 - 20)

+7.

3. Haitm 4YacTHOE KOMIUJIEKCHBIX
ancen: a)l;  6) —1_; )L,
i 2+1 2+2i

4. W300pa3uTh Ha KOOPJIMHATHOMN
IIJIOCKOCTH U IIPEACTABUTH
CIIEAYIOIIKE KOMIIJIEKCHBIE YHCIIA B
TPUTOHOMETPUYECKOH (hopme:

a) -3; 0) -I; B) 1 +
i; r)—1 + iv3.
5. Haittu xoopauHatbel TO4Yku M,

H306pa>1<a}0meﬁ KOMIIJICKCHOC 4YHUCJIO:

—5+i —2+i .
2—i 3-2i
6. PemuTe ypaBHEHUS B KOMILJIEKCHBIX
qucIax:
a)x?—4x+8=0; 6)

x*+ix+6=0.

BAPUAHT 2
JlaHBI KOMILUIEKCHBIEC UUCHA: Z1 = 2 +

i,z2, =31+ 1,23 =-2—1.

Boeruucnure: a)z; + z,; 0) z1 + z3;

B) Zy — Zy; T)Zy — Z3;

n) Zy " Zy; €)Z3 " Zy.

Beruuciure: (3+1)(3-1)-(6+ 2i) +

1.

Haittu 4aCTHOE KOMILICKCHBIX
1 1 i

ancen: a)7; 6) = B) 23—+2Ii :

N300pa3uth Ha KOOPAMHATHOM
TUTOCKOCTH U TIPEJICTABUTH
CJICAYIOIINE KOMIJICKCHBIE YnCIIa B
TPUTOHOMETpUUYECKON hopme:

a) -4; 6)i; B) I-i; I)—V3+
L.
Haitu

KOOPpAWHATHI TOYKH M ,

1300 pakaroIeil KOMIUIEKCHOE YHCIIO:
_2-3i . 6i-4
T 2i+1 i+2"
Pemmire ypaBHEHHS B KOMILJIEKCHBIX
yycaax:
a) x2—8x+17=0; 0)

x% +ix +20=0.

Tect mo Teme « KoMILIeKCHBIE YHCJIA)»

Bapuanr |

Al. Jlanbl KoMIuIeKkcHble yncna Z =2+31,2,=3-1. Torna Z,-Z,

a) 9+7i
b) 6-7i
c) 2-3i
d) 4+6i

A2. N3o6paxkeHne KOMIUIEKCHOTO unciia z=1-3i UMEET BUJI

a)

A
Y

v

v
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v

b) d)

A3. Eciii z=4+i, TO CONPSHKEHHOE €MY YHCJIO z PaBHO

a) 1+4i
b) 5+i
c) 4-i
d) 1-4i
A4. Ecmm 2,=1+3i,2,=2-3i, 10 Z,+2,

a) 2+3i
b) 3-i
c) 3
d) 3+6i

AS. JIaHO KOMIUTIEKCHOE Ynciio zZ =4—3i, TO €ero MOAyJlb paBeH

a) 8
b) 16
c) -5
d) 5

A6. Moayiib KOMIUIEKCHOTO YHCIIA =2, a apTyMEHT ¢ = % . Torma B TpuroHOMeTpUYECKON

dbopMe KOMIIEKCHOE YHCIIO UMEET BHT

a) 2(cos%—i-sin%)
b) 2(sin%—i-cos%)
c) 2(cos%+i-sin%)
d) 2(sin%+i-cos%)
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. . . 7
B1. [lansl kommiekcHble uncna Z; =1+61,z, =3+31 . Haligute —-
z 2

C1. Penure ypaBHeHHEX?-6X+25=0

Z,+47,

5.
C2. Boruuciure , €CIIA z, =5-—2i;z, = 2—6i

Bapuanr |1

IIpu BoinosiHeHnHu 3a1aHuil Al - A8 He00X0AMMO MPOCTABUTH HOMEP

0OTBE€Ta

BAPHAHTAa 0TBETA, KOTOPbI COOTBETCTBYEeT HOMepPY BbIOpaHHOro Bamu

Al. Jlausl KoMIIekcHbIe uncna Z =145i,2, =3-4i . Torpa Z, -2,

a) 15+8i
b) 23+11i
c) 23-3i
d) 20+6i
A2. N300pakeHne KOMIUIEKCHOTO Ynciia z = 2+ 3i UMEeT BU/T
a)
Y A
0 2 .
-3
B) Y A 'Z[) 3
............................ L5
-3 0 g 0 g
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A3. Ecin z=2+3i, TO cCONpsiKEeHHOE €My YHCJIO z PaBHO

a) 2-3i
b) 3+2i
c) 3-2i
d) 4+6i
A4. Ecmm 2,=3+1,2,=4+21 10 7, + Z,

a) 7+3i
b) 4+6i
c) 7-3i
d) 4-6i

AS. JlaHO KOMIIJIEKCHOE YHCIIO Z=12+5i, TO €ro MOAYJb paBEeH

a) 2
b) 5

c) V12
d) 13

A6. Moayiib KOMIUIEKCHOTO YHCIIA =3, a apryMEHT ¢ = % . Torna B TpuroHOMETpUYECKON

(bopMe KOMILIEKCHOE YMCIIO UMEET BUJT

a) 3(cos%—i~sin%)
b) 3(sin%+i-cosg)
C) 3(cos%+i-sin%)
d) 3(sin%—i-cos%)

. . z
B1. Jlansl koMIuiekcHble uncna Z; =2-41,2, =346l . Haiinute —-

22
C1. Pemute ypaBHeHHEX?-4X+29=0

5-Z,+47Z
C2. Boluucnure —-——2, €Cl z, =4+i;z, = 2+3i
1

Bapuanr 111
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Al. Jlausl kKoMmekcHble uncna Z =2+4i,2, =1+3i . Torna 7,7,

a) 8+6i
b) -10+10i
c) 4-3i
d) -2+8i
A2. N300paxkeHne KOMIUIEKCHOTO Ynciia Z =—2+i UMEEeT BU/
a) Yy A
Y A C)
1
0 1 )
-2
y
A
Y A
11
b) . d) >
0
- > -2 X
2 0
X

A3. Ecitn 7=3+5i, TO CONPSHKEHHOE €MY YHCIIO z PaBHO

a) -3+5i
b) 3-5i
c) 5-3i
d) -5+3i
A4. Ecmm 2,=3-5,2,=4+2i 10 7, +1,

a) 7-i

b) 5+3i
c) 5-2i
d) 7-3i

AS. JIaHO KOMIUTIEKCHOE YHCIIO Z =2+ 3i, TO €r0 MOAYJIb PABEH
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a) 4

b) V13
c) 5
d) 9
a) ;
A6. Moayiib KOMIUIEKCHOTO YHCIIA =4, a apTyMEHT ¢ = % . Torma B TpuroHOoMeTpruYECKON

(opMe KOMIJIEKCHOE YUCIIO UMEET BUJT
a) 4(cos% +i-sin %)
b) 4(sin % +i -cos%)
C) 4(sin % —i- cos%)
d) 4(cos% —i-sin %)
B2. Jlanb! kommekcHele yncna Z =2-31,Z, =4+1 . Haiture 22_1
2

C1. Pemnre ypaBHeHUEX? -4X+13=0

Z,+4Z

5.
C2. Boruuciure %, €CIN 7, =3+5i;2, = 6—2i

Bapuant IV
Al. Jlanbl KoMIuIeKcHsle uncna Z =1+2i,2, =3-4i . Torga Z,-Z,

a) 3+6i
b) 3-8i
c) 11+2i
d) 4-2i

A2. N300paxeHne KOMIUIEKCHOTO YKclia Z =1-2i UMEET BUf ,

a)

Y A 2

v
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b) d)

A3. Eciin z=5-2i, TO CONPsHKEHHOE €My YHUCIIO z
paBHO

a) 5+2i
b) 2-5i
c) 2-5i
d) 1+6i
A4.Ecmm 2,=2-3,2,=4+5, 10 7, + 2,

a) 4+6i
b) 6+2i
c) 4-3i
d) 6-2i

AS. JIaHO KOMILIEKCHOE Yncio Z =4+ 2.5i , TO €r0 MOJYJIb PaBeH

a) 10
b) 8
c) 6
d) -6

A6. Moayiib KOMIUIEKCHOTO YKCIIa =4, a apryMEHT ¢ = % . Torna B TpuroHoMeTpruyeCKOi

(GopMe KOMILIEKCHOE YUCIIO UMEET BUJ
a) 4(sin % —i- cos%)
b) 4(cos% +i-sin %)
C) 4(003% —i-sin %)
d) 4(sin % +1i -cos%)
B2. Jlans! KoMIUIeKcHbIe uncna Z =3—1,Z, =4+3i . Haiinure 21

Z,

C1. Pemure ypaBHeHue2,5x%+x+1=0
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Z,+47,

5.
C2. Boruuciure , €CIM z, =1+2i;z, =3—4i
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Jlekuus Ne 1. Marpuunbl. /IedcTBUS ¢ MATPUIIAMM.
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1.1 OcHoBHBIC MOHATHS.

Mampuyeri Ha3bIBaeTCsl NPSAMOYrojibHash TaOJIMIA YKCEN, CcojAepXamas m CTPOK OJUHAKOBOU

JUTMHBI( MK 7 CTOJIOIIOB OJIMHAKOBOM JUTHHBI). MaTpuIla 3auChIBACTCS BHJIC:

a;; Q4 Ain
A= az1 Q3 Qzn
Am1 Amz - Qmn
WK, COKpainénHo, A = (aij), rae 1 =1, m (t.e. i = 1,2,3,...,m) — HOMep cTpokH, | = 1,n (1.e. j = 1,2,3,...,n)

— HOMEP CTOJOIIA.

Marpuia A Ha3bIBalOT MATPULIEH pazmepa m X n ¥ TAYT Ay x ». Uucaa aij,CoCTaBIAIOMINE MATPUILY
Ha3bIBAIOTCA €€ 21emenmamu. DIEMEHTHI, CTOSIINE HA AUAroHaiu, UAYyIIEeH U3 BEPXHEro JIEBOTO YIIIa,
00pasyIoT 21a8HYI0 OUACOHATD.

Martpuirsl pasnvt mexcoy codoil, €Clv paBHBI BCE COOTBETCTBYIOIIHE dJIEMEHTHI ATHX MaTPHII, T.€.

A =B, ecmaij=bij, tnei=1m, j=1,n.

Marpuia, y KOTOpO#l 9HUCIIO CTPOK PaBHO YMCIY CTOJIONOB, Ha3bIBaeTCs Keadpamuou. KBampaTHyro
MaTpHILy pa3Mepa 7 X 1 Ha3bIBAIOT MATPHIIEH 1-TO nopsaoka.

KBagparHas matpuna, y KOTOpOH BCE 3JIEMEHTHI, KPOME JIEMEHTOB IVIABHOW JUArOHaJU, PaBHbI HYIIO,
Ha3bIBACTCS OUAZOHAIbHOIL.

JlnaronanpHass MaTpuila, y KOTOPOW KaKIbId SJIEMEHT TJaBHOW JUaroHajid paBeH E€IUHMUIIE,

Ha3bIBaeTCsl eounuyHou. O6o3navaercs 6yksoi E.

Ilpumep 1.1
1 0 0

Es,z =10 1 O |eauHuyHas mMaTpuia 3-ro nopsjaxa.
0 0 1

KBaI[paTHaﬂ MaTpula Ha3bIBACTCA mpeyzom;uoﬁ, €CJIM BCC JJICMEHTHI, PacCIIOJIOKCHHBIC 10 OAHY
CTOpPOHY OT rJIaBHOM AuaroHajiv, paBHbI HYJIIO.

Marpuua, Bce 3JIeMEHThl KOTOPOMl paBHBI HYIIO, Ha3blBaeTcs Hyneeoit. OO6o3Hauyaercs OykBoil O.

HNmMmeet Bua:
0 O 0
0= 0 O 0
00 .. 0

B matpuunom ncunciaenunn matpuusl O u E urpator pons uncen 0 u 1 B apudmetnke.
Marpuna, cojepxaiasi OJUH CTOJOEL WIM OJHY CTPOKY, Ha3blBae€TCs 6eKmopom (UIU BEKTOp-

CTOJ'I6CI_[, HJIN BEKTOP-CTPOKa COOTBCTCTBCHHO). Hx Bun;
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A= B=(b; b, .. by
am
Martpuna pasmepa 1 x 1, cocrosimiast U3 0JHOTO YKCIA, OTOXKAECTBIIIETCS C TUM YHUCIIOM, T.€. (5)1x1
€CTh 5.
Marpuia, moJiyueHHasi U3 JaHHOW 3aMEHOM KaXIOoW €€ CTPOKH CTOJOIOM C TeM K& HOMEpPOM,

Ha3BIBAETCS MATPULIEH mpancnonupoeantoii k 1aunoi. O6o3nauaercs Al

TaKecnnA=(; i),TOAT=(; i),ECJII/IA=((1)),TOAT=(1 0)

TpaHcoHMpOBaHHAs MaTpHIa 00aaeT cieayomuM ceoiictBoM: (AT) = A.
1.2. [leiicTBuS HaJ MAaTPUIIAMH.

Ciaoxenne:
Omeparust CI0KEHHSI MATPHIL BBOJUTCS TOJIBKO JIJIsi MATPHIL OJJMHAKOBBIX PAa3MEPOB.
Cymmoti 08yx mampuy, Amxn= (aij) 1 By xn = (bij) HazpBaercs matpuiia Cmxn= (Cij) Takas, 9to cij= aijt bij (i

=1,m, j = 1,n). 3anuceBator C = A + B.

Ilpumep 1.2. (i _53 g)+(_32 _35 _41)=(g 8 ;3)

AHAJIOTHYHO ONPEAEIIAETCS PA3HOCHb MAMPUY.
YMHOKeHHe HA YUCJI0:
Ipouszsedenuem mampuyvt Amxn = (aij) Ha yucno KaaspiBaercs marpuna Bx, = (Dij) Takas, aro bij = k*ajj (i

=1,m, j =1,n). 3anucwisarom B =K * A.

0 -1 2

Ilpumep 1.3. A = (3 4 5

),k:Z,A*k:(O —2 4)

6 8 10

Martpuna — A = (-1) * A Ha3BIBaeTCS NPOMUBONONONCHOU MATPHUIIE A.
Paznocts matpuil A — B MoxHO onpenenuts Tak: A — B = A + (-B).

Onepam/m CJIOKCHHA MaTpUIl U YMHOKCHUA MATPULIBI HA YU CJIO 06.]'[8.]_'[8.IOT CJIICAYyIOMUMHU CBOUCMBAMU.

1. A+B=B+tA; 5.1 A=A;

2. A+(B+C)=(A+B)+C; 6. 0* (A+B)=0A + aB;
3. A+0O=A; 7.(a+PB)* A=0aA + BB;
4. A-A=0; 8.a * (BA) = (af) * A,

I'me A, B, C — matpuiipl, o u B — ducia.
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DJieMeHTapHbIe NPeodpa30BaHUsl MATPHIL:
DnemenmapHvimu npeobpaz08aHUAMY MAMpPUy AGIAIOMCA:
e IlepecraHoBKka MecTaMHU JIByX NapaJUICIbHBIX PSAJOB MaTPULbL,
e VMHOXXEHHE BCEX DJIICMECHTOB pAaaa MaTpuibl Ha YACJI0, OTIIMYHOC OT HYJIA,
e [IpubaBiieHne KO BCEM 3JIEMEHTaM psiia MATPHUIBI COOTBETCTBYIOIIMX JJIEMEHTOB IMapaJlICIIBHOTO
pdaaa, YMHOXKCHHBIX Ha OJJTHO U TO 7K€ YHCJIO.
JIBe maTpuiibl A 1 B Ha3bIBatOTCS SKBUBAJIEHTHBIMH, €CJIH OJIHA U3 HUX MOJYYaeTCsl U3 IPYroi ¢ MOMOIIbIO
aJIeMEHTapHBIX MpeoOpa3zoBanuid. 3anuceiBaeTcss A ~ B.
[Tpu momo1u 351eMEeHTapHBIX TPe0Opa30BaHM JIIO0YI0 MATPHUILY MOXKHO MMPUBECTH K MATPHUIIE, Y KOTOPOH
B HadJajie TJIaBHOM JuaroHaliv CTOAT MOAPAJ HECKOJIBKO CIUHHII, a4 BCC OCTAJIbHBIC 3JICMCHTBI paABHBI HYJIIO.

Takyro MaTpuIly Ha3bIBAIOT KAHOHUYECKOU, HallpUMeEp

S O O
S O mr O
O = OO
o O OO

Ilpumep 1.4. [IpuBecTH K KAHOHUYECKOMY BUY MaTPUILY

2 3 1 2
A=(0 0 -1 1
4 0 5 1

Pemenne: Bemonass SJICMCHTApPHBIC Hp606p330BaHI/I$I, IIoJ1y4acMm

2 3 1 2 1 3 2 2 1 3 2 2 1 0 0 0
2 -1 1)]~l-1 2 0 1|~{10 5 2 3 |~10 5 2 3 |~
4 0 5 1 5 0 4 1 0 -15 -6 -9 0 -15 -6 -9

1 0 0 0 1 0 0 O 1 0 0 O
0 1 1 1 /~10 1 1 1|~10 1 0 O
0 -3 -3 -3 0 0 0 O 0 0 0 O

IIpousBenenue MaTpui:

o

OHepaHI/IH YMHOKCHUA ABYX MATpHULl BBOAUTCA TOJIBKO IJIA ClIydas, KOraa 4YHUCIIO CTOJ'I6LIOB nepBoﬁ

MaTpUIbl PABHO YHCIY CTPOK BTOPOIl MaTpPHUIIBL.

[TpousBenenneM MaTpuibl A, x,= (aij) Ha Matpuiy B, x, = (bj) Ha3bBaeTcs marpuna Cp xp = (Cjk) Takas,
4TO Cik= @i1™ b+ @iz * bk + ...+ @inbnk , rme i = 1,m, k = 1,p,

T.e anemenT i-it cTpoku u K-ro cronbua matpuisl mnpousBeneHuss C paBeH CyMMe MPOU3BEICHHIA
3JIEMEHTOB I-# CTPOKM MaTpPHUIbI A Ha COOTBETCTBYIOIIHE dNieMeHThI K-ro cTos611a Marpuis B. Tloayuenue
AIIEMEHTA Cjj CXEMAaTHYHO H300pa)kaeTcs Tak

e o o e o o
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° i o o o
e o o : e o 0 o o
Ecnu marpuusl A u B xBaapaTHble oiHOro pasmepa, To npousseneHuss AB u BA Bcerna cymecTByloT.

Jlerko noka3zate, uto A * E=E * A = A, rne A — kBagpaTHast matpuua, E — equHUYHAas MaTpuLia TOro xe

pasmepa.

Ilpumep 1.5

a11byy + a13byy + ag3bzy  agibip + agabyy + agshbs;

(a11 Q2 ‘113) bll le ( )
E 3 =
dz1 Q22 Q23 b;i b;z Az1b11 + Appb21 + Ax3b3y  Ap1b1; + apbyy + ag3bs;

(1 2 1 _(1 3 %
Ilpumep 1.6. A = ( 3 1 O) ,B = ( 1 2) . Torga npousBeaenue A * B He omnpeneneHo,Tak Kak Yucio

cTosioroB Matpuitel A(3) He coBmagaer ¢ uuciaoM cTpok Marpuilel B(2). Ilpum stomM ompeneneHo
npousBesieHrne B X A, KOTOpo€e CUUTAIOT CIEAYIOIINM 00pa3oM:

a6 1 H-010 313 21D-0 5 )

Martpuusl A u B Ha3bIBaroTCs nepecTaHOBOUHBIMU, eciii AB = BA.
YMHOXEHHEe MaTpHI] 001a1aeT CIASAYIOMUMH CBONCTBAMU:

1. A*(B*C)=(A*B) *C; 3.(A+B) *C=AC + BC;

2. A*(B+C)=AB+ AC; 4. a(AB) = (0A)B,

Ecnu, KoHEeYHO, HallMCaHHBIE CyMMBI M IIPOU3BEIECHUS MATPULl UMEIOT CMBICII.
JUig onepanuy TpaHCIIOHUPOBAHMSI BEPHBI CBOMCTBA:

1. (A+B)T=AT+BT; 2. (AB)T =BT * AT,

BOITPOCHI JIJIs1 CAMOITPOBEPKH

1. Yro HazpIBaeTcs MaTpunen?
Kakune MaTpuiibl Ha3bIBalOTCS paBHBIMH?
Kaxkas matpuiia Ha3bpIBa€TCs €IUHUYHOMN?
Kakas matpuiia Ha3bpIBa€TCs TPAHCHOHUPOBAHHOM K IaHHOM?
Kakue neficTBHsS MOYKHO BBITIOJHATH HAJl MaTPHUIIAMHU ?
[lepeuncnure sneMeHTapHbIE IPe0Opa30BaHUS MATPUIL.

Bceraa nu BRINOIHUMO JI€HCTBHE YMHOXCHUSA IBYX ManI/II_I?

© N o o B~ DN

HGPGIII/ICJII/ITC CBOﬁCTBa, KOTOPBIMHA O6J'I8.,I[aeT YMHOKCHHUE MATPHLI.

Jlexkuus Ne 2. Onpenenurenu.

2.1. OcHOBHbIC OHATHSL.
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KBanparHoii MaTpuie A mopsiaka 7 MOXKHO CONOCTaBUTh yrcio detA (wmu |A|, miu A), Ha3pIBaeMoe ee
OIIpENICNIUTENEM, CIEAYIOIUM 00pa3oM:

1. n=1.A=(a);det A=a1.

a;1 Aq a1 Qg2
2.n=2A=( )-detA=| |=a * (yy — Aqo0
) Ay Gyy)’ Ay, Qyy 11 22 12021
a1 Q12 Ag3 a1 Q2 Qg3
3. n= 3,A =| dz sz ass ,detA = |Q21 az; as| = a1109,033 + aA17073031 +
az; A3y 0aszz a3y dszz dss

+Qa71032013 — A31A22013 — Q2112033 — 32023041

OHpGHGJ’II/ITCHB MaTpUIbl A TakXke Ha3bIBalOT €€ JACTCPMUHAHTOM. HpaBI/IJ'IO BBIYHNCIICHUA
ACTCPMHUHAHTA IJIA MaTPHULBI IIOPAIKA N sBaseTcs AOBOJIBHO CJIOKXHBIM IJId BOCHPUATUA W IPUMCHCHU .
OJIHaKO HU3BCCTHBI METO/IbI, ITIO3BOJIAIOINHNE PEATU30BaTh BEIYHMCIICHHUE onpeneJmTeneﬁ BBICOKHUX ITOPAIKOB
Ha OCHOBE OINpeAenuTeNnell HU3MMX NopsakoB. OIUH M3 METOJOB OCHOBAaH Ha CBOMCTBE PA3JIOKCHMS
OTpENeNUTENs 10 dJeMEHTaM HEeKOoToporo psna. Ilpu 3Tom 3ameTuM, 4YTO ONMpeNeIUTETN HEBBICOKHX
nopsiikoB(1,2,3) jxenaTeabHO YMETh BBIYUCIATH COTJIACHO OIPEAETICHHUIO.

Brranciienue onpeaenuTens 2-ro Nopsaka WLTIOCTPUPYETCS CXEMOM:

Ce =N

Ilpumep 2.1. HaiitTu onpeieTuTenn MaTpuI| (é _3) u (

cosa sin a)
6

—sina cosa
Pemere: |§ _63| —2%6—5%(=3) =12 — (—15) = 27

cosa sina .
) | = cos?a + sin*a =1
—sina cosa
[Ipy BBIYKMCIIEHMH ONpeAeauTeNs 3-ro NOpsaKa yA0OHO HOJB30BaThCA MPABHIOM TPEYTrOJLHUKOB (UM
Capproca), KOTOpPO€ CUMBOJIMYECKH MOKHO 3aIHCaTh TaK:

Ilpumep 2.2. BpIuMCIUTD ONPENETUTEND MAaTPULIBI

5 -2 1
A=13 1 -4
6 0 -3

Pemenue:
det A=5*1*(-3)+(-2)*(-4)*6+3*0*1-6*1*1-3*(-2)*(-3)-0*(-4)*5=-15++48-6
—18=48-39=09.
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2.2. CBoiicTBa onpejaeauTeiei.

CdopmynrpyeM OCHOBHBIE CBOMCTBA ONpEACTHTENCH, MPUCYIIHE OMpPEAeTUTEeNIEM BCEX IMOPSIKOB,
HEKOTOPBIC U3 3TUX CBOMCTB ITOSICHUM Ha OIPCACIIUTEIIAX 3-ro rnopsaka.
Ceoticmeo [(«PaBHOTIPaBHOCTH CTPOK M CTOJOIOB»). OmpenenuTenb HEe W3MEHUTCS, €CIU €ro CTPOKHU

3aMEHUTH CTOJIOLAMU, U HA0OOPOT.

a1 Q12 Qg3 a1 Q1 QAzg
Ay Aq a1 Az

NupIMET cnoBammu, a aql = la | Qz1 Qzz Q3| =|A12 Az Az
21 22 12 22

a3z, dszz dss Q13 A3 Qzz

B nanpHelimem cTpoku U cToJIOIB!I OyZeM MPOCTO HAa3bIBaTh PSAAAMU ONPEACTUTEINS.

Csoticmeo 2. Tlpu nepecTaHOBKE ABYX NapaJICNIbHBIX PAAOB ONPEIEINTENb MEHSET 3HaK.

Ceoticmeso 3. OnipenenuTeinb, UMEIOMINHN 1Ba OJIMHAKOBBIX Psi/ia, PaBEH HYIIO.

Cesoticmso 4. OO MHOKUTENb JIEMEHTOB KaKOTo-TM00 psja ONpeaenuTeNss MOKHO BBIHECTH 3a 3HAK
OIIpENIEIIUTEIS.

N3 cBolictB 3 um 4 cienyer, 4TO €CIOM BCE DJIEMEHTbl HEKOTOPOro psia MPONOPLUHAOHAIBHBI

COOTBETCTBYIOIIMM JIEMEHTaM MapajieIbHOro psijia, TO TaKOi OnpenennuTelb paBeH HYIIO.

ajq ai; a3 a1 Q12 Qg3
HeiictButensHo, |k*a;; k*a;; k*a;z| =k*|Q1 Q2 Q3| =k*x0=0
asy as; ass asz; dsz; dsz

Ceoticmeo 5. Eciii 37€MEHTBI KaKOTO-THOO psifa ONPENSIUTENs MPEACTABISIOT COOOW CYMMBI JIBYX

ClIaraeMbIX, TO OTIPECIIUTENb MOXKET ObITh PA3JIO’KEH Ha CYMMY JIBYX COOTBETCTBYIOIIMX ONpeAeTUTENEH.

a1 Qi a3+b a;; Qi Qg3 a;, a; b
HaHpI/IMep, ajq az» ass3 +c| = arq ar, ar3| + asq Qo c
az; Az asz+d as1 Qs aszl las; az, d

Cesoticmso 6 («2neMeHTapHble IpeoOpa3zoBaHus onpenenutess»). OnpeaenuTesb He U3MEHUTCS, eCIH K
AJIEMEHTaM OJIHOTO psiia MPUOAaBUTh COOTBETCTBYIOIIME JIEMEHTHI TapajlIeIbHOTO psla YMHOKEHHBIE Ha

JIF000€ YUCIIO.

A1n Q12 Gg3 11 Az Qi3+ k*ag
Ipumep 2.3. Jlokazatp, uto A= [A21 Q22 Q3| = |Ay; A A3+ k xay,
az; Gzz dszz az; Az, azz3+kx*as,

Pewrenue: JlelicTBUTENBHO, UCIOJB3Ys CBOMCTBA 5, 4 U 3, MOIyYuM

a1 a3 k*ag, ai1 Q12 Qi3 a1 Q12 Qg2
Az1 Ay k*ay|=|[A1 Q2 G|+ kx*|[A21 Q22 Axp=A+k*x0=A
as; as, k=xas, az; Gzz dszz az; Qzz a3z

I[a.]'[bHefI].HPIe CBOMCTBaA OHpCHCHHTCHCﬁ CBA3aHbI C IOHATUAMU MUHOpPA U am“e6pa1/1qecxoro JOIIOJIHCHHMA.
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Munopom HEKOTOPOIO JIEMEHTA @ijOIPEACIUTENS n-20 NOPsAAKA HA3bIBAETCS ONPENENIUTENb 1 — 1-ro
j
MOPS/IKA, TOTYYEHHBIA U3 MCXOTHOTO IyTEM BBIYEPKUBAHUS CTPOKU M CTOJIONA, HA IEPECEUSHUH KOTOPBIX

HAXOJUTCs BBIOpaHHBIH 31eMeHT. O003HavYaeTCs Mmij.

a1 Q12 Qg3
Tak ecniu A= |Q21 Q22 QAz3|, TOMy; = [
az; dz; dass

az; a23]
)

agq a13|
asp; dsz

a1 Qdzz

ms; =

Anzedpauueckum OononHeHuem 3IEMEHTA ajjOTIPEIEIUTENS HA3bIBAETCS €r0 MHUHOp, B3SITHIA CO
3HAKOM «ILTFOCY», €CIIM CyMMa | + |— 4€THOE YHCIIO, U CO 3HAKOM «MHHYC», €CIIM 3Ta CyMMa HEUYETHasl.
O6o03nauaercs Ajj: Aij= (-1)' ) * mij,

Tak, A11 = +ma1, Az2 = -ma32.
Ceoticmeo 7 («PaznokeHue ompenenuTess Mo 3JIEMEHTaM HEKOTOporo psna»). Onpenenurenb paBeH
CyMM€ TMpPOMU3BEACHUM 3JIEMEHTOB HEKOTOPOro psJa Ha COOTBETCTBYIOIIME WM airedpanyeckue
JIOTIOJTHEHHUS.
[TpounmrocTprpyeM 1 OTHOBPEMEHHO JIOKAKEM CBOMCTBO 7 Ha MpUMEPE onpeaennutents 3-ero nopsaka. B
ATOM CIlydae CBOKMCTBO 7 O3HAYaeT, YTO

a1 Q12 Qg3

A= |Gz1 Az Q3| =aqq * A1 + a4 ¥ Aqp +aq3 * 413

a3 a3z 4zs
B camom nene, umeem
Az1 Q23
azp aszs

Az, dzz
as; dsz

Aq1 * Aqq + Qqp ¥ Agp + ag3 ¥ Ay == ayq * |+a12*(—| |)+a13*

z1 Q22| _
Az Azl a11(a22a33 — A23a32) — A12(A1A33 — Az3031) + A13(A21a3; — Az2a31) =

= Q11052033 — Q11053035 — Aq031033 + 1202303, + 1302103, — 13022031 = A
CBOICTBO 7 COZIEPKUT B cebe criocoO BEYHCICHHS ONPEAEIUTENEH BEICOKUX MOPAIKOB.

Ilpumep 2.4. Boluuciaure onpeaeanuTeab MaTpUIlbl

3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: I[J'IH PAa3JIOKCHUA OIIPCACIINTCIIA O0OBIYHO BLI6I/IpaIOT TOT pAd, A€ €CTh HYJICBbIC 3JICMCHTHI, T.K.

COOTBETCTBYIOIIHUEC UM CJIAra€MbIC B pA3JIOKCHUHN 6y,ZLYT PaBHBI HYJITIO.

_315(7)‘; 5 7 8 5 7 8 5 7 8 5 7 8
S0 M=3x]s 3 o2l+1x]s 3 2l+0x[7 0 1f-1xl7 0 1]=
oS 1 7 4 17 4 17 4 5 3 2
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=3x (73 x4+ (1) *x0*x2+5*x7*x1-(-1)*x3x1-7x7xx2-5x%x0x4)4+ (5

*3 x4+ (1) *x7x2+5%7%8-(—-1)*3x8-5x7x4-5x%7
*2)-5*x0*x2+7x1x5+7%3*8-5*%0%x8-3*x1%5-7%7
* 2) = 122

Csoticmeo 8. Cymma TpOM3BENICHHI 3JIEMEHTOB KaKOTO- JIMOO pslia ONpEeNeNUTeNs Ha anredpandecKue

AOIMOJIHCHHUA COOTBETCTBYIOIIUX 3JICMCHTOB MMAapPAJUICIIBHOTO pAda paBHA HYIIIO.

Tax, nanpumep, a11d21 + a12d2 + a13A23 =0

BOIIPOCHI AJ11 CAMOITPOBEPKH

1.

2
3
4.
5

ChopmynupyiiTe IpaBUiIO BHIYUCICHUS ONPEACIUTEINS BTOPOTO TOPSJIKA.
CdopmynupyiiTe mpaBuia BEIYUCICHUS OTIPEICTUTENS TPETHETO MOPSIKA.
[Iepeuncinre cBOWCTBA ONPEACIIUTEIIECH.

JlaiiTe onpeneneHre MUHOpa HEKOTOPOTO 3JIEMEHTA ONPEAETUTENS.

JlaiiTe onpeneneHue anredpanyeckoro JOMOJHEHUS 3JIEMEHTa OIPeaeTUTENs.
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Jlekuus Ne 3. Haxoxknenue oOpaTHOM MaTPULIBL.

OcHOBHbBIE IOHSATHS.

Ilycte A — kBajgpaTHas MaTpuLa 1-TO MOPSAIKA

a11 a12 en aln

a21 azz en a2n
A=

An1 Anz - Apm

KBanparHasi MaTpuiia A Ha3bIBACTCS HEGbIPOHCOEHHOM, ecii onipenenuTenbA = det A He paBeH HYIIO:
A=detA=0.B IZIpOTI/IBHOM ciydae (A = 0) MmaTpuiia A Ha3bIBACTCS 8bIPOHCOCHHOI.

Martpuuei, corw3noii K mampuye A, Ha3bIBa€TCS MaTpUIla

Ay Ay e Ay
S = Ay Ay o Ay
4, A, .. A,

rjae Aij — anredpanyeckoe JIOTIOJIHEHHE dJIEMEHTa dijiaHHOW MaTpUllbl A (OHO OIpenensieTcs Tak ke, Kak u
anreOpandecKoe JIOMOJTHEHHE SJIEMEHTA OTPEICITUTEI).
Marpuna A HaseiBaeTcs ofpammuoii maTpuie A, el BHIMOIHSIETCS YCIOBHE
A*Al=A1l* A=E,
rae E — equHUYHAS MaTpHIA TOTO ke MOPsIKa, uTo U MaTpuia A. Martpuria A™ nmeer Te se pazmepsl, 4To

U MaTtpuia A.

OopaTHasi MmaTpuua.

Teopema 3.1. Beskas HegvipodicOeHHAss Mampuya umeem oopamuyio.

[IpoBeném nokazaTenbCTBO IS ciiy4yast MaTpulbl 3-ro nopsaka. [lycts

a7 412 Qg3
A=|0z1 Qa3 a3 ], npuuemdetd =0
asz; dsz; dsz

CocTaBuM COIO3HYIO MaTpHILy

A4y Ay A31
A4 = A12 A22 Asz
A13 Ay A33

Y HalJIEM NTpoU3BeIEHUE MaTpull A U A
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a1 A2 Qg3 Apn A Agg
AxA* =01 Q2 Qo3 |%x| Ay Ay Ay =
az; Qdzy QAsz Ay Asp, Asg

Az1A11 + Az2A15 + az3413
az1Ay; + azA1; + aszAgs

(detA 0 0

Az1A31 + Az3A3; + ap3433

<a11A11 + as341; + ag3443
az143; + aszyAs; + azzAs;s

a11431 + ag,43;, + a13A33>

0 detA 0

1 0 0
)=detA*<0 1 O)detA*E,T.e. AxA* ==detA*E
0 0

det A 0 0 1

371ech MBI HCTIOJB30BAJIA CBOMCTBA 7 M 8 OTIPEICTUTENECH.
AHaJIOrMYHO yOexkaaemcsl, YTo
A"* A=det A *E.
Papenctsa (3.2) u (3.3) nepenuniem B BUje
A* (A" detA)=E u (A7detA)*A=E.

CpaBHuBas MoJiydeHHbIE Pe3yIbTaThl ¢ onpeaenaeHueM (3.1), momyuaem

A* <A11 A1 Axn
Al=—— T A1 = * A1y Az Az
detA’ det A
) T iy Ay Ag
OTMeTuM cgoticmea 0OpaTHON MaTPHIIBL:
1. det (A1) =1/det A;
2. (A*B)yl=B1*A"l:
3. (AHT=(A")L,
. 1 _(2 3
Ilpumep 3.1. Haiitu A™, eciu A (_ 1 1)
Pemrenue: 1) Haxomum det A: detA = _21 i =243=5+%0

2) Haxomnm A™: A= 1, Aa1 = -3, Az = - (-1) = 1, App = 2, mostomy A* = (1 _23)

1 -3
w11 =3y (/s /s
3)HaX0nHMA1.A1—%<1 2)—<1/5 2/5)

IIpoBepka:

A*A_lz(z 3)*(1/5 —3/5)_(2/5+3/5 —6/5+6/5):(1 0):E

-1 1 1/s 2/5) \-1/5+1/5 3/5+2/5 0 1

Ilpumep 3.2. OnipenenuTh, NPH KAKUX 3HAUYCHHUSIX 0 CYIIECTBYET MaTpHlla, 0OpaTHas JaHHOM.

152



1 -2 2
A=|la 3 0
2 1 1

Pemienue: Besikas HEBBIPOKICHHAsI MaTpHIla UMeeT 0OpaTHyto. Haliném onpenenurens MaTpUIbl A:

1 -2 2
AA = 3 0/=3-04+ 20-12-0+ 2a = 40-9
2 1 1

Ecm 40— 9~ 0, T.e. o~ 9/4, T0 AA # 0, T.e. MaTpuIia A HEBBIPOXKICHHAS, UMEET OOPATHYIO.

Ilpumep 3.3. Ilokazatb, yTo MaTpuiia A siBisieTcst 00patHou s B, eciu

1 1 1 3 -3 1
A=|1 2 3),B={(-3 5 =2
1 3 6 1 -2 1

Pemenue: Haiiném npoussenenue matun A u B:

1 1 1 3 -3 1 3—-3+1 -3+5-2 1-2+1 1 0 0
AxB=|(1 2 3)*{(-3 5 -2]=|3-6+3 -3+10—-6 1-4+3|==(0 1 0
1 3 6 1 -2 1 3-9+6 -3+15—-12 1-6+6 0 0 1

=F

Ananornuno B * A = E. CnenoBarensHo, MaTpuiia A siBiisieTcs 00patHoi st B.
3.3. Panr matpuubl (caMOCTOSITEIbHOE U3YUeHNE)

PaccmoTtpum Mmatpuity A pasmepa m X n.

all a12 en aln

a21 a22 en aZn
A=|as aszx .. az |

A1 Ay o Qg

Boimenum B Helt k¥ CTpOK u x CTOJIONOB (k < MiNn(m,n)). U3 31eMEHTOB, CTOAIIMX Ha MEPECeYCHUH
BBIJICJICHHBIX CTPOK W CTOJIOIIOB, COCTaBHM OIIPENENUTENh K-TO TOpsaka. Bce Takue ompenenuTend
HA3bIBAKOTCS MUHOpaMu 3mot mampuysl. B matpuiie A TYHKTHPOM BBIJICIEH MHHOD 2-TO TOpSJIKA.
(3ameTuM, 4TO TaKMX MHHOPOB MOXHO cocTtaBuTth CY, * C,mtyk, tne C*, = n! / k!/(n — x)! — yucno
COYETAaHUH U3 11 HIIEMEHTOB IO K.)

HauOouiblnii U3 MOPSIKOB MHHOPOB JaHHOW MATPHUIbI, OTIMYHBIX OT HYJIS, Ha3bIBACTCS PAHZOM
mampuywt. O603HagaeTcs I, r(A) uim rangA.

OueBuano, uto 0 < r < min(m;n), rae min (M;N) — MeHbILIEE W3 YUCEI 11 U N.
MuHOp, MOPSAIOK KOTOPOTO OMpPEaessieT PaHT MaTPHUIlbl, Ha3bIBACTCS 0a3UCHBIM. Y MATPHIIBI MOXKET

OBITh HECKOJIBKO Oa3MCHBIX MHHOPOB.

Ilpumep 3.4. Haiitu panr maTpuLbl:
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2 0 4 O
A=13 0 6 0
1 0 -3 0

Pemenue: Bce munops! 3-ro nopsjika paBHsl Hy110. EcTb MUHOp 2-T0 mOpsiiKa, OTJIIMYHBIN OT HylIsL 3 6

-15|# 0. 3nauur, r(A) = 2. Ba3uCHBI MUHOP CTOUT Ha MEPECCYCHUH 2 U 3
1 -3
ctpoku ¢ 1 u 3 cronbuamu.
OtmMmeruM ceoticmea panza mampuybl:
1. Ilpu TpaHCHOHMPOBAHUM MATPUILIBI €€ PAHT HE MEHSETCS.

2. Ecnu BeIYepKHYTH U3 MATPUIIBI HYJIEBOH PsiI, TO paHT MaTPHUIIBI HE U3MEHHUTCSI.

3. Panr MaTpuIlel HE U3MEHSETCS TTPH AIIEMEHTAPHBIX IPEe0OPa30BaHUSIX MATPHIIHI.

PaHr kaHOHHMYECKOW MaTpUIlbl PaBEH YKCIIY €IMHHUI] HA IJIABHOW auaroHanu. Ha 3ToM OCHOBaH OJMH W3

CIIOCOOOB BBIYMCIICHUS paHT'a MAaTPULIBI.

Ilpumep 3.5. HaitTu panr maTpuLbl

2 3 1 2
A=|10 2 -1 1
4 0 5 1
HCIIOJB3Ysl pe3yJbTaThl npumepa 1.4.
1 0 0 O
Pemenue: B mpumepe 1.4 nokazano,uto A~(0 1 0 O
0 0 0 O
1 0 0 O
Toectp A~ (0 1 0 0)

Takum oOpa3om, panr maTpuibl A paBeH I(A) = 2.
BOIIPOCHI AJ1s1 CAMOITPOBEPKH
1. Kakas kBagpaTHas MaTpHIla Ha3bIBAETCS HEBBIPOKICHHOMN (BBIPOKICHHOMN)?
Kaxkast matpuiia Ha3piBaeTCsi 0OpaTHOM TaHHON?

JIro6as mu MaTpuia uMeeT 0opaTHyI0?

[lepeuncnure cBoiicTBa 0OpAaTHON MaTPHIIBI.

2
3
4. Kak nmpoBepuTh, MPaBUIHHO JIM HalfieHa oOpaTHast MaTpuna?
5
6. UTo Ha3bIBaeTCS paHTOM MaTPHUIII?

7

[lepeuncnure cBOWCTBA paHra MaTPUILIbI?
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Jlekuust Ne 4. CucreMbl JIMHEHHBIX yPaBHEHUI.

OcHOBHbIE MOHATHS.

Cucmemou JUHENHbIX aneeopauyeckux ypasHeHuti, COIEpKalled m ypaBHEHUN U 1 HEU3BECTHBIX,

Ha3bIBACTCS CHCTEMa BHJIA:
ai1XxX1 + A12Xo + -+ ApnXy = b1
az1X1 + Ar2X5 + -+ AypnXn = b2
Am1X1 + AmaXz + QX = by
rie uncna aij, 1 = 1,m, | =1,n Ha3piBatoTCs K03 GHUIIMEHTaAMHU CHCTEMBI, Yicia Dj — CBOOOTHBIMH YICHAMHU.

IloanexxaT HaX0XKICHUIO YHCIIA X,

Taxyro cucreMy yn00HO 3anKChIBaTh B KOMIIAKTHON Mampuunoit popme | A * X = B.

3nech A — marpuiia Ko3hGUIIMEHTOB CUCTEMBI, Ha3bIBaEMasi OCHOBHOU Mampuyetl.

a1 ain aln
Az1 Az .. Q2
A=A=
am1 amz amn
X1
X2
X = — BEKTOp — CTOJIO€l| U3 HEU3BECTHBIX X;
xn
b,
b,
B = — BEKTOp — CTOJIGEl| U3 CBOOO/HBIX YJIEHOB b;
b

[IpousBenenue matpuil A * X onpeneneHo, Tak Kak B MaTpuile A CTOJIOLI0B CTOJBKO K€, CKOJIBKO CTPOK B

Martpuiie X (7 mTyK).

PCICWMPGHHOIZ ManHI.[efI CUCTEMbI HAa3bIBACTCA MaTpula A CHUCTEMBbI, JOIIOJIHECHHAaA CTOJ'I6I_[OM

CBO6OI[HBIX YJICHOB

a1 A A, by
7| Q21 Q22 Az, by
A=
Am1 Amz - Qmn  bm
Pewenuem cucmemer HazpIBae€TCA 1 3HAYEHMM HEU3BECTHBIX X1 = C1, X2 = €2, ... , Xu = Cn, HPHU

MMOACTAaHOBKE KOTOPBIX BCC YPABHCHUS CUCTCMBbI 06pa1ua}0T05{ B BCPHBIMU PABCHCTBA. Bceskoe peHicHuc

CUCTCMBI MOXXHO 3a11iuCaTb B BUIC ManI/II_IBI'CTOJ'I6I_Ia
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CuctemMa ypaBHEHMI HAa3bIBACTCS COBMECHMHOU, €CIH OHAa HMMEeT XOTSd Obl OJHO pelIeHue, U
Hecoemecmumoil, eClii OHa HE UMEET HU OJTHOTO PELICHHUS.

CoBMecTHasi CUCTEMa Ha3bIBACTCSl ONPEOeNéHHOU, €CIA OHa HMMEET EIUHCTBEHHOE pELIeHUE, U
HeonpeoenénHoll, eClIi OHAa UMeeT OoJiee OJHOTO pemeHus. B mocienHem ciydae Kakjaoe e€ perieHue
Ha3bIBACTCS Yacmuvim peuieHuem cucreMbl. COBOKYITHOCTh BCEX YACTHBIX PEIICHUN Ha3bIBaeTCs 00wuUM
pewenuem.

Pewums cucmemy — 3TO 3HAUMT BBISICHUTH, COBMECTHAa OHAa MM HecoBMecTHa. Ecimu cucrema
COBMECTHA, HailTH e€ oO11iee pelieHue.

JIBe cucTemMbl Ha3bIBAKOTCSA dK8UBAIeHMHbIMY (PABHOCUIIBHBIMHU ), €CJIM OHU UMEIOT OJIHO U TO K€ 00111ee
peuIcHuc. prrI/IMI/I CJIOBaMH, CUCTEMbI DKBUBAJICHTHEBI, €CJIIM KaXKXJI0€ PCIICHUC OI[HOﬁ U3 HUX SABIIACTCA
perieHueM apyroi, 1 Hao6opoT.

OKBUBAJIEHTHbIE CUCTEMBI NIOJYyYalOTCsl, B YACTHOCTH, IIPH 2IeMEeHMapHbuLX npeodpa308aHusx CUCTEMbI
IIpH YCJIOBHUH, UTO npe06pasoBaHm[ BBITIOJIHAROTCA JIMIIb HAaJl CTPOKaMU MaTpPHUIIbI.

Cucrema IMHEWHBIX ypaBHEHUI HA3bIBACTCS 0OHOPOOHOL, €CIIN BCE CBOOOTHBIE WIEHBI PAaBHBI HYJIIO:

a11X1 + agpxy + -+ agx, =0
Am1X1 + QpaXy + - QX = 0
OnHopoiHas cUCTEMa BCET/la COBMECTHA, TaK KaK X1 = X2 = ... =X, = 0 ABJs€TCA peIIEHUEM CUCTEMBIL. DTO

pelIeHNEe HA3bIBACTCS HY1e8bIM WIH MPUBUATbHBIM.
Pemienne cucremM JIMHEHBIX YPaBHEHUIA.

Teopema Kponekepa-Kanenin:
[Iycth nana npou3BoJIbHAS CUCTEMA 71 JIMHEHHBIX YPaBHEHUI C 71 HEU3BECTHBIMU
A11X1 + Q1pXp + o0+ Qi Xy = by
Ay1X1 + AppXy + -+ AypX, = b,
Am1X1 + AmaXy + 0 QX = by
HcuepnpiBaromiuii OTBET Ha BOIIPOC O COBMECTHUMOCTH 3TO# cucTeMbl 1aéT meopema Kponexepa-Kanennu.
Teopema 4.1. Cucmema nuHeliHbIX aneedpauieckux ypasHeHull COBMecmua mo2oda U moabko mozod, Ko2od
PaHe pacuupeHHol Mampuybl CUCHEMbl PABeH PAHSY OCHOBHOL MAMPUYbL.

[Tpumem e€ Ge3 noKa3aTeNnbCTBA.

HpaBI/IJ'Ia MPAKTUYCCKOI'0 PA3bICKAHUA BCCX peI_I_IeHI/Iﬁ COBMECTHON CHCTEMbI JIHHEHHBIX ypaBHeHI/Iﬁ
BBITCKAIOT M3 CJICAYIOIIUX TCOPCM.
Teopema 4.2. Ecau pane COBMECMHOU cucmemvl paeeH 4Yucil)y Heu3BeCmHblX, no cucmema umeeni

eOUHCMBEHHOE peuierue.
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Teopema 4.3. Eciu pane coemecmuou cucmemvl MeHbUle YUCIA HEU3IBECMHbIX, MO CUCmema umeem

becuuciennoe MHONCeCmE0 peuleHull.

IIpaBu/10 pemieHus: NPOU3BOJILHOM CHCTEMbI JHHEHHBIX YPABHEHH.

1. Haiitu paHru OCHOBHOW M pacimMpeHHoW Marpul cucrembl. Ecmu r(A) # r(A), to cucrema
HECOBMECTHA.  _

2. Ecimm r(A) = r(A) = r, cucrema coBmectHa. HaiiTm kakoii-muOo Oa3WCHBII MHHOp ToOpsaKa I
(HamoMUHaHUE: MHUHOP, MOPSAOK KOTOPOTO ONpEAEseT paHI MaTpHIlbl, Ha3bIBaeTCs Oa3MCHBIM).
B3sate I ypaBHeHMid, M3 KOA(PQHUIMEHTOB KOTOPBIX COCTaBJIeH Oa3WCHBIH MHMHOp (OCTaJbHBIC
ypaBHeHUs oTOpocuTh). HeusBecTHble, KO3((ULIMEHTH KOTOPBIX BXOJSAT B Oa3MCHBIA MUHOP,
Ha3bIBAIOT 2/1A6HbIMY W OCTABISIIOT CJIEBA, a OCTAJIBHBIE 71 — FHEU3BECTHBIX HA3bIBAIOT C60000HbIMU U
MEPEHOCAT B MPaBbI€ YaCTH YPaBHEHUH.

3. Haiitu BeIpakeHUs TTIaBHBIX HEM3BECTHBIX Uepe3 cBoOoaHbIe. [lomyueHo obIiee pereHne CHCTEMBI.

4. TlpunaBas CcBOOOJHBIM HEW3BECTHBIM MPOU3BOJIbHBIE 3HAUYEHHUS, MOJYYHUM COOTBETCTBYIOIINE
3HAYEHUS TJIABHBIX HEU3BECTHBIX. TakUM 00pa3oM MOXHO HAWTH YaCTHBIE PELIEHUS HCXOIHOMN
CUCTEMBI YPaBHEHHUU.

Ilpumep 4.1. VccnenoBath Ha COBMECTHOCTh CUCTEMY

{ x+y=1
3x+3y=-2
Pememne: A= (3 3), r =1, 4=(3 ; L) r=2(s=[} 1|=0)

Takum o6paszom, r(A) # r(A), caenoBaTenbHO, CHCTEMA HECOBMECTHA.
Ilpumep 4.2. Pemiutb cuctemy

X1 —2x, +x3+x,=1
X1 — 2%, +x3 —x4=-—1
X1 — 2%, +x3+x4 =3

Pemenue: r(A) ;t_r(/f) = 2. Bepém 1Ba nepBbIX ypaBHEHHUS:

{x1_2x2+x3+x4:1 {x3+x4:1_x1+2x2
x1_2x2+x3_x4:_1, x3_x4:_1_x1+2x2
N I N _|1=x+2x, 1|_, | le=xg+2x |
=] Sl=-2=0 A= 1 —x, + 2%, —1|_2x1 W laT |1 1y 2wy T 2

CnenoBartenbHo, x3 = -x1 + 2x2, x4 = 1 — obuiee pemenue. [lonoxus, Hanpumep, x1 = 0, x2 = 0, mosnyuaem

OJIHO M3 YaCTHBIX permenuii: x1 = 0, x2 = 0, x3= 0, x4 = 1.

4.3. Pemienue HeBbIPOKIEHHBIX JHUHEHHBIX CHCTEM.

HYCTB JlaHa CUCTEMa 71 IMHEHHBIX ypaBHeHPIfI C 71 HCU3BCCTHBIMH
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ai1XxXq + A12Xo + -+ A1pnXy = b1
az1X1 + Ar2Xy + -+ AoypnXpy = bZ

Ap1X1 + ApaXy + o App Xy = bn

WM B MaTpuuHOii opme A * X = B.

OcHoBHast MaTpulia A Takoi cucTeMbl KBagpaTHas. OnpeaenuTesb STOH MaTPULIbI

a11 en aln
A=
Apni - Qpg

Ha3bIBACTCA onpeéeﬂumeﬂeM cucmemsl. Ecan onpeaAciuTC]Ib CUCTCMblI OTIMYCH OT HYJIA, TO CHUCTCMa

Ha3bIBACTCA H€6blp09fca€HHOﬁ.

Haiiném penienne 1anHoM cucTeMbl ypaBHeHUH B ciydae A # 0.

VMHOXHB 00¢ yacTi ypaBHeHUst A * X = B cieBa Ha matpuny A7, momyanm AL * A * X = AT * B,
yp puIy yd

IMockompky A1 * A=EuE*X=X,10 X=A"*B.

OTpICKaHue peIeHust CUCTEMBI 10 hopmyiie (4.1) Ha3BIBAIOT MAMPUUHBIM CNOCOOOM PEIICHUS] CUCTEMBI.

MatpuyHoe paBeHCTBO (4.1) 3anuiem B Buje

X1 Ayq Qpq . Qpq b,
Yo | _1[ @z G2 o anz | [ b
Xn Ay Qpp o Qpp b,

X1 (@11b1 + az1by + -+ + apiby)/A

0 cer | X2 | = [ (@12b1 + @by + e+ @nabnz) /A

%0/ \(@yubs + azuby + -+ aunby) /A

Orcrona cienyer, 9To

x1= (A11b1 + A2ibo + ... +4,b,) /A,

Ho A11b1 + Aziby + ... + A,/b1 ecTh pasiokenue onpeaeanTens

b, ai, Ain
b, a a
_ |92 22 2n
A=
b, a,, .. amn

o 3JICMCHTaM IIE€PpBOI'O CTOJ'I6I_I8.. OHpe)leHI/ITeHL A1 MOJIYy4aeTCsa M3 OIIPCACIUTCIIA A l'IyTeM 3aMCHBI

nepBoro croyodna ko3 puireHToB cToa0110M U3 CBOOOIHBIX YJICHOB.

Hrak, x1 = A1/A.

AnanornvHo: x2 = Az [ A, e A2 ostydeH u3 A myTéM 3aMeHbI BTOPOTO CTOJIONA KOA(PPHUIIMEHTOB CTOJIOOM

M3 CBOOOIHBIX WIEHOB; X3 = A3 /A, ..., xn = An /A

DopmyIsl xi=Ai/A 1= 171
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Ha3bIBaIOTCA hopmynamu Kpamepa.
I/ITaK, HCBBIPOXKJICHHAA CHUCTEMA N JIMHEUHEBIX ypaBHeHI/II\/JI C n HEHU3BCCTHBIMH HMECT C€AUHCTBCHHOC

pelIeHne, KOTOPOe MOXET OBITh HaliICHO MAaTPUIHBIM criocoOoM (4.1) mbo mo Gopmymnam Kpamepa (4.2).

2x1—x2=0

Ilpumep 4.3. Pemuts cucreMmy {x1 +3x, =7
_1|

X =7¢0,A1=|3 _31|=7, A2=|i 2|=14

Pemenne: A= |i

7 14
3HAYNT,X; = o= 1, x; = - = 2

BOIIPOCHI AJI51 CAMOITPOBEPKH

Kakoii Bus umeeT cucrema JIMHEHHBIX alreOpandyeckux ypaBHEHH?

Kak 3anucars cucreMy JMHEMHBIX anreOpanyecKux ypaBHEHUI B MaTpu4HO# Gopme?
Cdopmynupyiite Teopemy Kponekepa-Kamnemmm.

Kakas cucrema ypaBHEeHUI Ha3bIBaeTCsl COBMECTHOM (HECOBMECTHO)?

UTo 3HAYUT PElIUTh CUCTEMY JIMHEHHBIX alreOpandyeckux ypaBHEHH?

R oA

ChopmynmupyiiTe mnpaBmia pemIeHUS TTPOU3BOJBHOW CHUCTEMBbl JIMHEHHBIX allreOpandecKux
YpaBHEHUU.
7. CdopMynupyiiTe mpaBuiIa perieHrus CUCTEM C TTIOMOIIbIO 0OpaTHOM MAaTPHUIIBI.

8. CdopmynupyiiTe mpaBuia penieHus cucTeM MeTooM onpeaenutens (popmynsl Kpamepa).
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Jlekmust Ne S. Ilpsimast IMHUSA HA TUVIOCKOCTH.

B 3TOM NEKUMN Mbl MPUCTYNAEM K PaCCMOTPEHUIO aHA/IMTUYECKON reOMEeTPMn, KOTOPaa M3y4aeT CBOMCTBA
reomeTpuyeckux puryp cpeacrtsamm anrebpbl Ha OCHOBE MeToAa KOopAMHaT. [JaHHbIN MeToa, No3BoNseT
KarK0M TOUKe NAOCKOCTM NOCTaBUTb B COOTBETCTBME YNOPALOYEHHYIO TPOMKY Yncen. OCHOBHbIM
WHCTPYMEHTOM METOLa KOOPAMHAT CNYXKUT CUCTEMA KOOPAMHAT. B 3TOM nekumm mol byaem paccmaTpmBaThb
TO/IbKO NPAMOYTO/IbHYIO, UM AeKapToBY, CUCTEMY KOOPAMHAT. PacCMOTPMM, Kak MOXHO 3aZaTb NPOCTENLLYIO
durypy — npAmMyto Ha NJIOCKOCTU.

5.1. YpaBHeHue npsiMoil HA IJIOCKOCTH.

Onpenenenue. Jlro6as npsiMasi Ha TIOCKOCTH MOKET OBITh 33JjaHa YpaBHEHUEM NIEPBOTO MOPSJIKa
Ax+By+C=0,

IpHYeM MOCTOSHHEIE A, B He paBHBI Hym0 OfHOBpeMeHHO, T.e. A? + B%# 0. DTo ypaBHeHHe TIEpBOTO
MOPSIJIKA HA3BIBAIOT OOIIMM YPABHEHHEM MPAMOIA.
B 3aBMCMMOCTM OT 3Ha4EHMI NOCTOAHHBIX A,B 1 C BO3MOXKHbI CieAytoLMe YacTHble Cayyau:
- C=0,A=#0,B#0—npsamas npoxoauT yepe3 Ha4ajaI0 KOOPIUHAT
- A=0,B=0,C=0{By+ C =0} npamas mapamrenpaa ocu Ox
- B=0,A#0,C=#0{Ax+C =0} - npsamas napamienpaa ocu Oy
- B=C=0, A#0—npsamas coBnamaer ¢ ocsto Oy
- A=C=0,B#0-—npsamas coBnamaer ¢ ocsto Ox

YpaBHeHme ﬂpﬂMOVI MOXKET bbITb npeacrasaeHo B Pa3/IMdMHOM BUAE B 3aBUCUMOCTU OT KaKUX - nmnbo 3a4aHHbIX
Ha4a/ibHbIX ycnosmﬁ.

5.2. YpaBHeHMe NPSAMOM 110 TOYKE M BEKTOPY HOPMAJIH.

Onpenenenue. B nexapToBoil NpsAMOYrojJbHON CUCTEME KOOPIUHAT BEKTOP ¢ KOMIIOHEHTaMH (A, B)
NEPIECHIUKYIIIPEH NPSAMOH , 3alaHHOM ypaBHeHHeM AX + By + C = 0.

Ipumep. Haiiti ypaBHeHHE npsMOii, mpoxoasmieit yepe3 Touky A(1, 2) nepneHuKyaspHO BEKTOPY 7
(3,-1).

Coctasum npn A =3 n B =-1 ypaBHeHune npamon: 3x —y + C = 0. A HaxoxKaeHua koapdumumnenTa C noactasmum
B NOJIy4EHHOE BblparKeHMEe KOOPAMHATbl 33, aHHOM TOUKM A.

[Momyuaem: 3 — 2 + C =0, cnegoBarensHo C = -1.

Utoro: uckomoe ypasuenue: 3x —y—1=0.
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5.3. YpaBHeHMe NPSIMO, POXo/silleii Yepe3 ABe TOYKH.

ITycth Ha 1wiocKOCTH 3amaHbl aBe TOoukd Mi(X1, Y1) u Ma(X2, ¥y2), Torja ypaBHEHHE MPSIMOIA,
MPOXOJAIIEH Yepe3 3T TOUKHU:

X=X _ Y-y
X, =X Y=V

Ecnun Kakoi- b0 13 3HameHaTesielt paBeH Hy/o, C/ieAyeT NPUPABHATb HYJ/1H0 COOTBETCTBYIOLNIA YNCUTEb.

3anuncaHHoe Bblille YpaBHEHWE NPAMOM YNpoLLaeTca:

Vo= W
y=n= (x=x,)
Xy =X
€CJIM X1 # X2 U X = X1, €CIIAX1 = X2.
Yo =W _ .
JpoO6b —=—— = K Ha3bIBaeTCs YrJI10BbIM KO3 (PHUIIMEHTOM MPSIMOii.
X, —X
2 1

IIpumep. Haiitu ypaBHeHnue npsmoi, npoxoasuieii uepe3 Touku A(1, 2) u B(3, 4).

[TpuMeHsist 3anMcanHyto BbIle GOPMYITY, TTOJTydaeM:

4-2
-2= x—1
Y T * D
y=2=x-1
x—y+1=0

5.4. YpaBHeHue NPsIMOM 10 TOYKE M YIJI0BOMY KO3(ppumuenry.

Ecau oOmiee ypaBuenue npsimoii Ax + By + C = 0 mpuBecTH K BUAY:

__4..C
4 B B
A C
A O00O03HAYUTH — E =k; - E =b; me. y = kx+b , TO INIOJIY4CHHOC YPABHCHUC HA3bIBACTCS

ypaBHeHHEeM NPSIMOIi ¢ YIJ10BbIM K03(ppunuentom K.

5.5. YpaBHeHHne npsiMoOM 110 TOYKE M HANIPABJIAIOLIEMY BEKTOPY.

Io aHayornm ¢ MyHKTOM, PacCMaTPHUBAIOIINM ypaBHEHHUE MIPAMON depe3 BEKTOP HOPMaJId MOXXHO BBECTH 3a/IaHHE TPSIMON

Yyepe3 TOUKY U HAITPABJISIIOLINI BEKTOP MPSMOH.

Omnpenenenne. Kaxaplii HeHyneBoil BekTop a (01, Ol2), KOMIIOHEHTBI KOTOPOTO YIOBJIETBOPSIOT

ycioBuio Ao + Baz = 0 Ha3bIBaeTCsl HAMIPABIISAIOIIKUM BEKTOPOM HPSMOiA
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Ax+By+C=0.

Ipumep. Haiitu ypaBHeHHE PSMO¥ ¢ HANpaBIsOMUM BeKTOpoM d (1, -1) u mpoxoasiieit yepes TOUKy
A(1, 2).

YpaBHeHHEe UCKOMOW TpsMoil Oynem uckate B Buae: AX + By + C = 0. B cooTBercTBUM C
onpezeneHueM, K03(pGUUHUEHTh! TOJKHbBI YOBJIETBOPSTH YCIOBUSIM:

1.A+(-1)B=0,Te. A=B.
Torna ypaBuenue npsimoit umeet Bua: AX + Ay + C=0, mmu X +y + C/A=0.
npu X = 1, y =2 nomygaem C/A = -3, T.e. ©ICKOMOE YpaBHEHUE:

x+y-3=0
5.6. YpaBHeHue NPsAMON B OTpe3Kax.

Ecmu B obmem ypaBHeHuu mpsimoir Ax + By + C = 0 C # 0, 10, pazaenuB Ha —C, TOIydnM:

A B
——x——y:l 7000748

C

I'eomerpuueckuii cMbICT KO3 GUIIMEHTOB B TOM, YTO KOIPGDHUIIUEHT a SIBISIETCS KOOPAMHATOW TOUKH
nepeceueHus mpsamMoi ¢ ocbio Ox, a b — KoopAMHATON TOYKH MepecedeHus mpsamoii ¢ ocbio Oy.

IIpumep. 3agano oOiiee ypaBHeHHE NpsiMoi X —y + 1 = 0. Haiitu ypaBHEeHHE 3TOM IPSIMOM B OTpE3Kax.

C=1, _%+%:1, a=-1, b=1.

5.7. HopmajibHOe ypaBHeHHe NIPSIMOM.

|
Ecnu oGe vactu ypaBHenuss Ax + By + C = 0 pazmenuts Ha 4ucio i =+ ———— KOTOpOE
NA* + B’
Ha3bIBAa€TCS HOPMHUPYIOLIEM MHOKUTEJIEM, TO TIOJTy4UM
XCOSp + ysing - p=0—

HOpMAaJIbHOE YPaBHEHHUE NPSMOM.

3HaK + HOPMUPYIOLLLErO MHOXKUTENA HAAO BbIGUPaTb Tak, 4Tobbl -C < 0.
p — JUIMHA MEePIEHAUKYISIpa, OMYIIEHHOTO U3 Havalla KOOPAWHAT Ha MPSAMYI0, a ¢ - Yroj, oOpa3oBaHHbBIN

OTUM INECPINCHAUKYIAPOM C MOJIOKHUTCIbHBIM HAIIPABJICHUEM OCHU Ox.
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Ipumep. [lano obuiee ypaBHeHue npsmoit 12x — Sy — 65 = 0. TpeOyeTcst HarucaTh pa3jIMyHbIC THIIBI

YPaBHEHUH 3TOU NPAMOM.

1235 .4
65 65y

i + Y =1
(65/12) (-13)

YPaBHEHHUE 3TOU NPSIMOM B OTPE3KAX:

YpaBHEHHE TOH MPSMOM C YIIOBBIM KOAPPHUIIMEHTOM: (J1euM Ha 5)

HOPMaJIBHOE YpPaBHEHUE NPSIMOM:

u:;_i Ex—iy—Szo; cose = 12/13; sing =-5/13; p = 5.

122 4+(=5> 13 137 13

Crnemyer OTMETUTB, YTO HE KOKIYIO MPSMYIO0 MOXHO MTPEJCTAaBUTh YPaBHEHHEM B OTpPE3Kax, HalpuMep,
MpsIMBIE, TAPAJUIENIBHBIE OCSIM WM IPOXOJAIINE Yepe3 Hadano KOOPANHAT.
IIpumep. IIpsimas oTcexaeT Ha KOOPAMHATHBIX OCAX PaBHBbIE MOJOXKUTENbHbIE OTpe3ku. COCTaBUTH

ypaBHEHHE TPAMOI, €CIIH TUIOMA b TPEYTObHIKA, 00Pa30BaHHOTO STHMH OTPE3KaMH PaBHA § CM2.

VpaBHeHHE IPSMOl IMeeT BUI: - +% =1, a=b=1; ab/l2=8; a=4; -4
a

a = -4 HE MOJXOUT MO YCIOBUIO 3aa4H.

Hroro: 2 +2 =1 wmx+y-4=0.

IIpumep. CocTaBuTh ypaBHEHHE TIPSIMOM, MPOXOIAIICH yepe3 ToUKy A(-2, -3) U HaYaJl0 KOOPIUHAT.

xX—Xx -
VYpaBHeHHE NMPSMON UMEET BU/I: L_VTh ,Tnex1= y1=0; X2 =-2;y>=-3.
X, =X V=W
x-0 _y-0 ) X Y 3x-2y=0.
-2-0 -3-0 -2 =3

st camocTosiTe1bHOrO pemieHnsi: COCTaBUTh ypaBHEHUS MPSAMBIX, IPOXOAALIUX Yepe3 Touky M(-3,

-4) ¥ mapauenbHbIX OCSIM KOOPAUHAT.

OtBer: {X+3=0; y+4=0}.
5.8. YroJu mexay npsiMbIMH Ha IVIOCKOCTH.

Onpenenenune. Ecnu 3amanbl 18e npsambie Y = KiX + b1, ¥y = Kox + b2, To octperit yrosn mexay stumu

MpsAMBbIMHA 6y,ueT ONPCACIATHCSA KaK

kz _kl
1+ kk,

tgo =

JIBe mpsiMble mapajienasnsl, ecan Ky = ko.
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JIBe mpsiMble MepNeHMKYISpHbL, ecan K1 = -1/Ko.
Teopema.llpamwvie Ax + By + C = 0 u Aix + Biy + C1 = 0 napannenvhvl, ko20a nponopyuUOHaiIbHbL

ko2 puyuenmor A1 = AA, B1 = AB. Ecau ewje u C1 = AC, mo npsamsie cosnaoaiom.

KoopaunaTtsl TOYKH nepecedeHus ABYX NPSIMbIX HAXOAATCS KAK pellleHHe CUCTeMbI IBYX YPABHEHHIA.

5.9. YpaBHeHue npsaAMoON, NPoxoasiieil Yepe3 JaHHYI0 TOYKY NepPIeHINKY/JISIPHO TaHHOMI
NPsAMOii.

Omnpenenenue. [Ipsmas, npoxozsiias yepe3 Touky Mi(X1, y1) ¥ IEpIEHAUKYISIPHAs K MpIMoit y = KX

+ b mpencrasisiercst ypaBHEHUEM:

1
Y=W" :_;(x_'xl)

5.10. PaccTrosiHue OT TOYKH /10 PSIMOM.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosnue oo npsmoti Ax + By + C =0 onpedensemcs kax

|Ax0 + By, +C|
d= :
VA +B?

Ipumep. OnpenenuTs yroy MEXIy NpsAMbIMA: Y = -3X + 7; Y = 2X + 1.

2-(3)
Ki=-3; ke=2 tgp = |———=|=1; ¢ =mnl/4.
1 2 go ‘1_(_3)2 ¢=n

IMpumep. [Tokazate, yto npsmeie 3x — Sy +7 =0 u 10x + 6y — 3 = 0 neprneHAUKYJISIPHBI.
Haxomum: k1 = 3/5, ko =-5/3, kikz = -1, cinegoBarensHo, IpsMble TIEPICHANKYISPHBI.
Mpumep. [ansr Bepumubsl tpeyronbauka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHCHHE BBICOTHI,

MPOBEICHHOUN 13 BepiuHbI C.

Haxonum ypaBHeHue croponsl AB: x=0 = y_—l; X _ y-1 ; 4X = 6y — 6;
6-0 5-1 6 4

2x— 3y +3=0: y=§x+1.
HckoMoe ypaBHeHHE BHICOTHI BMeeT B AX + By + C=0 wmm y = kx + b.

- 3 _ 3
k=— 3 Tormay = - 5% +b . T.x. BBICOTA TPOXOIUT Yepe3 TouKy C, TO €€ KOOPANHATHI YIOBIETBOPSIOT

JTaHHOMY YPaBHEHUIO: — ] = —%IZ +b,0TKyna b =17. Uroro: y = —%x+ 17.

Otset: 3x+ 2y - 34 =0.
st camocTofITe/ILHOTO peleHusi: JlaHsl cTopoHbI TpeyroyibHuKa X + Y — 6 = 0,

3X -5y + 15 =0, 5x — 3y — 14 = 0. CocTaBUTh ypaBHEHHUS €rO BHICOT.
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Yxka3zanme: CHauana cielyeT HalTH KOOpAMHAThl BEPLIMH TPEYTrOJIbHHKA, KAK TOYEK IEPECEUEHUS

CTOPOH, 3aTEM BOCIIOJIB30BaTHCA METOAOM, PACCMOTPEHHOM B IIPEIBIAYILEM IPUMEPE.
OtBer: { X—y=0;5x+3y—26=0; 3x + 5y — 26 = 0}.
BOITPOCHI J1JIsA CAMOITPOBEPKH

w

© ©o N o o bk

JlaiiTe onpeneneHre ypaBHEHHUsI JINHAX HA IIJIOCKOCTH.

Hanummure ob1ee ypaBHeHHE PSIMOH.

VKa)KHUTE€ pasIMuHbIE CIIy4aW TIIOJIO)KEHUS IPSIMOM OTHOCUTEIBHO OCEH KOOpPAMHAT W
COOTBETCTBYIOIIME UM YPaBHEHHSI.

Kak npoBepuTh, T1EKUT 11 JaHHAsT TOYKA HA JAHHOU MPSMOil?

UTto Ha3pIBaeTCs YoM HaKJIOHA MPSAMOM?

Uto Ha3bpIBaeTCsl YriaoBbIM KOAPGUIUEHTOM MPSIMOM, KAKOB €ro Nr€OMETPUUYECKHI CMbICIT?

YeMy paBeH yriioBO# KOXPQHUIMEHT MPsIMOH, apamuienbHo ocu OX?

Hammmunre ypaBHeHHE IpsIMOi, TPOXOASAIIEH Yepe3 JaHHYIO TOUKY B JAHHOM HaIlpaBJICHUU.

Hanumure ypaBHeHHe npsMoii, mpoxoasiiel yepes ABe JaHHbIE TOUKHU, 00111ee ypaBHEHUE MTPSIMO.

. Hamumure dopmyny TaHreHca yria Mexay AByMs MPSIMbIMH.
11.
12.
13.
14.

Cdhopmynupyiite ycnoBus NapauieaIbHOCTU U MEPIEHANKYISIPHOCTH ABYX MPSIMBIX.

Kak onpenenuth TOUKy MepecedyeHus ABYX NPsIMbIX?

B 4yem coCTOMT reoMeTprUYEeCK il CMBICT HEPABEHCTBA MEPBOM CTETIEHU C IBYMS HEU3BECTHBIMM ?
B 4em COCTOMT reoMeTpUYEeCKHMH CMBICT CHUCTEMbl HEPABEHCTB IMEPBOM CTEMEHU C JBYMS

HEU3BECTHBIMU?
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Jlekuus Ne 6. KpuBbie BTOpOro nopsiaka.

KpuBas BTOporo nopsjka MokeT 6bITh 3aJJaHAa yPaBHEHUEM

Ax? + 2Bxy + Cy? + 2Dx + 2Ey + F = 0.

CyulecTByeT cucTema KoopauHaT (He 06:a3aTeNlbHO AeKapToBa NPAMOYTro/ibHasA), B KOTOPOW AaHHOE ypaBHEHUE
MO3KeT 6bITb NPeACcTaB/eHO B O4HOM U3 BUA0B, MPUBEAEHHbIX HUXKE.

x2 y2
1) —+*5 =1 - ypaBnenue snnurca.

2 2
a- b
2 2
X y 13 2
2) S+ = -1 - YpaBHEHHE “MHUMOTO” AJUIUIICA.
a” b
2 2
Xy
3) 5- b_2 =1 - ypaBuenue runep6obL.
a

4) a’x? — Czy2 = 0 — ypaBHEHHE IBYX NIEPECEKAIOIIUXCS MPSIMBIX.

5) y? = 2pX — ypaBHEHHE MapaboJIbL.

6) y?—a?=0— ypaBHeHHE ABYX MaPAIETbHBIX IPSIMBIX.

7) y?+ @ = 0 — ypaBHEHHE ABYX “MHUMBIX" MAPaIEIbHBIX TPIMBIX.
8) y? =0 — nmapa COBIAJAIONMIIX NIPSMBIX.

9) (x—a)?+ (y—b)? = R? - ypaBHEeHHE OKPYKHOCTH.

6.1. OKpY:KHOCTD.

Or[pe,aeﬂel-me. OK'pnyCHOCmblO Ha3bIBA€TCA MHOXKECTBO TOYEK IIVIOCKOCTH,

paBHOY/aJIeHHBIX OT JAHHOU TOYKM (YyeHmpa).

B okpyxHoCTH (X - a)2 + (y - b)2 = RZ neHTp uMeeT KoopAUHATHI (a; b).
HpnMep. Haiitu KOOPAWHATBI ICHTPA U PAANYC OKPYKHOCTH, €CJIN €€ YPABHCHHUC 3a1aHO B BUJC:
2x2 +2y? —8x +5y—4 =0.

LOna HaxoxaeHWA KoopaMHaT LLeHTpa U pagnyca OKPYKHOCTU JaHHOe ypaBHeHue HEOGXOAMMO npmeBectun K
BMAY, YKasaHHOMY Bbille B n.o. [na aToro Bblaennm nosHble KBagpaTbl:

X2 +y?—4x+25y-2=0
X2 —4x+4 -4 +y*+25y+25/16 -25/16-2=0
(Xx—2)2+ (y+5/4)2-25/16 -6=0
(Xx—2)?+ (y + 5/4)? = 121/16
Otcrona vHaxoaum O(2; -5/4); R =11/4.

6.2. Dmmc.
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Onpenenenue. Januncom Ha3bIBACTC MHOXKECTBO TOUEK IUNIOCKOCTH, CyMMa PAacCTOSHUM KOTOPBIX 10
JIBYX JTAHHBIX TOYEK, Ha3bIBAEMbIX (hOKYCAMU, €CTh BEIMYMHA TIOCTOSHHASA, PaBHas 2a.

ypaBHeHme 31INNCa nmeet BUA:
2 2
Xy
—2 + —2 = 1
a- b
Onpeue.nelme. (DOKycaMI/I Ha3bIBAKOTCs TaKHUE€ ABC€ TOYKU, CyMMa paCCTOSIHI/Iﬁ oT KOTOpI)IX o JIIO6OI\/JI

TOYKH 3JIIIMIICA €CTh ITIOCTOSAHHAaA BCINYMHA.

y

2 rs /\

F1 X

F1, F2 — dokyce. F1=(c; 0); Fz(-c; 0)
C — MOJIOBUHA PACCTOSIHUS MEX Y (POKycaMu;
a — OoJIBIIIast TOJTYOCh;
b — maas mosyocs.
Teopema.Dokycroe paccmosiue u nOLYOCU INIUNCA CEA3AHbL COOMHOULCHUEM.
a? =%+ c2

I[OKaI}aTeJIbCTBO: B cj1ydac€, €CJIM TOYKa M HaXoauTCs Ha NEPECCUCHUUN DJIJIMIICA C BepTHKaﬂBHOﬁ

ochto, 1 + 12 = 24/b* +¢* (1o Teopeme [udaropa). B ciydae, eciu Touka M HAXOZUTCS Ha [EPECEUCHUH
AJUIMIICA C TOPU30OHTAJIBLHOM OChIO, 1 + 2 = a — ¢ + a + C. T.x. mo onpeneneHuro cymma ry + I —
MOCTOSIHHASL BEJIMYUHA, TO , IPUPABHUBAS, [TOJIYYacM:
a?=hb?+c?
r+r=2a
Onpenesenne. Popma UIHIICA ONPEACTACTCA XaPAKTEPUCTHUKON, KOTOPask SABJIACTCS OTHOIICHUEM
(OKYCHOTO PacCTOSTHHS K OOJIBIIICH OCH M Ha3bIBACTCS IKCHEHTPHUCHTETOM.
E =c/a
Tk c<atoe<l.
Onpenenenune. Bennunna K = b/a Ha3piBaeTcss K03 (PpUIMEHTOM C:KaTHSI dIUTUIICA, a BeanynHa 1 — K
= (a — b)/a HaswIBaeTcs cokaTHEM SIUTHIICA.
Koo HIUEHT c:kaThs U SKCIEHTPUCHTET CBA3aHbI COOTHOIIEHHEM: K* = 1 — g2,

Ecam a=b (c =0, e =0, pokycsl c1uBaTCs), TO HJIJIHIC MPEBPAIAETCS B OKPYKHOCTb.
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2 2
I I
Ecim st Toukn M(x1, y1) BbIIONHSIETCs yenoBue: —; +°— <1, 10 oHa HaxoauTes BHYTpH siuimrca, a
a

2 2
1 1
ecmm — > 1, TO TOYKA HAXOJAMUTCS BHE JJIJIMIICA.

C symumicoM CBsI3aHbl JBE MPSIMbIC, HA3bIBaeMbIC UPEeKTpucamMu. VX ypaBHEHUS:
X =ale; x=-ale.
Teopema./[1s1 moeco, umobvl mouxa nedxcara Ha 3Aunce, HeoOXo0UMO U OOCMAMOYHO, YMOOb
OMHOUleHUe paccmosiHusl 00 QoKyca K paccmosHulo 00 COOMEemcmsyouel. OUpeKmpucyl pasHsaIo0Ch
IKCYEeHmpucumemy e.

IIpumep. CoctaBuTh ypaBHEHHE MPSAMOM, MPOXOASAIIEH uepe3 JIeBbIH (POKYC W HIKHIOIO BEPLINHY

2 2
X

3JUIUIICA, 3aJJAHHOTO YPABHEHUEM: —— +

2 =
25 16

1) Koopauuatel HWKHe# Bepimabl: X = 0; y* = 16; y = -4,
2) KoopmuHaTs! neBoro dokyca: ¢> =a’ —0b?=25-16=9; ¢ =3; Fx(-3;0).
3) VYpaBHeHHe MPSAMOH, MPOXOASIICH Yepe3 ABE TOUKH:

x__O:y_M; LZY_M; dx=-3y—12; 4x+3y+12=0

—3-0 0+4 -3 4

Ipumep. CocraButh ypaBHEeHHE diutHIica, eciu ero Gokycsl F1(0; 0), F2(1; 1), 6oabmas ocs paBHa 2.

2 2
Xy
VpaBHEHHE JIUINIICA UMEET BUA: — T b_2 =1. Paccrostaue mMexy pokycamu:
a

2¢ = \/(1-0)> + (1-0)* =+/2, Taxum oGpasom, &% — b? = ¢? = %

110 yenoBHo 2a = 2, cnegosarensho a= 1, b= va® —¢> =4/1-1/2 = J2/2.

2 2
X
Hroro: —+y— =1

2
© 1/2
6.3. T'unepbona.

Onpeueneﬂne.rnnepﬁonoﬁ Ha3bIBACTCSI MHOKECTBO TOYCK IIIOCKOCTHU, IS KOTOPBIX MOZIYJIb
Pa3sHOCTH paCCTOHHI/Iﬁ OT IABYX HAaHHBIX TOYCK, Ha3bIBACMBIX (l)OKycaMI/I CCTb BCJIMYMWHA NOCTOsSHHA:A,
paBHasdA 2a, MCHbBIIAA pACCTOAHUA MCIKIAY (I)OKycaMI/I.

[To onpenenennto Iri—r2l=2a. Fy, Fa— doxycel runep6onsl. F1F2 = 2c.
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M(X, y)

r
2

Tl
&
=

F2

/ .
Bri6epem Ha runep6oiie mpou3BoIbHY0 TOUKy M(X, y). Torna:

h :\/(x—l-c)2 +y2
vy, = \/(x—c)2 +y2

\/(x+c)2 +y2 —\/(x—c)2 +y2 =2a
(x+c)2 +y2 =4q° +4a\/(x—c)2 +y2 +(x—c)2 +y2
da/(x—c)* +y*> =—4a’ +4xc

2 2 2.2 4 2 2.2
a’(x—-c)"+a’'y =a" -2a"xc+xc

a’x’ =2a’xc+a’c* +a’y’ =a* -2a*xc+x’c’
a’x* +a’c +a’y' —a' -x*c’ =0
—x'(c*=at)+a*(c* -a*)+a’y* =0
x2(02—a2)—a2y2 =a2(c2—a2)

2_ az - b2 (FGOMeTpI/I‘IeCKI/I 9Ta BCIIMYHMHA — MCHbIIAasa HOJ'IYOCL)

212 2.2 2.2
a’b =bx"-a’y

0003HauUuM ¢

[TonyunnukaHoHHYeCKOe YpaBHEHHE THIIEPOOJIbI.
I'unepOonia cMMMETpUYHA OTHOCUTENBHO CEPEIUHBI OTPE3Ka, COETUHSIOMEro (GOKYChl U OTHOCHUTEIBHO
0Ce KOOpIAUHAT.

Ocsb 2a Ha3pIBaeTcs ACHCTBUTEIbHON 0ChI0 rUINEep0oJIbI.

Ochb 2b Ha3bIBaeTCcsi MHUMOIi 0CHIO THTIEPOOJIBI.
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b
I'unep6ona UMeeT 1BE aCUMIITOTHI, yPaBHEHHS KOTOPBIX y = + — x.
a

C
Onpeue.nelme. OTHOIICHHE ¢ = — > 1 Ha3BIBaeTCs IKCHCHTPUCUTETOM FI/IH€p6OJIBI, rgc ¢ —
a

MIOJIOBHHA PACCTOSHUS MEeXY (hOKycamMu, a — IeHCTBUTENbHAS TTOJIYOCh.

C yderom Toro, uto ¢ — a? = b2

2 2 2 2
, ¢ a +b” b
e =—==—=—
a2 Cl2 Clz

Ecmma=Db,e= /2, To runep0osia Ha3pIBaCTCSI PABHOOOYHOM (PABHOCTOPOHHEI).
Onpenenenue. JIBe rmpsiMble, NEPNEHIUKYISAPHbIE JIEHCTBUTEIBHONM OCH TUNEpOOSBI U

PaCIIOJIOKCHHBIEC CHUMMETPUYHO OTHOCUTCIIBHO IICHTPAa Ha PpacCcCTOAHHUU a/e oT HETrO0, HAa3bIBAIOTCA

a
AupexTpucamu runepOonsl. X ypaBHeHUS: x = +—.
e

Teopema.Eciu r — paccmosinue om npoussonshol mouku M eunepboivt 00 kakozo- 1ubo ¢gokyca, d —
paccmosiiue om moti dce MoyKu 00 COOMEEemcmayloujell 5momy Gokycy oupekmpucsl, mo omuouwenue rld
— BeIUYUHA NOCMOAHHASA, PAGHAS IKCYUESHMPUCUMENM).

Ilpumep. Haiitu ypaBHeHHE THNEPOONBI, BEPIIMHBI W (POKYCHI KOTOpOW HaXOAATCS B

2 2
X

y
COOTBETCTBYIOIIMX BepUINHAX U (HOKycax 3JIUICca ? +—=1.

5
Jlnst smmanca: €2 = a2 — b2,

Jlnst runep6osl: €% = a2 + b2,

—
N

—
T
J

V8 V8

2 2
Xy
VYpaBHeHHe runepOobl: —— — =

3 5

HpnMep. CocTaBUTH YPaBHCHHUC FI/IHCp6OHBI, C€CJIN €€ SKCUCHTPUCUTCT paBCH 2, a (I)OKyCBI COBIIAJarOT

2 2
X

Y 1
¢ poxycamu smutunca ¢ ypapaenuem — +— = L.

259
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Haxoaum ¢oxycHoe paccrostaue ¢2 = 25 — 9 = 16.

Jlnsrunep6oist: ¢ = a2 + b? = 16, e=cla=2; C =2a; c2=4a% a’=4
b>=16-4=12.
2 2
Xy
Hroro: 7 - E =1 - uckomoe ypaBHeHUe runepoOILL.

6.4. ITapaboua.

Onpenenenue.llapa6o.10ii Ha3pIBAETCS MHOKECTBO TOUEK IJIOCKOCTH, KaXK[asi U3 KOTOPHIX HAXOUTCS
Ha OJIMHAKOBOM PAacCTOSHUU OT JaHHOW TOUKH, Ha3bIBaeMOi ()OKYCOM, U OT JAHHOU MPSAMOii, Ha3pIBaeMOM
TUPEKTPUCON U He Mpoxoadiel uepe3 QoKyc.

PacnonoXum Hayano KoopauHaT nocepesmHe mexay GOKycomM 1 AUPEKTPUCON.

y
A M(x, v)

p/2 P

Bennuuna p (paccrosiHue oT pokyca 10 AUPEKTPUCHI) HA3bIBACTCS MapaMeTpPoM mapaboJibl. BeiBenem
KaHOHHYECKOE YpaBHEHUE MMapaloJIbl.
13 reomerpuueckux cootnomrenuii: AM = MF; AM = X + p/2;
MF2 = y2 + (X — p/2)?
(X + pl2)? = y* + (x — p/2)?

X2 +Xp + P24 = y? + X% — xp + p?l4

y2 = 2px
VYpaBHEHHE TUPEKTPHUCHL: X = -Pp/2.
Ipumep. Ha napa6ose y? = 8X HaiTH TOUKY, pacCTOSHUE KOTOPOH OT IUPEKTPHUCH PaBHO 4.
13 ypaBHeHMs napabosibl noayyaem, uTo p = 4.
r =X+ p/2 =4; cnegoBaTeNbHO:

X=2; y*=16; y=4. Uckomele Touku: M1(2; 4), M2(2; -4).
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Ipumep. Jlana napa6ona y? = 6x. COCTaBUTH ypaBHEHHE €€ JUPEKTPHCH M HAliTH ee POKYC.

CpaBHMBas JaHHOE YpaBHEHHE C KAHOHMYECKUM ypaBHEHHEM mapaloJibl, BUIUM, 4To 2p=6, p = 3. Tak

KAaK YpaBHEHUE IUPEKTPUCHI UMEET YPABHEHUE X = —g, a (OKyC — KOOpPJHMHATHI g u 0, 10 1

3 3
paccMaTpuBaeMoro Ciyyas MoxyduM ypaBHEHHE TUPEKTPUCEL X = — U doxyc F(E ; 0).

Omeem:x = — E, F(i; 0).

2 2

BOIIPOCHI AJI1 CAMOITPOBEPKH

© N o o B~ w DN E

10.
11.
12.
13.

14.

JlaiiTe onpeneneHue JIMHUU BTOPOTO MOPSAIKA.

Kakwne nuHuM BTOPOTO MOpSIKa BBl 3HAeTE?

BriBeuTe ypaBHEHHE OKPYKHOCTH C IIEHTPOM B Touke C(1;2) u paanycom R = 4.

JlaiiTe onpenenenye >UIMIca.

Kakyto popmy umeer smummric? YkaxuTe Ha pUCYHKE M Ha30BUTE €r0 OCHOBHBIC DJIEMEHTHI.

Uro npencrasiisieT co00i 3JUIUIIC, €CITU €0 MOJIYOCH PaBHBI?

JaiiTe onpenenenue napadoIbl.

Kakyio dopmy wmmeer mapabosa, omnpejensemas ypaBHeHHEM y2 = 2px, wimm x? = 2gy ? Kak
BIIUSIFOT TTapaMeTphl p U g Ha dhopmy napadosi?

Urto npencraiser co0oit Ha rpaduke B cucteMe koopauHat OXynuHus, 3a1aHHasi ypaBHECHUEM Y =
ax?® + bx + ¢?

JlaiiTe onpeeneHne TurepooJIbl.

Kakyro popmy umeer runepbomna? Ykaxute Ha pUCYHKE M HA30BUTE €€ OCHOBHBIC SJIEMEHTHI.
Hanumure ypaBHeHUSs: acCUMOTOT TUIIEPOOIIHI.

Hanumure ypaBHeHHE pPaBHOCTOPOHHEH THIEPOOJIbI, ACUMIITOTAMH KOTOPOW SBJIAIOTCS OCH
KOOpJIMHAT.

[IpuBeaute npUMepsl HCHOIL30BAHUS YPABHEHWM JUHHM BTOPOTO MOpSAKA JUISI HM3YYECHHS

KOHKPETHBIX 3aBHCUMOCTEH.
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Jlekuust Ne 8. Ilpenen pynkuum.

I'IepelvteHHaﬂ n npeaen —3To OCHOBHbIe MOHATUA MaTeEMaTUYECKOro aHa/in3a. ﬂ,OCTaTO‘-IHO HAaNOMHWUTb, YTO
Kto4YeBbIM CZIOBOM B onpeaeneHmnAaxXx Taknx N3BeCTHbIX CO LLWKO/Ibl NMOHATUM KaK npon3soaHaA U UHTerpan
ABNAETCA CNOBO npeaen.

8.1. Ilpenen pyHkuum B TOUKeE.

y f(x)
A+e 1
A — !
A-¢ | i
0! a- Ada + Ax

ITycts ynkius f(X) ompeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH X = a (T.€. B CaMO#l TOYKE X = a
(YHKIIUS MOKET OBITh U HE OTIPEICTICHA)

Onpenenenne. Yncino A HaspiBactcs mpeaenaom ¢yakiuu f(X) npu x—a, ecau mis moboro >0
CYIIECTBYET Takoe 4uciao A>0, 4To /Ui BCEX X TAKHX, UYTO

0<|x-al<A
BEPHO HEPABCHCTBO [ f(x) - Al <e.
To e onpefeneHve MoXeT 6biTb 3aMMcaHo B APYrom BUAe:

Ecnu a - A<x<a + A, X#a, TO BepHO HepaBeHCTBO A - e<f(X) <A + &.

3anuck npenena QyHKUIUU B Touke: lim f(x) = 4
x—a
Onpenenenune. Eciu f(X) —A1 ipu X — a TOJIBKO MPH X<a, TO xlir?_o f(x) = A, - Ha3bIBaeTCs MpeaeioM
bynkuu f(X) B Touke X = a cJeBa, a ecnu f(X) —A2 npu X — a TOJBKO MPH X>a, TO lim0 f(x)=4,
xX—>a+

Ha3bIBaeTcs mpeaesoM dynkimu f(X) B Touke x = a cnmpaBa.
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f(x)

[TpuBencHHOE BBIIIIE ONPE/IeIEHUEe OTHOCUTCS K Citydaro, koraa ¢yukuus f(X) He onpenenena B camoi
TOYKE X = a, HO OIpEeJIeJIeHa B HEKOTOPOH CKOJIb YIOJHO MaJOW OKPECTHOCTH 3TOM TOYKH.
IMpenensr A1 1 A2 Ha3BIBAIOTCS TAK)KE OAHOCTOPOHHMMH npenenamu ¢yukiuu f(X) B Touke X = a.

Takoxe roBopsT, 4T0 A — KOHeuHbIiT nmpeaes pyakiuu f(X).
8.2. Ilpenen ¢yHKIMU MPU CTPEMIICHHH apryMeHTa K O€CKOHEYHOCTH.

Onpenenenue. Unciao A HaspiBacTes mpeaesaom GyHkiuu f(X) mpu x— o0, ecnu m1st mo60ro uncia £>0

CYLIECTBYET Takoe uncio M>0, uto s Beex X, | x| >M BBITONHSETCS HepaBEHCTBO

- f(0)<e

I[Tpu stoMm npeanosaraercs, uro ¢pyHkiwms f(X) onpenenena B OKpeCTHOCTH OECKOHEYHOCTH.

3anuceiBaroT: lim f(x) = A.

I'pacdmyeckn MOXKHO MPEICTABUTH:

y y

A A

0 0
X X
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AHAJIOTMYHO MOXHO ONPEAeNuTh npeaensl m f(x) = A mig moboro x>M u
X—>+00

lim f(x)= A nua moboro x<M.

8.3. OcHOBHBIE TEOpeMBI 0 Mpeae/Iax.

Teopema 1.1im C = C, rue C = const.

xX—a

Crenyrolie TeOpeMbl CIPaBEUINBBI MPH MPEIOI0KeHHH, 9To yHKIKH f(X) 1 g(X) UMEIOT KOHEYHbIE
Mpesienbl IpU X—>a.

Teopema 2.lim ( f(x) £ g(x)) =lim f(x)+£lm g(x)
JlokazaTenbCcTBO ATOM TeOpeMbI OyIeT MPUBEICHO HIKE.
Teopema 3. Im [ /(x) g(x)] = lim £(x)-lim g(x)

CaeacrBue.lm C- f(x) =C-Im f(x)

X—a

lim
Teopema 4. lm J) == i
= g(x)  lm g(x)

npu m g(x)#0

Teopema 5.Ecnu f(X)>0 66nusu mouku x = au im f(x)= A4, mo A>0.

Amnanoru4no onpezensiercs 3uak npeaena mpu f(x) < 0, f(x) > 0, f(x) <O0.

Teopema 6.Ecnu g(x) <f(x) <u(x) 66ausu mouku x = a u im g(x)=lm u(x)=A4, mou lim = 4.

x—a
Onpenenenne. Oynaknus f(X) HaspiBaeTCs OrpaHMYeHHOl BOJH3M TOYKH X = a, €CJIH CYIIECTBYET

Takoe uncio M>0, uro | f(x)| <M BGau3M ToUKH X = a.

Teopema 7.Ecnu ¢hynxyus f(X) umeem xoneunwiti npeden npu x—a, mo oHa ocpanuiera 601uU3U moyKu

X =d.
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JHoxa3zatennbcTBo. [lycts lim f(x) = 4, T.e. | f(x) —A| <&, Torma

@) =1 ()= A+ A4 <[ f(x) - A +[4] wm
()| <e+]4

, T.€.

f()[<M,raeM=¢+|Al

Teopema oxa3ana.
8.4. BeckoHeyHO MaJible (PYHKIMU.

Onpenenenue. Oynxmus f(X) Ha3pIBaeTCs 6€CKOHEYHO MAJIOi IPU X—>a, TJI€ a MOXET OBITh YHUCIIOM

WM OJIHOW U3 BEJTMYUH 00, +00 HJIH -00, eciin im f(x) = 0.
xX—a

CgoiicTBa 0€CKOHEYHO MAJIBIX QYHKIIUIL:

1)

2)

3)

4)

CymMma (QUKCHPOBAHHOTO 4ucia OECKOHEUHO MalbIX (YHKIHMHM Mpu X—>a ToXKe OECKOHEYHO Majas
GyHKIMS IpU X—>a.

[IpousBeneHre GUKCHPOBAHHOTO YHMCIIa OECKOHEYHO MallbIX (YHKUUNA IpHU X—>a TOKe OECKOHEYHO
Masast QyHKIHS Ipu X—>a.

[IpousBenenne OeckoHEUHO MajoW (PyHKIMH Ha (YHKIHUIO, OTPAHWMYCHHYIO BOJHM3M TOYKH X = a
SIBJISIETCSI OECKOHEYHO MaJioi ()yHKITUEH TIPH X—>a.

YacTHoe oT neneHust 0eCKOHEUHO Mayioi (yHKITMU Ha (PYHKIIHUIO, PEIeT KOTOPOW HE PaBEH HYJIIO €CTh

BEJIMYHMHA OECKOHEUYHO MaJjas.

8.5. beckoHe4yHo 0osbIINE (PDYHKIIMU M UX CBA3b ¢ 0€CKOHEYHO MAJIBIMM.

Onpenenenne. OyHKIMSA HA3bIBACTCS 0€CKOHEYHO 00JbIION MpU X—>a, IJI€ a — YUCJIO WIK OJIHA U3

BEJIMYMH 00, +00 WJIH -00, €clid im f(x) = A, rae A — 4uCIIO WK OJHA U3 BEJIMYHUH 00, +00 HJIH -0,

xX—a

CBs13b O€CKOHEYHO OOJBIINX U OECKOHEYHO MaIIbIX ()YHKIIHH OCYIIECTBISIETCS B COOTBETCTBUU CO
CHEAYIOUIEN TEOPEMOM.

Teopema.Ecau f(X) >0 npu x—a (eciu x—>o0 ) u ne obpawaemcs 8 HOb, MO

T

8.6. CpaBHeHHE OECKOHEYHO MaJIbIX (DYHKIIUH.

MycTb ax), P(x) n y(x) — beckoHeuHO Manble yHKUMM Npu X — a. Byaem 0603HayaTb 3TU GyHKUMK o, B Ky
COOTBETCTBEHHO. 3TN HECKOHEYHO Masble GYHKLMN MOXKHO CPaBHUBATL NO 6bICTpOTE MX YBbIBaHUA, T.€. NO
BbICTPOTE UX CTPEMIEHNA K HYIIO.
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Hanpuwmep, pynxius f(X) = xX° crpemurcs x nymo 6sicTpee, uem ¢pynxuus f(X) = X.

. a
Onpenenenne. Ecou m Z =0, to ¢pynxIMs o Ha3bIBaeTCH DECKOHEUHO MaJIoii Gojiee BHICOKOIO
xX—a

nopsiaka, ueM QyHkus 3.

. a
Onpenenenne. Ecou m E =A, A#0, A=const 1o o u B Ha3HIBAIOTCA GECKOHEUHO MAJIBLIMH

xX—a

OTHOI'0 MopsAaAKa.

.
Onpenenenne. Ecmu Im — =1, 10 dynximu o u B Ha3bIBalOTCS IKBHBAJEHTHBIMH 0eCKOHEYHO
x—a ﬂ
MaJIbLIMM. 3aluChIBaIOT O ~ 3.

Hpumep. Cpaaum GeckoHeuno mMaisie mpu Xx—>0 yrkmun f(X) = X1 u f(x)

=X
10
. X .
lim =— =1lm x’ =0
xX—a x X—a
T.¢. pynxms f(X) = x° — 6eckoHeuno Manas Gosee BBICOKOTO TopsiKa, geM f(X) = X.

Onpenenenune. beckoHeuHo Manasi (YHKIMS o Ha3blBaeTCsi 0€CKOHEYHO MaJioil MopsiaKa

.
KoTHOCHTENnBHO GeckoHEUHO Manoi pyHkumu B, ecim mpenen M —- xoneden n oTmuen ot Hyss.
X—a

OpHako cineayeT OTMETUTh, YTO HE BCe OECKOHEYHO Malible (YHKIMHU MOXXHO CPAaBHHBATh MEXILY

a
co0oii. Hammpumep, eciiu OTHOILIEHHE — HE UMEET Ipejiena, TO PYHKINN HECPaBHUMBI.

._a . xsnx
INpumep. Eciu o =xsinx, B=x, 10 npu x—0 lm m ——

= =1, re. KOsk o -
x—0 ﬁ2 x—0 x2 > q)yH 1

OECKOHEYHO Majiast nopsAaaKa 2 OTHOCHTEIIBHO (1)YHKI_II/II/I B

.a
IIpumep. Eciu o = xsin l, B =x, 10 npu x—0 hmoﬁ HE CylecTByeT, T.e. QyHKuus o u 3
x X

HCCpaBHUMBI.

CBOiiCTBa SKBHBAJICHTHBIX OCCKOHEYHO MAaJIBIX.

1) a~a, fim & =1

X—>a (04

2)Ectmo~Buf~y, 0 0~Y, fim & = im a p
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3)Ecm o~ 3, T0 B ~ a, mnﬁ—]jmizl

x—a o x—a g
s
4)Ecmo~ouuf~piu |lm——k , TO U im & =k lim & =lim &
ﬂ x—a ﬂl x—a ﬂ x—a ﬂ

. .o .
CrencrBme: a)ecmio ~oq ¥ Im—=4k ton im —=1m —

1
x—a ﬂ x—a IB x—a ﬂ

6)eanB~B11/11im =k, 10 im < = fim <
x—mﬂ x—>aﬂ x—)aﬂl

CBoi1cTBO 4 0cO6EHHO Ba*KHO Ha NPaKTUKeE, T.K. OHO GAKTUYECKM O3HAYAET, YTO NPesen OTHOLWEHUA
HeCKOHEYHO MasiblX HE MEHAETCA NPU 3aMeHE UX HA IKBUBAJIEHTHbIE HECKOHEYHO Manble. ITOT GaKT AaeT
BO3MOKHOCTb MPY HaXOXKAEHUM NPenesioB 3aMeHATb DECKOHEYHO Masible Ha IKBMBAIEHTHbIE UM QYHKLMUK, YTO
MOXET CU/IbHO YNPOCTUTbL BbIYUCIEHMWE NPELENOB.

tg5x

IIpumep. Haiitu npenen lim
x>0 sin 7x

Tak kak tg5x ~ 5X u SIN7X ~ 7X ipu X — 0, TO, 3aMeHUB HYHKIIUN SKBUBAICHTHBIMU OECKOHEYHO MAJTBIMHU,

MOTY4YHM:
fim 85% g 5% _5
=0sin 7x >0 T7x 7
X3
IMpumep. Haittu mpegen Im ——
PHMEP P x>01—COSX
x x) x’ x’
Tak kak 1 —cosX = 2sin*> = ~ 2| = | mpn x—0, 10 lim ——— =1lm —- =lim 2x =0.
2 2 »=0]—cosx 0 x x>0
2
IIpumep. Haiitu npenen lim —==— = lim iz = oo,
x—0 S]Il x x—>0 x

Ecmn o u B - OECKOHEYHO MaJible IIpu X—a, IpuICcM B - OeckoHEeYHO Manas 00jiee BEICOKOTO nopsaaka,

qgeM o, Toy=a + B - OECKOHEYHO MaJias, SKBUBAJICHTHAA OL. 9T0 MOKHO A0Ka3aTh CIACAYIOIIUM PaABEHCTBOM

im Z = tim[1+2 )1,

xX—a (04 X—a (04

Torna roBopsT, 4To O - IJIABHAS1 4aCTh OECKOHEYHO MaJlol (DYyHKIUH Y.
Ipumep. Dyukuus x> +x — 6ecKOHEYHO Manas pu X—0, X — IJ1aBHas YacTh 5To# GyHKImH. YToOb!
TI0Ka3aTh 3TO, 3aMMIIEM o = X%, B = X, Toria
2 2

im 2 =0, fim2X X im (x+1) =1,

x=0 X x—0 X
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8.7. HekoTopsle 3ameyarelbHble PEeIbl.

. . . P(x) i 1
IlepBblii 3aMeuaTeNbHBII Npeget. im , rie P(X) = aox" + a1x™* +...+an,

= O(x)

Q(X) = box™ + b1iXm-1 +...+bm - MHOrOUWIEHBL.

a a a a
x"(ay +—+. ) ay+—+..+—2~
P(x) — X x" = X" X x"
b b b b
0x) x"(by + ) by + 4.+
m m
X X X X

lim X x4
x—>0 b b
e T
x xfﬂ

0, npu n<m
I/IToro:]ij: a—o, npu n=m

=2 Q(x) | by

©, npu n>m

sin x

Bropoii 3ameuaTte/ibHbII npeaes. im =1

x—0 X

y y : I
Tperuii 3ameuaTebHbIN npeaes. im (1 +—| =e

X—>0 X

YacTto ecnum HenocpeAacCTBeHHOE HaxoxXgeHWe npeaena Kakoi — nnbo d)yHI-(LI,MVI npeacraBnAaAeTca CNOoXKHbIM, TO

MOXHO nyTem npe06pa303aHMﬂ d)YH KUnn CBECTU 3a4a4y K HaXOXAEHUIKO 3amMmedaTe/IbHbIX Npeaenos.

Kpome TPEX, NU3N0XKEHHDIX BbilWe, NpeaesioB MOXXHO 3anncaTb cieayroume nosnesHble Ha NpPpakTuke
COOTHOWEHUA:

. In(1+x a1 . (1+x)" -1

hmgzl; Im ——=ha; th:m

x>0 X x—0 X x—0 X
IMpumep. Haiitu nipenen.
h.mtgmxzh.mmxzm

x>0 sin nx 0 px n

IIpumep. Haitu npenen.

. tgx—tgx, .. sin( x —x . osin(x—x,) .. 1 1 1
l]mg go:l]m ( ()) = lim ( O)hrn =1. . — .
=X X=X, 1% (X —X,)COSXCOSX, 2% X—X, *% COSXCOSX, cos” x, ©€OS” X,
IIpumep. Haitu npenen.
2 .

. ——sin(z/4—x) )

sin x —cosx .. J2 —sin( /4 —x) 1

2 "% — lim = =
x—r/4 72'_4x x—r/4 72'_4_)( x—>r/4 2'\/5(72'/4_)6') 2,\/3
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IIpumep. Haitu npenen.

y=nr/2-x .
cosX _ y=ai2—y thOS(ﬂ Y) — lm
x—)/z’/27z'_2x y—0 Zy y—0 y 2
T=2x=m—-m+2y

siny_l

IIpumep. Haiitu npenen.

+3 x+3 1+ 4 x+3 y:x_l 14 y+4 4 y 4 4
lim s = lm| X —lx>w bt=lm|Z =lm{1+—| ‘Im|1+—| =
e | xX—®© x—1 Yoo y Yoo y Yoo y

y— o
1 4z 1 z 4
:{Z:X}:um(u_j :[um[u_j] _ ot
4 Z—>0 Z Z—>0 Z
x* —6Xx+8

IIpumep. Haiitn npenen im —.
puMep P -2 X* —8x +12

Ona HaxoxxaeHuA aToro npegena pasioKnm Ha MHOXUTENIU YHNCTNUTENb U BHAMEHATE b p,aHHOf/‘I ApOﬁM.

X2 —6x+8=0: X2 —-8x+12=0;

D=36-32=4; D =64 48 = 16;
=(6+2)/2=4; X1 = (8 +4)/2 =6;
X2=(6-2)/2=2; Xo=(8-4)2=2;
(x=2)(x—4) _lim x-4_2_1

m =_ =
Torm e (X—2)(x—6) +%x—6 4 2

IMpumep. Haiitu npenen.

. \/1+x+x —\/1 X + X°
|| JOMHOXHUM YUCJIIUTEIIb U 3HAMCHATCIIb ,I[pOGI/I Ha COHpiDKeHHOC

x—0 X —X

1+ X+ Xx* =14+ x—x° 2X _
BhIpaKEHHE: lim =lim

0w (X =)W1+ X+ X2 +V1—X+X°) O x(X D1+ X+ X +/1— x+x)

- 2 o
To1-1+1)

IMpumep. Haiitu nipenen.

e —Sx+6=(x-2)(x—3))=lm FTDOI _3-2 1

x* =5x+6
3(x Nx+3) 3+3 6

x—3 x2 _9

x*—6x" +11x-6
Hpumep. Haiitu npegen m
ol x=3x+2

Pa3noxum uncnmtenb u 3HameHaTelb Ha MHOXUTENN.
X -3x+2=(X-1)(x-2)

X3 —6x2+ 11x -6 = (X — 1)(X — 2)(x — 3), T.k.
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x2—6x2+11x—-6 x-1
X3 —x>?-5x+6
-5X% + 11x
- 5x? + 5x
- bx-6
6X - 6
0 -
X2 —5X+6=(Xx—2)(X—3)

N E eV C ) (€ N
ol (x=1)(x-2)

Tornma

IIpumep. Haiitu npenen.

2sin 2a+2h cos%—Zsin(aJrh)
ﬁmsm(a+2h)—251n(a+h)+sma:ﬁm 2 2 :ﬁm2s1n(a+h)(cosh—1):

h—0 h? h—0 h? h—0 h?

.2
— 2lim sin( a+ ) -lim —2>0_(1/2) (hz/z) -
h—0 h—0 4(h/2)

2sina-(—1/2)=-sina

I[JIH CaMOCTOAITECJILHOI'O PCILICHUA

. 2x 4 2xP +5x-6
1) lim 3 2 =%
oo xT +2x" +Tx—1

(2x° +4x+5)(x*> +x+1)
xoo (x4 2)(x* +2x° +7x* +x-1)

2)

2
3) limxz 7x+IO:§
=2 xt -8x+12 4

lim Nd+x+x? =2 _ 1

4) -
x—>-1 x+1 4
) l+xsnx-1 1

9 Byt

6) 3

X
Im — =
=03 1+x -1
2 2
im \/1+x+x 2—\/7+2x—x
¥—2 x°—2x

) fim X =2x*—4x+8
-2 3x* —16x° +24x* -16

7)

ﬂ
4

- HC OIIPCACIICH.
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BOIIPOCHI JJ1 CAMOITPOBEPKH

Haiite onpenenenue npeaena GyHKINH TOYKE.

Haiite onpenenenue npeaena GyHKINH Ha OECKOHEUYHOCTH.

w npoE

Yro Takoe 0HOCTOPOHHUE TPeACbl (PYHKIHH?

CdhopmynmupyiitTe OCHOBHBIE TEOPEMBI O TIpeenax (yHKIIHM.

Uto Takoe MepBblif, BTOPOl U TpeTUil 3aMeyaTebHbIE MTPeIeibl?
JaiiTe onpeneneHne 0ECKOHEYHO MaIoi (PYHKIIHH.

CdopmynupyiiTe OCHOBHBIE CBOMCTBA OECKOHEUHO MaJIBIX (QYHKITUH.

ChopmynupyiiTe TpUHITUT YKBUBAJICHTHOCTA OECKOHEYHO MaJIbIX (DYHKITHIA.

© © N o g b

Haiite onpenenenne 6€CKOHEYHO 0OIbIION (QYHKIINH.
10. ChopmynupyiiTe OCHOBHBIC CBOHCTBA OECKOHEYHO OOIBIINUX (PYHKIIUH.

11. B yem 3aximrovaeTcs CBsI3bh OECKOHEYHO OOJIBITUX U OECKOHEUHO MATBIX (PYHKITHI?
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Jlekuus Ne 9. HenpepbIBHOCTH (PYHKIIMM U €€ Pa3pbIBbI.

9.1. HenpepbIBHOCTb (DYHKIIMU B TOUKE.

Onpenenenune. Oynkius f(X), ompeneseHHas B OKPECTHOCTH HEKOTOPOH TOYKH Xo, Ha3bIBACTCS

HeNnpepbIBHOI B TOYKE X0, €CIIH Tpeea QyHKIMU U e 3HAYCHHE B 9TO# TOUKE PaBHBI, T.C.
im f(x) = f(x,)
X—Xg
Tor e (pakT MOKHO 3anMcaTh MHAYE: lim f(x) = f(lm x)
X=X, XX
Onpenenenune. Eciin ¢pynkius f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOUKH X0, HO HE SIBIISCTCS

HENpPEepBIBHON B CaMO TOUKE Xo, TO OHA Ha3bIBAETCS pa3pbIBHOM (PyHKIIMEH, a TOUKa X0 — TOUKO pa3pbIBa.

[Ipumep HenpephIBHON (YHKIINU:

f(Xo0)+e
f(x0)
f(xo)-€ /

0 Xo-A (I)X0+AX

Mpumep paspbIBHON GyHKLNK:

f(xo)+e
f(xo)
f(Xo)-€

N

Onpenenenne. @Dynkuus f(X) Ha3bBaeTcs HENMpepblBHOW B TOYKE X0, €CIU sl JIEOOOTO
MOJIOKUTENbHOro uyucia €>0 cymectByer Takoe yucino A>0, 4ro ais JIOOBIX X, YIOBJIETBOPSIOIIMX

YCIIOBHIO

|x—x0|<A

183



BEPHO HEPABEHCTBO | J(x)=f(x, )| <E.

Onpenenenune. Oyukius f(X) Ha3pIBacTCS HeNMPEPBLIBHOM B TOUKE X = X0, €CJIU IpUpalcHHE PYHKIIHH
B TOYKE X0 fABJISIETCI OECKOHEYHO MAJIOU BEJIUYMHOM.
f(x) = f(Xo0) + a(X)

rae ox) — OECKOHEYHO MaJtasi pu X—>Xo.
9.2. CBoiicTBa HenpepbIBHbIX QyHKIMIA.

1) Cymma, pa3sHOCTh M NPOU3BEJIEHUE HENPEPHIBHBIX B TOUKE Xo (YHKIMH — ecTh (yHKIMS,

HENpPEepbIBHAS B TOYKE Xo.

f(x)

(x)

2) YactHoe JBYX HENPEPHIBHBIX (YHKIIMMA — eCTh HelpepbIBHAs GYHKIIMS TIPH YCIOBUH, 4TO J(X)

HE paBHA HYJIIO B TOUYKE Xo.
3) Cynepnosunuus HenpepbIBHbIX GYHKLMIA — eCTb HenpepbIBHasA GyHKLMA.
DTO CBOMCTBO MOXKET OBITh 3aITMCAHO CJICIYIOIINM 00pa3oM:
Ecmu u = f(X), v = g(X) — HenpepbiBHBIE PYHKIIMK B TOYKE X = Xo, TO (ynkuus V = g(f(X)) — toxe
HenpepbIBHAS (QDYHKIINSA B 9TOM TOUKE.

CI'IpaBeAJ'IVIBOCTb npueeaeHHbIX Bbllle CBOMCTB MOHO NIErKO A0Ka3aTb, UCNOJIb3yA TEOPEMDI O nNpeaenax.

9.3. HenmpepbIBHOCTH HEKOTOPBIX 3JIEMEHTAPHBIX (PyHKIIUIA.

1) @yuxius f(X) = C, C = const — nenpepbiBHast yHKIHS Ha BCEl 001aCTH OpEAeICHHUS.

-1
ax"+ax" +..+a

n

box" +bx"" +..+b,

2) PaunonaneHas GyHkius f(x) = HEIPEPBIBHA JUISl BCEX 3HAYEHUH X, KpoMe

TCX, IIPpHU KOTOPBIX 3HAMCHATCJIb 06paLuaeTc;1 B HOJIb. Takum o6pa30M, (1)YHKI_II/I$I 9TOI'0 BHAa HCIIPCPbIBHA

Ha Bceil obnactu OIIPpCACIICHUA.

3) TpuronomeTpuueckrne GYHKIMN HEMPEPHIBHBI HA CBOCH 00JIACTH OMPEICTICHUSL.

JlokaxeM cBOiicTBO 3 1uisi QyHKIMH Y = SINX.

3anuiem npupainienne GyHakipn Ay = Sin(X + AX) — SinX, uiu mocjie npeoopa3oBaHMs:

Ay =2cos x+g sinﬂ
2 2

Im Ay =2 lim (cos(xnt%jsin szo

Ax—0 Ax—0 2
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o o . Ax
JleicTBUTENLHO, UMEETCS TMpeAen MPOM3BEICHUS NBYX (YHKIUN COS x+7 " smT. IIpu sTom

(byHKIMS KOCUHYC — orpaHnueHHas GpyHkuus npu Ax—0 cos(x + %j <1,artxk.

. . Ax o
npenen GyHKIUN CUHYC lim sin — = 0, TO OHa sIBIIsieTcs OeckoHeuHo Mauoi mpu Ax—0.
Ax—0 2

Takum o0Opa3zoMm, wuMeeTcs TPOW3BEICHHWE OrpaHMYEeHHONW (yHKIMKM Ha OECKOHEYHO Maylo,
CIIEZIOBAaTENIbHO 3TO TpOM3BeNeHHe, T.e. (QYHKIUsS Ay — OeckoHeYyHO Manas. B cooTBeTcTBHH C
PacCMOTPEHHBIMH BBIIIE ONpEICICHUIMU, QYHKIMS y = SINX — HempepbiBHAs (QYHKIUS IS JTH000TO
3HAUEHUs X = Xo U3 00JaCTH ONpENEeNeHUs, T.K. €€ MpUpalleHue B ITOH TOYKEe — OECKOHEYHO Masas
BEJIMYMHA.

AHaNIOMMYHO MOYKHO A0KA3aTb HENPEPbIBHOCTb OCTa/IbHbIX TPUFOHOMETPUYECKNX GYHKLMIA Ha Bcel ob1actu
onpeaeneHus.

BOO6IJJ,€ cnenyet 3aMeTuTb, HTO BCE OCHOBHbIE 3/1EMEHTApPHbIE d)yHKLI,I/II/I HenpepbiBHbI Ha BCen cBoei 0biactu
onpegeneHua.

9.4. Touku pa3pbIBa U UX KIacCUPUKAIIHS.

PaccmotpuMm HekoTopyro dyrkmuio f(X), HempepbIBHYIO B OKPECTHOCTH TOYKH X0, 32 MCKITIOYCHHUEM
MOXKET OBITh caMoii 3Toi Touku. V3 onpenenenust TOUkH pa3pbiBa PyHKIUU CIEIYET, UTO X = X0 SIBJISIETCA
TOYKOM pa3pbiBa, eciu (YHKIUS HE OMpe/iesieHa B 3TOM TOUYKE, WM HE SIBISICTCS B HEH HEMPEPHIBHOM.

CneayeTt oTMETUTb TaK¥Ke, YTO HEMPEPbLIBHOCTb GYHKUMMN MOXKET BbiTb 04HOCTOPOHHEN. MOACHUM 3TO
cnepyrowmm obpasom.

Ecnu omHocroponHwmii penen (cM. Boime) hm . f(x)= f(x,), TO pyHKIUSA HA3BIBACTCS HENPEPHIBHON
X—>X+

CrpaBa.
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Ecnu onHOCTOpOHHMII ITpenien (cM. Bbie) hm . f(x) = f(x,),T0 QyHKIUS HA3BIBAETCS HENPEPHIBHOM
X—>X—!

CJICBa.

L

Onpenenenune. Touka xo Ha3bpIBaeTCs TOUKOW pa3pwiBa dynkuuu f(X), ecnu f(x) He ompeneneHa B
TOYKE X0 WJIN HE SBIIAETCS HENPEPBIBHOU B 3TOM TOUKE.
Onpenenenune. Touka Xo Ha3bIBACTCS TOUYKOI pa3pbiBa 1- ro poaa, eciiu B 310# Touke QyHkims f(X)

MMeeT KOHEUHBIE, HO HE PaBHBIE IPYT APYTY JIEBBIM U IPAaBbIM MPEIEIbL.

m f(0)# lm /()

i

JI71s1 BBITIOJTHEHUSI YCJIOBUI ITOTO OMpeAesieHnus He Tpelyercs, uToObl pyHKIMs OblIa ompeneicHa B
TOYKE X = X0, JIOCTaTOYHO TOTO, YTO OHA OIpe/IesieHa CIeBa U ClpaBa OT Hee.

W3 ompeneneHus MOXHO CIeNaTh BBIBOJI, YTO B TOYKE pa3pbiBa 1 — ro pona GyHKIHS MOXKET UMETh
TOJIbKO KOHEYHBI CKadyoK. B HEKOTOPBIX YaCTHBIX CIydasX TOYKY pa3pbiBa | — ro poja emie WHOT/AA
Ha3bIBAIOT YCTPAHMUMOM TOYKOW pa3phiBa, HO MOAPOOHEE 00 ITOM IMTOTOBOPUM HIKE.

Onpenenenue. Touka Xo Ha3bIBACTCS TOYKOM pa3pbiBa 2 — ro poaa, eciiu B 310l Touke Gpyukmus f(X)
HE UMEET XOTsI ObI OJJHOTO U3 OJHOCTOPOHHHUX MPEIEIIOB UK XOTs ObI OJIMH M3 HUX OCCKOHEYCH.

Mpumep. Oyukuus Jupuxie (Jupuxie IMerep I'ycras(1805-1859) — Hemenkuii MareMaTHK, YjeH-
koppecnonneHt [lerepoyprckoit AH 1837r)

X — payuoHanIbHoe YUCIO

1,
fx)=

0, Xx—uppayuonanvroe yucno

HE SIBJISIETCS] HETIPEPHIBHOM B JTFO00M TOUKE Xo.

IMpumep. Oyuxuuns f(X) = 1 imeer B Touxe Xo = 0 TOUKy pa3pbiBa 2 — ro poja, T.K.

X

fin f(x)=+c; lm f(x)=—o0.

x—0+0

186



-10

sin x

Mpumep.f(x) =

X

OyHK1MS He orpesiesieHa B Touke X = 0, HO MeeT B Hel KOHEeuHbIH npenen lim f(x) =1, T.e. B ToUke X
x—0

= 0 ¢yHkuus uMeer TOUKy paspbiBa 1 — ro poaa. OTo — ycTpaHHMMas TOYKa pa3pbiBa, T.K. €CIH
JOOTIPEICIIUTH (PYHKITHIO:
sin x 20
—, npu Xx
J=3 x
I, npu x=0

I'padux sTOM DyHKITNN:

1, >0
Mpumep.f(x) = 1:{ X

187



Ota QyHKIMS Takke obo3HauaeTes SIgN(X) — 3Hak X. B Touke x = 0 dynkius e onpeaencna. T.k.
JIeBBIN ¥ MPaBbIi Mpenenbl GYHKIUHM pa3iindyHbl, TO TOUKa paspeiBa — 1 — ro poxa. Eciam noonpenenuts
¢dynkumto B Touke X = 0, monoxwus f(0) = 1, To pyHkuus Oyner HenpepbIBHA cripaBa, eciiu noj0kuTh f(0)
= -1, To ¢yHKuHMa OyneT HeNpepbIBHOW cieBa, eciu moyiokuth f(X) paBHOe Kakomy- nHOO 4YHCIY,
otanuHOMY OT | mim —1, To QyHKIMS He OyaeT HempepbIBHA HU CJIEBa, HU CIPaBa, HO BO BCEX CIydasx
TeM He MeHee OyneTr umeTh B Touke X = 0 pa3psiB 1 — ro pona. B sTtom npumepe Touka paspsiBa 1 — ro
poAa He SIBIISIETCS YCTPAHUMOM.

Taxum 06pa3zom, 171t TOro, 4T0OBI TOUKA pa3psiBa 1 —ro poaa ObuTa yCTpaHUMON, HEOOXOAMMO, YTOOBI
OJIHOCTOPOHHUE MPEJIEIIbl CIIpaBa U cjeBa ObUIM KOHEYHBI U paBHbI, @ (YHKIMS Oblia ObI B 3TON TOUYKE
HE OIpeJIeIICHA.

9.5. HenpepbIBHOCTh (DYHKIIMM HA MHTEpPBAJIC U HA OTPE3KE.

Onpenenenne. Oynkuus f(X) HaspiBaeTcs HempepbIBHOW Ha HMHTepBaJie (0TpPe3Ke), €CIIM OHa
HeTIpephIBHA B JIIOO0W TOYKE MHTEPBaia (0TPE3Ka).

[Ipu 3TOM He TpeOyeTcss HenmpephIBHOCTH (DYHKIIMK HAa KOHIIAX OTpe3Ka WM MHTepBajia, HeoOXomuma
TOJIBKO OJIHOCTOPOHHSIS HENIPEPBHIBHOCTh HAa KOHIIAX OTPE3Ka WM MHTEPBAJIA.

CBoiicTBa (pyHKIMH, HENPEPHIBHBIX Ha OTPE3KE.

CaoiictBo 1: (Ilepsas Teopema Beiiepmrpacca (Betiepmrpacc Kapn (1815-1897)- nemerkwuii
Matematuk)). DyHKIWs, HempepbhIBHAs HA OTPE3Ke, OrpaHuYeHa Ha ITOM OTpe3Ke, T.e. Ha oTpeske [a, b]
BhINoTHsIeTCs yemoBue —M<f(X) <M.

Jloka3aTenbCcTBO ATOTO CBOICTBA OCHOBAaHO Ha TOM, UYTO (YHKUHMS, HENpephIBHAsT B TOUYKE Xo,
OrpaHUYCHA B HEKOTOPOI €e OKPECTHOCTH, a €CIIM pa3duBaTh OTpe30kK [a, b] Ha OeCKOHEUHOE KOJIMYECTBO
OTPE3KOB, KOTOPBIE “CTATUBAIOTCS’ K TOYKE X0, TO 00pa3yeTcsi HEKOTOpasi OKPECTHOCTh TOYKH Xo.

CpoiictBo 2: OyHKIMSA, HENpepbiBHas Ha OTpe3ke [ad, D], mpuHMMaeT Ha HeM HawuOOJbIIEe U
HauMEHbIIIee 3HAUYCHUSI.

T.e. cyIiecTBYIOT Takue 3HaYCHU X1 U X2, uT0 f(X1) = m, f(X2) = M, npuyem

m<f(x) <M

OTtmeTuM 3TH HauOOJNBIINE M HAaMMEHbIIWE 3HAYeHHs] (YHKIMS MOKET MPUHUMATh HAa OTPE3Ke U
HECKOJIBKO pa3 (Hampumep — f(X) = sinx).

PazHocTe Mexay HamOONBIIMM M HAWMMEHBIIUM 3HaYeHHeM (QYHKIMM Ha OTpEe3Ke Ha3bIBaeTCs
KoJie0anneM (pyHKIIMU Ha OTpE3Ke.

CeoiictBo 3: (Btopas Teopema bosbitano — Komrn). dyHKIUs, HempepbiBHas Ha oTpeske [a, b],
MIPUHUMAET HA 3TOM OTPE3Ke BCE 3HAYCHHS MK ABYMS MPOU3BOJIBLHBIMH BETUYMHAMU.

CsoiicTBo 4: Eciiu pynkius f(X) HenmpepbIBHA B TOUKE X = X0, TO CYIIECTBYET HEKOTOPast OKPECTHOCTh

TOYKH Xo, B KOTOpOﬁ (IJYHKI_[I/I}I COXPAHACT 3HAK.
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Ceoiicto 5: (IlepBast Teopema bonbiano (1781-1848) — Komm). Ecnu ¢pynkuus f(X)- nHenpepbiBHas

Ha oTpe3ke [a, b] u uMeer Ha KOHIAX OTpe3Ka 3HAUYCHHS IIPOTUBOIOJIOKHBIX 3HAKOB, TO CYIIECTBYET TaKast

TOYKa BHYTPH 3TOr0 oTpe3ka, rae f(x) = 0.
T.e. ecau sign(f(a)) = sign(f(b)), To3xoe: f(Xo) = 0.
Onpenenenne. Oynkius f(X) Ha3piBaeTCSI paBHOMEPHO HeMpepbIBHOW Ha oTpe3ke [a, b], ecmu as
no6oro >0 cymectByet A>0 Takoe, uTO /I JII0OBIX Touek X1 € [a,b] u Xo€[a,b] Takux, uro
| x2 — x1| <A
BEPHO HEPABEHCTBO | f(x2) — f(xa) | <e

OTAnyme paBHOMEPHOM HENPEPbLIBHOCTU OT “0BbIYHON” B TOM, 4TO 4/1A 106Oro € CyLEecTBYET CBOE A, He
3aBUCALLEE OT X, @ NpU “06bIYHON” HENpPepPbIBHOCTU A 3aBUCUT OT € U X.

CeoiictBo 6: Teopema Kanrtopa (Kantop I'eopr (1845-1918)- nemenkuii marematuk). OyHKIHSA,

HenpepbIBHAs Ha OTPE3KE, pABHOMEPHO HENPEPBhIBHA HA HEM.

(OTO CBOMCTBO CIIpaBeAIMBO TOJIBKO Ul OTPE3KOB, a HE /71l MHTEPBAJIOB U NOJYWHTEPBAJIOB.)

HpnMep. y= sin l
X

i [ \
- ~
- ~—
O.[%] |- ~—
: \\\_
-3 -2 -1 : a1 2 3
—\\\ Py :
\\ s
\\
\ I
-1 =

@yHkuus y =sin — HenpepbiBHa Ha uHTepBane (0, a), HO He SBIAETCS HAa HEM DPaBHOMEPHO
X

HEMPEPHIBHOM, T.K. CYIIECTBYET Takoe 4mcio A>) Takoe, 4TO CYHIECTBYIOT 3HAUCHHS X1 U X2 TaKHE,
aro | f(x1) — f(x2) | >¢, € - moGoe umcno mpy yenoBuw, Y4TO X1 U X2 GIM3KHU K HYJIIO.

CeoiicTBo 7: Eciiu pynkius f(X) onpeeneHa, MOHOTOHHA U HETIPEPhIBHA HA HEKOTOPOM MTPOMEXKYTKE,
TO ¥ obOparHas e pyHkus X = ¢(Y) ToXke 0 HO3HAYHA, MOHOTOHHA U HENPEPHIBHA.

IIpumep. VccrnenoBaTh Ha HENPEPHIBHOCTh (DYHKIIUIO U OMPEICIIUTh TUI TOYEK Pa3pbiBa, €CIIM OHU

CCTh.
x+4, x<-1
f(x)={x>+2, —-1<x<1
2x, x>1
lim f(x)=3 m_f(x)=3
Jm f(x)=3 Im f(x)=2
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B TOYKE X = -1 )yHKIMS HETIpephIBHA B TOUKe X = | Touka pa3peiBa 1 —ro pona

NN

.___________,H________
=\

/4"1;1

IIpumep. NccrnenoBaTh Ha HENPEPHIBHOCTh (DYHKIUIO U OMPEIEIIUTh TUI TOYEK pa3pbiBa, €CIIU OHU

C€CTh.
cosx, X<0
f(x)={x>+1, 0<x<1
X, x>1

I, (0= fin 10=2

Ilmof(x):llerHOf(x):l

X—>0+

B Touke X = O pyHKIMS HEMpephIBHA, B TOUKE X = 1 TOuka paspeiBa | —ro poaa

Y
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N o gk~ o Dnh e

BOIIPOCHI JJ1 CAMOITPOBEPKH

JlaiiTe onpeneneHne HeNpepbIBHOCTH (PYHKIIMU B TOUYKE.

[TpuBenute mpuMepbl PyHKIMNA HEMPEPHIBHBIX B TOUYKE.

JaiiTe onpeneneHre HENPEPHIBHOCTH (GYHKIIMU HA UHTEPBAJIE.

Uto Takoe Touka paspsiBa? Touky pazpbiBa IEPBOrO U BTOPOTO PoJa.
[IpuBeauTe nmpuMepsl TOUEK pa3pbiBa IEPBOTO U BTOPOro poja.
CdhopmynupyiiTe OCHOBHBIEC CBOMCTBA HENPEPHIBHBIX (DYHKITHIA.

[IpuBeauTe nmprMepsl HEMPEPHIBHOCTHU AJIEMEHTAPHBIX (QYHKIIUH.
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IIpakTuyeckas padora Ne2.

Tema: Onpenenenrie HeNPepPHIBHOCTU (DYHKIIMH, TOUYEK pa3pbiBa (PYHKIIMHU.

Henanb: PazpuBaTh 1 COBEPLIEHCTBOBATh YMEHUE ONPEIEIATh HENPEPHIBHOCTh (PYHKIUH,
HaXOJUTh TOUKH pa3pbiBa (QYHKIINH, 3aKPENUTh HABBIK BBIYMCIICHUS MPEIEIOB C
IOMOIIBI0 (POPMYJI IIEPBOIO U BTOPOTO 3aMEYATENBbHBIX ITPEIETIOB.

Obecneyenne NpakTU4eCKOM padoThI:
TeopeTnueckuii MaTepral METOAMYECKON PEKOMEHAAIMH K TPAKTUYECKOH padoTe.
VYue6nuk. boromonos H.B. «kMartematuka». — M.: [Ipoda, 2006.

I/IHIII/IBI/IIIyaJIBHBIe KapTOYKH C BAPUAHTOM HpaKTH‘IeCKOﬁ pa6OTBI.

TeopeTnueckuii MaTepuaJi, IpUMepbI HA ONpeAe/ieHre HeNPEePbIBHOCTH (PYHKIIUM,

Onpeoenenue HenpepvleHocmu YHKYUU
flz) (;)
Onpenenenne Ilycts QyHKIms orpe/ereHa Ha HEeKOTOPOM UHTEpBae :

Ig f (I :J .
IJ11 KOTOPOTO -- BHyTpPEHHSIS Touka. OyHKIUs HAa3bIBACTCSl HENPEPBIBHOU 8 MOUKE

Ig f(z) T — Ig flza)

, €CJIU CYIIECTBYET IPEAEI pu Y 3TOT IIpeJIeIl PaBEH 3HAYEHUIO , TO
eCThb

lim f(z) = f(zd).

I—T0

f(=) [za;b)
[Tycts ¢yHKIUSA ONpele/ICHa Ha HEKOTOPOM IOJyHHTEpBaje , I

Ig . I {I ] .
KOTOPOro -- JeBbIM KOoHel. DyHKuus HA3bIBACTCSI HENPEpPvblGHOU CHpasa 8

Iﬂ f[I} Ir — Iﬂ+
mouke — , €CIIM CYHIECTBYET MpPeIe npu ¥ OTOT Mpelesa paBeH

f{Iu:'.l

3HAa4YCHUIO , TO €CTh

im f(z)= f(za).

T—Tn+

f(z) (s
[lycTh, HakoHel, PyHKIHUS ONpeAeseHa Ha HEKOTOPOM MOJIyUHTEPBaJe :

Ig . f (I} .
JJIA KOTOpOFO -- HpaBLII/I KOHCII. CDYHKHI/IH HaA3BbIBACTCSI HenpepvleHoUu cieesa 6
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Ig f{I] Ir —* Ig—
mouke , CCJIIM CYHICCTBYCT IIPCACII npu N O3TOT HPEAC] paBCH

f{Iu}

3HAa4YCHUIO , TO €CTh

im f(z)= f(za).

IT—+T0—

W3 Teopembl 0 CBSI3U JBYCTOPOHHETO Mpejesia ¢ OJHOCTOPOHHUMH (Teopema 2.1)
cpa3sy clenyeT, Kak yKe OTMEYajoCh B TJaBe 2, YTO HMMEET MECTO CIICIYIOIIce
HpEJIOKEHHE.

I (I :J Ig
IIpennoxkenue : Dynuxyus mo2oa u moabKo mo20a HenpepuvléHa 8 mouke

Iy
KOZOCZ OHA HENPpEPLIBHA 6 NOoYKe cnpaesa u cieea, no ecniob Koeda 6blNOJIHEHDbI

creoyroujue yClio8us:

f (I ] Ig
1) @ynxyus onpeodeileHa 6 Mouyke U 68 HEeKOMOPOU OKPEeCMHOCMU MOl
MOoO4KU,

Im f(z)= f(ze—)

2) cywecmgyem npeoen 3Ha4eHull (PyHKyuu ciesa. =0 ;

lm f(z) = (wot).

3) cywecmgyem npeoen 3Ha4eHull PYHKYuu cnpasa.: ;

4) smu 0sa npedena cosnadaom mexcoy coool u co 3Haveruem QYHKYuu 8 mouxe

20, flze=) = f(zat) = f(20)

f(Iu:J

Puc.®yHnkius HenpeppIBHA: IPEAETBI CIEBA U CITPaBa COBIIAIAIOT C
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Ig

Touka , B KOTOpOM (hyHKITUSI HEPEPHIBHA, HA3BIBACTCS TOUKOMH HENMPEPHIBHOCTH
f(z)
byHKIN ; TAK e OMPEICIIIIOTCA TOYKH HEPEPHIBHOCTHU CIIEBa U CIIPaBa.
j((I}: |I| IEI:D Ej{lﬂf{:}:ﬂ,,dﬂ:ﬂ
Ipumep 1 IlycTh U . Torna "
f(0)=+v0=0
. DTH 3HaYCHMsI COBNAJAIOT, 3HAYUT, (DYHKIUSI =~ HEMpPEpPhIBHA B TOUKE
Iu == D’
— — {2yt
F@) = VIl = ()} 2o =0 ,,
(DyHKIHS -- JJIeMEHTapHas (QyHKIIHS; -- TOYKa €€
D(f)=R
o0JiacTu OnpeIeIICHUS . Bce anemenTapHbie PyHKIIMN HEMTPEPHIBHBI BO BCEX
BHYTPEHHHUX TOYKaX CBOMX 00JIacTel onpe/ieNIeHrs], B TOM YHCJIE U 3Ta. Tak 4To B 3TOM
flz) y y y
npuMepe MOXKHO ObLI0 OBl 3aMEHHTH 0001 2yeMeHTapHON (QyHKIMEH, a
Ig = D’ o o o p(f}
-- JTF000W BHYTpPEHHEH TOuykoW objactu , U BBIBOJ OCTajcsi Obl TeM
xKe.)
sinz
mpu r #= 0
f(z) = —— TPz #D;
1, mpu z =0 g =0
Ilpumep 2 PaccMoTpum yHKIHIO U TOYKY
sinzx
X =
r#0 ) . f(z) I
[Tpu byakus 3aaércs hopmytoi , TIPA TOM UMEEM
sinz
lim f(z) = lim =1
z—] r—0 I
(mepBbIi 3aMeyYaTeNbHbIN MPeAe). ITO 3HAUYEHHUE COBMAIAET C
£(0) =1 lim £(z) = £(0) = 1
TEM, KOTOpPOE€ 3aaHO IIpU = = [ . Urak, =~ , YTO O3HA4acT
Ig — D’

HEIMPEPBBIHOCTh QYHKIIUU ~ TIPH

Tem, KTO BHUMATEIHHO M3YUYWJI JAaHHOE B riaBe 2 olIiee MoHATHE 0a3bl Mpejaena,
MOYKHO IMPEIIOKUTH IPOJIYMATh U I0KA3aTh CIAEAYIOLIEE YTBEPKIACHHUE:

Onpeoenenue mouek paspviea

Jlagum Terneph ornpeiesieHue TOYeK pa3pbiBa GyHKIIUH.

Ig 5 T {I::I
Onpenenenne Touka  HA3BIBACTCS MOUKOU pa3pbiéa HYHKIUH , €CTTM OHA

o o Ig
Oo1IpeaAcjICHa B HCKOTOPOU IIPOKOJOTON OKPECCTHOCTH TOYKH (TO CCTb OIIPCACIICHA Ha
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Ig o o o
HGKOTOpOM I/IHTepBaJ'IC, JJIA KOTOpOFO CJ'IY)KI/IT BHYTpeHHeI/I TOYKOH, HO B CaMOH TOYKEC
Iy
, BOBMOXKHO, HEC onpe):[eneHa) U BBIIIOJIHACTCS XOTS 6BI OJHO U3 CJ'ICI[}’IOHII/IX YCJ'IOBI/II/IZ

Im f(z)
1) He cymecTByeT npeaena ciepa * 0 :
im f(z)
2) He CyIIECTBYET Ipejena cnpapa ==+ :
flze=) = lm f(z) flaot) = lim f(z)
3) mpenensl ciesa T U CIipaBa z—zo+ CYIECTRYIOT,

flzo=) # f(za)
HO HE PaBHBI APYT APYTY: ;

f(zo—) = lLm f(z) flzot) = lm f(z)
4) penenbl clieBa e U crupasa Twot CYLLIECTBYIOT

f{Iu—] = f{Iu-l-}

" paBHBI APYT OPYTY: , HO HC COBIIAJAaOT CO 3HAYCHUCM (byHKIII/II/I B

7 flza) # flza—) = f(za+) flz) Zg

TOYKC . , HJIN q)yHKIII/ISI HC OIIPCACIICHA B TOYKE

o o Ig
Eciu nmeer mecto 1m0 ciydyau 3, 0o ciydyau 4, TO TOUKA pa3pbiBa Ha3bIBACTCH
o Ig
mouKou paspwviéa nepeoco poda, a IIOBEICHHE (1)YHKIII/II/I B OKPECTHOCTHU TOYKH

Ig
HA3BIBACTCS paA3pbl8OM Nep8020 podd B TOUKE ;B ciydae 4 Touka pa3pbiBa MEpPBOTO
pOJia Ha3bIBACTCS YCMPAHUMOU MOUKOU pa3pbléd, a pa3pblB GYHKIIMHU B TOM TOUKE --
VYCMPAHUMBIM PA3PBIGOM.

Ecnm sxe umeeT mecto nmubo cyyaii 1, mu6o ciryyait 2 (1100 U TOT ¥ APYTOi cpasy),
Ig .
TO TOYKAa pa3pblBa  HA3BIBACTCS MOUKOU pa3pbléa 6Mopoco podd, a TOBEICHUE
Ig
(GYHKIIUU B OKPECTHOCTH 3TOW TOUKH -- pA3PbIGOM 8MOPO20 poOd B TOUKE

f (I :J Ig
Urak, eciiu pyHKINSA UMEET pa3phiB IEPBOTO POJIa B TOUKE  , TO CYIIECTBYIOT,
, , flzo=)  flzet)
KaK 4acTO TOBOPST, 3HaUeHUs (GyHKIUU "Ha Oeperax pasphiBa': u , HO
Ig
TOYKA  HE SBJISETCS TOYKOW HEMPEPHIBHOCTH.

¥k
Sixgth --------- ﬂ)
Flxg) \*
0 X xh
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Iy
-- TOYKa pa3phlBa IIEPBOro poaa

Ig
Ecnu 3Hauenus Ha Oeperax pa3pbiBa pa3Hble, TO 3HaU€HHE (QYHKUUU B TOUKE

. Ia
MOXXET OBITh JIOOBIM (WJIM BOOOILE OTCYTCTBOBaTh), BCE PABHO OyaeT naBatb

pa3pbiB mepBoro poaa. Eciu jke 3Ha4YeHUs Ha Oeperax pas3pbiBa COBIAAAIOT, TO IS
HAJIMYHUS pa3pbiBa HYXKHO, YTOOBI JIMOO 3TH COBMAJAIONINE 3HAYCHHS OBLIM OTIUYHBI

Ig
OT 3Ha4YeHMs] (PYHKIUU B TOUYKE , JUOO (PyHKUMS B ATOW TOUKEe Oblja BOBCE HE

onpezenena. Eciu B 3TOM ciiydae nepeonpenenuTs (WIh J00NpeaeanTs) ¢yHKIUIO

flz) Zq flza) = flza—) = f(zat) .
B TOYKC , IHOJIOKHUB , TO HOJ'IyquHaﬂ N3MCHCHHAA
Ig Ig
¢yHkuus OyneT y)ke HenpephlBHA B TOUKE W pa3pbiB B TOUKE  MCUE3HET; OTCIO/1a

N HA3BAHUC TAKOT'O pa3phbiBa -- yCTpaHHMBIﬁ.

y A
e P
0 xp ;

Ig
-- TOYKa YCTPAaHUMOT'O pa3pbiBa

Haxkoner, k pa3pbiBaM BTOPOTO poja, Kak BUJIHO U3 OIMpPEAENICHUs, OTHOCITCS BCE

pa3pbIBbl, KOTOpPBIE HE NPUHAIJIEKAT K pa3pblBamM MEPBOr0 pPOJA; HEKOTOPHIC U3
Iy
BO3MOJXHBIX CHOCO60B ITIOBCACHUA (bYHKI_[I/II/I B OerCTHOCTI/I TOYKHU , I'IOC

MIPOUCXOAUT Pa3pbIB BTOPOTO POAA, IPEICTABIEHBI HA CIEAYIOIIEM PUCYHKE.

y & y y &

¥=fix)

\

=
=
=
e
=
v
=]
[ad
=
e

Ig
-- TOUKa pa3pbiBa BTOPOro pojia. HekoToprie BO3MOKHbBIE BAPUAHTHI
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I it

‘f(I} 2 —x
Ipumep 3 Paccmorpum dyHKIHIO , 11 KOTOPOW

D(fy={reR:z*—z#0}=(—00:0)U (0:1) U (1: +00).

@yHKIHS UMEET pa3pbIBbl IpU = = 0U IIpu z = 1. HeTpynHO BUIETH, UTO NIPU

1 el r < Duruwz > 1
I _ — ] :
st 2y ) =S ) {_1: ceut z < 0
BToukax z=0u z =1

(GyHKIMS IMEeT HeyCTpaHUMBbIE Pa3pbIBbI IEPBOro poja. B Touke r = ODumeem:

Im f(z)= lim 1=1; lim f(z)= lim (-1)=-1

T—0— T—— " oz—04 T—04

(3H21‘I€HI/I$I Ha KpadX pa3biBa CYIICCTBYKOT, HO HC COBHaI[aIOT); BTOYKE z =1 --

Im f(z)= lim (-1)=—-1; lim f(z)= lIm 1=1

T—1— T—1— L ox—14 z—14+

(CHOBa IMpCaciibl CJICBA U CIIpaBa CYIICCTBYIOT, HO HC COBHa)laI-OT).

['paduk GpyHKIIHHA

flz) =
Ipumep 4 DyHkius UMeeT Npu z = 0pa3pbiB BTOPOTO pOJa, TaK KaKk

f(z) — +oo r— 0+ flz)— —o0 z — 0—
npu u npu

1
I

197



flz) =

Puc.3.6.'padux pynkuuu

Ipumep 5 Dynkuus

flz) — +oo r — 0+ r— 0—
npu Y TIpU

Ilepsbiii 3ameuamenvHwiii npeden pager 1

sinz
lim

x— i I

=1.

Bm0pblﬂ/l 3amedaniejlibHbim npeéeﬂom Ha3bIBACTCA IIPCACIT

1
T

UMEET Npu r = 0pa3pblB BTOPOTO POJIA, TAK KAK

198



e = lim (l-l—l) }
n—oo T2

Yucno e, 3aJaHHOE STUM NPEAEIOM, UTPAET OYEHb OOJIBIIYIO POJIb KaK B
MaTeMaTHYECKOM aHAJIU3€, TAK U B IPYIUX pas3zienax MaTeMaTuku. Yucio eyacto

Ha3bIBAIOT OCHOBAHUEM HAMYPATbHBIX 102APUPDMOE.

Bmopoti sameuamenvubiii npeden cywecmeyem. E2o 3uauenue e -- 4ucio, aexcaujee

mexncoy 2 u 3.

bonee HOI[pO6HOC HN3Y4YCHHEC YHUCJIa e£IIOKa3bIBACT, YTO & -- UPPALIMOHAJIBHOC YUCIIO,

HCCKOJIBKO TICPBLIX JCCATUYHBIX 3HAKOB KOTOPOTO TAKOBBI:

e = 2,7182818285...
2z41
im (I t 1)
z—oo |\ T+ 3

Ipumep 6. Haiiném npenen
3/1eCh OCHOBaHUE CTENIEHU UMEET Mpeae

im

271+ 1 = 00

a ITOKa3aTcCJib CTCIICHNU

CBEJICHUs KO BTOPOMY 3aMeUaTelIbHOMY IIpeeily, 4YTO B IpeAbIAyIieM npumepe. s
Hayvasa HalWJEM, 4TO CJIEeIYeT B3ATh 32 OECKOHEUHO MaIyI0 BeNMUYNHY «. [[oCKOIbKY

r+1 o 14+3% 140
= lim z — =1
:'—m-a.r-l—g I—rm1+% 1+D

14+ o
OCHOBAHUE CTENEHU CTPEMUTCS K 1, TO OHO paBHO ,Tne a — 0(cM. Teopemy 2.4).
3HauuT,
r+1 r+1—x—23 —2
0 = — 1 = = .
r+3 r+3 r+3

Teneps npeobOpazyeM HyHKIHIO, CTOAIILYIO MO/ 3HAKOM Tpeiena;

2241 _ =2
im (I—I_l) = lim (1-|— 2)
z—oo \ x4+ 3 F - r+3

-2
=53l

. [IoaTOMY MOKHO IPUMEHSATH TOT K€ NPUEM

241}
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http://elib.ispu.ru/library/math/sem1/kiselev1/node16.html#lim_inf

(1-|— r:z]%

BripaxeHue, cTosiiee B KBaIpaTHBIX CKOOKaX, UMEET BU]I

nunopm o — 0

CTPEMUTCS K YACITY e (ITO BTOPOIl 3aMeyaTeNbHbIN NPEeIT), a Ipeies NoKa3aTess

CTEINEHU MBI HAUJIEM OTIAEJIBHO:

— 744
]ij=—2]jm T

T—o0 r+3 :‘—ml—l—%

IToaTomy

fim (1+ O =[] ]3130[[1+x}%]3 = ¢

fim (1+i]§ =[1*|=tim
¥ x

1 —
]im{?x—ﬂﬁ:[1""]=]jm{1+2x—4}m'ﬁz]jmg =1,

=1 ¥

r=1 4{x+3)

]im(x_i_BJHE=[“’]=]J'm(x_1+4}x+3=]jm[1+iJ4 -

=l o —1 ¥ r—1 ¥ r—1

240
2Ry
1+0
4
4x+12
=lme ™! =g*
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Mertoaudeckne peKOMeHIaIluU K TpaKkTudeckoit pabore Nel

«Bpruncnenue npenenoB GyHKIUAN»
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[Ipaktuyeckas padora Ne 1.

Tema: Beruncnenue npeaenoB QyHKITUH.

Lenb: [IpoBepka ycBOeHUs 3HAHUH 110 BBIYMCICHUIO IPEETOB (DYHKIHIA ¢ TOMOIIBIO PACKPBITHS
HeonpenenéHHocTeil. [IoBTopuTh 1 cuCTEMATU3MPOBATh 3HAHUS 0 TAHHOU TEME.

ObecrieyeHye NPaKTUIECKO paboThl:

TeopeTnueckuii MaTepuaa METOAUUECKON PEKOMEHIAIMU K PAKTUYECKOH padoTe.

Yueonuk. boromosioB H.B. «Maremaruka». — M.: JIpoda, 2006.

WupuBuyanbHbIe KAPTOUYKH ¢ BAPUAHTOM IMPAKTHUECKOM PabOTHI.

Teopernueckuii MaTepuai, MIpUMEpPbI BHIYUCICHUS MPEIEIIOB.

Onpenenenune npeaena.Yucnao b — npenen dynkiuu f(X) npu X ctpemsineMcs K @, €CIu I KaXI0To
MOJIOKUTEIHHOTO unciia [J[JMOXHO yKa3aTh TaKOe MOJIOKUTEIBHON YHCI0 [, 9TO JUTS BceX X, OTIIMYHBIX
OT @ ¥ yJIOBJICTBOPSIOIINX HEPABEHCTBY |X-a|<[], nMeeT MecTo HepaBeHCTBO [f(x)-b|<[I[]

O6o3nayenue npenena. Eciau b ects npenen ¢pynkimu f(X) npu X ctpemsiiemes K @, TO 3alTUCHIBAIOT
3TO TaK:

lim £(x)="b.

T—a

Omnpenenenue HenpepbiBHOH GyHkin. Oynknus f(X) HenpepbiBHA B TOUKE &, €CITH
lim f(x)= fia).

r—

Brranciienue npenenoB GyHKINI OCHOBaHO Ha MPHMEHEHHUH CIIEIYIOMIMX OCHOBHBIX TEOPEM:

TEOPEMA 1.Ilpenen cyMMbl ABYX (PYHKLHH MIPHU X CTpEMsIILIEMCS K & paBEH CyMMeE MPEJIENIOB 3TUX
GbyHKIMH, TO ecTh

lim (f(x)+ g(x))= lim f(x)+ lim g(x).
X—ua X—a r—a
TEOPEMA 2.IIpenen nmpousBeneHus: 1ByX GYHKIIUN TIPH X CTPEMSIIIIEMCsI K 8 paBeH MPOU3BEICHUIO
MpeieioB 3TuX (PyHKIUH, TO ecTh

lim{ f(x)g(x))= lim f(x)- lim g(x).
I—ra I—a I—a
TEOPEMA 3.IIpenen yacTHOTO ABYX (DYHKIIUH TIPH X CTPEMSIIIEMCS K & paBeH YaCTHOMY IPEJICIIOB,
€CJIM TIpeJieN 3HaMeHaTessl OTINYEH OT HYJIs, TO €CTh

s W

lim = — , ecmd limg(x)=0
x—a g(x) limgix) x—>a
X—d
" paBCH ILIIOC (MI/IHYC) 6eCKOHe‘lHOCTI/I, CCJIM IIPCAC]I 3HAMCHATCIIA 0, a Impeacy YUCIIUTECIISL KOHCUCH U
OTJIMYCH OT HYJIA.

BBIYMCIIEHUE HECJIOKHBIX ITPEAEJIOB

ITpumep 1.
lim(x +3)= lim x + lim 3= 7+3=10.
=7 =7 =7
Kommenmapuui. 3necw Obl1a ucnonb30BaHa TEOPEMA O NPEIETE CYMMEI.
ITpumep 2.
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lim(3x + 2) 11H1(3.X)+ lim2 lim3-limx+2

lim 3x+2 _ x—1 x—1 _x=1l  a—l _
—12x—7  lim(2x - ?) llm(2x)+ llm( 7y lim2-limx—7
x—>1 x—>1 x—>1 x—>1 r—>1
32 s s,
2.1-7

Kommenmapuii. Ha nmepBoM 1mare Oblia npuMeHeHa T€OpeEMa O MPEJEIe YaCTHOT'O, Tak KaK
npeJen 3HaMeHaTels He paBeH Hyito. Ha BropoM mare ncnosp3oBanack TEOPEMa O NPEEIIE CYMMBI
JUTSL YACITATEINS U 3HamMeHaresns Apoou. [locne Oblia mpuMeneHa TEOPEMA O MPEJIESIEC IPOU3BEACHUS.

[Ipumep 3. Haiitu npenen

xl-4
lim >
—>2 X — 2
3HaMeHaTelb U YUCIUTEIb JPOOU IPU X CTpeMALIEMcs K 2 CTpEeMSATCS K HYJII0, I03ToMy T€OpeMa O

IIpEJIeJIC YaCTHOTI'O 37iech HEMMPUMEHNMA. B Takux ciayyasx Hy’)KHO MONBITAThCS YIPOCTUTH JIPOOb.
Nmeem

‘-4 (x-2)(x+2) _
x—2 x—2

D10 peoOpa3zoBaHKE CIPABETHMBO MPU BCEX 3HAUECHUSAX X, OTIIMYHBIX OT 2, TO3TOMY B COOTBETCTBUH
C OIpPENEICHUEM TIPeiesia MOKEM HalKUCcaTh

+ 2.

2

A A | x—2)ix+2

lim ——= ( X )— lim(x +2)= lim x+ lim 2=
=2 x—=2 x—}z x—-2 =72 x—72 =2
=2+2=4
BBIUMCJIEHME ITPEJIEJIOB C [TOMOILBIO TEOPEMBI O IIEPBOM 3AMEYATEJIbHOM

[IPEJIEJIE
[Tpumep 1.
. teix . sin(x 1 . sin(x 1

llmg():hm ()- = lim ()1

=0 X x—=0 x  cos(x)) =0 X x>0 cos(.x)

1 1
=1.—=1.-=1.
lim cos(x) 1
x—=0
ﬁ, ectu K=m
0
lim R.(n) = 0, eciu k<m
n—o0 Qm(n) a,
0 -sgn b—o, eciu K >m
0

Ilpumep.. Halitu nipeensl:

. Sn+nt =30 +2 . n-5n°+4
a) lim 0 lim———%—

e 4n’ +n+5 b o n®+3
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n*+n+1

B) |nIH0] n>-2n®+5
Pemrenue.

. Sn+nt=3*+2 . =3’ 3
3) 1,,1_9;1 4n* +n+5 :lnl_{};l 4n’ :_Z’
Slim =4 lim = o

e e T ’

) n“+n+l . n*
W M g5 =M =

Crnenyer oTMeTUTh, 4TO opmynsl (1.5) u (1.6) cipaBenTUBHI HE TOJIBKO IS MHOTOWJIEHOB TEI0M

o . 1
CTETNEHH, HO U IS MHOTOWICHOB JPOOHOM CTETIEHH, TaK KaK Iim— =0 A mro6oro a>0.
n—>»o0

Ilpumep . Haiitn npenenst.

2) 1. \/16n +1—\/8n +5++n+4
m
>0 Un® +2 —250° +7

5 [im n+\/n3+l
nN—o0 '\/_—3’\/ 2 ’

5 3n1 7 5n+l
o limg g g

nN—o0

Pemrenue:

a) B uncnurene Tpu ciaraeMbIX COOTBETCTBEHHO CTEIICHHU:

Nl
N w
wN

1
u > CrnenoBaTenbHO,

1 3
3 i 16n°)* = 2n2
CTCIICHb YHUCJIIUTCIIA paBHa 5 , 4 TJIAaBHBIX YJICH B YHCIUTECIIC paBeH ( n ) =/ZN°. AHaJ'IOFI/ILIHO,

1 3

riaBHBI wieH B 3namenatene — (25n°)2 =—5n2. Mmeem 1o dopmymnam (1.5) u (1.6):
3

) lim 416n° +1-3/8n2 +5+/n+4 lim 2n? 2
a = —
N—>o0 4\/n5+2—\/25n3+7 N—>00 _5n§ 5

3

i n+vn®+1 . nZ L
6) lim N =-|imn*=-=
n—oo '\/—— n—oo

n-1
5" (3) ~-7.5
5.3t _7.5" S 35

& IHD 8-5" +3.4" =|n'L.n ) , (4Y T8
5" 8+3-4°- 5

e . (4
X |1m 5 =0 u im| =] =0.

n—»0 5

3,[[601: TaKK€ MOKHO OBLIO HCIIOJb30BaTh HUACK0, YTO TJIaBHBIN YJIEH 3TO CTapIJ_II/Iﬁ yieH. Umeem:
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5.3n—1_7.5n+l . _7.5n+l _§

ims s 7" limS5 =%

Ipumep 1.4. (HeonpeneneHHOCTH oo — oo )

) W@ +n* +1-Vn* = +1). 6) imn(Jn* +1+n)

n—»ow N—>—00

Pemenwne. /[y n30aBieHust OT HEOMPEIEIEHHOCTH oo — oo 3/1€Ch CIEAYET N30aBUTHCS OT
UPPalMOHAILHOCTH B YUCIIUTENE, YMHOKHUB U Pa3eiuB JaHHOE BbIPAKEHHE Ha COOTBETCTBYIOLIEE

COIIPsKECHHOC BBIPAKCHUC.
a) Ucnonb3yem popmyy
a' -0 =(@-b)(@" +a" " b+d"” b +.. +ab" +b")

Jlns maHHOTO IMpHUMepa

515 _ 4, 3 272 3, g4
a-b=(@-b(a +ab+ab +ab” +b")
HNwmeem:

) [im &/n® +n* +1-3/n° —n* +1) =

n—o

- Gn®+n* +1-8/n° —n* +1)E/(N° +n* +1)* +3/(N°+n* +1)°(° —n* +1) +

- In'@ 2/ +n* +1)* +3/(n°+n* +13(n° —n* +1) +§/(n° +n* +1)°(n° —n* +1)° +

+3/(0° +n* +12(n° —n* +1)2 +§/(n°+n* +1)(n° —n* +1)° +3/(n° —n* +1)*)
+3/(n° +n* +1)(n° —n* +1)° +3/(n° —n* +1)* -

n®+n*+1-n°+n*-1 2

=lim

o 5.5/(n°)* 5
6) Hanomunaem, 4to v/n? = In| mmpur N —>—00|y| = —n.
Nmeem:

2 2
. nﬁ+n:' n(n +1—n):. n _
[im n( )=1im N I|m

n——oo n——oo

n n 1

lim = -lim =~="7"
—m|l+— —n —n 1+ — +1
n n
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[Ipaktuueckas padora Ne 8.

Tema: BoruncieHne HEONPEAECIEHHBIX UHTETPAIIOB METOAOM BBEICHHS HOBOM
[IEPEMEHHOM.

Llens: [IpoBepuTh Ha IPAKTUKE 3HAHUE IIOHATUS HEONPEACIEHHOIO UHTErpasia,
YMEHHE BBIUUCIATH TAOJIUYHbIE MHTETPAJIbI, YMEHHUE BBIYUCIIATH HEOIPEAEIEHHBIN
MHTETPAJI METOJIOM BBEACHUSI HOBOU IIEPEMEHHOM.

ObecnieyeHre MpakTUYECKOr pabOThI:

TeopeTnueckuii MaTeprag METOAMYECKOW PEKOMEHJAMU K IPAKTUYECKON padoTe.

VYue6nuk. boromonor H.B. «Marematuka». — M.: [Ipoda, 2006.

NuanBuayanbHble KAPTOUKHU C BAPUAHTOM MPAKTUYECKOM pabOoThI.

TeOpeTI/I‘IeCKI/Iﬁ Marepua U NIpUMEPhI BEIYUCIICHUA HCOHpGI[GJIéHHOFO HUHTCI'paJia
MCTOAOM BBCACHMUA HOBOH HepeMeHHOﬁ.

Heonpenenéuuplii HHTErpaj U TabIUIIA HEOTPEICAEHHBIX HHTETPAJIOB
flz)
Omnpenenenne Ilycth -- hyHKIIMS, 3a1aHHAS HAa O0BEIUHCHUU MHTCPBAJIOB
y flz) )
BelecTBeHHOM ocu. Habop Bcex nmepBooOpa3HbIX JJis HA3BIBACTCSl HEONPeOeNEHHbIM
f(=) J f(z)dz
uHmezpaiom ot 1 0003HaYaeTCsI . Onepanust HaxoXICHUS
flz)

HEOoIpeIeIEHHOTO HHTerpasia 1o 3aJaHHOW (QYHKITUU Ha3bIBACTCS UHIMESPUPOBAHUEM
9TON (YHKIMH; HAWTH HEONpeAeNEHHBIA MHTETPAJl 03HAYACT NPOUHMEZPUPOBAMb TAHHYIO
flz)
dyukmro. OyHKIUSA , 3aIFCaHHAas MTOCIIe 3HaKa WHTerpasa (Miu, KaKk 9acTo TOBOPSIT,
100 3HAKOM MHTETpaja), Ha3bIBACTCS NOObIHMe2paibHOU pyHKYUell.
CornacHo J0Ka3aHHBIM BBIIIIE TEOPEMaM O BUJIEC IEPBOOOPA3HBIX, HEOIIPEACIEHHBIN
f(z) y F(z)+C  Flz)
UHTErpal OT QYHKIIUU COCTOMT U3 (PYHKITUHA BUAQ , T -- Kakas-1oo
f(z)

dbukcupoBaHHas epBOOOpa3Hast s ,a C -- BEeIWYMHA, NOCTOSTHHAS HA KaXJIOM U3
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f(z)
HETePECEKAIOMINXCS NHTEPBAJIOB, Ha KOTOPHIX 3a/1aHa (PYHKITHS . [ToaToMy MOKHO
HaIucaTh Takyro Gopmymy:

ff{z] dz = F(z) + C.
J flz)dz = {F(z) + C}

(Tounee ObLIO OBI , HO (purypHbie CKOOKH, 0003HAYAIOIIINE
F [I::I +C
MHO>XECTBO BceX (DYHKIHI BUIa , TUCATh B JAHHOUW CUTyaIluu HE TIPHHSITO.)
[ fl(z)dz = F(z) +C
Wtax, amst Toro 4To0bI JOKa3aTh PAaBEHCTBO , IOCTaTOYHO
F(z) f(z) F(z) = f(z)

MpOBCPUTH, UTO -- HepBoo6pa3Ha51 JJIA , TO €CTb 4YTO
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] _[U'::ﬁ:=€l 1 _[n::hxafr=shx+€l

1
y 1 de=x+C 1 _
/ | R e
’. e+l 1 dx
< &g _X =thx+C
j'x & o+l +C(m=&—1)_ 3 I':hzx
y 1 dx_ 1 1 IR
e P e e do i AL
C x 1 dx 1 x -
N Xz -2 —In +iO
[a"dx ]na+c' 5 .[xz_az Z2a |xta
J'exdr,=€x+c
¢ _[smxcb:=—|:osx+(?_ 1 J* _arcsm£+(:——arccos£+ﬂ'
6 If @
1 Icosxdx=sﬁ1x+€l 1 e +dx2 + |+ C

7 fﬁ

¢ | & =-cigx +C 1 I x2+c:edx:=£xl'x2+a +Eh‘1‘x+w’x2+ﬂ .
sin  x . 8 2 2
C dx 1 z
[—— =tgx+C 9 I a® —xlde =2 Ja? -x? + & aresin T
cos x . 2 2 i
] Ishxdx=chx+€ 2 dx x
. =l fteg [+
0 0 '[sinx gE .
J- i _ ’tgx+?rf2‘+c
Cos X 2

3amMeHa nepeMeHHOIl B HeompeaeJéHHOM HHTerpaJe
(MHTerpupoBaHue MOACTAHOBKOM).

Tycts [£x)de = F(x)+C o, [FeDelxde=FEx)+C 3. t(x) -

nuddepenuupyemas MOHOTOHHAs byHKIMS.
[Ipu pemenun 3amad 3aMEeHY MEPEMEHHON MOXHO BBIIOIHUTH JABYMS
crocobamu.
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1. Ecaim B mnoapHTErpanbHOW (YHKIMU YHOAETcs cpa3y 3aMeTuTh o00a

comuoxurens, u f(t(x)), u ¥} | 10 3amena MEPEMEHHOM OCYIIECTBIIACTCS
noxsegeHneM MHoxutens £ %) mox smak guddepennpmana: £ XM =&y gana0
CBOJUTCS K BBIYHCIICHHIO UHTErpaia J £ @t : Hanpumep,

st x - sih xdfx dicosx) ot
R e =
COSX COS X COS X (3amaya cBeleHa K BBIYMCICHHIO ~ f |

cos x) - "Ileosx|+C (Guanornuno maxommres wmmTterpanm or CBX )

roe t

it x _ r.fhx 7 . — ¢ ;
[ " cosxdx = [¢77dsin X = (aa1134a cpenena k Bhumcaenuto J€ % | rae t = sin x)

= Lfnx C
€ B Oonee cnoxHbIX 3ajayax ornepauus MOJBEICHUS TOJA 3HaK
muddepenumana MOXKET BBITTOJTHATHCSA HECKOJIBKO pas:

dx =

1+ x* (camoe HempUATHOE B MOABIHTErPAbHON (PYyHKIMH -
nsiTas CTereHb apKKOTAHTE€HCA MOJI 3HAKOM KCIOHEHTHI; €CJIM Jajibllie He HallaETcs
nuddepennman 3Toil yHKIMHU, TO MHTETPaJl, BO3MOXKHO, B35ITh BOOOIIIE HE YIACTCs; B
TO K€ BPeMsl CJIEAYIOIIUIA MHOKHTENb (arcctg’X?) - mpousBoaHas (C TOUHOCTBIO [0
MOCTOSIHHOTO MHOMKHUTEJNS) CTENEeHHOW (YHKIMM; 3aTeM CJeAyloT MPOU3BOHBIC
(OIATH ¢ TOYHOCTBIO 10 ITIOCTOSHHBIX MHOKUTENIEH) QyHKIMIA arcctg X2 U X% 110 cBOMM
aprymMeHTam)

Jeﬂl’ccth x? arcctg4 xi

5.2 1 1 5.2
=l_[em':tg * arn::n::1:g4:vn2 (2xd:c]=—_[em':tg * arn::n::1:g4:v¢2 dx’ =

2 1+x? 2 1+ x4

5.2 S W 1 2

=—lIeMCCtg * E1:r|::|::1:g'}'1:1r:2 — =——I€MCCthx art:t:tg'ﬂ:chlﬂ.'fart:t:tg.:vr:2 =

2 1+x4 2

5.2 1 5.2 1 5.2
=_%I€arcctg " (Sarcetg xldarcetg x2) =—ﬁ_[em':tg *“(darcetg” x2) =—ﬁem“tg R

2. 3aMeHy MepeMEeHHON MOKHO OCYIIECTBIATH (hOPMAIIbHBIM CBEJICHUEM

sit1 x
[O/IBIHTErPATBLHOTO BbIpaKEHNA K HOBOH repemennoil. Tak, B J€ % ¥ pyeer embicn

MePEeUTH K IEPEeMEHHOM (CAeNaTh MOJCTaHOBKY) t = Sin X. BeipaxkaeM Bce MHOKHTEIH
MOJABIHTErPATILHOTO BBIPAKECHUS YEpeE3 NEPEMEHHYIO t:

x=arcsmr;dr=L2;cosx=~fl—sm2x =w'r1—£2

sifl X =

1-1 . B pesynprate J¢  cosxdx =

=_[et\|'1—r2L=_[etdz=et+C= _
1- IE o Uy GSINLE e
(Bo3BpalllaeMcsi K ICXOAHOUM epeMEeHHON) ~ € :
Jpyrue npumepsl:
I dx
_ 3.
Vx=5(1+3x - 5) [loapinTerpanbHas GyHKIUS CONEPKUT JBA MHOKUTENS, HU OJUH U3

KOTOPBIX HC ABJIACTCA HpOHBBOI[HOfI Apyroro, mo3ToMy 1noABOAUTL UX IIOA 3HAK

muddepennmana 6ecrone3Ho. [lonpiTaemMcs BBECTH HOBYIO IEPEMEHHYIO, TAKYIO, YTOObI
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x—5=r.'5-,r="5

x =i +5 dx = 62 di

x- o

b
Iﬂfx—5(1+3{fx—5)

KOPHH MU3BJICKIINCH:

5 3 74
s oo i (@ - Vdk
Eil+efy T2+ £+l
=5[jat:—] f ]=5(:—ar.:tgz)+c=5@fx—5—arctgéxx—5)+c
£ +1 PaccMoTpum

Ja® - xdx (urrerpan Nel9 u3 Tadu.). 31ech HOABIHTErpalbHAsS (PYHKIUSA COCTOUT U3
€IMHCTBEHHOTO MHOKMTEJIS; MOKHO OIISATH MOMBITATHCS CAEIATh TAKYIO 3aMEHY
IIEPEMEHHOM, YTOOBI KOpeHb U3BIEKCS. CTPYKTYpa MOAKOPEHHOIO BEIPAKEHHUS
IIOJICKA3bIBACT OTY 3aMEHy: X= @5l ¢ (yqy X = acost a>0):

x =¢sin £ dx = acos idE

J' a’ - xidx = =azlcoszr'df.

. MnTerpan cBéncs xk uuTerpany

n'raz -xt = c.w'rl— sinc £ = @cost
oT KBaIIpaTa KOCI/IHyca. HpI/I I/IHTerpI/IpOBaHI/II/I YETHBIX CTeHeHeﬁ CI/IHyca )51 KOCI/IHyca

.4 2 o
YacTO MPUMEHSIOTCS (POPMYIIBI, BeIpaXkaromue - £y £05° fyepe3 KOCUHYC JBOMHOTO
2

. g 1-rcosz 2¢ 7 1+ cos 2§
sm- = ——— cosT S ——
yriIa: 2 2 ITosToMy
2 2
asz_[t:-::ls2 i dt =a2_[$dﬁ =%Ud§+_[t:052m’£]=%[t +é_[c052£'d2£] =

) X
s = —, CcosE=
&

= 3|
-l %
v}

a’ o’ o’

=% [+ Lain 2|+ €= %[+ Loin 2e +C =2 [f+sin grose)+ C =
2 2 2 2 2

2
= %arcsin x +%xw,|'a2 —x2 +

L

[Ipumepsr: 1.

r.=x+ﬂ,|'x2+U,;.t—x=x|'x2+w,;(f.—x)2 =x? +
2 2

dx £ - o )
I—tfxz=r2—2£x+x2=x2+mx= ;w'x2+w,=r— ==]n|r|+C'=]n‘x+-,|'x2+m
2 4+ 2f 2f
2 2
P+ 5t
= o = - g
Zf 2t

_[ o =L et E=i {x+a}—(x—a}dr=i 11 _
2. x%-a® Za’x®-da° 2a” (x+aix —a) 2a’lx-a x+ta
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IR TE D) - (| x -]k v al) e C = ot

Ea x-da x+a oy 2

x+a

Humezpuposanue no uacmsm.

HNHTerpupoBaHue no 4acTsaM - IPUEM, KOTOPBIA PUMEHSIETCS [IOYTH TaK K€ 4acTo,
KaK ¥ 3aMeHa rnepeMeHHol. [Tycth U(X) u V(X) - pyHKIIMH, UMEIOIIHE HEITPEPhIBHBIC
YyacTHBIC MPou3BoIHbIe. Torma mo ¢popmyne auddepennpoBanus npousseaeHus d(uv) =
wdy + ydu = ¥ =d@v) —v dit Hayonum veonpeneaéHHbIe HHTErPAbL I 00CHX
YacTel 3TOro paBeHCcTBa (IPH STOM Jdwr) = uv+ <y

Iu -dy =uv — Iv -du

Ota Gopmyiia U Ha3bIBaeTCs (OPMYIION MHTEIPUPOBAaHUS MO yacTsaM. YacTo ee
3aMUCHIBAIOT B mpou3BoaHbIX (dv = v’-dx, du = u’-dx):

Iu-v’aﬁc :uv—Iv-u'dr

IIpumepsr:
= x, dv = sn xdx,
J‘xsin xdx = _ =x(—cosxj—f{—msx]a&: =-xcosx+sinx+C
di = v =J‘sm xdx = —cosx
=ln x; dv =dx; e
_[hlxdx= e =x]nx—_[x—=xh1x—_[dx=x]nx—x+ﬂ'
= p=x x
x

dopmyna UHTETPUPOBAHUS IO YACTSIM MOXET IMPUMEHATHCS HEOIHOKPATHO.
[Ipy Hanmuuuu HEOOJBIIOTO OMBITA B MPOCTHIX HHTETpaiaXx HET HEOOXOIUMOCTH

BBINKACHIBAThH MPOMEKYTOUYHBIC BRIKIAAKK (U= ..., dV = ...), MOKHO cpa3y MPUMCHSIThH
Gopmyay, Ipe/ICTaBHB MHTErpa B BHJIE Joudv :
J'exxgafx: = j'x3 (e™dx) = ngdex = xe —Iexdx:g = x7e* —J'e 3xide = x e* 3]'.1:2 (e¥dx) =
= x ¥ BJ'xzdex = x'e® 3(.1: e —J'exaﬁcz = x’e* —3(.1: —J'e 2xdx) =

= xle® - 3x’e® + rSJ'xdex = xle® - 3xte® + blxe™ - J'exdx:) = x'e® - 3x’e® +6xe® - 6Iexdx: =

= x e* - 3x%e* + 6xe® - 62* +C=ex(x3—3x2+6x—6)+c

[IpuBenéHHEBIE NPUMEPHI TIOKA3LIBAIOT, /I KaKuX (PyHKIUIM HalI0 IPUMEHSATH (MU
OIBITATECS TPUMEHHTE) (POPMYITy HHTETPUPOBAHHS 110 YACTSIM:
. . il o %
WuTerpans Buja _[PH (x) ' cosem - dx ’ _[PH (x) sin e e 1 J'PH (x) e . TIe
Pn(X) - MHOrO4IEH N-011 cTenenn. Tak, mjs [ Pulx) cosem de ooy

=P, (x), dv =cosemedx du=(P,(x)Velx =P, (x)edx, v = (sin ex)/ &t -

_[PH (x) cosepc de =P, (x) (sin o)l — lfa_[PH —(x) sin eoe . B pesynbTaTe Mbl TIOMYSHIIH
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MHTErpaJl TOro K€ THUIIA C MHOTOWICHOM CTENIEHU Ha €IMHUIY MeHble. [lociie N-kpaTHOro
npuMeHeHus! (POPMYJIbl CTENIEHb MHOIOYWIEHA YMEHBIIUTCS 0 HYJIS, T.€. MHOTOWJIEH
MPEBPATUTCS B IOCTOSIHHYIO, U UHTETpal CBEAETCS K TAOJIUYHOMY.

WHTerpas [ B x): fx) e e £ TpaHCleHAeHTHas ()YHKIHS, UMEIOILAs
JPOOHO-pAIMOHATILHYO MU IPOOHO-UPppaMOHAIBbHYIO Tipou3BoanHyto (In X, arctg X,
arcctg X, arcsin x, arcos X). B arom ciayuyae umeer cmbici B3aTh U = f(X), dv = Pn(X)dX, mst

v ..
TOTr0, YTOOBI B HHTETpaJie J yuactBoBasia He f(X), a e€ nmpousBoaHas. [Ipumep:

i = arcsin X, dv = xdx,
w2 x = g £, dx:—u::osm’f.

} x .
X arcsn x o de = d :Jr:2 = __—aftcsin X —
-[ du=—2;'f’=? Pl = o «Jrl x% =coss

2 2 3 .
x—arcsmx—ljsmzxdi=x—ar|::sinx—lj(l—EOSEI]dI=x—arcsﬁ1x—l - 2 +C =
2 2 2 4 2 4 o
x? . £ sin foosk x? . arcsin x  xnf1- x°
—atesin x - —+ ———— +C' = —aresin x - + +C

4 2 4 4

JI1st HeKOTOPBIX (DYHKITUN MPUMEHSIETCS TPUEM ‘‘CBEJICHUSI HHTETpajia K caMoMy
ce6e”. C moMOIIbI0 HHTETPUPOBAHMS TI0 YACTIM (BO3MOXKHO, HEOHOKPATHOTO) HHTETpal
BBIPAYKAETCS Yepe3 TaKOM ke MHTErpajl; B PE3yJIbTaTe MOIy4YaeTcsl ypaBHEHHE
OTHOCHUTEIBHO 3TOT0 MHTETpasa, pemasi KoOTopoe, HaXoIMM 3Ha4eHHe UHTerpalia.

[Tpumepsr:
f= J-“l.,lldj ~x? dx

HHTErpaJioB; B MPEbIAyIIeM naparpade Mbl BBIYUCIUIN STOT UHTETPaJl C TOMOIIBIO

Haiitu (ato uaTerpas Nel9 u3 tadua. 10.3.HeonpeaeTé HHBIX

TPUTOHOMETPUYECKOM MOJICTAHOBKU X = esi ¢ ).

u = -a —xg;dv = dx;

E

I=I a’ —xde = xdx = xe —x2+]ﬁ=x a —xt - [ ———dx=

2 2
=x'xa2—x2— @ —x)—a: de =x a —x +
o 147 =

7 . X
-F+a® arcsm —

=X ﬂ: 2
I| _x (43

B pe3yijibTare I HKMCKOMOI'O HHTCIpala Mbl IIOJIYYHIM YPAaBHCHHUC

= xja® - x? —I a’ - x* dx +a2.|'

. X
J=x+a®-x%-T+a* arcsin —
Py

. x
2f = X“\Illﬂ'.z —x° +as2 arcsin — + &

pemiasi KOTOpoe, MoJyd4aem & (xoHcTanTta C TOSBUIACH
BCJIEJICTBHE TOTO, YTO MHTETPaIbl 4 B IPABOW ¥ JIEBOM YaCTIX yPaBHCHHS ONPECICHBI
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1 ] 2 ﬂ,z

.X
f=—xa* —x* +—arcsin —+C
C TOYHOCTHIO 70 TPOW3BOJBHON IOCTOSHHOMN) U 2 2 @
<
(KoHCTaHTa 2 nepeo0o3HaYCHA qyepes O).

Cenenue uMHTErpaja K caMoMy cebe — camblii TPOCTON CIOCO0 HAXOXKICHUS

ax ax
e coshxdx e o hrdx =
9JacTO BCTPEUAIONTUXCS WHTETPAJIOB BUIA I 5 I (““"‘3J esd).

Hanpuwmep,
=cosdx, dv = eTdx
I=Ie“cosbx'dr= B e™ cosbx+b_|-eﬂxsmbx'dr=
= —pzin bxde, v =™ fa . e

i =sin b, dv = e dx 2% bl e™ b

= = cosdhx +—| —:m bx——_[eﬂx coshx de|=
=hcoshrde,y =e® fa = al & =

ax ax 2
=_ coshx+ s e —— F

@ & @ | HWrak, mocie JIBYKPaTHOTO HWHTETPUPOBAHUS IIO

22 ax 2
f=—rcoshxe + smbx——zf
YacTsIM TOJYYCHO ypaBHCHHE OTHOCHUTEIbHO I : @ @ a
ax
& .
f= ﬁ[acosbx +hsin bx )+ C

peleHme KOTOPOTO a” +h :

[Tpu HAXOXKIEHUH 3TH UHTETPAJIOB HE MPUHIHITHAILHO, ITOJI0XKHUM JIK MBI U = COS
bx, dv = e dx mmm u = €®, dv = c0s bX dX; Ba)XHO TOJBKO IPH BTOPOM MPUMEHCHHUH
(GOpMYJIBI HHTETPUPOBAHHUS 110 YACTSAM 3arOHSTH MO/ 3HAK quddepeniaia GyHKIHIO
TOT'O K€ THIIA, YTO U MPH TEPBOM (TTOKA3aTEIbHYIO WA TPHTOHOMETPHUIECKYIO).

Emé onmun Bua ¢dopmysn, KOTOpble OOBIYHO TOJIYYAIOTCS C TOMOIIBIO
UHTETPUPOBAHUS IO YACTAM, WM HCHOJB3YIOTCA MJISI HAXOXKICHHS WHTETPajoB -
PeKyppeHTHbIe cOoOoTHOmeHus1. Ecnu moxapiHTerpanbHas (YHKIMS 3aBUCUT OT
HEKOTOPOro napamerpa N, U MOJy4eHO COOTHOIIEHUE, KOTOPOE BbIPAKAET UHTErPall
4yepe3 aHAJIOTMYHbIA MHTErpajl ¢ MEHBIIMM 3HAYE€HHWEM N, TO 3TO COOTHOUIEHUE U
Ha3bIBaETCs PEKYPPEHTHBIM COOTHOUIIEHUEM. [Tpumepsr:

= H '
Iy = [eos™ x dx IlpencraBuM  MOJABIHTErpaNbHYIO  (QYHKIHMIO B BHJE

- _ n-2 2 _ n-2 . - r-2 .
L e e L x'(1-sn® x)=cos X — 5 X Cos XS X . pyrerpan

OT IIEPBOTO CJIAraéMoro aHaJOTMYE€H WCXOJHOMY C 3HAYEHHEM IapaMmeTpa N Ha JBe
CAVHUIIBI MEHBINE, K HHTErpally OT BTOPOTO CIAraéMoro NPUMEHUM (HOpMyTy
VHTETPUPOBAHUSA MO YACTIM:

2

=gin x; dv = cos® “ xsin xdx;
Iy = [eos™ x dbe = [cos™ * x dx - [ s "2 xsin xbe = -
w = [cos” x = |cos x 5N X COS xsin xdx = cos® ! x =
=cosxede,r=——00-—
-1

: u-1
=f, 7 -mnx _fos X +_[ .. cosx dx =1, 4 LHRXE0S X ! Icosx"'a&:=
n-1 n—1 rn-1 -1
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_ sinxcos® Tx 1 ﬁ 1 )' _ sinx cos® L x _n-1 sin x cos® L x
" T2 -1 LI S 2 -1 = T o 2 "
Teneps, 3Has 1y =ICOSx'dr=smx+C |
+ .
Iy =Ic052x'dm=_[ﬂdr =l x + 0 2x I
: 2 2 D MBI MOXEM BBIIIUCATDh
- : 3-1 . 2
IE=_[C053x'dx=3 lfl_l_smxms x=gsmx+smxcos X e
3 3 3 3 :
- : 4-1 . 3
f4=‘rc054x-dx=4 lfz+smx|:os x=§ll(2x+sm2x;‘+smxcos X, c
4 4 4 4 4 :
- ; a-1 ) 4
fs =Icoij'¢£r = ° l‘r3 p DT EO8 X =i'l(25inx+sin :u:n:-::us2 x)+—smxcos x +
. > >3 5 U T.IL

MpaKtnuyeckana pabora Ne 16

Tema: BblumcneHue MHTErpanos

OcHOBHasA uenb:

dopmupoBaHMe npeacTaBAEHUIt O MOHATMM NepBOOOpPa3HOM, HeonpeneneHHOro WHTerpana,

onpegeneHHoro nHTerpana.

OBnageHne ymeHuem nprvmeHeHua nepBoobpasHon GpyHKLMU NpU peeHnn BbIMUCAUTENbHbIX

3aJau.

M3yuyeHune gaHHOM TeMbl NO3BONAET

-

CTyfeHTam O0BNAfAeTb KOHKPETHbIMM MaTEMATUYECKUMM 3HAHUAMW, HeobxoauMMbIMK  ANA
NMPUMEHEHUA B MPAKTUYECKOW AEeATENbHOCTU, ANA U3YYEHUA CMENKHbIX AWUCLMNANH, Pa3BUTUA
YMCTBEHHbIX CMOCOBHOCTEW, YyMeHMe WU3B/MeKaTb y4yebHyto uHOOpPMauMIO Ha OCHOBe
COMOCTaBUTENIBHOTO aHaNM3a rPaduKoB, CaMOCTOATENIbHO BbINONHATbL PA3/IMYHbIE TBOPYECKME

paboTbl.

CTyZAeHTbl AEMOHCTPUPYIOT TEOPETUYECKME N MPAKTUYECKME 3HaHUA No Teme «[epBoobpasHasn u
nHTerpan». MoryT npuBecTM npumepbl, NoAo06paTb aprymeHTbl, CHOPMYANPOBaTb BbIBOAbI.
YMEeIT COCTaB/ATb TEKCT HAay4YHOro cTuaA. YmetoT GopmmpoBaTb BOMPOCHI, 3a4a4uM, CO34aBaTb

NPO6AEMHYIO CUTYaLMIO

CTyfeHTbl cBOOOAHO MPUMEHAIOT 3HAaHMA M ymeHua no Teme «llepBoobpasHasa
WHTerpan». YmeloT nepenasaTb, UHPOPMALMIO CXKATO, NOJHO, BbIBOPOYHO. YMEIT 06bACHUTD
M3yYeHHble MONIOXKEHUA Ha CaMOCTOATE/IbHO MOAO0OPaHHbIX KOHKPETHbIX Npumepax. YmeroT
y4yacTBOBaTb B AManore, NMoHMMATb TOYKY 3peHus cobeceaHWKa, NpuM3HaBaTb MPaBO Ha WMHOe

MHeHue.
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Tema "lMepBoobpasHaa u uHTerpan" 3aBepliaeTca KOMMAEKCOM YuyebHo-
TPEHUPOBOYHbIMbI TECTOBbIMKU 3agaHuamu EMNo paHHoOW Teme (cm.
MpunoxkeHwue 1).

YyebHaa uenb:

+ @DopMHUpPOBAHUE NMPEACTABJICHUH O PA3JIMYHBIX TUIIAX TECTOBBIX 3aJaHUM, KOTOPHIE
BrJTrOUaroTca B EI'D mo maremaTtuke.

+ OsiageHue HaABbIKAMM M YMEHUSAMH PELICHUA 3aJaHUN Pa3HOI'O YPOBHS: TECTOBBIX
3aJlaHUii ¢ BBIOOPOM OTBETAa U KaYECTBEHHBIX TECTOBBIX 3aJJaHUM C YMCIOBBIM OTBETOM.

+ Pa3BuTh TBOpUECKHE CIMOCOOHOCTH NPUMEHEHUs 3HAaHUM W yMEHUH B pelIeHUU
BapuaHnToB EI'D no maremaTuke.

Ila1an:
|. MeTonnueckre yKa3aHus K BBITIOJIHEHUIO TIPAKTUYECKOU pabOThI

1) IlepBooOpa3Hast 1 HEONPEACICHHbIN HHTErPaJI

2) TaOnuia MHTErpaIoOB

3) Hekoropsie CBOWCTBA HEOMPEACICHHOTO HHTETpalia

4) VHTerpupoBaHUEe METOIOM 3aMEHBI IEPEMEHOMN HITH CIIOCOOOM TOACTaHOBKH

5) HuTerpupoBaHHe MO YacTAM

6) PammonanwsHbie npodu. [Ipocreiimime palmoHaIbHbIC JPOOU U UX HHTETPUPOBAHUE
7) VIHTerpupoBaHHUe pallMOHATBHBIX APOOECH

8) Murerpainbl OT HPPALMOHAIBHBIX ()YHKITUI

Il. TIpakTrueckas pabora

I11. Utor

X0/l YPOKA

|. MeToauyeckne yKazaHusl K BbINOJHEHHI0 MPAKTUYECKOH padoThI

1) IlepBo0Opa3Has U HeompeaeJeHHbII HHTErpaJl

Paccmorpum  3amauy: [lama @ynkmms f(X);TrpeOyercss HaWTH Takyr (QYHKIIHIO
F(X),mponssoanas xkotopoii pasna f(X),r.e. F (X)= f(X).

Onpenenenue: 1. dynkus F(X) HaspiBaeTes nepBoodpasHoit ot pyHkwm f(X) Ha oTpeske

[a,b], eciu Bo Bcex Toukax 3TOro oTpeska BeIMONHAETCS paBeHCTBO F (X)= f(X).

Hpumep.Haiitu nepsoobpasznyto ot ¢pyukiuu f(X)=x2.U3 onpeneneHus nepBooOpasHoOii
ciexyer, uto Gpyukuus F(X)=x3/3 sBnsercs nepsoodpasHoii, Tak kak (x°/3)'= X2.
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Jlerko BHIETH, YTO eciu Ui qaHHON ¢yHkuuu f(X) cymecTByeT mepBooOpasHas, TO 3Ta
NepBOOOpa3Hasl He SBISCTCS SAMHCTBEHHOM. Tak, B MpeAbAyIIeM MpUMepe MOXHO OBLIO
B3STh B KA4eCTBE MIEPBOOOPA3HBIX CICIYIOIINE (PYHKIUU:

X3 X3 X3
F(x)= 3 +LF(X)= 3 7, uma BooObme F(x)= 37 C (rme C- npou3BOJIbHAs MOCTOSHHASN),

X3 ' ) . X3
TaK KaK (§+ C) =x°. C 1pyro#i CTOPOHBI, MOKHO JI0OKa3aTh, 4TO (QYHKIUSIMHU BHIA §+ C

MCUEPIIBIBAIOTCA BCE MEPBOOOpA3HbIE OT (YHKIMHM X° . DTO BBITEKAET M3 CIEAYIONIEH
TEOPEMBI.

Teopema. Eciiu F1 (X) u F2 (x)- a1Be nepBooOpasubie ot pyHkiuu f(X) Ha orpeske [a,b], To
Pa3HOCTh MEX/1y HUIMH PaBHA MIOCTOSTHHOMY YHCITY.

JlokazaTesibcTBO. B cuiny onpeneneHust nepBooOdpa3Hoil uMeem
F1'(x)=1(x), F2'(x)=f(x) 1)
[Tpu 11060M 3HaYCHUM X Ha oTpe3ke [a,b].

0O003HaUYNM

F1(x)- F2(x) =0(x). )

Tornma Ha ocHoBanuu paBeHcTB (1) Oymer F'1 (x)- F'2 (x)= f(X)- f(X)=0 unu ¢'(x)=[ F'1 (x)-
F'2 (x)]'=0 npu ar060M 3HaYeHHH X Ha oTpe3ke [a,b]. Ho u3 paBencTBa ¢'(x)=0 ciaeayeT, 4T0
¢(x) ecTh mocTosiHHAA. JleHCTBUTENBHO, TPUMEHUM TeopeMy Jlarpamka Kk QyHKIuu @(X),
KOTOpasi, OYEBHUIHO, HETMPEphIBHA U qU(depeHipyeMa Ha oTpeske [a,b]. KakoBa Obl HU
ObLTa TOuka X Ha oTpe3ke [a,b], MbI uMeeM B cuiy TeopeMbl Jlarpamka @(x)- @(a)= (x-a)
0'(z), tme a <z<x.Tak xak @'(z)=0, 1O OX)- o¢(@)=0, wmwm o¢ox)= o(a).
3)

Taxkum obOpazom, GpyHkus G(X) B 11000 TOUKe X oTpe3ka [a,b] coxpansier 3nauenue ¢(a),
a 3TO 3HAYUT, 9T0 (QYHKIHUSA @(X) SABISAETCS MOCTOSHHOW Ha orpe3ke [a,b]. O6o3Hagas
noctosiHHy10 @(a) uepe3 C, u3 paBeHcTB (2) u (3) nonyyaem Fi (x)- F2(x) =C.

W3 mokazaHHOW TEOpEeMBI CIIeIyeT, 4yTo eciu s nanHou (ynkiuu f(X) Halinena kakas-
HUOYIb o1HA TiepBooOpa3Has F(X), To mobas apyras nmepBooopazHas st f(X) umeer Bug
F(x)+ C, rne C = const/

Onpenenenue 2. Eciu dynkmus F(X) sBisercs mepBooOpasznoit st f(X), To BeIpaxeHue
F(xX)+ C na3wiBaeTcs HeompeneieHHbBIM uHTerpajiom ot Gynkmuu f(X) m obo3Hawaercs
[f(X)dx. Takum o6pazom 1o onpexenenuto, | f(X)dx= F(X)+ C, ecim F (x)= f(X). [Ipu s3tom
¢yakmuro f(X) HaspBaroT mnoabHTErpanbHONW (yHKIMeH, f(X)dX- mombIHTErpaTbHBIM
BBIP)KCHIEM, 3HAK |- 3HAKOM HHTErpaa.
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Takum 06pa3zoM, HeoNpeIeICHHBIA HHTErPaJl MPEACTaBIsAET COO0M CEMEMCTBO PyHKIIHM Y=
F(x)+ C.

C reomMeTpu4ecKOM TOYKM 3pEHHUS HEONPENEIICHHBIA HWHTETpPajl  MPEICTABISAET
COBOKYITHOCTb (CEMENCTBO) KPUBBIX, KaXAasi U3 KOTOPBIX MMOIYYaeTCs IyTEM CABUIa OJTHON
13 KpUBBIX IIapajuIeIbHO caMoM ce0e BBEPX WIIM BHHU3, T. €. BoJIb ocH Oy.

EcrecTBeHHO BO3HMKaeT Bompoc: [uis Beskod nu QyHkmum  f(X)  cymecTByroT
nepBooOpa3Hbpie( a 3HAYMUT, U HeompenelaeHHbIM uHTerpan)? Okas3pIBaeTcs, YTO Ha IS
BCSIKOM. 3aMeTuM, OJHaKo, 0e3 Joka3areibcTBa, urto eciau pyHkius f(X) HenmpepbiBHA Ha
orpe3ke [a,b],to g 3TOM (QyHKIMM CylIecTBYeT mepBooOpa3Has (a 3HAYWT, H
HEOMpeIeICHHbIA HHTErpa).

Haxoxnenue nepBooOpasHoi uis ganHou QyHKiuu f(X) Ha3bIBaeTCs MHTETPUPOBAHUEM
byuxmn f(X).

3aMeTHM CcIleyIolee: eclu MPOU3BOJIHAS OT 3JIEMEHTApHOW (PYHKIIMU BCEraa SBIISETCS
AJIIEeMEHTApHON (yHKUMEH, TO TMepBooOpa3Has OT 3JIEeMEHTapHOW (YHKIHH MOXKET
0Ka3aTbCs U HE MPEACTABUMOI ¢ TOMOIIHI0 KOHEYHOTO Yncia dJeMeHTapHbIX PyHkimii. 13
OTpeJIeNIeHHs 2 CeayerT:

1.Ilpou3BoaHast OT HEOINpPEAEIEHHOTO MHTErpala paBHA MOJBIHTErPalbHON ()YHKIHH,
T.e.ecu F (X)= f(X), To u

( f()dx)= (F(x)+C)=f(x). (4)

[Tocnennee paBeHCTBO HYKHO TOHUMAaTh B TOM CMBICIIE, YTO TPOHW3BOJIHAS OT JIt00Oi
nepBooOpa3HOM paBHA TMOABIHTETPAIBLHON (DYHKITHH.

2. uddepennnan oT HEOMPEAEICHHOIO HWHTErpaja paBeH TMOIBIHTETPATILHOMY
BBIPAKCHUIO:

d(Jf(x)dx)= f(x)dx. (5)
DT0 moyry4aeTcs Ha OCHOBaHUHU (HOpMYITHI (4).

3. Heompenenennoro mHTerpan ot auddepeHnnana HEKOTOpOH (YHKIUH pPaBEH STOH
(GYHKITUU TUTIOC TTPOU3BOJIbHAS TIOCTOSHHAS :

JdF(x)= F(x)+C.

CripaBellTUBOCTh  MTOCIICTHETO PAaBEHCTBA JIETKO MPOBEPHUTH Mud(dhepeHIIMPOBAaHUEM
(muddepenmmansr oT 00enx yactel paBeHcTBa paBHbl dF(X)).

2) Tabamua MHTErpaJioB.

[Ipexae yeM NPUCTYNUTh K U3JIOKEHUIO METOJOB MHTETPUPOBAHUS, MPUBEIEM TaOIUILY
MHTETPaJOB OT NMPOCTEHIINX (DYHKITUH.
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a

+1
1. J'x“dx =1 +C (@ #-1) .(Baech u B mocneayromux hopmynax mox C moHUMaeTCs

IIPOU3BOJIbHASI IOCTOSIHHASL. ).

dx_
X

N

In|x/+C.
3. jsin X-dXx=—cosx+C

4, jcosx-dx=sin X+C

5.J' dx =tgx+C.
cos? x

=—Ctgx+C.

o

Ism X

~

[tgx-dx=~In|cos x|+ C.

8. _[ctgx-dx=|n|sin X|+C.
0. jex-dx=ex+c.
aX
10. jax-dx: +C
Ina
11. = arct C.
Il+x arctg x +
' dx _1 X
11" Ia2+x2 —garctgg+c.
12. |9 x = L1p@X,c.
a’—x? 2a |a—X

13. I\/ld_LXZ =arcsin x+C.

d
13'J‘ﬁ:arcsin §+C-
‘X+'\/X +a

+C.

14'JJT

CnpasegnmuBocts Gopmyn 7,8,11°,12,13'u 14 nerko ycTaHaBIMBAaeTCS C TOMOIIbIO
b depeHupoBaHus.

B ciyuae dopmyner 7 umeem  (—Injcos x|) '=— —sin x

=1tgX,

CIIeJIOBATEIBHO, jtgx- dx=—Injcosx/+C.

219



B cnyuae popmynsr 8

(Insin x) '= 25X _ crgx,
n X

crienoBaTenbHo, [ctgx-dx=Injsin x|+C.

B cnyuae popmyner 12

1olatxy,_ 1 1.1 1 1
(—=In——)'=—[Inja+x|-In |a—x] =— + = ,
2a |a—X Za[| | | ] 2a[a+x a—x] a®—x?
dx 1 Ja+Xx
CJICJIOBATEIIBHO, I —_=—Ihl—+C.
a?-x* 2a |a—-X
B cnyuae popmynsr 14
1 X
(In‘x+\/x2 taly = L+ )= ,
x+Vxi+a?  Jx*+al Jx2+ad’

CJICA0OBATCIBHO, +C.

=In‘x+\/x2 +a?

J dx
Vx* +a?
3)HekoTopblie CBOMCTBA HEeONpeaeJIeHHOT0 HHTerpaJsa

Teopema 1.HeomnpeeneHHblit HHTETpai OT alreOpanyeckoi CyMMBI IBYX HJIA HECKOIBKUX
(GyHKIIUN paBeH airedpanyeckoi CyMMe UX UHTErPaJIOB:

[Lf,00+ 1,001dx = [ £,0)dx+ [ F,(x)dx. (1)

N3 nokazarenbCcTBa HaAEM MPOU3BOIHBIEC OT JIEBOM M IIPABOM YacTei 3TOro paBeHcTBa. Ha
OocHOBaHUU paBeHCTBa (4) myHkTa Nel Haxoaum

(TR 00+ F,000dx) = £,()+ f,(),
(] £.00dx+ [ £,00d0)" = ([ £ ()dx) + ([ £,09dx)" = F,() + f,(x).

Takum 00pa3omM, MPOM3BOJHBIE OT JIEBOM M MpaBOi dacTel paBeHCTBA (1) paBHBI MEXKIY
co0oM, T. €. MPOU3BOHAS OT JII0OOH MEepBOOOPA3HOMN, CTOAIIAS B JIEBOK YACTH, PABHACTCS
MIPOM3BOIHOM OT J1000H (DYHKIIMH, CTOSIIEH B IIpaBOi 4acTu paBeHcTBa. CieaoBaTeIbHO
mo teopeMe u3 myHkTta Nel mrobast GyHKums, cTosimas B JieBoW udacTu paBeHctBa (1),
OTIUYAETCs OT JIFOOOW (PYHKITUH, CTOSIIIIECH B TpaBoil 4yacTu paBeHCTBA(1), HA TOCTOSTHHOE
ciaraemoe. B 3ToMm cMmbIciie U HYy>KHO TOHUMAaTh paBeHCTBO (1).

Teopema 2. [IoCTOSIHHBIE MHOKHMTEIb MOYKHO BBIHOCHTBH 33 3HAK MHTErpajna, T. €. €CIIH

a=const, To
(| af (x)dx =a| f (x)dx.
J J @

Jl71st nokazaTenbCTBa paBeHCTBA (2) HalileM TPOU3BOAHBIE OT JIEBOW U MPABOM €0 YacTei:
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( j af (x)dx)’ = af (x), (a j f (x)dx)’ = a( j f (x)dx)’ = af (x).

[IpousBosiHbIE OT IpaBOM U JIEBOM YacTeil paBHbI, CJIEIOBATENIbHO, KaK U B paBeHCTBE (1),
Pa3HOCTh JBYX JIIOOBIX (PYHKUHMH, CTOSIIMX CJIEBa M CIpaBa, €CTh MOCTOsIHHas. B »Tom
CMBICJIE U CJIeyEeT MOHUMATh PaBEHCTRO (2).

[Ipu BBIYUCICHUU HEONPECICHHBIX HWHTErPAJioB ObIBA€T TMOJIE3HO HMETh B BHUIY
CJIeIyIOIINe MpaBUIa.

1).Ecnu

_[ f (X)dx = F (x) + C,

TO

j f (ax)dx = iF (ax) +C. (3)

JletictButenbHO, nuddepeHnupys JeBYI0 U MPaBYyIO YacTH paBeHCTBA (3) MOJIydyuM

(_[ f (ax)dx)" = f (ax), (% F (ax))’ = i (F(ax)), = i F'(ax)a=F’'(ax) = f(ax). I[Ipou3BomHbBIE  OT
IIpaBoOi M JICBOM YacTel paBHBI, YTO U TPEOOBAIOCH I0KA3aTh.

2). Ecnu

j f (x)dx = F(x) +C,

TO

[ f(x+b)dx = F(x+b)+C. (4)
3. Eciu

j f (x)dx = F(x) +C,

TO

jf(ax+b)dx=§|:(ax+b)+c. (5)
PaBenctBa (4) u (5) noxaspBaroTcs nuddepeHImpoBaHeM TPaBOM W JIEBOW dacTen
PaBEHCTB.

Ilpumep 1.

.[(2x3 —3sin x+5vx)dx = _[2x3dx —I3sin xdx -+ IS\/x_dx = Zj x*dx —3_[sin xdx+ 5j xM2dx =

341 o
+ 2
X —3(—cosx)+51(
3+1 EH

=2= +C=%x4+3cosx+%x\/;+c.
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Ilpumep 2.

2 4
+—+xJ_)dx 3jxl’3dx+ jxl’zdx+jx5’4dx 3% +1 X° X c=

v

=%3\/x2 +\/;+gx24\/;+c.

Ilpumep 3.

ﬁzln | x+3]+C.
X+3

Ilpumep 4.

Icos?xdx:%sin 7x+C

[Tpumep 5.

_[sin( 2Xx—6)dx = —%cos(Zx -6)+C.

4)AHTerpupoBanne MeTOA0M 3aMeHbI IePEeMEHOI WJIH CIIOCO00M MOACTAHOBKH

[lycte TpeOyeTcss HaWTH HWHTErpaj f f(x)dx , TMpUYEeM HEMOCPEACTBEHHO TMOA00paTh

nepBooOpasnyro s f(X) MbI He CMOXEM , HO HaM U3BECTHO, YTO OHA CYIICCTBYET.

C,IIGJI&GM 3aMCHY HepeMeHHOﬁ B IMOABIHTCT PAJIbBHOM BBIPAXKCHUH, ITI0JIOKHNB

x=¢(t), 1)
rae o(t)-HenmpepbiBHAs (QYHKIUS C HEMPEPHIBHOW MPOM3BOIHON, MMEIOIIAass 0OPaTHYIO

¢yukmmo. Torma dx= ¢'(t)dt;mokakem, 4TO B 3TOM CiIydae HMEET MECTO CJCIYIOIIee
PaBEHCTBO:

[ fo0dx = [ flp)le (tdt. (2)

31ech NOoAPa3yMeBAETCs, YTO MOCIEe UHTETPUPOBAHUS B MPABOIl YaCTU pPaBEHCTBA BMecCTO t
OyZeT MOJCTaBICHO €T0 BRIPAKEHUE Yepe3 X Ha OCHOBaHHH paBeHcTBa (1).

HHH TOI'0 YTOOBI YCTaAaHOBUTDb, YTO BBIPAXKCHHUA, CTOAMIMNC CIIpaBa M CJICBA, OAWMHAKOBBI B
YKa3aHHOM BBIIIC CMBICIIC, HY?KHO JOKa3aTb, YTO HMX IIPOM3BOJHBIC IIO X PaBHBI MCIKIAY

coboii . Haxomum mnpou3BOAHYIO OT JIEBOM YacTH : (I f (x)dx)’. = f(x). [IpaByto 4YacThb

paBeHcTBa (2) Oymem nmuddepeHIpoBaTh MO X Kak CIOXKHYIO GyHKOHO, Tae t-
MPOMEKYTOUHBIN apryMeHT. 3aBUCUMOCTh t OT X BbIpaxkaercst paBeHCTBOM (1), mpu 3TOoM
dx d 1

i ¢'(t) ¥ 1o mpaBuny nuddepeHunpoBanusi oOpaTHON PyHKIUU i m

Takum oOpazom, umeeM
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1
o't

(1101 O, = ] Flol ;. = TTo0lo' ;= Tlo0]= 109,

CienoBaTenbHO, MPOU3BOIHBIE OT X OT IIPABO 1 U JIeBOil yacTel paBeHCTBA (2) paBHHBI,
4TO U TpeOOBANIOCh JOKA3aTh.

OYHKIHIO X =@(t) cleayeT BbIOMpaTh TaK, YTOObI MOXHO OBUIO BBIYUCIHUTH

HEOMpeACICHHBIN UHTETpall, CTOSIIUN B MPAaBOM 4acTU paBeHCTBA (2).

3ameyanme. [lpu wuHTErpuMpoBaHMHM UWHOTZA LenecooOpazHee NOAOUPATH 3aMEHy
IIEPEMEHHOM HE B BHUJIE x = ¢(t), a B BHJE t =y (x). [[porstocTpupyeM 310 Ha mpumepe.

HYCTB HYXHO BbIYUCJIIUTD UHTCTPAJI, I/IM@IOIJ.IPIﬁ BU/

J-z//’(x)dx
p(x)

3nech yI00HO MOJ0KHUTh
y(x)=t,

TOrZa w'(x)dx = dt,

j%:j%muuczmw(xnw,

[IpuBeaemM HECKOIBKO MPUMEPOB HA MHTETPUPOBAHHUE C IIOMOIIBIO 3aMEHBI IEPEMEHHBIX.
Ilpumep 1.

I Vsin x cos xdx = ? Cemaem moAcTaHoBKY t=Sinx; roraa dt= cosxdX u, ciaemoBaTelbHO,

3/2
J'\/sin xcosxdx:.[\/fdtzjtl’zdt:ZtT+C :gsing”2 x+C

Ilpumep 2.
| 1XdX2 = 7 Tlonaraem t=1+x?;rorga dt=2xdx u
+X

[ $=%|nt+c=%|n(1+x2)+c

1+x2 29t
Ilpumep 3.
dx 1 dx X _
I ol ?Im-ﬂonaraeM t= 2 ; Toraa dx=adt,

dx 1 ¢ adt 1, dt 1 1 X
=—|——=-|——=—arctgt+C = —arctg—+C.
J-az +x?> a? I1+t2 a-"1+t2 a ¢ a g a

Hpumep 4. _[ x _1 I dx . Tlonaraem t =X ; Torna dx=adt,
Jai-x2 a \/(1—x/a)2 a
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adt . . X
=arcsint+C =arcsin —+C

dx 1 dt
JWZEIJL? :I\/l—tz B a

(mpenmomnaraetcs, uyto a>0).

B npumepax 3 u 4 BblaeneHsl QopMyiibl, IPHUBEJCHHbIE B TAOJUIE WHTErPajoB O]
Homepamu 11'u 13'(cMm. Bbimie, myHKT No2).

3 dx dx

Ilpumep 5. [ (in x)* == =2 Iomaraem t=Inx; Torxa dt ="

(n 0 dx jt3dt_ ; +C:_(In X)*+C .

Ilpumep 6. j xdx _ =7 Ilonaraem t = x*;Toraa dt= 2xdx,
xdx 1

I1+x4 _—I _—arctgt+C Earctgx +C

Meton 3aMEHBI TIEPEMEHHBIX SBJSIETCS OJHUM M3 OCHOBHBIX METOJIOB BBIYHCICHUS
HEONPEICICHHBIX HHTErpasIoB. Jlake B TeX cllydasiX, KOTJila Mbl UHTETPUPYEM KaKuM -TH00
JPYTUM METOJ0OM, HaM 4acTO MPUXOJAUTCS B MPOMEKYTOYHBIX BHIYUCICHUSAX MpUOEraTh K
3aMeHe TIEPEeMEHHBIX. Y CIIeX HHTETPUPOBAHUS 3aBUCUT B 3HAUUTEIHHOM CTENEHH OT TOrO,
CyMEEeM JI MBI TO100paTh TaKyIO YIAYHYIO 3aMEHY IePEMEHHBIX, KOTOpasi YIpocTuiia Obl
naHHbI uHTErpai. [lo cymiecTBy roBopsi H3yuyeHne METO0B HHTEIPUPOBAHUS CBOJUTCA K
BBISICHEHUIO TOTO, KaKyl0 HaJl0 CleJlaTh 3aMEeHY NEpPeMEHHOW MpU TOM WIM WHOM BHUJE
MOJIBIHTETPATIbHOTO BBIPAXKEHUSI. DTOMY MOCBSIIEHBI OOJIbIIIAs YaCTh HACTOSIIIETO MYHKTA.

S)UHTEerpupoBaHue Mo 4acTamM

[TycTte U n V 1Be nuddepeHunpyembie GyHKIHH OT X. Torma, kKak u3BecTHO, AudpepeHIman
HpOM3BENCHUS UV BbIUKCIsAETCS Mo cienyromieit dopmyne :d(uv)=udv+vdu.Orcroza,

UHTETPUPYS, IIOJIYUAEM UV = _[ udv + _[ vdu niun
fudv=uv—_[vdu. (@D

[Mocnenusis popmyna HaszpiBaeTcsa (popmylia MHTETPUPOBAHUS MO YacTsIM. Jta dopmyra
qaiie BCETO MPHUMEHSETCS K WHTETPUPOBAHUIO BBIPAKEHUNM KOTOPHIE MOXHO TaK
MIPEJICTAaBUTH B BUJIC IPOU3BEIACHHSI ABYX COMHOXUTENEH UK 0V, 9TOOBI OTHICKATh ()YHKIIHFO
viio e€¢ nmuddepennuany dv U BEIUMCICHHUS WHTErpaja _[vdu COCTaBIISITTA B COBOKYITHOCTH

3ajady OoJiee MPOCTYIO, YEM HEMOCPEJACTBEHHOE BBIUMCIIEHUE HHTerpaJIa_[udv. VYmenue

pa3OuBaTh pa3yMHbIM 00pa30M JJaHHOE MOJBIHTETPaJIbHOE BhIPAKEHNE HA MHOXKHUTENIH U U
dv BeIpabaThIBaeTCs B IPOIECCE PEHICHUS 3a1aui, U MbI IIOKAXXEM Ha psijie MPUMEPOB, Kak
9TO JIEJIAETCH.

Ilpumep 1. j xsin xdx = ? TTomoxum u=X,dv=sinxdx;rorga du=dx,v= -cosx.CienoBaTeiabHO,
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_[xsin xdx=—xcosx+jcosxdx=—xcosx+sin Xx+C.

3ameuanme. [Ipu onpenencHnu QyHkimm V o muddepennumany vV Mbl MOKeM OpaTh
T00YI0 MPOU3BOJIBHYIO IOCTOSIHHYIO, TAK KaK B KOHEUHBIN PE3yNbTaT OHA HE BXOAUT (UTO
JIETKO MPOBEPUTH, MOJICTaBUB B paBeHCTBO( 1) BMecTO V BhipaxkeHue V+C). [loatomy yn1o6HO
CUMTATh ATy MOCTOSHHYIO PABHOW HYIIIO.

HpaBI/IJIO HHTCTPUPOBAHUA 110 HaCTAM IIPUMCHACTCA BO MHOTHUX ClIydasaX. TaK, HaImpumMmcp,
HHTCTpAJIbl BUA

.[xk sin axdx,jxk cos axdx,_kaef"xdx,jxk In xdx,

HCKOTOPBIC HHTCIpAJIbl, COACPIKALIUC O6paTHBIe TPUTOHOMCTPHUYCCKUC (l)yHKI_[I/II/I,
BBIYUCIIATOTCA C TIOMOIIBIO UHTCTPHUPOBAHUSA 110 YACTAM.

Ilpumep 2.TpebyeTcss BBIYUCIUTH j arctgxdx . Ilomoxxum U= arctgx, dv=dx;Torma

du = iz,v = x. CienoBarennHo,

14X

5 =

Iarctgxdx: xarctgx—J.l)(dX = xarctgx—% In |1+ x* | +C.
+ X

Ilpumep 3. TpeOyercs BBIUNUCIUTH _[ x%e*dx . TMomoxum U=X>,dv=e'dX, Torma
du = 2xdx,v =¢e*,

_[xzexdx = x’e* — 2j xe*dx .

[TocnenHuit MHTETPAIl CHOBA MHTETPUPYEM 110 YaCTAM, Iojaras

u, = X, du, = dx,dv, =e*dx,v, =e*. Torna

I xe*dx = xe* — _[ e*dx = xe* —e* + C . OkOHUYaTeIHLHO Oy/IeM UMETh
.[xzexdx = x%e* —2(xe* —e*) +C = x%e* —2xe* + 2" +C =e*(x* —2x+2) +C.

6) Panuonanbubie apodu. IIpocreiimue panuoHajJbHbIE JApPOOM W HX
HHTErPUPOBAHUE

Kak ™Mbl yBUIMM HWKE, JAJIEKO HE BCSAKas JJIEMEHTapHas (DyHKIHUS HMEEeT HHTETpa,
BBIPKAIOIIMICS B AJIEMEHTApHBIX (QyHKIUAX. [103TOMy OueHb Ba)KHO BBIJCIHUTH TaKUE
KJIacChl (DYHKIMHA , WHTETPAIbl KOTOPHIX BBIPAKAIOTCS UYepe3 dJEeMEHTapHbIC (PYHKIUH.
[IpocTelum 13 TUX KITACCOB SIBIISIETCS KIIACC PAIIMOHATBHBIX () YHKITHA.

Bcesikyto panoHanbHy0 (GyHKIIHIO MOXKHO TIPEICTABUTh B BHJIE PAIIMOHAIBLHON IpOOH, T. €.
B BUJIC OTHOIICHHS JIBYX MHOTOYJICHOB:
Q(X)  Byx"+Bx"'+..+B,

f(x) AX"+AX""+.+A
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He orpanununBas oOUIHOCTH pacCykJeHus, Oy/ieM mpeanojaraTh, YTO 3TH MHOTOWICHBI HE
MMEIOT OOIIIHUX KOPHEH.

Ecnu crenenp yncnuTens HUKe CTENEHU 3HaMEHATeNs, TO JpO0b HAa3bIBAETCS PaBUIbHOM,
B IIPOTUBHOM Ciy4ae ApoOb Ha3bIBAETCS HEMPaBUIbHOM.

Ecnu npo6p HenpaBuibHas, TO, pa3/eIUB YUCIUTENbh HAa 3HAMEHATEIb (10 TIPAaBUITY TCTICHHS
MHOTOYJICHOB), MOXXHO TPEACTaBUTHh JAaHHYIO JIpoOb B BHIE CyMMBl MHOTOWIECHA U
HEKOTOPOM NMPAaBWIBHOU JpOOu:

g&Q=I\/I(>()+F(X)
f(x) f(x)

3necb M(X)-MHOTO4JIEH, a %— npaBUJIbHAS APOOb.
X

Ilpumep.Ilyctb nana HenmpaBWiIbHAs pallMOHAJIbHAs APOOh

x4 -3
X2 +2x+1

P&S}ICHI/IB YUCIIUTCJIb Ha 3HAMCHATCJIb (HO I[MpaBUly OCJICHUA MHOFO‘IHCHOB), MoJIy4Yum

Tak kak MHTETpUPOBAHME MHOTOYJICHOB HE MPEACTABISICT 3aTPyAHEHUH, TO OCHOBHAs
TPYAHOCTH NPU UHTETPUPOBAHUU PALIMOHATBHBIX JpO0eH 3aKiIIo4aeTcs B MHTETPUPOBAHUU
NPaBWIBHBIX PAllMOHATBHBIX APOOEH.

Onpenenenue. [IpaBunbHbIe paliioHANIbHBIE TPOOU BUIA

(2). A (k-uenoe MomokKUTEIbHOE YHUCIIO > 2
(x—a)"
(3) _Ax+B  (KOpHM 3HAMEHATENs KOMILUIEKCHBIC, T.¢. P° _ , _ o).
xXZ + px+q 4
4) Ax+ B (K-miesmmoe  TOJNOXKHUTENBHOE YHCIO =2 ;KOPHH 3HAMEHATEJS

(X? + px + q)*
KOMIUICKCHBIE ), Ha3bIBAIOTCS MpocTedmumMu apoosmu (1),(2),(3) u (4) tumos.

WuterpupoBanue mpocrteimux apoodeit tuna (1),(2) m (3) He cocraBiuseTr OOIBIION
TPYAHOCTH, TIO9TOMY MBI IPUBEJIEM X HHTETPUPOBAHKE O€3 KaKMX-TUOO JOTIOJTHATEIBHBIX
MOSICHEHUM :

m [

A dx=AlIn|x—a|+C
—a

—k+1
(x—a) Co A

— = _dx= Aj(x a)fdx=A i _(1_k)(x_a)k_1+c

( —a)
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A+ p)+(3—ﬂ

Ax+B 2 2X+p Ap dx
d = dx+(B-—) [ ——=
(3) Ix2+px+q XI X2+ PX+q '[X X+ 2 )jX2+pX+q
2 purg) o —E)J o e gl 228 g 24P e
E P iq-P) 2 d-pt Ag-p’
(X+§) Hq_j)

Bonee cnoXHbIX BblMMCNEHUIN TPeDOyeT MHTerpupoBaHue npocrenwnx apobein (4) tuna. Myctb Ham AaH
WMHTEerpaj Takoro Tuna:

Ax+B
(4) J X

(X + px+q)"
Mpowussenem npeobpa3oBaHuA:

A Ap
S @x+p)+(B-"7)
I( Ax+B dxe [ 2 A 2X+p dx+(B—ﬂ)j( dx

2 dx =
X’ + px+q)* (X" + px+0)* 2I (X2 + px+0) 270 (% + px+q)*

2
Mepsbiti uHTerpan 6epetcs nogeratoskoit X+ PX+0 =1, (2x+ p)dx=dt

—1k+1
B A L Y S S
(X" + px+Qq) t 1-k 1-K)(x“+ px+qQ)

BTopoit nHTerpan- o603HaumMm ero yepes l-3anuwem B Buae

| :J' dx :J. dx :J- L
CIOCE PRt T Py Py T Eem)
2 4

nonaran

2

x+£=t,dx=dt,q—p—=m2
2 4

2
(N0 nNpeanonoXKeHW KOPHW 3HAMeHaTenAa KOMMAEKCHble, a CnefoBaTesbHO, q—7>0 ). ODanee
noctynaem cneayowmm obpasom:
dt 1 (2 +m’) -t 1 dt 1 t?
Ik:_[ 2 2k:__[ 2 | 2\k dt__z_[ 2 kl__z.[ 2 dt
(t°+m?) (t“+m?) (t*+m?) (t* +m?)"
Mpeobpasyem MHTErpan:

J' t%dt _J~ t-tdt _EJ-td(t2+m2)__ 1 .[td( 1 )
@ +md)* I (2emd) 28 @ +md)E T 2k-1Y (2 +md)
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NHTerpmpys no yactam, bygem nmetb

1.

jtzdt_ 1 1 I dt

@ +md)* 2(k-1) 5 @ +m2) @+ md)

MoacTaBnas 370 BbipaXKeHWe B paBeHCTBO (1), nonyynm

dt
=Ly

dt 1 1 t dt
__'[(t +m)kl m? 2(k — 1)[(t +m?)** J.(t +m)“]_
- t 4 2k -3 J- dt
T2mP (k-1 +mA) T 2mP(k—1)d (2 +m?)F T

B npaBof/i 4acCTh codepXnUTca UHTErpan Toro e tuna, 4to Ik , HO NOKa3aTe/ib CTeneHn 3HameHaTenA

NOAbIHTErPaNbHOM GYHKUMM Ha eanHuLy Huske (K —1) ;Takum 06pas3om, Mbl Bbipasunm |, uepes I K1

Mpoaonyan NATU TeM e NyTem, A0MAEM A0 U3BECTHOIO UHTErpana:

—j ——arctgi+C
t? +m? m

MoacTaBnAsa 3aTem BCOAY BMECTO t U m MX 3HAYeHMs, NONYYMM BbipaxkeHue uHTerpana (4) yepes x u
3agaHHble uncna A, B, p,q.

7) WHTerpupoBaHue pauMoHasbHbIX Apobei

MycTb TpebyeTca BbIMUCAUTb MHTErpan OT pauMoHanbHOK Apobu meuHmeepaJlI dX. Ecau

Q(x

fF(x) F(x)

AdaHHaA ﬁ,p06b HenpaswuabHaA, TO Mbl NpeacTaBaAEM €€ B BUAE CYMMbl MHOTO4Y/1€HA M(X) n npanmbHoH
F(x)
f(x)

Apobei. Takum 06pa3om, MHTErPUPOBAHME BCAKOW PaLMOHANbHOM Apobu CBOAUTCA K MHTErPUPOBAHMUIO

pauMoHanbHOM Apobun MocneaHtoto Xe npeacraBnsem no popmyne B BUAE CYMMbl NPOCTEMLLNX
MHOTOYNEHA U HECKO/IbKMX MPOCTENLLMX Apoben.

Bug, npoctenwmnx apobeit onpeaenaetca KOpHAMU 3HameHaTens f(x). 34ecb BO3MOMKHbI cieaytouime
caydau.

1.Cnyvan.
KopHu 3HameHaTena AencTBUTEIbHbI U Pa3/INYHBI, T. €.
F(x)=(x-a)(x-b)...(x-d).

F(x)
F(x)

F(x) A B D
= + -
f(x) x-a x-b x-d,

B aTom cnyyae apobb pasnaraeTtca Ha npoctenwme gpobu ltmna:

nTorga
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FO) gy
] de—J

2. Cnyyan.

dx+.|. dx+ _[

X—a

KopHu 3HameHaTensa AenCcTBUTENbHbIE, MPUYEM HEKOTOPbIE U3 HUX KPaTHbIE:
F(x) = (x—a)" (x=b)’....x—d)’.

F(X)
f(x)

B aTtom cnyyae apobb pas/siaraeTca Ha npocTtenwmne apobu 1n 2 TMnos.

lMpumep 1.

2
X“+2 dX=—j dx +1.[ dx Iﬂ+,Jd7 E 1 _ 1 —g|n|X+1|+g|n|X—2|+C:— 2x-1 +g|n|X;2|+C
) ( ( 2 2( Y

J.(x+1)3(x—2 x+17 39 (x+D)? 9Ix+1 9 x+17 3(x+1) 9 9 6(x+)> 9 x+1
3. Cnyyaii.

Cpep,M KOpHeIZ 3HaMmeHaTeNnA eCTb KOMMNJ1IeEKCHbIE HeI'IOBTOpﬂl'OLU,VleCﬂ(T.e. pa3f|l4‘-|Hb|e):
f(X) = (X* + px+Q)...(x* +Ix+8)(x—a)“...(x—d)’.

F(X)
f(x)

Mpumep 2.TpebyeTcs BbIYUCAUTb MHTErPan

B aTom cnyvae apobb pasnaraercs Ha npocTenwmne apobu 1,2 n 3 TMNOB.

J~ xax
(x> +1)(x-1)

.Pasnoxmm nogbiHTerpanbHyo Apobb Ha npocTeirwme:

X Ax+B C
(x2+1)(x—1) X+l x-1

CnepoBaTesnibHO,
= (Ax+B)(x=1)+C(x* +1) .
Monaras x=1, nonyunm 1=2C, C='S; nonaras x=0, nonyunm 0= -B+C, B=1/2.

MpupasHuBaa KoadduumeHTbl Npu x>, nonyumm 0=A+C, oTkyaa A= - S. Takum obpasom ,

xdx xdx 1, dx 1, dx
I(x +(x—1) 2% FE __I J

= = 2 T2 +
x*+1 2x°+1 2Yx-1
:——In|x2+1|+1arctgx+—ln|x—1|+C
4 2 2

4. Cnyyai.

Cpe,u,M KOpHeVI 3HaMeHaTeNNA eCTb KOMNJIEKCHbIE KPaTHblE:
f(X) = (X" + px+0)~...(x* + X +5)" (x—a)“...(x—d)’.

F(x)
F(x)

B aTom cnyyae pasnoxeHue apobu 6yaeT coaepKaTtb 1 npocTeiwme apobu 4 Tmna.

dx—AIn|x al|+BIn|x—=b|+...+DIn|x—d|+C
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Mpumep 3. TpebyeTcA BbIMUCAUTD MHTETPAN

.[ x* +4x3 +11x° +12x+8dx
(X* +2x+3)%(x+1)

PeweHwne. Paznaraem gpobb Ha npocTenwme:

X' +4x° +11x° +12x+8  Ax+B . Cx+D E
(P +2x+3)%(x+1)  (xX*+2x+3)* X2+2x+3 x+1

oTKyAa
X'+ 4% +11x% +12x +8 = (Ax+ B)(X+1) + (Cx+ D)(X* + 2x+3)(x+1) + E(X* + 2x+3)%.

KombuHMpys yKa3aHHble Bbille MeToAbl onpeaeneHma koapoumumeHTos, Haxoamm A=1, B= - 1, C=0, D=0,
E=1.

Taknum obpa3om, nosyvaem

X' +4x3 +11x° +12x+ 8 x—1 dx X+2 V2
j dx:f d +_[

> > > > —arct +In|x+1]+C
(x*+2x+3%)(x+1) (X“+2x+3)

e
J2

M3 BCEro U3NI0XKeHHOTro CAeAyeT, YTO MHTErpaa oT Nt060M paumnmoHanbHOM GYHKLMM MOXKET BbITb BblpaKeH

x+1:_2(x2+2x+3) 4

yepes anneMeHTapHble d)yHKLI,MM B KOHEYHOM BN4E, a UMEHHO!

1) yepes Norapudmsbi- B cnyyasx npocTenwmx gpobeit 1 tuna;

2) yepes paumoHanbHble PYHKLMU- B CNyYae NPoCTenLLmMX gpobeit 2 Tuna

3) yepes orapudMbl M apKTaHFEeHCbI- B CyYae NpocTenwmx gpobei 3 Tuna

4) yepes paumoHanbHble PYHKLUN M apKTaHTeHCbI- B ClyYae npoctenwnx apoben 4 Tmna.

5) WHTerpanbl OT MPPaLMUOHA/IbHBIX GYHKLMUA

He OT BCAKOM MPpPALMOHANbHOM GYHKLMN MHTErPan BbIPaXKaeTcs Yepes snieMeHTapHble dyHKumn. Celtyac
Mbl PAcCCMOTPUM Te MppaLMOHanbHble GYHKUWUW, MHTErpanbl OT KOTOPbIX C MOMOLLbI MOACTAHOBOK
NPUBOAATCA K MHTErpasam oT PaLMOHaNbHbIX GYHKUMI U, cneaoBaTesibHO, 40 KOHLL MHTerpupyoTca.

1.PaccmoTpum nHTErpan .[R(X, x™" ..x""*)dx, rae R-paumoHanbHas GyHKLMA CBOMX apryMeHTos 1).

k k-1
Myctb R-06wmit 3HameHaTenb Aapobeit m/n,..r/s.Caenaem nNoACTaHOBKY X=t ,dXZkt dt .Torga

Kaxaan ApobHaA cTeneHb X BbIPa3nUTCA Yepes Lenyt cTeneHb t 1, cnepoBaTebHO, NOAbIHTErpanbHan
byHKLMA NpeobpasyeTcs B paumoHanbHyo GyHKLMIO OT t.

Xl/de
Mpumep 1.TpebyeTca BbIMUCAUTb UHTEFPAN m .
PeweHune. O6bwuit 3HameHaTenb ppoben 1/2,3/4, ectb 4; nostomy Aenaem noACTaHOBKY

x =t*, dx = 4t3dt ; Toraa
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2
dt =
t* +1)

[ KK 4jt it = 4j—dt 4 -
GRS R S| t*+1

4——§In |t*+1|+C = [x3’4 In | x¥* +1[]+C.

2.PaccmoTpum Tenepb UHTErpan suaa

ax+b)m,n’ ..,(ax+b)”s]dx

ex+d” 7 ex+d

[RI (E—

OTOT MHTErpan CBOAUTCA K UHTErPasy OT PauMoHaibHOM GYHKLMM C MOMOLLbIO MOACTAHOBKM

ax+b

=tX
cx+d ’

roe k- obwuin 3HameHaTenb apobeit m/n,...r/s.

Mpumep 2. TpebyeTcs BbIMUCAUTb MHTETPAN

NX+4
j dx .
X
Pewenue. lenaem noacraHosky X+4 =t2, x=t’ —4,dx = 2tdt; rorga
X+4 4
| —dx= —zj(1+t2_4)dt:
t— AX+4
=2t+2In +C =2 4+2In +C.
| T | VX | \/7+2 |

IMPUJIOKEHME 1

Y4eOHO-TPeHUPOBOUYHBbIE TecTOBbIE 3a1anus EI'D

TecToBble 3amanust 6a30BOro ypoBHs 4.

Al. IlepBooOpa3Has ajqredpandeckux QyHKUMi
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A1.1 Haiinure f(-2), ecm f?(X) = 6x3 — 8x + 3, f(2) = 0.
A) 10 B) 12 C) -12 D) 18 E) -18

A1.2 Haiiiute epBooOpasHyio GyHKIMH 7 +x

2]3]x‘ 3y 3 Elex Exlzx'f
A) E\"'I_+E"u'r_+ﬁ' B) Exlfx_+zx +C C) 3\|"—+4\|"_+C‘ D) 3n,|"_+4-|u'r_+C‘
j'llx =i
A1.3 HaiiguTe Bce nepBooOpasHbie st QyHKIUN 4x
] 4 2
A) 2 +C B)3¥+C C) *+x+C D) -2+ +C  E) 6+ +C
A1.4 Haiinure nepeooGpasnyo Gyskmumio yis ¥ = 2 (2r+5)
_l2xesy F=(2x+5j’+c )
A) Y=(2x+5)°+C B) 3 C) 4 D) 5 E) Y

=4(2x +5)*+ C

A1.5 Haiigute nepsoo6pasuyto ¢pyukimu f(x) = 8x3 — 5, rpaduk KoTOpoii MPOXoaAUT uepes

Touky M(1; 4).
1
A) 2x* —5x+7 B) 24x2+ 6  C) 2x*-5x D) 2x*—5x+1 E) 4x*-5x +7

A1.6 Haiigute f(0), ecan £(x)=6x2-3x+5 u f(4)=130.
A) 6 B)4 C) 4 D) 6 E) 8

A1.7 JIna yHKIIMN (3-2x) , HaliuTe IepBOOOpa3HYI0, TpaduK KOTOPOI IPOXOIUT

[5%)
yepes Touky 218

.2 1. d 17 CEEE : T
A) 3-ix 16 B) -3-2x 16 C) -3-2x 16 D) 3-2x 16 E) 3-Ix 16

Sx=
A1.8 Haiigute nepBooOpa3nyto pyHKIUU V=2 | rpaduK KOTOPO MPOXOINT Yepe3

Touky A(3; 5).
1

A) iI+4  B) 247243  C) 7243 D) 24i-2+4 E) iz

+4

A2. BbluncjIeHHe HHTErpajioB ajredpanyeckux GyHkuuii
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ixldx
A2.1 Beryucaure: *

16 s
A)4 B) 4 C) 3 D)2 E) 3

(3x-1)" dr

N ey,

A2.2 Beryuciaure:

] =
L] —

1
A) 3B 1C -3 D) E) 2

(2x+1)" dx

I T——

A2.3 Beruuciaure:
1 2 1

A) 6B 3C 1D 3E -1

(1+32)" dx

TS

A2.4 Brpraucinure:

La|o—
L | b

A) 1B -1C ? D) -? E

v 1
Infx + —] dr
A2.5 Brrauciure 'L [ A

A) 45 B)52 C)54 D)5 E) 60

i

1
A2.6 Bpruuciure 10r-l
1 1 2

A) 1 Bz C) 4 D)2 E) 3

]-l x-u'r;.:ix

A2.7 Bprauciure 1 )
A)18 B)9 C)27 D)6$5  E) 9

®2x 1
—_- dx
A2.8 Brruuciaure *{5 24x ]
A)7 B8 C 10 D)12 E)15

A3. IlepBooOpa3Hasi TPUTOHOMETPHUUYECKUX PYHKIMA
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A3.1 s xakoii u3 cnenyrommx GyHkuui, pynakmus F(X) = 3tgx + 5x + ¢ siBisiercst

epBOOOPa3HOI?

F=- 2 +5 y=i+5 F=- & +5 F= : +5
A) sin’ x B) sinn x C) F=dctga+c D) cos’ x E) cos’ x
A3.2 Jlns kaxoif 3 crenyromux Gynxumit pymxmmst © 5= T+ gpngeres
nepBOOOPa3HON?

1 _ 1 _ _ 1

A) th.(x:l_sin:x : B) £ cos x : C) £ cos x : D) S sin:Jr-l-2 E)

P 1 —_
_}"(x)— sin® x :

Fix)= 1—1— cos X

A3.3 Vkaxure nepBooopasHyo QyHKINH x

—l—sinx+C' —1—— siny +C 1—— sinx +C 1—+sinx+C —L+sinx+C'
A) B) C) + D) ~ E) x’
A3.4 Haiinure neppoobpasuyto gpynkman: 7 F= xrelgls

k] 1 1 1 1 1 1
A) %+§cr33x+ﬁ' B) %—chg33:+ﬁ' C) %—x—cfgx+lf D) Jr?—Jr+|:'fgp:+lf E) Jr?+Jr—|:';fj§;pr+|f
f(xj=_4c-:;s(2xj
A3.5 Haiigurte nepBooOpaszHyro 11 GyHKIIUU sSaEn
fg—x+C' cfﬁ+c
A) tgx+etgr+ B) tgr—ctgr+ O C) clgr —tgr+ D) cigx E) tgx
~ 1
I an2 (3 +1)
A3.6 Yxkaxure 1epBooOpa3Hyo QyHKIHH
1 1 1 1 ‘
A) —chg(3x+1)+ﬁ' B) chg(31+1:l+lf C) Efg(3x+1)+ﬁ' D) _Efg[3x+1)+ﬁ' E) —3::5(3x+1j+-5"
’- 1
cos’ [—+1]

A3.7 Ykaxurte nepBooOpa3Hyr0 (HYyHKIIUH: 3
A ;—fg[%+1]+ﬁ' B) 31‘g[%+1]+ﬁ' o _;—fg[%+1]+c D) _31‘g[%+1]+ﬁ' ) fg§+lf
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cosdx

A3.8 Haiinute nepBooOpaznyto GyHKIUIO A1t GyHKIIUH F(x) = sinr-cosx’

A) snx—cosx+C B) ctg2x+ C C) COS2X-SinX+ CD) snly —cosx+C E) —sinx+cosx+C

15. HecoO0cTBeHHbIe MHTErpaJabl. HecoOcTBeHHBIE HHTEIPaJbl IEPBOr0

Breimie
poaa

OBLT OIIPeICNIEH MHTETPAJ JJIsl OTPAaHUYEHHBIX U 3aJJaHHBIX HA OTPAHUYECHHOM OTpPE3Ke
dbyHKIMi. PactipocTpaHuM MOHSATHE MHTETpaJia Ha CITydau, KOT/ia OJTHO WU 00a 3THX
YCIJIOBUSI HAPYIIAKOTCS.

Onpedenenue. Myers # ) 3a1ana na 6eckoneunom nmpomexyrke (%% y pis Besikoro

4 A
| F(x)dx lim | f(x)dx

AZa cymecTByeT HHTerpana 2 Mpenen “ 7™ a HA3bIBAETCS
HeCOOCTBEHHBIM HHTEIPAJIOM NEPBOIo Pojia (MHTErpajoM 10 HeOrPAHUYEHHOMY

o 4

| F(x)dx lim | f(x)dx
NPOMEKYTKY) H 0603HAUACTCSH ° Ecian #7a CylIecTBYeT H KOHEe4YeH, TO
HecoOCTBEHHbII HHTErpaJl NepBoro poaa Ha3bIBAETCS CXOASIIMMCS, eCJIH JKe OH He
CylIecTBYeT HJIH paBeHBecKkoHeuHOCTH, TO HecOGCTBEHHBI HHTErPaJl IepBoro poja
HA3bIBAETCH PACXOASIIHMCS.

Ipumepo.

w . 4
4z (4% _ _ fim |E=mn(mx1f)=mnﬂnﬂ—m1j=m.
Do Jox Aoy X A A=

1. Paccmotpum ' | Ilycts @=1.Torma ! 1

Takum 06pa3oMm, paccMOTpeHHBIN naTerpan npu &=!pacxomurcs. ITycts Temeps &= 1.

Torna

o 4 - o IpHa <],
|E= lirn |E= lirn x =9 1

cx Aoy #% Aol — mpHa =],

1 1 o1
M MBI OKOHYATEBHO MOTYYHIIH, YTO PACCMATPUBACMbIH HHTETPATI MPH & =1 pacxoauTes n

npu 2 1lcxoautesa. Omom unmezpai 4acmo ucnoab3yemcs 6 NPU3HAaKe CPAGHEHUs. 6
Kawecmee IMaioHHO2O.
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e

x2 2x+ 2
2. BEIACHMM CXOMMOCTh MHTErpana !
< @x .4 dx 4 %
I x2— Lirn Ixz— lirn | —2
Nmeem 15 - e 2x+2 Ao (x-DF+1

= hm (arctglx- 1]||1 ]Jm {arctg(ﬂ—l]l arn::thI]l— -
Ao . Cl1e10BaTENLHO, HHTErPAJI CXOAUTCS U €0

T
3HAYEHUE PaBHO <

[en) 2 [en)

—-x 2

| &~ dx= | xexpl—x")dx
3. BBISICHUTH CXOAMMOCTh UHTETpana ! 1 . 1o onpenenenuto
nmojydyacm
= 2 4 2 A . _2 i . a4
| xe " drx=lim | xe " dx=lim (-1} e d(-x%)= = lm ~ Lo L g 1A oL
1 A Ao’ 274 A—en| 2 0 28 Aen g

-1
CJIC,ZIOB&TGJILHO, HHTCTpaJI CXOAUTCA U €T0 3HAYCHUC PABHO 0,52

,

e

4. ]Ins uaTeTpana ¢ uMeeM

III

ax .:i’lnx . .
= lun | = lm 2./ln = lm (2fln A- 2)=
-xﬂ."ﬁ A—:m S | Aam{ )=

CrenoBaTenbHO, HHTETPAJ PACXOIUTCS.

dx
Tz
- xln<x
5. Jlig unTerpana ¢ I10 OIPENICIICHUIO UMEEM

o0

< dx cf]nx
= lim
] inZzx A—:»w 1112 m( me

]

1
—+1 1
A—)m[ ]11}1+]

CrnenoBarenbHO, MHTETPaJl CXOAUTCS U €r0 3HaY€HHE PaBHO 1.

[1a]
| e

6. BBIICHUTH CXOAMMOCTB UHTETpasna o >0,

ITo onpenenennto

236



Ir4] A A
| e ®dx= lim | e ®dx=lim (- L) e ®di-a)= _ ¢ (_1 ) 1 _ 4
: oy Ao 'y - lm |- 2] )= fm

B

CHGHOB&TCHBHO, HHTETpaJI CXOAUTCA N €T0 3HAYCHUC PABHO

3aoanue 2.4

Beruucants HECOOCTBEHHBIE HWHTET'paJIbl IICPBOTO poaa UK AOKA3aTb UX PACXOJUMOCTD.
= dx = dx = dx °I:' (x+ Ddx

| —— | —— |
1 exln’x.o ymflnx. g gxf+2x+10. 4 pxi+2x+10.

= dx

= dx
I—
5 ,ﬁJx+2 6. 0.(x+ 117 _

7_1 1
Otsetnl: 1. 0’5; 2. pacxonaures; 3. & 3 3; 4. pacxoaures; 5. pacxoaures; 6. 2.
Hawm B manpHeimemM noHago0uTCs ClIeayIONIUN BaKHBINA Pe3yIbTar.

Teopema 2.8. (Kputepuii Komn). HecoOcTBEeHHBIN HHTETpas MEPBOTO POJia CXOAUTCS
TOTJIa ¥ TOJIbKO TOT/1a, Korja Juist Besikoro €20 cymectyer 424 Takoe, 4To aiis Bcex

-
A Ay 24 BBIIIOJIHCHO HCPABCHCTBO

Jloka3zaTeabCTBO 3TOTO PE3yibTaTa OMyCTHM.

? Fixdx

Onpeodenenue. HecodcTBeHHBII HHTErPaJl MEPBOro poja @ Ha3bIBAETCHA

|7k

a0COJIIOTHO CXOaAIINMCH, €CJIM CXOAUTCH HHTETrpaga *°

OtmeTnM, 9TO eclii HeCOOCTBEHHBIM MHTETPAJT IEPBOTO POJa CXOAUTCS aOCOTIOTHO, TO

i|f (@ldx

OH CXOJMTCSA. JIeMCTBUTENBHO, TOTIA JAJIsI UHTErpaia ° BBITIOJIHEH Kputepuil Komn,

) )
| F@dn<| 1 |F Rl

ki) ki)

a B CWJIy CIIPABEJIMBOCTH HEPABEHCTBA , kpurepuii Koy BeINONHEH U

T Fixdx

JAJIs1 UHTeTrpaia @
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O6paTHOE YTBEPKJICHUE HEBEPHO.

I Fixidx
CXOI[I/IMOCTB HECOOCTBEHHOI'O HHTCTpaIa — OIIpCACIIACTCA aHAJIOTUYHO.
HpeﬂHaFaCTCSI npoacjaTb 3TO CaAaMOCTOATCIIBHO.

(1]
| F(x0dx I Fixdx= I f (x)cfx+| Fixdx
I[HH HECOOCTBEHHOI'O HHTCTpalia @ MOXEM 3armcaTtb —- J5!
Ha3BaTb 3TOT MHTETPAJI CXOOAIINUMCS, €CIIN CXOAATCA 063 ciaaraeMeIX. Ecim xoTd 6BI
1]
| fizx)dx

OJINH U3 3TUX UHTETPAJIOB PACXOJUTCS, TO OyIeM CUUTATh UHTErpayl —*
pacxonsmumcs. B kauecTBe Touku & BEIOMparoT 00bI4HO 0.

xdx
Tlext
Hpu.znep PaCCMOTpI/IM I/IHTeraH —o HO OHpeﬂeHeHI/IIO CXO0OAUMOCTH O3TOT'O I/IHTerpaHa
HOquaeM

&0 |:| Ay

: ) . xedx 4 xdx

= lim 3 + lim 7 =
Al—?'—mA 1+x* A—=+eg 1+

xdx
a7

|
—wmltx

Loy 1y 2, %
=3 ltn  Inf x4+ 1} + 3 tm  In{x® +1)
Ay ——o Ay =+ 0

Tak kak o0a cilaraeMbIX pacxoaAaTcs, TO HCXOI[HLIﬁ HHTCTpaJl paCXOodUTCH. HonyqaeMa;I

IIPU 3TOM HEONPEAECIEHHOCTh % — & [IpU pa3HbIX CKOPOCTAX CTPEMIICHUS Ay -y Hy

= —nlp? _ N
+0 1aéT pasHble pe3ynbTaThl. B wactHocTH, ecm 4 = VAT —1 A=k —1 4,

1 1 7, .l
5, ]n(x +1) g lm nCx +1)L -
1 AE—H"I'

=Lllm (hz—2lhx)=1lm %
H =0 n—s0 N

rn L= —co
n

h =0

t\_'l|l—~

=1
2

—_—— —_ — 2 —_—
Ecm A =—-1 A =2"-1 14 36c0m0THO aHATIOTMYHO MOKA3BIBAETCS, YTO ITOT

npezaen papeH t02 . [TomoOpaB CKOPOCTH CTPEMIICHUS A —ooy 4k +©MoxkHO
MOJIYYMTh B MpeJIeiie JTro0oe 3apaHee 3aJJaHHOE YUCII0 OT — @ 10 +@,

C npyroii CTOPOHBI, IPH COTJIACOBAHHOM CTPEMJICHUH BEPXHETO U HUKHETO TIPEJIETIOB K
%@ MOKEM 3aMUCaTh

238



oo

A A
A . S ]jml]n(x2+1)‘A=

_'I:,‘:|1+:J';2 A—H-W_'A]_+ xg A=l

xdx

-1 fm (a(4? +1)-ln(42 4 1) =0

2 A—ten

910 JaCT BO3MOKHOCTB BBCCTH HOBOC IIOHATHC.

| F(x)dx
Onpedenenue.I' 0BOPSAT, 4TO HECOOCTBEHHBII HHTErPaJl MEPBOro poaa —
CXOJUTCS B CMbICJIEe IJIABHOI0 3HaYeHusi Kouru, eciiu cynecTByeT U KOHeYeH Tpejae

A
im [ f(x)dx
A—>+GD_'A

PaCCMOTpeHHBIﬁ BBIIIC ITPUMCEP ITOKA3bIBACT, YTO HECOOCTBEHHBIN HHTCT'paJI ICPBOTO

o

| F(x)dx
pona MOKET CXOJUTHCSI B CMBICTIE TJIaBHOTO 3HAaYeHUs1 Kotm 1 pacXoauThes B
00OBIYHOM CMBICIIE.

T Fixdx

OTMETHM HECKOJILKO CBOMCTB HECOOCTBEHHBIX HHTCTpaJIOB IIEPBOTo poaa =

?f{x)cfx ?f{x)dx

1. Ecnu unTeTpan @ CXOJIUTCS, TO JUISA BCIKOTO ¥ Z& yHTErpan * CXOIUTCA U

@ 8 @
| Fixidx= | Fixdx+ | Fixidx
a a A

| Fixdx | e Fixdx
2. Ecnn HHTCTpall ¢ CXOOHUTCsA, TO CXOAUTCA UHTErpal = U UMECT MECTO
|t F(x0dx= | F(X)dx
PaBEHCTBO 2 2

L]

| Fdx | g(ndx | (F(x)+ g(x)ddx
3. ECHI/I I/IHTerpaJIbI 2 H =2 CXOOATCA, TO CXOOATCA HHTerpaJILI 2 nu
HMCCT MCCTO PaBCHCTBO

[(F ()% g(x)dx= | F(x)dx | glx)dx

[ [ [

OO6paTHOE yTBEpK/IEHHE HEBEPHO, TO €CTh, €CJIM UHTETPAJ OT alreOpandecKkoil CyMMBbI
(GYHKIMI CXOIUTCS, TO MHTErPaIbl OT CJIaraéMbIX CXOIUTHCS He 00s13aHbl. Hanpumep,
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= 1= I
. X T k+1 -
uHTErpanel ! u 1 pacxonsdrcs, a uHTerpan !

IIOKAa3aHO IIO30HEEC, CXOAUTCA.

I'.:I’;{ © dx '{1 1 }1‘ < dx

x ox+l ix(x+1)

, Kak OyzaeT

Jlist Ipyrux TUIIOB HECOOCTBEHHBIX MHTEIPAJIOB MEPBOrO POJia CBOMCTBA aHAJIOTUYHBI.

CX0JIMMOCTB HE BCEX HECOOCTBEHHBIX HHTETPAJIOB ITEPBOTO POjia MPOCTO BBISCHHUTH 11O
omnpeneneHuo. [103ToMy 4acTo HCIOIB3YIOT TaK Ha3bIBAEMbIC MPU3HAKY CPABHEHUS B
HeTpeaeIbLHON U IpeIesIbHOM (opmax.

Teopema 2.9. Tlycts st Besikoro *= 442 @) Brnonneno nepaBeHcTBo ] sle)

| glx)dx | fixdx
TOFIIa, CCJIM UHTCTpaI = a0COJIIOTHO CXO0OUTCs, TO UHTCTPAI = a0COJIIOTHO

mw Lin]

| fix)dx | g(x)ddx
CXOJMTCS, & €CIT UHTErpal = a0COJIFOTHO PACXOAUTCS, TO UHTETpaj 2
a0COJIFOTHO PACXOUTCH.

Hokazamenvcmeo. JIeHCTBUTENBLHO, B YCIOBUAX TEOPEMBI IS BCeX A2 & pmeem
A A o 4

| |7 (x)|dx = | |g(x)|dix I |g(x)|dx | | ixx
2 2 . Toraa, ecnu uHTErpan @ CXOJHTCS, TO @ €CTh MOHOTOHHO
BO3pACTAIONIas OrPaHUUEHHAs CBepXy QYHKLHA OT 4 U MO3TOMY UMeET Npejies Ipy

A

| | Jm | f(Rx=co
A—w  Ecnu unaterpan @ pacxongurcs, TO @
A
lim | |g(x)|dx=
A%malg(xﬂ A=®

H I109TOMY

Teopema 2.10. Ecnu J#y 2% . GeckoHeUHO Masble B + % OTHOTO HOpPSIIKa MAJIOCTH, TO

w

A L) S [ Fdr | g(xdx
ectp * 7+ 8% , TO MHTETPajbl & e 1100 00a abCOIOTHO CXOIATCS,
1160 06a abCOIOTHO PACXOASTCS.

D e @

&
x—teo 2 X) x gix) | |

Hoxazamenvcmeo. Tak kax , TO . BozpMem
OIpeencHuIO Ipeena cymectyer M »Urakoe, uro mmst Bcex * * 4 BRITOTHEHO

Sz

g(x)

lg@]- & <|fD] < &+ M@l 3 pocnenmero HEPABEHCTBA M TEOpeMBbI 2.9 Tmoryyaem
YTBEPIKIEHHUE TEOPEMEL.

0ee<ld] 1,

|ﬁf | -5
HEPABEHCTBO

< |K |+ g
da, CJICAOBATCIIbHO, 1 HCPABCHCTBO
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3ameuanue. 1locne nzyuenus: reopemsl 2.10 MOKET CIIOKUTHCS BICYATICHHUE, YTO JJIS
CXOAMMOCTH HECOOCTBEHHOT'O MHTErpaa MepBoro pojia, B TOM YUCIIE U a0COJIIOTHOM,
HE00XO0IUMO, UTOOBI MOABIHTErpaNibHAA (PYHKIUS ObljIa OECKOHEUHO MAJION pU X —*<0
To, 4TO 3TO HE TaK, MOKa3bIBAET CIEeAYIOIMI npumep [15].

BospMem ¢yHK1IMIO, Tpa@UuK KOTOPOH COCTOUT U3 OTPE3KOB MPSIMBIX, COSTUHSIOITUX
1 1

B-—, ] [F‘E + —, EI]
] ] —
TOUYKHU { 2 1l 2 , #=L2%4.. Fe amamuruueckoe BBIpOKEHUE UMEET BU/T

Mr+l-m2" xe m—i,n}
| 2"
Fixi=a—2"x414m2", e PE,F‘E+1—M:L
2
|:|, X pg—i,pg+i:|
2" 2"

[Tnomaap, 3akI0YeHHAs MEKAY rpadukom 3Toit GpyHKIMK U ockio CF | paBHa cymme

n-—_11»0
=112

1
o H H
TUTOIIA/ICH TPEYTOJIBHUKOB C BEPIIMHAMH B TOYKAX d S d , AL

1
M m=142

Tak xak momanab KaXXa0ro Takoro TpCyroJIibHUKa paBHa 0, TO
[en)

| fixidx= l+—n’25 _2

; 4 1-05 4

L . 3aMeTHM, YTO YCIIOBHE OrPaHHYCHHOCTH (GyHKIuH F X'

HCCYHICCTBCHHO, TAK KaK BEPIIUHLI TPCYI'OJIbHUKOB MOKHO B34ATh, HAIIPUMCP, B TOUKaAX
1 1
- 0 r+—— 100
AN lm,nl " r=12 .
) ) ) ..

Ipumepuoi

ax

23 4sinx
! 3
1. BIsICHUTH CXOAMMOCTD UHTETpana !

2+ s x < i | 2 dx
Tak kak | * © nns Beex *2ha MHTErpan ! CXOJIUTCS, TO U UCXOTHBIH

HHTCIpaI TOKC CXOAUTCA.

1

- x4+l
2. BBISICHUTBH CXOAMMOCTh HHTETpasia ! (1)

&%,

1
Haxons mopsiok ManocTu OABIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO (PYHKIIUHU *

MoJry4yaem
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0, ecmm e < 2,
=21

oo, BCJH o > 2

=

ECIH &= 2
sz x(x+1)

?

1
Takum 00pazoM, MOPSIIOK MATOCTH MOJABIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO * paBEH

= dx

2 M Tak Kak 1 X CXOOUTCA, TO HCXOI[HBIﬁ HHTETpal CXOOAUTCA.

w

i 1
| ————dx
1 Dz + 2

3. BeIICHUTD CXO0AUMOCTb MHTCTpAJIa

1
Haxozm MOPAI0K MaJIOCTHU HOI[BIHTGFpaJIBHOP'I (I)YHKI_II/II/I OTHOCHUTCIIBHO (byHKHI/II/I r,

nmojydyacm

0, ecrmiee <15
1

co, eCcima =15,

"

Wnm — = =
r=e (g Uiz + 2

ECTH =15,

2

1
Takum 00pazoM, MOPSIOK MAJIOCTH MOJBIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO * pABEH

e
'3
1,5uTak kKak !~ CcXOOWTCA, TO UCXOMHBIA MHTErPA CXOMUTCS.

1

— dx
C(x+ 23 x+ 5
4. BBIACHUTH CXOJUMOCTb UHTErpayia !

1
Haxonst mopsiiok MajoCTH MOBIHTErPAIBHOM (PYHKIIMM OTHOCUTEIBHO (DYHKITUH *

IIOJIy4aem

i (x+ I35+ 5

1
Takum oOpazoM, MOPSAIOK MAIOCTH MOABIHTETPATbHON (DYHKIIMKM OTHOCUTEIBHO * PABEH

4
3 U, cnenoBaTenbHO, MHTETPAT CXOIUTCS.

]

safx+ 2

| — adx
S AT+ 4

5. BBISICHUTH CXOAMMOCTB UHTErpasna !
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1
Haxoas nopsiiok MajioCTH MOABIHTETPAIbHON (DYHKIIMM OTHOCUTENBHO (PYHKLIUU * ,

MOJIy4aeM

0, ecomiee <15,
]Jhlexﬂ: 1, ecmice= 15
sz g2y

o ECIH L = 15

1
Takum 00pa3oM, MOPSIIOK MAIOCTH MOJABIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO * paBEH

1,5 u, cnegoBaTebHO, MHTETPAJ CXOUTCS.

7 _"x3+2 dx

'I xz + 5
6. BBISICHUTH CXOIUMOCTh UHTETpasia |

1
Haxozm MMOPAI0K MaJIOCTHU HO)IBIHTGI‘pEUILHOﬁ (1)YHKIII/II/I OTHOCHUTCIIBHO (bYHKIII/II/I x,

Imojydyacm

0, ecmmee <05
firn 250+ 2

= =+1 ecmoa=075
Ay xe 4 h
o eCImH e 0,5

2

1
Takum 006pazoM, MOPSIOK MAIOCTH MOJBIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO * pABEH

0,5 ", CJICAOBATCJIbHO, HHTCTPAJI PACXOAUTCA.

]

° 3
le " dx . .
7. UnTerpan 1 CXOIUTCA, TAK KaK MIMEET MECTO OIleHKa ¢ = =X~ nug Bcex *2!) a
o
2
| xe” " dx
uHTerpan | , Kak OBLJIO TIOKa3aHO paHee, CXOISIITHICS.
? dx 1 q
=l
~Alnx T o
8. Nurerpan = pacxXxoauTCs, TaK KaKk KMECT MECTO OLICHKa inx T mfnx JJIs1 BCEX
ol? dx
an'ﬂi X

XZe a WHTEerpan ¢ , KaKk OBLJIO MOKAa3aHO paHee, PACXOIUTCS.

3aoanue 2.5

Hcnonp3ys npu3Hak CpaBHEHUSI BBISICHUTh CXOAUMOCTb HECOOCTBEHHBIX HHTETpaioB. B
OTBETE yKa3aHa CXOAUMOCTh M TIOPSJO0K MAJIOCTH TIOIBIHTETPATBLHON (PYHKITUU

1
OTHOCHUTCIIBHO *
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1. i(x2+1)ﬁ!x+2 x;2, ix2+4ﬁ—1 3
Ty
1{7x+ Ej{gw.lxz +13

: X435 Jx-1 i | X+ 2 i
1

ax

Otsertsl: 1. cxogurest, =13 2. cxomgures, &=17;

4
==
3. pacxomutcs, &=1; 4. cxogures, £=1>; 5. cxomutes, ~ 3
=1
6. cXoauTcH, &
| L o
16. HecoOcTBEeHHbBIE MHTETPAJIbl BTOPOTO poja Ho =
Ecmu /@ HEorpaHu4eHa Ha (@8] 10 0cOGEHHOCTD MOXKET GbITh B TouKax % & yn

BHYTPEHHEH TOUYKE 3TOr0 OTpe3Ka. Mbl pacCCMOTPUM cllydail ¢ 0COOEHHOCTBIO B TOUKE
b

i f{x)=eo
Onpedenenue. Myers 7 ¥ 3agana ua noayunreppane (42 y w2 IycTh
A b-s
| Fixdx EmEl | Fixidx
J — J
aajee 1 Besikoro ! <8 <& -4 cymecTByer mHTerpaa @ Ipenen 2
Ha3bIBaeTCsl HECOOCTBEHHBIM HHTErpajioM BTOPOro poaa (MHTErpajoM oOT
L b5
| fixidx Emn | Fixidx
o J — J
HEOrpaHUYeHHOW (yHKHUM) U o0o03HAYaeTcss = Ecau 2

CyllecTBYeT M KOHe4YeH, TO HeCOOCTBEHHBIH MHTerpajg BTOpPOro poaa
HA3bIBAETCHl CXOASIIUMCSl, €ecJM 3Ke OH He cywmecrByetiu paBen
0eCKOHEYHOCTH, TO HeCOOCTBEHHBbI HWHTErpaj BTOPOro pojAa Ha3bIBaeTCs
pacxoasimuMcs.

AHATOTUYHO OTPEEIAIOTCS HECOOCTBEHHBIE MHTETPAJIBl BTOPOTO PO/ia B CIIyYasXx,
KOT/Ia TIOJBIHTETpaIbHas (QPYHKIUST OECKOHEUHO OOJbINasi Ha HUKHEM Ipejee, BO

BHYTPEHHEU TOUKE OTpe3Ka (@8] ga BEPXHEM M HIKHEM IpeiesiaX OJHOBPEMEHHO.
Jlnst ynoOcTBa M3II0KEHHS MBI pacCMaTpUBaeM ClIydall OCOOCHHOCTH Ha BEPXHEM
npezene. s ocTanbHBIX BApUAHTOB MPEJIAraeTcs MPOoIesiaTh 3TO CAMOCTOSITEIBHO.

Ipumepot.
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s dx - dx

1.  Paccmorpum  ® S [Tyctp z=1.  Torma U

lim (n ) =lim (ln1-ln &) = co 5
00 =l Takum 00pa3oM, pacCMOTPEHHBIM HWHTErpan mpu &=1
pacxomutcs. ITycts Tenepp &+l Torma

1 1 I 1
sdx . rdx . x -
|—=].'|r.['.|.|—“=].'|r.['.|.1 =< a1 HPHEE'::L
! ¥ sl | X r=0 1-& . oo mpH > 1,
N Ml oxoHYATEIBLHO MNOJYYUJIn, 4YTO paCCManI/IBaeMLIﬁ HUHTCIpaJl TIpHU <l
CXO0OUuTCA MU IIpU 2] PacCxXoauTC. AHaJIOTUYHEIE BbBIBOJbBI MOHO CHACJIaTh IIPO

E:'-.:fx 'El-cix

|
. _ [0 . _ u
HeCOGCTBeHHbIe nHTerpansl ¢ -4 o E-2"

R

|
: C(x-a)® o h-RT
Hnmeepanvr " . (77 9) , PCE
Kavecmee 3maioHHbIX.

UCnoJb3yromcsa 6 NnpusHdxKe CpAdeHeHUs 6

':" dx
Al x

A
2.B HHTETpAJIC 1 IMOJABIHTETpaJIbHaA (I)YHKHI/IH MMEEeT 0COOCHHOCTh B TOUKE
*:. dx lirn "’: dlnx
o S0,
x=1,H03TOMy 1% In x 14 In x

2]
= lim 2+/In = lim (24/lne — 2, /Inf1 =2
& —0 x|1+5 5—}0( ( ¥ 5)) .

CienoBaTenbHO, MHTETPAJ CXOJUTCS U €r0 3HAaYEHUE PaBHO 2.

1|. adx
SJ-lhx

3. B wunrerpane 07 MOJBIHTETpabHAsT (QYHKIMA WMEET OCOOCHHOCTHh B
toukax *=0wu *=1  mosroMy mHTErpan pa3dWBacM Ha CyMMY JBYX, Hampumep,
1
R T odx L
+ |

| = |
DxJ—]nx t,xwf—]nx %xm'—]nx

. JLst MIEPBOTO u3 HUX
0,5 0,5
R . < dinx . [15
| ————=lim | ——
g xd-lnx &0 ~/-lnx &0 ¢

= lm (~2.)-In05+ 2 -ln ) =-e
& =0 . CrrienoBaTenpHO, HHTETPAT PACXOAUTCSA U MO3TOMY
I/ICXOI[HLIfI HHTCI'paJI TAaKXKC paCXOqUTCH.
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1r
I‘g o
] 2

X X
4. B unterpane O MOIBIHTErpabHAS (PYHKIIASA UMEET OCOOCHHOCTD B TOUKE
x="0_ mosTomy

lie lie
| dx _ lim dlnx mnE“iJ
p xnfx -0 1112 60

Ind| ~CXOAUTCA M €ro 3HAYECHHE PaBHO

le 11 CrnenoBaTenbHO, HHTETpall
Tl ma) "
]
1.

l'ci’x

P2
5. BelscHuM cXoauMocTh uHTerpana U ¥1=% | [loxsiHTerpanbHas GpyHKIUS HMEET

1
I‘ o _
2
0COOCHHOCTH B Touke *=1. [ToaToMy © l-x

= litn | ——==-= lim arcsin ;dn ]J.t'ﬂ (aru::sm(l &) — arcsin0) =%

=

CrnenoBarenbHO, MHTETPAJI CXOJAUTCS U €0 3HAYEHHE PABHO 2 .

2
|
6. BeisicHUTD CXO0OUMOCTB MHTCT'pajia 1

ax
Jr-1

[MoapiaTerpanbHast GYHKIUS UMeeT 0COOeHHOCTh B Touke * =1, [To onpeseneHuio
uMeeM

2 2
dx : .:1'
=lhm | ]Jm {2«4‘ 1y
R NEE VR |

2.,;1‘;;

7. BBISICHUTH CXOJIMMOCTh MHTErpaja 1 Ja-x

[MoasiaTerpanbHast QyHKIHSI HUMEET 0COOCHHOCTh B Touke * = 2. [To onpeaencHuio
uMeeM

3 _dx

X
8. BBIACHUTBH CXOAMMOCTh MHTETpasIa 1 “2 &

[MogsiaTerpanbHast (QyHKIHS HMEET OCOOCHHOCTh B Touke *=< . Ilostomy
pazOuBaeM MHTETpajl Ha CyMMY JBYX
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3[ ax _? e +? e
i%jz—x i%f?!—x '23..{2—;{

. JlJ1s1 IepBOTO M3 HUX UMEEM

& =0

2 -8 PET

D dx - - cfx . 33 2‘ 3
|le——=ltn | =——==-lim —«,||2—x =z
13«;'2—;; =0 4 i (2 ( ) )1 2

AHanoru4yso AOKAa3bIBACTCA CXOAUMOCTb BTOPOIo Cjiaracmoro. CHGI[OBaTeJIBHO
HWCXOIHBIN HHTCTpAJI CXOOUTCA.

3aoanue 2.6

HCHOHBSYSI ONpPCACJICHUC BBIICHUTH CXOOUMOCTDH HCCO6CTBCHHBIX HHTCI'PAJIOB
BTOPOI'O poja.
2
g- .:I’x 1— ax 1- dx 3 .:I’x 5 dx 4 .:I’x
11;':«.,”11}: anjm']nx 3|:|535*\|' 4|:|«.|'3 x 52q|‘ . 4,2 leg - 8.

IZI«,|'{3 x}4 1«, x- 3

4 5( 4 _33 44 3.3
Otsetsl: 1.3 ; 2. pacxomurcs; 3. Un0.5)7 . g 2”@; 5. 3’“{%; 6. 7 ‘ﬁ:'; 7

PacxXoauTCH, 8. PaCXOOUTCA; 9. pPacxoauTcCs.

AHaAJIOTrUYHO CIIy4ar0 HECOOCTBEHHBIX MHTETPAJIOB MEPBOT0 pojaa GOpPMYITUPYIOTCS
U JoKa3biBatoTcsa kputepuit Kommm u mpu3Hakv CpaBHEHMs JII HECOOCTBEHHBIX
MHTErPAJIOB BTOPOTO poja.

Teopema 2.11.(Kpurepuit Komm). HecoOcTBeHHBIN HHTErpajl BTOPOTO pojia
CXOAMTCS TOIJa M TOJBKO Torjaa, koraa aias Beskoro €=U cymectByer ¢ »UTakoe,

-

_i Findd < e

<
4% =9 pRimonHseTCS HEPaBEHCTBO -#

YTO JIJIsl BCEX
Jloka3aTenbCTBO ATOTO PE3YIbTATa OMYCTUM.

Teopema 2.12. Tlycth s Beskoro ¥#-d%x <k BpmojgHeHO HEPaBEHCTBO
& 2

| g{x)dx if (Xdx
0= fx=glx) Torma, ecnu wHTErpan @ CXOOUTCS, TO HHTErpajg @
A A

| Fi(xdx | g(x)edx
CXOOHUTCs, a €CJIKM UHTErpallr 2 pacxoauTcCsa, TO UHTCrpail = pacxoauTcCs.

Jloka3aTenbCTBO aHAJIOTUYHO CITy4al0 HEeCOOCTBEHHOTO MHTETpajia MepBOTO poja.
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Teopema 2.13. Ecrn ¥y 83 . Geckoneuno Gomblune 0XHOro mopsiaka pocta, To
A

TG | F(dx | g(x)dr
€CTh "‘”’ glx) , TO UHTETpajbl U - b0 o0a cxoxgrcs, audo
00a pacxoasTcs.

JloKa3aTeabCTBO aHAJIOTMYHO CIIy4ar0 HECOOCTBEHHOIO MHTErpala epBoro poja.
Ipumepsl

3 o

D= 3 z
1. Jlns uaterpama 2+x~ 2 V-2 NOJIbIHTETpaibHas PYHKIUS UMEET 0COOEHHOCTh

B Toukax * =2y *=%3  Touxm x=t3p IIPOMEKYTOK UHTETPUPOBAHUS HE BXOMAT.
1
[TosTOMy, HaX0/1s MOPSAOK POCTA ATOM (PYHKIIUK OTHOCUTEIBHO ¥~ <, UMEeeM

oo ecmmon <05
x-2* ]

, BCcImoe= 05

lirn
x—d Il'x_g.%h—xj 0, ecmic>0,5.

Takxum 06pa3zoMm, mopsok pocta paseH 0,5 u UHTETpanI CXOAUTCS.

3 o

D7 afy_ 2
2. B unrerpane 2¥*~1'N?=X" ponpmrerpanbaas GyHKIUS UMEeT OCOOEHHOCTD B

Toukax *=1ly r=23 Toykm *=lpm *¥=-3 B mPOMEKYTOK HHTEIPUPOBAHUS HE BXOJIST.
|

[TosToMy, HaxoAs MOPSIOK POCTa 3TOM (DYHKIMH OTHOCHUTEIBHO 1~ % | HMeeM

LGt
S 1A
1.
m, BCITIC < =
= lun E-n" = ECID &t 3
a3 fr—1.3G-x.3 - 3 _’3’
a3 r-1- 35 -x 35+ x J_ J_ EEJ'.II/IEII::'E

1
Takum 006pazoM, MOPSIIOK POCTa PAaBEH 3 UHTETPAJ CXOIUTCA.

1
|
3. BBIICHUM CXOAMMOCTh MHTETpasIa

i X

&%

[MoasiaTerpanbHast GyHKIINSA UMEeT 0COOEHHOCTD B Touke * =0 . Haxoms mopsaok
1
pocTa 3TOol PYHKIMH OTHOCUTENBHO * , UMEEM
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w, ecima <15,
. : a‘
fig ATy AT eomra= 15
5= 7;2 x—=0 ﬂ";f\ll?

0, ecmice =15

Takum 00pa3oM, MOPsIOK pocTa paBeH 1,5 u uHTErpan pacxoauTcs.

} 3ein x

4. B unrerpaine ©

dx

NOJIbIHTErpaibHast PYHKIMS UMEET OCOOEHHOCTh B TOUKE

1
r=0_ Haxomas mopsaoK pocTa 3TOW (GYHKIIMU OTHOCUTEIIBHO * , IMEEeM

2.

o, ECIHE < £

Henx x* . Henxox %

=T - = L, ecmia= £,
x=0 X =0 3 |'

Ax alx 0, ecm&rx::%.

2
Taxum 06pa3oM, nopsa0K pocta paBeH 3 M mHTErpan cxoaurcs.

1
Inf1+3x

| (—ﬁffx
5. BBISICHMM CXOJUMOCTh UHTETrpana o

[ToapiHTerpanbHas QyHKIUS UMeeT 0COOCHHOCTh B Touke * =0, Haxoms mopsaok
pocTa

1
STOH (I)YHK[II/II/I OTHOCHUTCIIBHO & ) nMEECM
co e o < 0,8,
] e ] a3
litn w= litn w= 1, ecmic =108,
x =0 x x =0 5‘\& _ 5'|x4

0, ecme > 05,

Taxum o6pazom, mopsaok pocra pased -8 M mHTErpan cXoauTes.

t'e:'“":—l
6. B mnaTerpane O

MOJBIHTETpaTbHAS (QYHKIHMSI UMEET OCOOCHHOCTHh B

1
touke *=U. Haxoss mopsiok pocrta 3Toi GYHKIMM OTHOCHTEIBHO ¥, UMEEM

G S o, BCIH o < 0,5,
]jm(é' 1)x=]jm(e 5-x%

=<1 ecma=05;
e x R 0, ecma > 0,5

aKUM 00pa3oM, HOPsAA0K pocTa paBeH Y-° 1 uHTErpan cXomaurcs.
T 0 , 0.5

1

i o

2 -1 '
7. BBIACHUTB CXOAMMOCTH HHTErpana o ™" (x-1)
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[MogpiHTerpanbHas GYHKIMS HMeeT ocoOeHHOCTh B Toukax *=U m r=1. OG6e
BXOJIAT B IIPOMEXYTOK MHTETPUPOBaHMs. Pa30nuBaeM WHTErpaj Ha JBa

! 0.5 1

I & - ax ‘| ax
axx-D pE(x-D e E(x-1)

IIepBeIil U3 3TUX UHTETPAJIOB CXOAUTCS, TAK KaK IIOPSAJLOK pOCTa NOABIHTEr PATIbHON

1 .
GyHkimu npu * —* U OTHOCHUTETBHO # paBeH /i , a BTOPOH PACXOMHMTCH, TAK KAK
1

HOPSIIOK POCTA MOJBIHTErpaIbHOM (GyHKIMU Tipu * —*l oTHOCHTENBHO 1-% paBeH 1.
IToaToMy HHTErpa pacXOaUTCH.

3aoanue 2.7

Hcnonb3yst TeopeMy CpaBHEHHS BBISICHUTh CXOJUMOCTh HECOOCTBEHHBIX
UHTErpaioB. B oTBeTe ykazaHbl: TOUKA, B KOTOPOM (hyHKIHS OECKOHEYHO OOJIbINas;
HNOPSAJIOK POCTa TMOJABIHTErPaJbHON (YHKIIMM OTHOCUTEIHHO MPOOHOW (YHKIUU;
CXOUMOCTb.

2 cx’x 3?5 x ’TJ_EJT;{

:
1. 14 = = .35 3 III x ;3.|j 5l X

1.]11(1+?‘,E)d ?Em_lcfx ? dx ? dx

| ———iX

4, 0 \E ’5 0 ‘J{; ) 6. ij“l,lg—:&j ) 7. i4ﬁ,|lﬁ—}'[4 :
2 3 4

“||||32 X :w"_ 3 10. 2 Jx+ 2 "|,|I

OTtBeTnl: 1. x=1 EF%, K=l rx=%, CXOJIUTCH; 2. x=10, fx=%, CXOJIUTCA; 3. =0 rx=%
AT fx=%, cxomures; 4. %=1 Cﬂ:ﬁ, cxomurest; 5. =0 a=1 pacxomutcs; 6. *7 2
B":%, cxomurest; 7. F=& Eﬂ:%, cxomutest; 8. F=& &=%, cxomutest; 9. *=% Eﬂ:%,
x=3 fx:i, cxomurest; 10, F= r:::=é—’ CXOIUTCS;
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Tema: /InddepeHunaibubie ypaBHeHH .

OnddepeHumanbHbiM ypaBHEHUEM NEPBOro NopAAKa Ha3blBaeTCA YpaBHEHUE,
CBA3bIBAlOLLEE HE3ABUCUMYIO MEPEMEHHYIO X, ICKOMYIO dYHKUMIO Y(X) 1 ee

NPOU3BOAHYIO ) , T.e. ypaBHeHWe B1Aa

(1) F(X, Vs y'):O Wi y':f(x’y),

rae f— pyHkius AByX nepeMeHHbIX, a F — QyHKIIMOHAT OT TpeX MmepeMeHHbIX.

OO0mmM pemieHuem augdepeHIHAILHOTO YPABHEHUsI HA3bIBACTCS Takas QyHKIIHS,
v = v(x), KOTOpas obpamaeT ypaBaeHue (1) B Tox1ecTBo, T.€.

Flr, () ()=0 wau y'(v)= f(x ()}

YtoOb! pemnTth nuddepeHIraIbHOe YpaBHEHHE €ro HE00X0IMMO MPOUHTETPUPOBATh, HO
PEKJIe ero He0OX0IUMO UACHTU(DUITUPOBATh (OMPENEIUTh €ro BU) U IpeoOpa3oBaTh.

Huddepeninmansaubie ypaBHEeHUS 1-T0 MoOpsiiKa, ONpeIeSICHHbBIC BBIIIE, yI00HO
3aIMCBHIBATh B CIICIYIOMICH opme:

(2) M(x,y)dx + N(x, y)dy =0

Jugppepenyuanvuoie ypasnenusn ¢ pazoenaomumuca nepemeHHbIMu.

ITycTh Az(x,v)=u,(x)g,(3)> @ N(x,v)=u,(x)g, (), TOT1a ypaBHEHHE (2) Ha3BIBAETCA
muddepeHnraIbHbIM YPaBHEHUEM C PA3ISISIFOIMMUCS IEPEMEHHBIMH U IPUMET BUJL:

u, (x)gl (y)dx =u, (x)g2 (y)dy
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HYTCM ACJICHUs Ha NPOU3BCACHUC ., (x)g, () OHO HPUBOAUTCS K CICAYIOLIEMY BUAY:

ul(x) _ gz(y)
RO

OO1muMii UHTErpa ITOro ypaBHEHUS UMEET BUI:
Igz(y)dy:IMI(X)dx+C
g (y) u, (x)

1. Pemuth guddepeHnuabubie YPDABHEHUS € PA3/1eIsIONIMMUCS NepeMEeHHBIMM :
Henwv: Hayuumoscsa naxooums obuee pewerue oughghepenyuanvHo2o ypasHeHus ¢
PA30eNAUUMUCS NePEMEHHBIMU, UCNOIb3YS 8 C80ell pabome Memoobl
ouppeperyuarbHo20 U UHMESPATLHO2O UCHUCTIEHUSL.

1) (1+x)y'+y:0

Pewenue: npusedem ypasnenue x udy (1) (yuumwigas, umo y' = Z—y) :
X
(1+ x)d—y +y=0
dx

vx +(1+x)dy =0
B oannom ypaenenuu ul(x):l, gl(y)=y, uz(x):1+x, g2(y):1

Pa3zoenasa nepemennsvie, nonyuum:

dx _Q
l+x y
Hnmeepupys, Hatidem oowuil unmezpai.
ﬁzjﬂ.
l1+x y’
J'd_y:J'd(1+x)+C;
y 1+x
h1|y|:ln|1+x|+lnC;
ln|y|:ln|C-(1+x1;
y= C(l+x)—06mee peuterue oug. ypasHenus
2) *xy'+l:0; 4) *y =1-x
y " 1N
3) *y =272, ) o =l
Y y 6) yigp—-x=I
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2

7) ysin‘x=y, 8) y':y_;
X

. Haidtu 4vactHOe pemieHue 1 depeHIAILHOr0 YpaBHEeHHUA, VIOBJIETBOPHIOIIET 0

HAYAJIbHBIM VCJIOBUSIM, M €I0 MHTEIPAJIbHYI0 KPUBYIO.
Henwv: Hayuumscsa naxooumsv uacmuoe peuieHue oughghepeHyuanbHo2o ypagHeHus ¢
PAa30eNAIOWUMUC NEPEMEHHBIMU, UCNONIb3Y5 68 C80ell pabome Memoobl
oughghepenyuanvHo2o u uHMe2PaIbHO20 UCUUCIEHUS U CIMPOUMb UHMESPATIbHYIO
KPUBYI0 9mo20 peuleHusl.

1) y' =x+2; »0)=1.

Pewenue: Ilpusedem ypasnenue k eudy (1) u pazoenum nepemenmoie:

Q:x+2
dx
dy = (x +2)dx.

Hnmeepupys, natioem oowuii unmeepan:

Idy = J.(x+2)dx;
Idy = J-xdx+J‘2dx;

2
y= x? +2x + C — 0bwee pewenue oug. ypasHenus.

T'K. y(0)=1, MO NOOCMABAA IMO HAYATLHOE YCllo6Ue 6 obuee peuteHue oug.
ypasHeHrus, Haioem 3uauernue C:

2
y(O):%+Z-O+C:l:C:1.

3Hauum wacmuoe peutenue 0aHHO020 OUQ. YPABHEHUs UuMeem BUO:

2

X
=—+2x+1.

Y 2

Ymobwbl Halimu uHme2panibHy0 Kpugyro OaHH020 OUQh. YypasHeHus HyHCHO
2

x
ROCMPOUmMsb 2paghux e20 YacmHo20 peulenus, 8 Hauem ciydae 3mo y = EY +2x+1
(epagpux — napabona).
Haiioem koopounamwi eepuiunsl napaboiisl.

b 2 -2)
X = =——=-2,7, =%+2-(—2)+1:2—4+1:—1.

T g 2.1

2

I'pagpux umeem cnedyrowuti 6uo:

253



Jluneiinvie ougppepenyuanvnvie ypasnenusn 1-20 nopaoka.

JluneitnsiM U PepeHnanbHbIM ypaBHEHHEM |-To MopsiiKa Ha3bIBAETCS YpaBHEHHE

v+ plx)y= £(x)

rae p(X), f(X) — u3BecTHBIE QYHKIUH.

JInnelinoe nuddepeHnnanbHoe ypaBHEHHE HAa3bIBAETCA OJHOPOIHBIM, €CIH f(x)—0, B
IIPOTUBHOM CJIy4ae OHO HEOTHOPOIHOE.

3. Haiitu o0uiee pemenue JuHeiHOro auddepeHnnanbHOro ypaBHenus 1-ro
MOPSIKA
Ienv: Hayuumovcs naxooums obujee pewieHue TUHelHbIX OuppepenyuaibHblx
VpasHeHutl, UCNONIb3YSL 8 c8oell pabome memoovl OuppepenyuaibHoco u
UHMESPATbHO20 UCHUCTEHUSL.

' 2
1) y -2xy=e"
Pewenue: Oobwee pewenue HeoOHOPOOHO20 YPABHEHUS MONCHO HAUMU
Memooom eapuayuu NOCMOAHHOIL.

e Paccmompum 00HOpoOHOE ypagHeHue

y =2xy=0, coomeememeyrowee dannomy neodnopoonomy ypasuenuio. dmo
ypasHeHue ¢ pa3oessiouUMUCT NePeMEeHHbIMU.

254



=2xy
@
y
J.% = I2xdx

a
dx
Y 2xdx

2
ln|y|:2x7+lnC
In|y|~In C = x°

ln‘l‘:x2 = L= :>y:Cex2.
C C

o Oobwee peuteHue HeOOHOPOOHO20 YPABHEHUSL UeM 8 8ude Y = C(x)ex2 (*) , e0e C(x) —
neuzeecmuasn ynkyus om x. Ipouszeoouas y =C '(x)ex2 + C(x)(exz ) = C'(x)e"2 + C(x)2xexz.

Iloocmasnss y u y'e y —2xy= e naiidem Cx):
C'(x)e” 2 +C(x)2xe" ’ —2xC(x)e” e

C (x)ex +C )(2xe —2xe* 2)=ex2.
C'(x)e" =

C()—l:>C = [Clxpx=[1-dx=x+C

T'K. c(x)=x+cC, Mo noocmasas e2o 6 (*) obujee peutenue HeoOHOPOOHO20

X
ypasHenus 6yoem )Y = (x + C)e , 20e C — noCmosiHHAsL UHMe2PUPOBAHUSL.
1 _ 2 "
2) *y +2xy=2xe" ; 4) *y +L=(3—x)2.
X
' 3
3) ¥y -3’y=xe";
4. Oupeneautb BWI 1N depeHINAIBLHOIr0 YPABHEHU A, HAWTH €ro 00Iee peneHue, a
1€ VKA3aHO YaCTHOE PelleHHue.

Henwv: Hayuumoscs onpedensime U0 oughgheperyuanvio2o ypasHeHus:, Haxooums e2o
obuee u uacmuoe peuletue.

1) *y +2y=e;

2) *xyy =1-x";

3) *x+ay=y {i{1)=0

4) xy +4=y";

5) y -2y=4x;

6) » +ycosx=cosx {}(0)=1};

7) *y = ﬁ 19(0)=4}, ITIOCTPOUTH MHTETPAIIBHYIO KPUBYIO;
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8) *(2-3x)y = y;

9) e’ (1+x2)fly —2x(1+ey )dx =0;
10) *y —ye' =2xe ;

1)  *y =37

12) *y oY (1+x)

JAudppepeHunanbHbie ypaBHEHU B MeIMUIUHE U OHOJIOTHH.

1) JuddepeHumanpiple ypaBHEHUS, BBIPAKAIOT COOTHOIICHUS MEKAY HM3MCHCHUSIMU
OCHOBHBIX N€peMEHHbIX. [IpruMepoM omucaHHsl TEUYEHUs MPOLIECCOB B CEPACYHO —
COCYAMCTOM CUCTEME MOXKET CIYKUTh HE3aBUCUMAas MOJEIb 3JIACTUYHOIO pe3epByapa
— IuHelHoe AuddepeHuanbHOe ypaBHEHUE TUIA:

rjae nepeMenHas P — mraoBenHoe 3Hauenue A/Jl, koapumuent R — obuiee
COIPOTHBIICHHE KPOBEHOCHOTO pycia TOKY KpoBH, kK03 dumueHT K — ko3 uiineHT
ynpyroctu aopthl, W(t) — 00beMHasi MTHOBEHHAs! CKOPOCTh BBIOPOCA KPOBHU M3 CEp/IIa.

2) InddhepeHnraibHBIM YpaBHEHUEM ONMCHIBACTCS PA3I0KEHUE OaKTepU,
paMOaKTUBHBIN pacIal.
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JdomamiHee 3aaaHue:

Onpenenuts Bua AUQdHepeHInanbHOro ypaBHEeHUs, HAUTH €ro o0l1iee pelieHue, a riue
YKa3aHO YaCTHOE PELIEHHE:

1) (1 +y2)dx+xydy: 0;

2) *) +y=e " cosx;

3) *xy +y-¢ =0 {la)=b};

4) *y =10"";

5) *y = yTH b()=1f, NOCTPOUTH UHTETPATIBbHYIO KPUBYIO.

6) y =™ —e'y;
7) *x(y' —y): (1+x2)ex;
8) ¥ + JCosX = Sin XCOSX.

o 1-2x
9) *yy = ;
y
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IIpoBepounasi paéora

Tema: /InddepeHunanbubie ypaBHeHH .

1 BapuanrT.

Onpenenuts Bun quddepeHnanbHoro 2 BapHaHT.
ypaBHEHUS, HATH €ro 00I1ee peiieHue, a

Onpeaenuts BUa qudhepeHnaibHOro
IJI€ YKa3aHO YaCTHOE pPEIICHHE:

ypaBHEHUSI, HAUTHU €ro ooIee perieHue, a
Ir/ie yKa3aHO YaCTHOE pelICHHE:

6) y =x-2
7) Bx-4)y =y 6) v —4y=8xe";
8) » _1=2x 7) vy =23
9) y'—2xy:xex2; 0 'Z 5")}_2;
10) » =2 (1)=2}, OCTPOUTH 9) W =tr=3
X 10) » _ytl {y(1)=0}, OCTPOUTH

UHTETPAIbHYIO KPUBYIO.
UHTETPaJIbHYIO KPUBYIO.

JlonmosiHuTEILHOE 3a1aHHE

Onpenenuts BUa quddepeHInaaIbHOr0 YpaBHEHUS, HAUTH €ro o0I11ee penieHue:

1) 2xy1-y? :y'(1+x2>
2) (1+x2)y'—2xy=(l+x2)2;
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Jlexuusa Ne 7. KoMmmjiiekcHbIe YHCIA.

3HAKOMCTBO C KypCOM MbI Ha4HEM C HEKOTOPbIX HCTOPUYECKUX COOBITHH, KOTOpHIE
MOCIIY)KUIM TIPUYMHON TMOSIBJIEHMsSI HOBOIO, IOKAa HEU3BECTHOro Juid Bac kmacca umcen -
KOMIIJIEKCHBIX.

B X Beke B Uramuum ObuIM pacrpoCTpaHEHbl MAaTEMaTUYECKHE TYPHUPBI, Ha KOTOPBIX
YYaCTHUKU B MIPUCYTCTBUM MYOJIMKH M3JIarajy pelieHus 3a1a4, IpeUI0KEHHbIX paHee KaKIOMY
€ro nMpoTUBHUKOM. Kak M3BEeCTHO, B TO BpeMsi 3TO ObLI HE €IMHCTBEHHBIN U3 BUJOB TYPHHUPOB - B
T€ BpeMEHa COXPaHsUIHUCH €l1l€ BOEHHbIE TYPHHMPHI, HAa OJTHOM U3 TaKUX TYpHUPOB B 1547 roy ObL1
CMEpTENIbHO paHeH ¢paHIy3ckuit kopois ['enpux Bamya. Utak, 12 despansa 1535 roga Urtanum
COCTOSUIOCh MAaTEMaTUYECKOE COPEBHOBAaHNE Mex Ay MmatemaTukamu ®duope n Tapransen. Puope
ObUT yueHHKOM Mpodeccopa 6010HCKOTO yHuBepcuTeTa, Crinnrona jaennb Deppo (1456 -1526),
Hukkonma Taprames (1500 - 1557) - mpenojaBaTenh MaTeMaTHKH. TapTaibs (3aMka) - €ro
npo3Bulle (Hacrosimas ¢amwing - PoHTaHA), .KOTOPOE OH MOJIyYWJI H3-3a TOTO, 4TO IOCIIE
BOEHHOTO PaHEHHs B TOPJIO OH HE MOI CBAaGOJHO pa3roBapuBarh. Tapranbe ObUIO MPESIOKEHO
permuTh oxoso 30 anrebpamuecKux ypaBHEHHI TpeTheil cTemenn Bua X +ax=b; a>0; b>0. B Te
BpeMeHa He ObLTM M3BECTHBI 001IKe GOPMYIbI pelIeHHs] ypaBHEHUIN TPEThel CTENEeHHU, TIOATOMY
3a7a4u, peUIoKeHHbIE TapTanbe, OKa3aliuch BeCbMa cepbe3HbIMU .OIHAKO, KaK y3Hal TapTanbs,
npodeccop aenp Peppo ymen pemiaTb HEKOTOPhIE YpPaBHEHMsI YKa3aHHOTO BHUJA. A MOCKOJIBKY
9TH pelieHus OBLIN CPEICTBOM KOHKYPEHTHOW OOpbhOBI, mpodeccop HEe cran MmyOJuKOBaTh
MOJIyYE€HHBIE PE3yJAbTaThl, HO COOONIMI MX CBOMM Y4YEHHKaM, B YHCIE KOTOPBIX HAXOIHJICS
®duope. 3a HeAeNIO 0 COpPeBHOBaHUW TapTaibe yaalloch HAWTH OOIIMM BUJ PEIICHUS OSTHUX
ypaBHEHUH W ¢ OJIeCKOM MmoOeauTh Ha TypHHpe. Tak uTto ke mpemnoxwn Taptanpsa? Ecnu
JONYCTUTH (TIPEIOJIOKUTD), YTO CYIIECTBYET HEKOTOpas MHUMas eauHuIa (0003HauuM ee i),
KBaJ[paT KOTOPOi paBeH MUHYC 1, T.€.i%, TO MOKHO TOBOPUTH O YHCIIE pellleHuil ypaBHeHus X2 + 1
=0, ux Oyzer aBa + i. Takum 00pa3oM, Ki1acc ACHCTBUTEIbHBIX YHCEIT ObLI PACIIMPEH BBEICHUEM
B HErO OJTHOTO AJIEMEHTA - MHUMOU €IMHUIIBI, B PE3yJIbTaTe Yero MOMyYHIId HOBBIN Kiacc YHCe -
KOMILJIEKCHBIX, KOTOpbIe 0003HA4at0T TaTUHCKOM OykBoii C. CeroHs, KOrjia BO MHOTHX pa3jenax
MaTeMaTUKd U €€ MPUIOKEHUH HEBO3MOXHO OTPAaHMYUTHCA PACCMOTPEHHEM  JIMILIb
JNEVCTBUTEIBHBIX YACET, KOMIIJIEKCHBIE YMCIIA TIO3BOJIIOT PEIIATh MHOTUE CEPbE3HBIE 3a1aUH.

Onnomy u3 cosnateneil nudp@epeHaTbHOro U HHTErpajbHOIO MCUUCIIECHHUH, HEMELKOMY
maTtematuky . JleiiOnuiy (1546 - 1715) npunauiexar takue cioba:«KoMIiekcHOe 4ncio - 3To
TOHKOE€ U TIOPa3UTEIbHOE CPEACTBO 6G0XKECTBEHHOTO JayXa, MOYTH aM(pUOUs MEeXIy ObITHEM U
HeObITHeM». Ceifyac OT Bcell 3TOIl MUCTHKM HE OCTanach HUYEro, KpoMme, MOoXallyid, Ha3BaHUs

«MHUMBIE yucnay. Yxe Bo BpemeHa K. T'aycca (1777 - 1855) Obuto maHO reoMeTpHuecKoe
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HCTOJIKOBAaHNE KOMIIJICKCHBIX YMCEN KaK TOYEK IJIOCKOCTH. TpyJaMu BBIAAOIINXCA MATEMAaTUKOB
XIX Beka O. Komn, B. Pumana, K. Beiiepmtpacca Ha 6a3e KOMITICKCHBIX YHCEI ObLIO TOCTPOCHA
OJlHA U3 CaMBIX KPACHUBBIX MAaTEeMATUYECKUX JUCHUIUIMH - TeOpHs (QYHKIHH KOMIUICKCHON
IIEPEMEHHOM.

PaccMOTpMM OCHOBHbIE OMpeaeneHMs 3TOro KAacca YNCe N BbIACHUM, KakK BbINOMHAOTCA AeNCTBMSA

Had KOMMNNEKCHbIMU YUCNaMMU.
OﬂpeHeHeHHe.KOMHﬂeKCHIﬂM YHUCJIO0M ZHA3bIBACTCS BBIPAXKCHUC z =g +ib, TAC au b -

)ICﬁCTBI/ITCJ'IBHI)IC qucia, | — MHHUMad €WHHUIa, KOTOpasd OonpeacaIsa€TCsa COOTHOIICHUEM:
Vi .
i"=-1, i=+-1

[Tpu 3TOM YKCIIO @ HA3BIBAETCS JAEMCTBUTEILHON YacThbio uncia Z (a = Rez), a b- Mmuumoii
gactbio(b = Imz).

Ecmu a =Rez =0, to uucmio z Oyaer yucto MHUMBIM, eciid b = Imz = 0, To yucno z 6ymer
IeHCTBUTEIIHLHBIM.

Onpenenenne. Yncna z =g +ib U z = g —ib Ha3bIBAIOTCS KOMILJIEKCHO — CONPSI’KEHHbIMH.

Onpenenenne. J[Ba KOMIUIEKCHBIX YHCHA > — g +ib, U =z, =a, +ib, HA3BIBAKOTCS
PaBHBIMH, €CJIM COOTBETCTBEHHO PaBHbI UX JACHCTBUTEIILHBIE U MHUMbBIC YaCTH:

a, =a,; b, =b,;
Onpenenenne. KOMIUIEKCHOE YHCIIO PaBHO HYJIO, €CIM COOTBETCTBEHHO pPaBHBI HYIIO

HeﬁCTBHTeHBHaﬂ W MHUMas 4aCTHu.

7.1. leiicTBMA HA4 KOMMNJIEKCHbIMU Yncnamm B anrebpanyeckonn popme.

OCHOBHble AENCTBUA C KOMMNEKCHBIMM YUCAAaMM BbITEKAIOT U3 AENCTBUIM C MHOrOYAEHAMM.
CnoxeHue 1 BbluMTaHne
PaccMOTpHM JiBa KOMIUIEKCHBIX YHCIIA, 33/IaHHBIX B OOIIEM BHUJIE
Z1=ai+iby; zo=as+ib
TOraa
z=12 t2z, =(a; +ib;)(a, +ib,) = (a; £ a,) +i(by £ b,) =atib

MoxHo Cd)OpMyI'IMpOBaTb NnpaBunI0 CNOXEHNUA U BblYUTAHUA KOMNJIEKCHbIX YUCEN: NMPU CNNOXKEHUN
(Bbl‘-l MTaHMM) KOMNNIEKCHbIX YNUCeN COOTBETCTBEHHO CK/N1a4blBaAlOTCA (BbILIMTaPOTCFI) nx
AeﬁCTBMTeﬂbele N MHUMbIE 4aCTu.

YMHoxenue
z=212>=(ar+ib1)(az+iby) =ajaz-+iaibo+ibiay+i?bibo=a+ib

z=712>=(a1a2-b1b)+ i (a1b2+biar)
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( T.C. MOKHO I'OBOPHUTb, YTO HNCPECMHOXKAIOTCA KOMIIJICKCHBICHHNCJIA KAK MHOTOYJICHBI, YYUThbIBAA,
yTO i2 = -1). 3HAYHUT,4TOOBI HEPEMHOKUTH [BA KOMILIEKCHBIX YHCIA HEOOXOIUMO MEPEMHOKHTE
HUX KaK MHOTOWICHBI, YYUTHIBAs, groi® = -1.

Jlenenue

Mpw BbINOJIHEHMW AENEeHUA KOMMNEKCHbIX YNCEN MOJIb3YHOTCA MCKYCCTBEHHbIM NMPUEMOM: YNCIUTENb
1 3HaMeHaTes1b APO06U YMHOMKAIOT Ha YMC10, KOMMIEKCHO - COMPAMKEHHOe 3HameHaTe o Apobu, n
MOCTYNaloT Aasiee TaK, Kak 1 NP YMHOMKEHMUMU KOMIMIEKCHbIX YMcen.

IIpumep.
21= 5-i;
22=-2+3I;
4 _ 5-i _ 5-1)*(-2-3i) :—10+2i—15i+3i2:—13—13i=_1_i
z, —-2+31 (-2+3i)*(-2-3i) 4-9i? 13

BBenennsie HamMu omepanuyd CIOKEHHUST W YMHOXEHHUS KOMIUIEKCHBIX YHCeNT O00JagaroT
CBOMCTBaMH:
1) [lepemecTuTenbHOE CBOMCTRO:
VARDWAEY R IAY
21*22=22* 11,
2) CouerarenbHOE CBOMCTBO:
(z1+22)+z3=21+ (22 + 23)
(21%22)*23 = 21 *(22*23)
3) PacnpenenuTenbHOE CBOWCTBO:
21%(22 + 2,)= 21*22 + 21723
4) st m060ro KOMILJIEKCHOTO YUCIIA CYHIECTBYET YHCIO €My MPOTUBOIIOI0XKHOE, TaKOe, 4To Z +

(-2)=0.

Bo3Benenune B creneHnb

CornacHo OIpeIeNICHUIO CTETICHU YK Clia, HEOOXO0JMMO TO YMCIIO YMHOXKHUTD Ha Ce0s1 CTOIIBKO
pa3, KakoB MOKa3aTellb CTENEeHH YKcia. DTH IMpaBUiia BaM U3BECTHBI M3 Kypca CpeIHEeH IIKOJIBL.
OHu x€ OCTarOTCsI CTIPaBEAIMBBIMU U JUIsI KOMIUIEKCHBIX uncen. C 0HOMU JHIIb pa3HUIIEH B TOM,
YTO OCHOBAHHEM CTETCHH 37€Ch BBICTYMAET HE OJHOUJICH, a ABywieH. [lyig mokasareneil crenenu
2 1 3 cymecTBYIOT (hOPMYIIBI, U3BECTHBIE BaM KaK OPMYIIbl COKPAIIEHHOTO YMHOKEHUS: KBaJpaT
CYMMBI (Pa3HOCTH); KyO CyMMBbI (pa3HOCTH); pa3HOCTh (CymMMa) KyOoB. YOeaumcs, Kak MO>KHO
BO3BOJIUTH KOMILIEKCHOE YUCIIO B CTETIEHb, OJB3YACh (OPMYyJIaMU COKPALIEHHOTO YMHOXKEHHUS.

HaiiTi Ky6 pasHOCTM KOMMNEKCHOrO Yncna:

(3-2i)3 = 33-3*32*2i+3*3*(2i)? — i*=27-54i+ 36i°- i*=-9-54i+i=-9-54i-i*i*>=-9-54i+i=-9-53i
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HpI/I BBIIIOJIHCHHUH 3TOI'O I[€I>'ICTBHSI MBI Y4JI4, 4TO

B=i*i?=i*(-1) =-i

Eciu sxe HaM HeoOX0MMO, HatpuMmep, Haittn (2+51)?1, To CornmacHo ompeneneHuIo cTeneHn
MBI JIOJDKHBI 3Ty CKOOKY YMHOXXHUTh camy Ha cebds 21 pa3, uto oueHb Tpynoémko. Iloaromy
npuberaroT K Apyroi Gopme 3ammucu Yucia — TPUTOHOMETPHUYECKONH M B HEW BBIMOJIHSIOT 3TO
neiicrsue. Ho 06 3ToM MbI IOrOBOPUM HEMHOTO TO3XKE.

N3BiieyeHne KOPHA U3 KOMILJIEKCHOTO YHCJIa

T. K. KOMIUIEKCHOE YHCJIO B anredpandeckoi hopmenmeeT Bu Z=a+ib; To M3BJEKaTh U3 HErO
KOPEHb KaKo# - MO0 CTENIEHN MBI HE MOYKEM, T.K. HEJIb3sl U3BJICUb KOPEHD U3 CYMMBI.

Taxum 00pazom, MOABOAS UTOT JEHCTBUSAM HaJl KOMIUIEKCHBIMU YHCIIAMH B alTreOpandecKoit
dbopmMe, 3aki0OyaeM, UYTO WU3BJIEKaThb KOPEHb 000U CTENeHM W3 KOMIUIEKCHBIX YHCET B
anreOpandeckoil (opme Henb3s; BO3BOAWTH B JIIOOYIO CTENIEHh MOXKHO, HO €CITH TOKa3aTelb
crerieHH OoJplie 3, TO palMOHAIbHEE MEePEBECTH YWCIO B TPHUTOHOMETPHYECKYIO (opMy U
BO3BOJIUTH B CTENEHb YHCIIO B 3TOH (popme. Bee ocTanbpHbIe NEHCTBUS BBIMOIHSIOTCS 10 paHee
OTMEUYEHHBIM ITPaBUIIAM.

Beceaysa 0 KOMNAEGKCHbIX YMCNax, HEOBXOAMMO OTMETUTb TaKoe BaXKHOe NOHATUE, KaK LIMKANYHOCTb
MHUMOW eAUHULbI. 3aKN0YAETCA OHO B C/ledyloLlem:

i’= —1(ompenenenue);

B=i*i2=i (-1)=-i;
i = X2 =(-1)*(-1) =1;
P=i*t=i*1=i,

7.2. TeomeTpuyeckoe nsobparkeHne KOMNIEKCHbIX Yucen.

MNoHATME KOMNNEKCHOrO YMCNA UMeeT reoMeTpUYecKoe UCTONKoBaHWe. MHOXXeCTBO KOMMNNEKCHbIX
Yyncen ABnAeTcA paclumpeHnem MHOXKeCTBa AEﬁCTBMTEHbeIX 4yuycen 3a CHET BKIKDYEHNA MHOXKECTBaA
MHUMbIX Yncen. KomnieKcHble Yncna BKAOYAIOT B ceba BCe MHOXKeCTBa 4Yyncen, KotTopble n3y4yanncb
paHee. Tak HaTypanbHble, Lesble, paumMoHanbHble, MPPaLMOHabHbIE, AeﬁCTBMTEI'IbeIe 4Yyncna
ABNAKOTCA, BOO6LLI,e rosopA, 4aCTHbIMU CNy4aaMU KOMNJIEKCHbIX YHUCEN.

Ecnmn noboe AEVICTBMTeﬂbHOG YMCNO MOKET bbITb reomeTpuvyeckn npeacrtassieHo B Buae TO4KMN Ha
4YncnoBomn I'IpFIMOVI, TO KOMNJZIEKCHOE YNCNOo nNpeacTaBaAeTca TOYKOM Ha NNOCKOCTY, KoopAaunHaTamMun
KOTOpOVI 6yp,yT COOTBETCTBEHHO Ael‘aCTBMTe}'IbHaFI M MHMMaA 4acTU KOMNAEKCHOro Yncna. MNpu atom
FTOPU30HTa/IbHAA OCb 6y,EI,E'T ABNATbCA I,Cl,el"/iCTBl/1Te}'IbHOI‘;1 4YMCNOBOM OCbIO, A BE€PTUKA/IbHAA - MHUMOW
OCblO.
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A(a, b)

0 a X

Takum o0pa3zoM, Ha ocu OX pacroararoTcsi 1eHCTBUTENbHBIE Yuciia, a Ha ocu OY — 4HCTOo
MHHUMBEIC.

C nomoLLbto NoA06HOro reoMeTPUYECKOro NPeLCTaBAeHUS MOXKHO NPEACTaBAATb YNCA B TaK
Ha3blBaeMOW TPUrOHOMETPUYECKOM dopme.

7.3. Tpuronomerpuueckas popma duca.

W3 reomeTprudeckux cooOpakeHUI BUJIHO, YTO ¢ = rcosq; b = rsin ¢ 10I/1a KOMIUIEKCHOE
YHUCJIO MOKHO MPEJCTAaBUTh B BUJIC:
z=a+ib =rcos@+irsin ¢ = r(cos @+ isin ¢)
Takas popma 3amucu Ha3bIBaeTCS TPUTOHOMeTpPUYecKkoi GopMoii 3anmuci KOMILJIEKCHOTO
yuca.
[Ipm sTOM BenuuMHA I' HA3BIBAETCS MOJAYJEM KOMIUIEKCHOTO 4YHCJIA, @ Yrojd HakJIoHa ¢ -

APryMmeHTOM KOMILUICKCHOI'O YHUCJIA.

r=iz

; p=drgz.
N3 reomeTpuyecKkMX cO0bpakeHnit BUGHO:
b
r =|a+ib| =a’+b*; ¢=Argz=arctg—;
a

O‘IeBI/II[HO, 4YTO KOMIIICKCHO — COIPsDKCHHBIC YHUCId HWMCKOT OJWHAKOBBIC MOAYIU U

IMPOTUBOIIOJIOKKHBIC apI'YMCHTHI.

‘z‘ = ‘Z; Argz=-Argz.

7.4. JleficTBUSI C KOMIUIEKCHBIMH YHCJIaMU B TPUTOHOMETPUUECKOH (opme.

z, =rn(cos@, +isn @,)s z, =7r,(COos@, +isn P,).
YMHoO)KeHue
z=2zz, = ”r(Cos(P, +@,) +isn( P, +¢,))

B cnyvyae KOMNAEKCHO — CONPAXEHHbIX Ynucen:
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ZZ=(a+ib)a—ib)=a*+b* =] =[z[".
Jlenenue

z 7 .
7= :r—l(cos((pl —@,)+isin(Q, —¢,))

Zy 5
Bo3Benenune B crenenpb

W3 onepanuy yMHOKEHHSI KOMIUIEKCHBIX YHCEI CIICTYEeT, YTO
z* =22 =r*(cos 20 +isin 20)
B obuiem ciiydyae nomy4yum:
z" =r"(cosng+isin ng),
rzie N — [esoe MoJIOKUTETLHOE YHCIIO.
Dt0 BBIpaXKEeHHE HasbiBaeTcs (ropmysaoii Myaspa.(AbGpaxam ne Myasp (1667 — 1754) —

AQHTJIMHCKUN MaTEeMaTHK).

dopmyny MyaBpa MOXKHO MCMNONb30BaTb A5 HAXOXKAEHWUA TPUTOHOMETPUYECKUX PYHKLMIA
OBOWHOro, TPOMHOro U T.A4. YI/0B.

Ipumep. Haittu dhopmyist SiN2¢ u COS2¢.

PaccMoTpUM HEKOTOPOE KOMIIJIEKCHOE YUCIIO =z = r(cos ¢ + i sin ¢).
. YY) 2047 . )
Torza ¢ oxHoit croponst 2 =1(C08™ @+ 2ic0os QS @—sin~ @)
2 2 .
[To popmyne Myaspa: Z =T (cos2¢+isin 2¢) .
) 2 e 2 . :
ITpupasruBas, moxydum C082Q+15IN 20 =08~ @—Ssin "~ @+ 2icosQsn @,
T.x. ABa KOMIIJICKCHBIX YKUCJIa PaBHbI, €CJIM paBHBI UX HeﬁCTBHTCHBHBIC 1 MHUMBIC 4aCTH, TO
2 : 2
€0S2(0=c0S8" O—sn " @
sin 2¢p = 2sin (pcos P
[Tomyunnu u3BecTHbIC (OPMYIIBI IBOHHOTO yria.

H3Baeyenue KOPHS U3 KOMILICKCHOI'O YHucJia

3z = ”\/r(cosq)+isin ®) = p(cosy +isin )
BOSBOI[H B CTCIICHD, IIOJTYYNM:

p"(cosmy +isin ny) =r(cosQ+isin @)

Orcroa: p=4/;; ny=0+2nk; kel
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?F={/r(coscp+isin 0) =1/ COSMHsmM
n

n

Takum oOpa3om, KOpeHb N —OW CTENEHM W3 KOMIUIEKCHOTO YHCIa MMEET N PasTudHBIX
3HAYEHUI.

7.5. Tloka3zaTenbHas (hopMa KOMIUIEKCHOT'O YHUCIIA.

z, _ .
PaccmoTpum mokasarensHyo Gyaknuo W=€ , Z=X+1.

MoxHO noKa3aTh, YTO (QYHKIMS W MOKET OBITh 3aIIMcaHa B BUJE:

x+y

w=e"" =e"(cos y+ism y)

JlaHHO€ paBEeHCTBO HA3bIBACTCS YPABHEHUEM Jidjepa.

Ona KomnneKcHbIx Yncen 6y,EI,YT cnpasegnnebl chegywowme CBOWCTBA:

1) pltl —liph:

Z\m mz,
3) (¢)" =™, rae m- uenoe unco.
Ecnu B ypaBHeHun Dinepa mokasareib CTeTCHH NPUHITH 32 YUCTO MHUMOE dnciio (x=0), To

moJjiydacm:
iy _ . e
e” =cosy+isin y
ﬂ,!’lﬂ KOMMNNEKCHO — CONPAXEHHOro 4ncaa noay4yaem:

e =cos y—isin y

M3 3TUX ABYX ypaBHEHWIA NOAyYaem:

eV +eV
cosy = ———
2
. e —e™V
siny = .
2i

3TMK GoOpPMyNaMM NOJIb3YIOTCA A8 HAXOXKAEHUA 3HAYEHUIN CTeneHel TPUrOHOMETPUYECKMX
dYHKUMI Yepe3 GYHKUMM KPATHbIX YI0B.

Ecnun npeacTaBMTb KOMMAEKCHOE YMCNIO B TPMTOHOMETPUYECKON dopme:

z = r(cos @+ isin @)

266



G i _ il
¥ Bocrmonb3yemcs Gopmyitoit Ditnepa: € = COSQ+1SMN
z=re
[TosydeHHOE PABEHCTBO M €CTh MOKAa3aTeJbHast (POPMa KOMILJIEKCHOT0 YHCJIA.

PaccMoTpuM HECKOIBKO MPUMEPOB JACUCTBHI C KOMILUIEKCHBIMHU YHCIIAMM.

7. . .
IIpumep. /laHel 1Ba KOMIUIEKCHBIX YuCla z, =1——i; z, =—7 —2i. TpeOyercs a) HaliTH

4

-7

3HA4YECHHE BBIPAKECHUS B anreOpanueckoi gopme, 0) s uucna Z = 2- 2\/§l HalTH

-T7-2i

TPUTOHOMETPHUECKYIO opMy, HaiTn z2°, HalTH KOPHU ypaBHEHHS w* + = — O.

a) OueBUIHO, CIPABEITUBO CIEIyIOIIee MPeodpa3oBaHue:

=5 _( 2-7i j_4_(—14—4z‘)4_16(—7—2ij4
-7-2i —14—-4; 2-7i 2-7i
Jlanee mpou3BOAUM JEIEHUE JBYX KOMIUIEKCHBIX YHCE:

—T7-2i  (<T-2i)2+7i) —-14-49i—4i+14 -53i
271 (2-Ti)2+7i) 4+49 53

—.

I[Tonydaem 3HaueHKE 3aaHHOTO BhIpakeHus: 16(-i)*= 16i* =16.
6) Yucno Z = 2- 2\/§i IPEICTABUM B BUJIE = = r(cos ¢ + isin @), I11€

r=|z|:\/4+12 =4 (p=arctg§=arctg(_\/§):_6oo

Tornma zZ= 4(008 600 - lSIn 600) i

Jlnis HaxoXKAeHus =z >° BocruibdyeMcs popmysoi Myaspa.
2% = 4™(c0s1200° —isin 1200°) = 4% (cos(3- 2 +120") - isin( 3- 2 +120°)) =
1 3 J

=4"(cos120" —isin 120°) = —420(5+7i

Ecmi w* +2z=0,T0 w=3/z
—_ 0 — 0
7 o3 F(COS(P+32nk i (P+32nkj:3\/z[cos 60 3+ 2mk . —60 3+ ZRk} fey

BOIIPOCHI JJI1 CAMOITPOBEPKH
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9.

JlaiiTe onpeneneHre KOMIUIEKCHOTO YUCIIA.

Kakue uncna KoMIIeKCHO-CONPSKEHHbIMU ?

Kakue KoMIIeKCHbIE YUCIla Ha3bIBAIOTCS PABHBIMU?

Kak reomeTrpuuecku n3o0paxkaroTcs KOMILIEKCHbIE yuciia?

Kakwue neficTBust Hal KOMIICKCHBIMH YHCIIAMU BBITTOJTHSIOTCS B anreOpandeckoit popme?
Jaiite onpenesneHne TPUroHOMETPUUYECKON POPMBI KOMIUIEKCHOTO YHCIA.

Kakue neiicTBus HaJ KOMIUIEKCHBIMU YHCIIAMHU BBITIOJIHSIIOTCSI B TPUTOHOMETPUUYECKOMN
bopme?

Kak ocymectBisiercss mepexoa OT 3alMCH  KOMIUIEKCHOTO 4YHCJa, 33JaHHOTO B
anreOpandeckoit popmMe, K ero TPUrOHOMETpruUYeckon hopme?

Kak 3anmcath KOMITJIEKCHOE YHCIIO B TIOKa3aTelIbHOU hopme?

10. Yro Ha3wIBacTCS TOXKICCTBOM Ditniepa?
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YIIPA’ZKHEHUA

1. TlocTpouTh Ha KOMILJIEKCHOM TUIOCKOCTH BEKTOPBI, COOTBETCTBYIOIINE KOMIUICKCHBIM YHCIIAM:
1.1.z = 3 + 41, 1.5. z = 4i;
1.2.z=3; 1.6. z = —3 — 4i;
1.3.z=-3; 1.7.z = 3 — 41,

1.4. z = —4i, 1.8.z = -3+ 4i.

2. Haiitu neificTBUTENLHBIC YUCIIA XU Y U3 YCIIOBUS PABEHCTBA JIBYX KOMITJICKCHBIX YHCEIT:

2.1. =2+ 5i — 3iy = 9i + 2x — 4y, 2.3.17 + 2ix + 3iy = 18i + 3x + 2y;
2.2.9 + 2ix + 4iy = 10i + 5x — 6Yy; 24.5x =2y +ix +iy = 4 + 5i.

3. Haiitu mMonynb, TaBHOE 3HAYCHHE apTyMEHTAa M BCE 3HAUCHUS apryMEHTa KOMILIEKCHBIX
qHCel:

3.1. z =3+ 4i; 3.5.z = 4i;
3.2.z=3; 3.6.z = -3 —4i;
3.3.z=-3; 3.7.z =3 —4i;
3.4. z = —4i, 3.8.z=-3+4i.

4. Jlns 3aJaHHBIX YUCENl HA30BUTE YHCTIa, COMPSIKEHHBIE U MPOTUBOIOJIOKHBIE TaHHBIM:
41.z=-2+5i, 43.z=8;
42.z = -2 4.4.z = —8i.

5. Jlana Touka, wuzoOpaxkaromas uucio 3 — 2i . Kakume umcma wu300paxkaroT TOYKH,
CUMMETpPUYHBIE JIaHHOM OTHOCHUTENIBHO JCHCTBUTEIBHOM OCH? MHHUMOW OCH; Hayaia
KOOpJIMHAT?

6. Uemy paBeH aprymeHT: 1) 4ucTO MHUMOTO 4YHCIa; 2) J000r0 OTPHIIATEILHOTO YHUCia; 3)
JF000T0 MOJI0KUTEILHOTO uncia; 4) Hynsa?

7. Bpruucnutse:

7.1. i¢; 7.3. (—i)®
7.2.i%5; 7.4. (i)’

8. BEIIOIHATE NEUCTBUA:

8.1. (—2+5i)+ (—2-5i); 84. (—2+5i)(—2— 5i); 8.7. 4_+f;

82. (6+8i)—(3—50); 85. (6+8i)(3—>50): - :;l

8.3. —2i-5i; 8.6. = e

2i
9. IlpencraBuTh B TPUTOHOMETPUUECKOH (hopMe Unca:

21.2 9.3. -2 + 2v3i;
9.2. 6i; 9.4.2 — 2i.

10. IIpencraBuTh B anredpandeckoit popme uncna:
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10.1. 2(cos(2m) + i - sin(2m));
10.2. 2(cos(0) + i - sin(0));

10.3. 5(cos( )-l-l sm( ));

T . . T
10.4. 4(cos (_5) +i-sin(— 5)).
11. BeimosHUTE IEUCTBUS:

11.1. 2(cos( )+l sm( )) 3(cos( )+l 51n(12))'
11.2. 3(cos( )+l 51n(8)) (cos( )+l 51n(4));

113 2(cos( )+Lsm( ) 11.8. (E_ﬁi)m;
e 6(cos( ) sm( ) 2 2
n 11.9. V-1,
114 9(COS(——)+LSIH( 3)
o 2(cos(—g)+1 sm(—%))’ 11.10.6\3/1;
11.5. (cos(2m) + i - sin(2m))3; 11.11.3/i;
4 s
11.6. (cos( )+l sm(f))“; 1112.v-2 + 2i.
11.7. (2 — 20)%;
12. TllpeacraBuB uucna z,; = 2iu z, = —3 + 4iB No0Ka3aTeIbHOI (OpMe, BHIUUCITUTE:
12.1. z,z,; 12.4. zy;
12.2. 2 12.5. (2%
)
4
12.3. Yzy; 12.6. (z,)*.

13. Pemmure ypaBHEHUS:
13.1. x2+ 16 = 0;
13.2. x3—-8=0;
13.3. x>+ 32 =0;
13.4. x2+x+1=0;
13.5. x*+x2+1=0;
13.6. x® — 28x3 + 27 = 0.
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14. N300pa3uTh HA KOMIUIEKCHOU MJIOCKOCTH MHOKECTBA TOYEK, YJOBJICTBOPSIONIMX CICIYIOIIHM

YCIOBHSM:
14.1. |z| = 2;

14.2. argz = g;

143. 0<Imz< 1,5
14.4. Rez > 1,

14.5. A

E<argz<3—”'
4 4

KOHTPOJIbHAA PABOTA
Bapuant 1
1. Bsruucante (160 + 183,
8+21
2. Jlnguucna z = car

a. TMOCTPOWTE TOYKH HAa KOOPJAUHATHOM MJIOCKOCTH Z, —Z, Z,
b. malimure Re z; Im z;
C. HalauTe MOIYJb U APT'YMEHT YHKCIA Z;

d. 3anuIIMTe YUCIO B TPUTOHOMETPHUYECKON U MoKa3aTeIbHON (opMax.

. 5+2i 3-4i
3. Bremmonnure neictBus: —— — —.
2—-5i 4+3i

4. Jlns uucna z = —1 + +/3i Haligure z° B TPUTOHOMETPUYECKOM M MOKA3aTENbHOM GopMax.

5. PemuTth ypaBHEHHE HA MHOKECTBE KOMIIIEKCHBIX uncen: z3 — 27 = 0.

6. HaiinuTte neiicTBUTENbHbBIE YUCIA XU Y TaK, YTOOBI BHIMOJIHSIOCH PABEHCTBO: 3X — 2y + ix —
iy =4+ 5i.

7. W300pa3uTh Ha KOOPAMHATHOM IJIOCKOCTM MHOXXECTBO BCEX TOYEK Z, YAOBJIETBOPSIONINX

ycnoBuio: |z| =9, Im z > 2.

Bapuant 2

1. Beruuciure %61 + 18,

5+i
2+3i°

2. Jlnguucna z =

a. MOCTpO¥Te TOUKH Ha KOOPAWHATHOM MIIOCKOCTH Z, —Z, Z,
b. wmaiimure Re z; Im z;
C. HaiimuTe MOIY/JIb U apT'YMEHT YHCia Z;

d. 3amummTe YKUCIO B TpHFOHOMCTpH‘lCCKOﬁ 1 MOKa3aTelIbHOM (popMax.

4+3i  5-4i
3—-4i  4+5i

3. BrmmonHure neicTBus:
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3 3. . o .
Jns uucna z = P 71 HaiimuTe z° B TPUTOHOMETPHUUYECKOH U MOKa3aTeIbHOU (hopMax.

PelnnTh ypaBHEHHE Ha MHOKECTBE KOMIUIEKCHBIX uncel: z3 — 1 = 0.

Haiigure nelicTBUTENbHBIC YHCTIA XU Y TaK, YTOOBI BBIMOJIHSIIOCh PABEHCTBO: 3X — 2y + ix +
iy =4 —5i.

N300pa3uTh Ha KOOPAWHATHOHM IUIOCKOCTH MHOXECTBO BCEX TOYEK Z, YIOBJIETBOPSIOLIMX

ycnoBuio: |z| = 16; Re z > 2.

Bapuant 3
Boruncnure i3° + i3,
Jins unena z = (3 — 4i) + (—2 + 5i):
a. TMOCTPOWTE TOYKH HAa KOOPJAUHATHOM MJIOCKOCTH Z, —Z, Z,
b. waiinure Re z; Im z;
C. HaWaUTE MOJYJb U apTyMEHT Yucia Z;
d. 3anuIIMTe YUCIO B TPUTOHOMETPHUYECKOM U MoKa3aTeIbHON (opMax.
Brinonaute peiicteus: (3 — 4i) - (3 + 4i).
Jlnst uncna z = —1Haiiure z3 B TPUroHOMETPUYECKOH M MOKa3aTeNIbHOM (hopMax.
PelmuTth ypaBHEHNE HA MHOKECTBE KOMIIIEKCHBIX uncel: z2 — 4 = 0.
Haiigure neficTBUTENbHBIE YHMCTIA XU Y TaK, YTOOBI BBHIIOJIHSIOCH PABEHCTBO: (x +
V+x—y)i=1+i.
N300pa3uTh Ha KOOPAMHATHOW IUIOCKOCTH MHOKECTBO BCEX TOYEK Z, YIOBIIETBOPSIOIINX

ycnosuio: |z| = 1.

Bapuanrt 4

Borunciure 5 + 16,
Jnst uncna z = (3 — 4i) — (2 — 5i):

a. MOCTPO¥Te TOUKH Ha KOOPAUHATHOM IUIOCKOCTH Z, —Z, Z;

b. walimure Re z; Im z;

C. HaWanuTe MOJYJb M apTyMEHT YUCTIA Z,

d. 3anMIIUTe YKHCIO B TPUTOHOMETPUYECKON U MOKA3aTeIbHON hopMax.
Beinonaute peiicteust: (2 — 4i) - (2 + 4i).

Jlnst uncna z = 1naliaure z3 B TPUrOHOMETPUYECKOM M TTOKa3aTeNbHOM hopMax.

Pemmute YPaBHCHUC HA MHOKCECTBC KOMIIJICKCHBIX YHUCCII: 22 —-1=0.
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6. HaiinuTe neficTBUTENBHBIC YKCIA X U Y TaK, 9YTOOBI BHITOJIHSIIOCH PABEHCTBO:
(x+2y)+(x—-2y)i=3—1.
7. W300pa3uTh Ha KOOPJMHATHOHM IJIOCKOCTH MHOXKECTBO BCEX TOYEK Z, YAOBJICTBOPSIONINX

ycloBHIO: |z| = 36.

3aI[aHI/I$I IJIA CAMOCTOATCIIBHOTO PCIICHUA.

Haiitn o0mee pemienue nuddepeHuaAJIbHbIX YPABHEHHUI, a I/Ie YKA3aHO
YacTHOE pelleHue:

2 e =0, y(1)=0;
X
2. (1 +e )y2dy =e'dy, y(0)=0;
3. L=hny. y2)=t

y

4. x1+y*dx+ yVl+x7dy =0;
xdy ydx
=0;
\/1—y2 -'-\/l—x2
6. y' :ex+y _|_ex—y’ y(O):O’
dx dy
7. + =0, yl)=1
x(y=1) yx+2) Y
8. y cos’x+y=rgr, »(0)=0;

' X .
9. y +—Y _arcsinx+x;
1-x°

10Xy -y =x" cosx;
11. y' cosx+y=1-snx;
12. (1+x2 )y' +y =arctg x.

KonTposibHBIE BOIIPOCHI:

1. Yrto Ha3zbiBaeTcs nuddepeHaIbHbIM YPABHEHUEM MIEPBOr0 MOpsaKa’?
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A

UT0 HYXHO CceNaTh, 4TOOBI peluTh quddepeHnanTbHOe YpaBHEHHE.

3. Kakoii Bux wumeer nuddepeHUIHATBHOE YpaBHEHUE C  PA3ACISIIOIIMMUCS

MEPEMEHHBIMH.
Kaxoe ypaBHeHue HazbiBaeTcsa qudPpepeHranbHbIM ypaBHEHHEM 1-To nopsiaka?
Urto Takoe oluiee 1 yactHoe penieHue AuddepeHInanb,HOr0 ypaBHEHHUS.

o~

Jlekuus 1. YUucnoBoiu psijg. OCHOBHBIE TOHATHS, CBOMCTBA CXOISAIINAXCS

PAIOB. 3HAKOMOJIOKHUTENbHBIE pAabl. IHTerpanpHbIi pu3Hak Komm

1.1. HeKkoTopble cBegeHMA 0 Nocnea0BaTeNbHOCTAX

MNycTb Kaxkaomy 3HadeHUto N €N NocTaBneHO B COOTBETCTBUE (I'IO

onpeaenéHHbIM NpaBunam) onpesenéHHoe AencTBMTENbHOE YNCNO A €R; Toraa

MHOXECTBO YNOPAAOUYEHHbIX AeNCTBUTENbHbIX Yncen di, do, d3, ... Ha3bIBaeTcA

4YMCNOBOW NOC/ea0BaTE/IbHOCTLIO U 0603HavaeTca {a }n _y, TAe d, — 06Kt uneH

1.
—;... UMeeT
'5"

OOII—‘
-l>||—\

1
nocnenosaTeNibHOCTU. Hanpumep, nocnenosaTesibHOCTb l E

. 1
obwmniiunern a, =—, rae n eN.
n

Onpeodenenue 1. IlocnenoBaTeabHOCTD {an} Ha3bIBAETCS yOblgaowel, eciu
an > an+1, vn €N, u 6o3pacmaroweti, ecnmm dy < ap 1, ¥n eN.
Onpeodenenue 2. IlocnenoBaTeIbHOCTD {an } HAa3bIBACTCS 02PAHUYEHHOU C8epX)y, €CIIH
cymectByet Takoe uncino M, M €R, uro 8, <M, VN eN, u oepanuyennoii cnuzy,
eciu cyIecTByeT Takoe uncio M, M eR, ato a, =2 M, VneN.

Onpeodenenue 3. IlocnenoBaTeIbHOCTD {an } Ha3bIBACTCS OZPAHUYEHHOU, €CIIA OHA

OTpaHUYCHA KaK CHU3Y, TaK U CBEPXY, T.€. CYIEeCTBYeT Takoe urcio M> 0

(M €R), uto Vn: [a,|<M.
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Onpedenenue 4. Yucio a Ha3pIBACTCs npedenom MoCIeI0BaTEIbHOCTH {an },

€CIn aJid JIFOOOT0 CKOJIb YroaHo MaJIoTro IMOJIOXKHUTEIIBHOT'O YHCJIa €

Haiaércs Takoit Homep Ny €N, 3aBucsAUUi OT €, UTO AJI BCEX HATYpPaJIbHBIX YUCEI

N2N( BBHIMONHSIECTCS HEPABECHCTBO

a, —a‘ <g. Tormad = lim &, o3nauaer,
N—o0

gro Ve>0 Inyg=ngy(€) €N raxoe, uto mst Bcex NNy, NEN: ‘an —a‘ <g. Ilpu

9TOM TOBOPAIT, 4YTO MOCIICAOBATCIbHOCTD {an } CXOOUTCH K HHUCIyd.

[IpuBen€éM HEKOTOPBIE CBOMCTBA CXOISIIAXCS IMOCIEN0BATEIBHOCTEN.

—Ecim nocienoBaTeibHOCT UMEET MPEJIEII, TO OH €JUHCTBEHEH.

—Ecim nocnenoBaTebHOCTh UMEET KOHEUHBIN MPEET, TO 3Ta
MOCJIEI0BATEIILHOCTh OIPAaHUYCHA.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (yObIBaeT) M OrpaHUYEHA CBEPXY
(cHU3Y), TO OHA UMEET KOHEYHBIN MpeIel.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (yObIBaeT) U HE OrpaHUYEHA CBEPXY

(cHM3Y), TO OHa MMeeT OECKOHEUHBIN Tpesen + oo (— o).

1.2. YucsoBoi psajg. OCHOBHbIE IOHATUS TEOPHUHU YHCIOBBIX PSAJOB:
CXOAUMOCTb, PACXOAUMOCTb, CyMMa psija. [IpuMepsbl

o0

MycTb 3aaaHa 6eckoHeYHan Nocaeao0BaTeNbHOCTbL Yncen {a, |,

a, R.
Onpeoenenue 5. beckoneunvim YuCi08bIM psi0OM HA3BIBAECTCS BBIPAKCHUE BUAA

o0
a; +a, +asz+...+a, +..., o0o3HauaeMoe Kak Zan . Uucna ay, dy, ag, ...
n=1

Ha3bIBAIOTCS WieHamu (dJleMeHmamiL) Yucio8020 psod.

Onpeoenenue 6. Cymma niepBbIX N WICHOB psAJia HA3BIBACTCS N-i YACMUYHOU CYMMOL

paoda; Sy =a +ay +ag+...+a, . TornaS; =&,5p =8 +8y, S3= +ay +a3,... u T.x.

HonyqaeM MOCJICAOBATCIIBHOCTD YaCTHUYHBIX CYMM S]_a SZ; 831 T {Sn }
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o0
Taxum oOpa3oM, KaxkI0My YHCIOBOMY Py Zan MO>KHO MTOCTABUTH B
n=1

n
Sp=>.a
COOTBETCTBHUE ITOCIEA0BATEIIEHOCTh YACTUYHBIX CYMM {Sn }: n = k.,

Onpeodenenue 7. Ecnu cyiiecTByeT KOHEUHBIN WM OCCKOHEUHBIN TIpeaet S

0

MIOCJICIOBATCIBHOCTH YaCTUYHBIX CYMM {Sn }, TO OH HA3bIBACTCI cyMMOZZ pﬂda Zan ,
n=1

o0
re. imS, =S=a +a,+az+...= ) a,.
N—00 =1
Ecnu S koHeuHO (S<c0), TO psiJi HA3BIBACTCS CXOO0AWUMCS; €CITA S= 00 WIIU SHE
CYIIIECTBYET, TO Psii HA3BIBACTCIAPACXOOAUUMCA U CYMMBI PSJIHE UMEET.

NTakK, ecnn gaH pag, To BCeraa MOXHO NOCTaBUTb BOMNPOC, CXOAMUTCA N OH (VIHbIMM

CNIOBAaMMU, CYLLLECTBYET /I KOHEYHbIN Npeaen {Sn }) WNn pacxoguTca?

MpuBeaéM NpUMepbl UCCNefoBaHMA PAAa Ha CXOAMMOCTb M HaxOXAEeHUA ero
CYMMblI.
- 1

lpumep 1. N\ccnepoBaTb HA CXOAMMOCTb PAL, —
pumep P Zi n(n+1)

1 1 1 1
=S4+
2 6 12 20

U

HaWTK ero cymmy.

1 "
PeweHue. O6o3Ha4Ynm ﬁ =a, — 0bwuit uneH paaa. Toraa yacTMYHaA Cymma
n(n+

1 1 1 1 1 1
paga S, =a;+a, +..+a,=—+—-+...+ ——— . TaKKaK —— =—— ,
2 6 n(n+1) nn+1) n n+1

Sn: 1_1 + l_l + ...+ E_i :1_L.Torp,a
2 2 3 n n+1 n+1

lim S, = lim (1_i) =1 <oo, T.€. pA4 cXoaunTca n ero cymma S = 1.
n—>o0 n—o0 n+1

TO
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n 2. U f: 4 4+-4+-4+
pumep <. vVicchenoBaTb Ha CXOAMMOCTb pALa, — s =TT
—4n+4n-3 5 21 45

HAWTK €ro cymmy.

4 o
PeweHue. O603HauYNM — =8 - obwwnit uneH psaga. Toraa,
4n° +4n-3
4 4 4
4acTMYHan cymma paga S, :—+—+...+2—.TaK KaK
5 21 4n“+4n-3

4 1
an2+4n-3 2n—-1 2n+3°

1 11 11 1 1 1 1
Sp=l1-=|+|=—-=|+|=—=|...+ — + — =
( 5) (3 7) (5 9) (2n—3 2n+1j (Zn—l 2n+3)

1 1 1 4 dn+4

TO

—14+=— _ -~ , Toraa
3 2n+1 2n+3 3 (2n+1)(2n+3)
lim S, = lim | £ 4N+4 ’ S
= —_— =— ,T.e. pag cxoantca n ero Ccymma o = —
1o " now 3 (2n+1)(2n+3)) 37O PRACKOA Y

o0
Mpumep 3. iccnepoBaTb Ha CXOAMMOCTb pAL, Zn =1+2+3+...+n+....
n=1

PeweHue. O603Haunm obwmit unen paga =a,. Toraa, YacTMYHanA cymma paga

(n+1)n’ jim S, = lim (n+n

N—0o0 N—o0

Sp=1+2+...4+n= =400, T.e. CyMMa paaa

o0
S= zn =+00 1 pag, pacxoauTca.
n=1

Mpumep 4. UccnepoBaTb HA CXOAMMOCTb PAJ, COCTAB/IEHHbIN U3 Y1EHOB

reomMeTpMYeCcKomn Nporpeccum.

277



PeweHue. MycTb gaHa reomeTpuyecKana nporpeccua b,bq,qu,bq?’,...bqn_l, ., roeq-
2 3 1 . 1
3HameHaTesb nporpeccun. Paab +bq+bg” +bg® +...+bg" ™ +...= qun_
=1

Ha3blBaeTcs padom eeomempuyeckoll npoepeccuu. 0603Haumnm bg" = = a, - obwui

yneH paga. Mpun q = 1n-4acTMYHAA CyMMa 3TOro paja paBHa

g _b@-9")_ b bq
" 1-q 1-q 1-q

PaccmoTpum 4acTHble ciyyau.

—Ecnn \q\ <1, To lim S, = 1L , T.€. psIJT CXOIUTCH.

n—o0 —dq

—Ecnu \q\ >1, o r![)n S|, He CYIIECTBYET, T.e. MOCIIeJ0BATeIbHOCTD {Sn}
o0

pPacxoauTcCs, a 3HAYUT paCXOdUTCA U I/ICCJIG,I[yeMHﬁ paa FGOMGTpH‘IGCKOfI

IPOTPECCUH.

TIpu q=1 psi umeer Bug D+b+...+b+...=> b Torma S, =nb, lim S =0
n=1 N—o0

, T.€. PSJ PACXOJIATCSI.
—Ipu b=1, q=-1 psag umeer Bux b—b+b—b+..., Torna 5 =1, S, =0,
S3=154=0, ..., Syn1=1 Sy, =0, r.e. npenena nocnenoparensrOCTH
{Sn}=1,0,1,0,1,0,--- HE CYIIECTBYET, a 3HAYHUT, UCKOMBIN PSI/T PAaCXOAUTCS.
Takum 06pa3om, psaf, reOMeTPUYECKOM NPOrPeccmMm CXOAUTCA TOTAa U TOSIbKO Toraa,

Koraa \q\ <1, B ocTanbHbIX CAy4anx pag pacxoauTcsa.

1.3. OcCHOBHbIE CBOMCTBA CXOAALIMXCS PSAAOB,
HEe00X0AMMBIA NPU3HAK CXOAUMOCTH

[00]
MycTb AaH YyMcnoBOM pAng, Zan . Chbopmynmpyem ero oCHoOBHble CBOMCTBA.
n=1
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Ceoiicmeo 1. Eciiu cxoquTcs psiji, MOTYYEHHBIA U3 TAHHOTO psija 0TOpachlBAHUEM
WM MPUCOEAMHEHUEM KOHEUHOI'O YUCIIA YIEHOB, TO CXOAUTCS U caM JaHHbIN psij, U
Hao0opoT. MHbIMU clloBaMHU, OTOpachIBaHUE WU

MPHUCOCANMHCHNEC KOHCYHOTO YK CJIa YWICHOB pAda HC BJIMUACT HA CXOAUMOCTD psJa.

[e¢]

JoKkazamenbcmeo. MycTb Sn —Y4YacTn4yHaAa cymma paaa Zan , Ck — Cymma k
n=1

OTHPOLLEHHBIX YIEHOB U Of_k — CYMMa YI€HOB PAAA, BXOAALLMX BCYMMY S, U He
BXoAALWmMX B cymmyCy. Mpun f0CTaTOYHO 60/1bLLIOM N BCe OTOPOLLEHHbIE YNneHbl byayT

coaepxatbea B cymme Sy, T.e. Oy =Cy + 6,k (k— dukcuposaHHoe uncno,

Cy — const). Toraa, ecav cywwecTsyet fim o,_, , TO CYLLECTBYET U

Nn—oo

o0
lim S, = lim (C, +op,_) T-€. NCXOAHbIN pAf, Zan cxoamTtca. M HaoboporT, ecnn
n—oo

Nn—oo n=l

CYLLeCTBYEeT [|im S,,, TO CYWeCTBYeT U lim o,,_, , T-€. CXOAMTCA COCTaBNEHHbI pAS.

n—>oo n—oo

o0
AHanorn4yHo AO0Ka3biBae€TCA CXO4MMOCTb NMpu ,EI,O6aBneHMM K pagy Zan KOHEeYHOoro
n=1

YUCNa YNEHOB.

o0 0
Ceoiicmeo 2. Eciiu cxoauTcs psij Zan =S, To0 pan ZC -@p (C — xoHcTaHTA)
n=1 n=1

TaKXe CXOOUTCs, NpUYEM ero cymma pasHa C-S.

o0
[okazamenscmeo. MNycTb S, —yacTuuHaa cymma paga Zan , Oy = +ay +...+4a,,
n=1

o0
U § - 4YaCTUYHaA CcymMma paaa ZC ‘a,, S,=Ca; +Ca, +...+Ca,. Torga
n=1

S,=C(a +ay+...+a,)=C-S,.
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o0
OTcroga,ecnun cyuwecreyer lim Sn =S (psn, Zan = S cxoanTca), To cylecTyeT
N—oo
n=1

o0
limS,=C-lim S, =C-S, T.e. pag ) .C-a, Takxe cxoauTcs.

n—o0 n—o0 n=1

o0 e8]
Ceoiicmeo 3. Ecnu psnbl Zan u an CXOJSTCSl U UX CYMMBI paBHbI A U
n=1 n=1

BCOOTBCTCTBCHHO, TO UX MOXXHO ITIOYJICHHO CKJIaAbIBATH (I/IJ'II/I BBI‘II/ITaTB), HpI/ILIéM

o0
pAABI Z(an T bn) TAKXKE CXOAATCSA U UX CYMMBI PaBHbI S = Ai B .
n=1

Jokazamenocmao. [ycTb An , Bn n Sn —Y4aCTU4YHblEe CyMMbI 3TUX PAAOB, TOr4a

S,=(a, b)) +(a, £h))+...+(a, £b,) = (a +a,+..+a,) £ (b, +b, +...+b)) =

= A, £B,. Nepexogsa k npegeny npu N — 0, noayunm
lim S, = lim (A, £B,)=IlimA, £ lim B, = A£B.
n—o0 n—oo

n—o0 n—oo

[0 0]
Teopema 1 (Heobxo0umblii npu3HaK cxooumocmu psAaodos). Nyctb pag, Zan
n=1

CXOAMTCA, TOrAa ero obLmii uneHa,, ctpemutea K 0 (npu N — o0 ) lim a, =0
N—o0

(obpaTHOEe He Bceraa BEPHO).

o0
Jokazamenbcmeo. Tak KaK pag Zan CXO4MTCA U ero Cymma paBHa S, To 4nA ero
n=1

YACTUYHBIX CyMM Oy, O;_1 UMEIOT MECTO paBeHCTBa &, = S, — S _y;

lim a, =lim S, —1im S,_; =S-S=0. Yro u Tpebosanocs aokasate.
N—o0 N—0 N—o0

Ycnosue cxoanmocTtm, chopmyiMpoBaHHOE B Teopeme 1, asnaetca

HeobX0AUMbIM, HO He 00CMAMOYHbIM, T.e. Npu BbinonHeHun yenosua d, —> 0 pag
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MOXKEeT pacxoanTbeca. PaccmoTpum npumep Takoro psaaa: Z \/— roe \/_ =a, -
obwwn uneH paga. Toraa lim a, = = = lim —==0. Yactnunasa cymma paga umeet
n—oo N—o0 \/_

1
O‘-IeBVILI,HO Ka)-l-(ﬂ,bIM YyneH aTon CYMMbl =2 —

1
f f n Jn

,TOTAa OLLeHKa S, AaéT HepaBeHCTBO:

BUA S, =

Snz( 1 + 1 + 1 +...+i):L:\/F—)OO,C/'IEAOBaTeanO,
Jno JnoJn Jn) n

. . o 1
I|m Sn > |Im \/ﬁ =00, T.€. UCXOOHbIN pAA PacXoanTca, XoTA an =——>0.
n—oo N—o0 \/ﬁ

Cneocmeue uz meopemwi 1. Ecnu oOuuit uiieH psiga an (mpu N —> 00 ) He CTPEMHUTCS K

[e¢]

0, To psin Zan pacxoauTcs (00Ccmamoynwbill NPU3HAK PACXOOUMOCU PSOQ).
n=1

2n-1
lpumep 5. VicchepoBaTb Ha CXOAMMOCTb pPAL, Z — =

1 3 5
e e
Z om 2 4 6

PeweHue. O603HaunMm 06w YneH paga =a,. TaK KakK

: . 2n-1
lim a, = lim =

n—o n—wo 2N n—o

lim (1_2ij =10, TO U3 CneacTenAa Teopemol 1
n

cnefyeT, uTo paj pacxoauTcsa.

1 1 1
lMpumep 6. icchnenoBaTb Ha CXOAMMOCTb pPAL, Z —=l+—+=+.+—+..

N 2 3 n

PeweHue. ObwMii yneH paga umeet Bua, a, = ﬁ [aHHbIN pAa Ha3biBaeTCA

rapMOHUYECKUM, TaK KaK KaXKapbll ero YneH paBeH cpeaHeMy rapMOHUYECKOMY ABYX

281



1 1( 1 1
cocegHux: — = —-I-—j. OueBUAHO HEPABEHCTBO:
an 2[anl an+1
1 1 1 1 1 1 1 1
—t—— 4. +—>—+—+...+—=N-—=—. YneHbl rapmoHNYECKOro
n+l1 n+2 2n 2n 2n 2n 2n 2

n
pAfa, HauMHaA ¢ TpeTbero, 0b6beANHMM B rpynnbl no 2, 4, 8, 16, ..., 2K uneHos B
Kaxgou rpynne. O4eBmMaHO, CyMMa KaxKAoW rpynnbl MOXHO OLEHUTb

1 1111 1 1 1 1.1
- —t+t—+..+—>— .., T
9 16 2

1
6 e e e s s
cneayroutmmoopasom 3 5 6 778 2 1

1
KaxaaAa U3 asTuX CyMm B OTAENbHOCTU 6onble E . TakKum o6pa30M, ANA HaCTUYHbIX

CYMM C HOMepamu N = 2% k =2,3,... BoINOAHAOTCA HepaBeHCTBa:

11 1 1 1 1
Sy=l+—+—-+->1l+—-+-=1+2-—,

2 3 4 2 2 2

111 1111 1 11 1
Sg=l+—+—-+-+-+—+-+>l+—-+-+-=1+3-—

6 7 8 2 2 2 2
1 2+Kk
Sy >1+k E = ,T.€. YAaCTUYHbIE CYMMbl FAPMOHNYECKOrO pALA HEOrPAHUYEHHO
pacTyT c yBennyeHnem N = 2k —> 0 npn K —> 00, 3HAUUT, |im Szk — 0. [loNyyaem,
k—o0
0
. 1

YTO FAPMOHUYECKNIN pAL, Z — pacxoamuTca.

n=1

1.4. 3HAaKONOCTOAHHbIE pAAbl, pAAbl C NON10OXKNUTE/IbHbIMU Y1€HaMU

YcTaHOB/IEHME CXOAMMOCTU U PAaCXOAMMOCTN YUCNOBOTO PAAa —
OCHOBHOW BOMNPOC TEOPUN PALOB; HaXOXAeHNe CYMMbl PAAa B Cayyae ero
CXOAMMOCTM — BTOPOCTENeHHas 3aaa4a. Bonpoc cxoammocTu npolle Bcero

pellaeTca 419 3HaKOMNOCTOSIHHbIX PSA0B, KOr/Za BCE Y/eHbl pAAa 04HOro 3Haka. Ana
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onpeaenéHHOCTM byaem paccmaTpmBaTb PAAbl C NONOXKUTENbHbIMM (8, > 0) nnnc

HeoTpuuaTenbHbIMK YneHamm (d, > 0). XapakTepHbiM CBOIMCTBOM TaKMX pAL0B

ABNAETCA MOHOTOHHOE BO3pacCTaHUe (He y6bIBaHME) nocnenoBaTte/IbHOCTHU

YaCTUYHbIX CYMM!

o0
da,, 8,>0,S,=5,1+3,>5,1; $,<S,<S83<...<5, <....
n=1
Pﬂﬂ, C NONOXUTeNbHbIMN YneHaMWU BCerga Mmeetr Cymmy; eCin 31Ta CymMmma

KOHEYHa, TO pA4 CXoaAUTCA.

BbIACHEHWE CXOAMMOCTU PAAO0B C MONOXKUTENbHBIMKU Y€HAMU ONMPAETCA Ha
NPU3HAKN  CXOOMMOCTW, KOTopble ABAAOTCA Nnbo HeobxoaAMMbIMKM, NGO
[OCTAaTOMHbIMKW, MO0 HEOBXOAMMBIMM U AOCTAaTOYHbIMU. B 4YACTHOCTU, K Takum
pAgamM NPUMEHUM NPUBELEHHbIN Bbllle HEOBXOAMMbIM NPU3HAK CXOAMMOCTU PALOB
(Teopema 1). CywiectByeT Npu3HaK, ABAAKOWMIACA HEOBXOAMMbBIM U AOCTAaTOYHbIM,

KOTOpPbIM YCTaHaBAMBAETCA CaeAyloLLen TEOPEMOIA.

Teopema 2. JIns CXOAMMOCTH psfa C IOJOXHUTCIBHBIMH YICHAMU HE0OX0OUMO
uoocmamouro, 9To0bl MOCIICIOBATCIIBHOCTD €TI0 YaCTUYHBIX CYMM ObllIa OrpaHHYCHA
CBEPXY.

Jlokazamenbcmeo (Heobxooumocms). MycTb paa, cxoamuTcs, Toraa
noc/iefoBaTeIbHOCTb €ro YacTUYHbIX CYMM CXOAUTCS, @ 3HAYUT, OHa OrpaHMyeHa

CBEpXYy.

Jlokazamenbcmeo (0ocmamoyHocme). Tak KaK nocnenoBaTeNlbHOCTb YaCTUYHbIX
CYMM MOHOTOHHO BO3pacTaeT W OrpaHMYeHa CBepxy, TO OHa MMeeT npejen,

T.€.COOTBETCTBYHOLMNIN psaj cxoantca (Teopema Benepitpacca ana YNCIO0BbIX

nocneaoBatenbHocTei). Teopema AOKa3aHa.
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Cnep,yeT OTMETUTb, YTO Ha NPAKTUKE I3TOT NPU3HAK TPYAHO NPUMEHUM, XOTA U

npeacTaBnaeT coboi 60abLON TEOPETUYECKUI NHTEPEC.

[anee paccmaTpuBalOTCA HEKOTOpble MNPU3HAKM CXOAUMMOCTU pPAJOB C
NOJIOKUTENIbHBIMU YNeHamMM, YA06Hble ANA NPaKTUYECKOro NPUMeEHeHMUs, KoTopble
ABNAIOTCA TO/NIbKO [0CTAaTOYHbIMW MNPU3HAKAMK (MHTErpanbHbii U pPaanKanbHbIN

npusHaknKolum, NnprM3HaKKM cpaBHeHUs, NpusHak Janambepa).

1.5. UHTerpanbHblii npu3Hak Komu cxoaumMocTH psija
C MOJIO>KUTE/IbHBIMM YJI€eHaMHU

Teopema 3 (unmezpanvustii npusnax Kowu). 11yctb nan psia Zan , YJICHBI
n=1

KOTOPOTO yJIOBJIETBOPSAIOT TPEM YCIOBUSIM:

a) &, >0, N>1, T.e. ucXomHBIii P ¢ MONOKUTENEHBIMU YJICHAMY;
6) 4eHsI pANa MOHOTOHHO YOBIBAIOT, T.€. & >dy >...> 8,4 >a, >...>0;

B) oG WieH psiia crpemurest K Hymro: 1M @, =0,
N—o0

[TycTh cymiecTByeT HeNpephIBHAS, MOHOTOHHO YOBIBAtOIIasi, onpeaeaéHHas npu X >1

bynximas f(x), Takas aro f(U)=a;, f(2)=a,, ...; f(n)=a,, ..., re.

+00
Za Z f(n). Torma,ecnu HecoOGCTBEHHBII HHTETpPAT J- f(x)dx cxommres, TO psn
n=1 1

Zan TOK€ CXOOUTCH; €CIU yKaSaHHLIﬁ MHTETPAJI paCXOdUTCs, TO OTOT Psif
n=1

PacXoIuTCs.
[Jlokazamenscmeo. U3 ycnosui Teopembl | (n)= a, >0 cnepyer f (X)> 0 npu x>1.
PaccMOTPMM KPUBOIMHEWHYIO TPANeUmio, OrPaHUYEHHYIO IMHUAMUK y = f (x), X =1,

X = N + 11 ocbio Ox(puc.1). Pazobbém otpesok [1;N+1]

Toukamu X =K (k =12,..n +1) N PAaCCMOTPUM N KPUBONIMHENHbIX Tpaneummn.
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ALY

Puc. 1. Nnowanb KPUBOAMHENHON Tpaneymu

N3 reomeTpnyecKoro cmbicia MHTerpasa naowaab KpMBOﬂMHEVIHOVI

n+1
Tpaneunn S J f dX 3amMmeHum 3Ty Naowadb cyMN\OM I'Inou.l,a,ﬂ,eM hn

npaAmoyrosibHMKoB ¢ eaMHNUYHbIMU OCHOBAHUAMMU:
S'=f(1)+ f(2)+..+f(n), S"=f(2)+ f(3)+...+ f(n+1),

n+1 n+1 n+1

npuuém S’ = Zf(k) Zak— Sp,ad" = Zf(k)_Zak—Zak—al— n+l— 9.

k=1 k=1 k=2 k=1

W3 rpaduka (puc. 1) cnepyet: S"<S,, <S', T.e.

n+l

S, >jf Jdx > S, —a, VN=1.2,..

PaccmoTpum gBa cayyas.
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+00
1) NycTb jf(x)dx CX0AMTCA, T.e. UMEET KOHEeYHbIN npeaen
1

n+1 n+1

lim jf x)dx = J'f(x)dx A. TaKKaK_[f xsTf(x)dx:A,To
1

nN—o0

8

(Spag — a1)<jf(x)dx A v Spa<[f()dx+a;=A+a.

-

NTaK, YaCTUUYHbIE CyMMbI psiga orpaHuyeHbl Vn eN, Toraa no teopeme 2

(HEO6XOAMMbII‘;I n ,D,OCTaTO‘-IHbIIz NPU3HaK CXOOMMOCTUN pALda C MONOKNTE/NIbHBIMU

yneHammu) pag, Za CXOANTCSA, 3HAUUT, cyLecTByeT |Im Sn+1—5 <00,

n=1
+00 n+1
2) MycTb UHTerpan Jf(x)dx pacxoauTcs, T.e. If(x)dx HeorpaHMYeHHO BO3pacTaeT
1 1
n+1

npu N — 0. Toraa us HepaseHcTBa S, > _[f(x)dx cnepyeT, uyto
1

nociefoBaTeIbHOCTb {Sn} HeorpaHWU4YeHHO BO3pacTaeT: S, —> ©, T.e. paj,

pacxoauTca. Teopema gOKasaHa.

3ameuaHue 1. Teopema OCTaéTcA BEPHOWN U TOraa, Koraa eé ycnoBus BbINONHAKOTCS

He 418 BCeX YN1eHOB pAAa, a Wb HavMHaAa ¢ k-ro (N >k ), B Takom cnyyae

+o0
paccmatpusaetca unterpan [ f(x)dx
k

3ameyaHue 2. IHTerpanbHbin Npu3HaKk Kowu cywectBeHHO obneryaer
nccnefoBaHMe CXOAMMOCTU PAAA, TaK KaK NO3BONAET CBECTM 3TOT BONPOC K
BbIACHEHMIO CXOAMMOCTU MHTErpasa oT yAa4yHo noaobpaHHON COOTBETCTBYIOLLEN

GYHKLUMKM f(X), YTO NIErKO BbINOHAETCA, NPUMEHAA METOAbl UHTErPaNbHOTO

ncyncneHuma.
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Jlexius 2. [Ipu3Haku CXOJUMOCTH PSJIOB C MOJIOKUTEIbHBIMUA YJICHAMM:

MIPU3HAKU CpaBHEHHUs, pu3HaK Jlanambepa, paaukanbHblil npusHak Komm

2.1. Papasl Iupuxiie U UX CXOAUMOCTb, TApMOHUYECKUH PsIA

1

Onpeodenenue 1. YucnoBou psa BUIA Z —, HasbiBaeTCs psaodom [lupuxne ¢
n=1 N
- 1
nokazaresnem p, P €R. 3ameTum, 4To npu p =1 NOIy4aeM psjl Z —, KOTOpBIii
n=1

Ha3bIBACTCA cAPMOHUUECKUM.

1

lMpumep 1. Uccneposatb pag dupuxne Z 3 Ha CXOAMMOCTb B 3aBUCUMOCTU OT p.
n=1 N

- 1

PeweHue. 1) B cnyyae, ecnn p <0, YneHbl paga Z 5 06pasytoT HeybbiBatOLWYO
n=1 N

nocnefoBaTeNbHOCTb, @ CAM PAL PAaCXoAUTCA NO HEOHBXOAMMOMY NPU3HAKY

cXoAMMOCTH ( lim a,, #0).
n—o0

2) B cnyyae p >0 418 UccnefoBaHUA CXOAMMOCTU PAAA UCMNOIb3yeMm

o . 1
MHTerpanbHbi NpusHak Kowwn. Beeaém ¢yHrumio f(X) = o X >1, KoTopas
X

y40BNETBOPAET BCeM ycnosmam Teopembl Kowu (Teopema 3, nekuma 1, pasa. 1.5):

npun p > 0O0Ha HenpepblBHA, NON1I0XUTE/IbHA U MOHOTOHHO y6bIBaeT,

1 . 1
f(n)= —p =a,, N>1. Bbluncnnm HecobCTBEHHbIN MHTErpan .[X—pdx B ABYXC/y4anx
1

a) 0<p<1,6) p>1,T.e.korga p=1:

n
-p+l _ n—p+1 1 nl—p 1

jx Pdx = lim jx Pdx = lim =
1 n—o0y —>oo—p+1 noo| —p+1 1-p nso|ll-p p-1
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1-
—Ecm 0<p<1,1—p>0,70 NP =00 npu N— 0, Toraa
K ntP 1
Ix_pdx= lim| ——+—— |=w , cnepoBaTenbHO, HECOBCTBEHHbI UHTErpPan
1 noo|ll-p p-1

PacxoAnTCA U PAacXoANTCS UCXOAHbIN pAa.

—-Ecnam p>1,1-p<0, TO nl‘p -0 npu N — 0, Toraa

< “p . 1 1 1 o
jx dx= lim + = <00, cnepoBaTesibHO, HECOOCTBEHHbIN

1 N—0o0 np—l 1-p) p-1 p-1

MHTErpaa cXxoguTca n cxoamTtca I/ICXOAHbII7I pAaAa.

1

00
3) B cnyyae p =1 MMmeem rapMOHUYECKUA pAL, z —, 4NA KOTOporo
n=1

TaKXe MNPpUMEeHUM I/IHTeI'pafIbelﬁ npu3HaK Kowu, T.e. paCCMOTPUM UHTErpan

Tdx . fTdx . n . :
— = lim [ = lim In|x”1 = lim(Inn—In1)= lim Inn =0, cnegoBaTenbHo,

X n—owt X N—o0 Nn—oo n—oo

1 1

HecobCTBEHHbIN MHTErpan PpacxoAmTcs, a 3HAYMUT, FAPMOHUYECKUIA pPALPACcXoanTCa.

o0
1
Bbigo0: pag Aupuxne Z 3 CXOAUTCA, eCcn p >1, U pacxoamuTca, ecan p<l1.
n=1 N

2.2. [Ipu3HaKy CpPaBHEHUA PAAOB C MI0JIOKUTE/IbHBIMHU YiIeHaAMH
PaccmoTpum HeKOoTopble NPU3HAKK, YCTaHABIMBAOLWME CXOAUMOCTb UK

PacxoAnMMOCTb PAAO0B C NONOXKUTENbHBIMM YNEHAMM NYTEM CPAaBHEHUS UX CPALAMM,

CXOAMMOCTb U PACXOANMOCTb KOTOPbIX U3BECTHA.

Teopema 1 (| npusznak cpagnenus paooe ¢ nonoxcumeabHvimu yienHamu). I1ycto

o0 o0
JTaHbI 2 psaa ¢ IOJIOXKUTEIbHBIMHA YICHAMU Zan u an .
n=1 n=1

Ecnn, naunnas ¢ Hekotoporo Homepa N, ayig Bcex N> N BBINOIHIETCS HEPABEHCTBO

a, <b,, rorna
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0.0] 0.0
1) M3 CXOOUMOCTH psijia an CICAYCT CXOAUMOCTbD psaa Zan ,
n=1 n=1

o0

0
2) U3 PacXOAUMOCTH PsJia Z;a” creyeT pacxouMOCTh psija leb” :
n=. n=

LoKkazamenbcmeo. Ha ocHoBaHWUK TOTO, YTO OTOpacbiBaHME KOHEYHOrO YMcaa
yneHos (cBoictBo 1, nekuma 1, pasg. 1.3) He BAKAET HA CXOANUMOCTb UK

pacxoanmMocCTb pAda, MOXKHO CHMUTATb, HE HapyLlaA O6IJ.I,HOCTM, YyTO ycnosume an < bn

0
BbINOSIHEeHO AnAa Bcex N >1. NMyctb A, - YacTMuHaa cymma paga Zak ,a B, -

k=1
o0
YacTUYHaA CymMa pAaa Zbk . Mo ycnosuio
k=1
A = +a,+...+a,<b +b, +...+b, =B,.
o0
1) Ecan pspg, an CXOAMUTCA, TO NOCNe[0BaTENBHOCTb {Bn} OorpaHun4yeHa
n=1

CBepXy, a 3HA4YUT, orpaHMN4eHa CBePXyY U nNnocnenoBatesibHOCTb {An }

CnepoBaTenbHo, no Teopeme 2 (nekuyms 1, pasa. 1.4) o HeobxogMmom m

o0

A4O0CTAaTO4YHOM YC/10BUUN CXOANMMOCTU pPAaa C NONOXKUTENbHbIMU YeHaMU PAL, Zan
n=1

CXOAMTCA, TaK KaK CyLLeCcTBYeT KOHEeYHbIN npeaesn nocaea0BaTe/lbHOCTH {An }

0
2) Echm psapg, Zan pacxoamTca, To nocien0BaTe/IbHOCTb {An} He orpaHun4yeHa,
n=1

a 3HAUUT, He OrpaHUYeHa M NOCNeA0BaTENbHOCTb {Bn } Torpa no Teopeme 2

o0
(nekums 1, pasa. 1.4) pag, an pacxoautca. Teopema AoKa3aHa.
n=1

=1 1 1
lMpumep 2. VicchepoBaTb HAa CXOAMMOCTb PAL, —=l+——=+—==+..
D N AN
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1
PeweHue. 0603Haunm — =b_. CpaBHUM pAas an C FaPMOHMYECKUM PSA0M

n
Nﬁ; n=1

o0

Z Za Mpu n>2b, = 1 lean,aTaK KaK rapMOHWYECKUIN pag,

=1 n=1 Jvnon

e 0]
1
pacxoanuTca, TO PacxoauTca n pag, Z \/—

Omeem: pap, Z \/— pacxoguTcs.

< 1 1 1
lMpumep 3. Uccneposatb Ha CXOAMMOCTb PAL, Z k. oK PYRIFT

11
=+t —+—+
2 8 24 64

PeweHue. O603HauYnm ﬁ =a, . CpaBHUM AaHHbIN paj, Z dy C pagom
’ k=1

N

o1l 1 11
reomeTpuyeckoi nporpeccun Y b =) ="+ +-+...= i
k1 ka2 2 48 —§+1

=1, KoTopbIN

1
CX0AUTCA, TaK KaK 3HameHaTenb nporpeccun (= E ,TO NepBble Y1eHbI PAAA PaBHbI, a

1

npu k >2, & <by, sHauuT, pag Z
k=1

cxoamTca no | NpusHaky cpaBHeHUA.

1
Omeem: pAap,
P kzzik ok

cxoamTea.

Teopema 2 (npeoenvHulii NPUHAK CPABHEHUA PAOOB C ROJIOHCUMETTbHBLMU YWICHAMU).

JlaHbl 2 psiga ¢ HONOKUTEIbHBIMYA YWICHAMU Zan 151 an Y MYCTh CYIIECTBYET
n=1 n=1
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. a
lim 2 =C, C#0, C+#oc0, TOr/Ia 3TH JBa psAaa JU0O0 CXOIATCS, TUOO PaCXOmATCS

OJTHOBPEMEHHO.

Jlokazamenbcmso. Tak Kak no ycnosuio a, >0, bn >0, vn=1,2,3,... uc = lim Z—“,
nN—o0 n

TO cornacHo ceowctey npegena C >0. Mo ycnosuio C #0, 3hauur, C>0. Mo

onpeaeneHuto npegena ana scex € >0 cywectByeT okpecTHocTb (C—¢, C+¢)

ToukM C Takan, yto C—¢>0 U cywecTByeT Takoe HaTypanbHoe ymcno N,

a
3aBucAllee oT &, 4To anda Bcex N> N BbINONHAETCA HepaBeHCTBO C —e< b—“ <C+eg,
n

umm (C—¢)b, <a, <(C+e)hy,.

o0 o0
Ecnun pag Z bn cXoauTca, TO CXoauTca U paa, Z bn (C+¢) (cBolicTBO 2,
n=N+1 n=N+1

nekuma 1, pasa. 1.3), oTkyaa no | npusHaKy cpaBHEHUs pagoB caeayeTt CXoAMMOCTb

o0
pAaaa Z an , TaK Kak ay <(C+8)bn-
n=N+1

o0 o0
Ecnu e pag, Z b, pacxogutes, To pacxogutca m pag Y, Pn(C—¢), atak
n=N+1 n=N+1

0
KaK(C —S)bn <4d,, To no | Nnpn3HaKy cpaBHeHMA PAAOB pPAL, Z dn Takxke
n=N+1

pacxoautcs. Teopema AoKasaHa.

. a o
3ameyaHue. Ecam lim -2 =C, C =0 nan C =00, TO NpeaenbHbl NpU3HaK He

N—0 h

NPUMeHUM (Teopema 2 B 3TUX C/ly4aAaX He BepHa).

o0
1
lMpumep 4. VicchepoBaTb Ha CXOAMMOCTb PAL, Z — -
= N°+3n
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l o0 o0 1
PeweHue. O603Haunm ——— =a,,. PaccmoTtpum pag, an =Z — .TaK Kak
2 2
n< +3n n=1  n=10

2

. da . n
lim = = lim ———=1# 0 u # 0, To 371 ABa pAAa OAHOBPEMEHHO CXOAATCH,
N—c0 bn n—wonN“ 4+ 3n

o0
1
nnun pacxogatca (teopema 2). MocKoNbKy z — —pap Anpuxnec p=2>1
n=1 N

1
cxoauTca, cnegosaTesibHO, I/ICXOLI,HbIIz pPAaa z 2—3 TOXe CXoaunTCcA.
n:]_ n + n

= 1
Omeem: pAag, z —5 ._cxoaunTcs.
= N°+3n

1

0
lMpumep 5. VicchepoBaTb Ha CXOAMMOCTb pPAL, Z m
n=2

l } [0 0] o0 l
PeweHue. 0603HauMMm P a,,. PaccMoTpuUm rapmoHmdeckuii pag, 2.ty =2 o
nn n=1  n=l

o 1
KOTOpbIN pacxoauTca. Tak Kak ay, = nn >—=Dh,(hn>Ihn vn=>2), Tono Teopeme 1
nn n

o0

1

pag z —— pacxoauTca.
o nn

1

0
Omeem: papg Z —— pacxoauTca.
o nn
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2.3. IIpu3Hak Jlaj1am6epa CXO0AMMOCTH PSAOB C 010 KUTE/JIbHbIMUA
4JIeHaMH

Teopema 3 (npusnax /Janamoepa). Ilyctb naH psi ¢ MOJOKUTEITBHBIMU YICHAMU

. . a
2.8, (8, >0), u cymecrsyer koneunsiii npexen lim 2041 = |

n=1 n—co ap

, TOrJa.

1) pan zan cxoautes, eciu | <1,
n=1

o0
2) pan Zan pacxoaurcs, eciu | >1,

n=1
3) ecnu | =1, To s BBISICHEHUSI CXOJMMOCTH psjia pu3Hak Jlanambepa He
PUMEHUM.

.
Lokazamenscmeo. 1) Myctb npegen lim —"L =] cywectsyetn 0<1<1.
n—oo a

PaccmoTpum uncno g Takoe, 4To | < q<1. 3 onpegeneHuna npegena cnepyer, 4to

Ve=q—1>0 cywectByeT N(e)eN, HaUMHAA C KOTOPOro vn=> N = N(g)

—li<q-1,

BbIMOJIHAETCA HEPABEHCTBO

I—q< —l<qg-1, 21— q< L < g. Takum obpasom, vn>N 21 -+l o q, T.€.
n an an

Any1 <0-@,. Bepémn = N, N+1, N+2,..., Torga ay,1 <0-Qy, ay,, <Gay,; < g ay,
3 k
aN+3<an+2<q aN,...,aN+k<q aN.

0
3anuwem UCXoaHbIN pag, Zan (@, >0) B Buge:
n=1

Zan =ayta,+...+ay +ayyy t Ay T ... PaccmoTpum HOBbINV pag,
n=1

k 2 "
ZaN ‘0" =ay tQay +gq ay t.... 3TOT pag ecTb pAL reoMeTpMUyYecKon nporpeccum
k=0
chy=aymno< g <1, KOTOPbI CXOAMTCA, @ 3HAYUT, CXOAUTCA PAL,

ZaN+k :aN +aN+1 +aN+2 +... , TAK KaK aN+k < qkaN (k :1, 2, 3,) Ha
k=0
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ocHoBaHWK Teopemsbl 1. Pag, ZaN+k NoNy4eH U3 UCXOAHOrO Zan
k=0 n=1

oTbpacbiBaHNMEM KOHEYHOTO YMcna YneHos aq,dy,...,an_1, TOr4a pas, Zan cxoaunTea

n=1
[00]

(cBowcTtBO 1, nekumsa 1, pasa. 1.3). Takum obpa3om, UCXOAHbIN pAA, Zan cXoauTcsa,
n=1

o 8nig
ecan lim —===I[, |<1.lepBasa yacTb TeOpemMbl AOKa3aHa.
n—oo ap
2) NycTb ||m =| >1. PaccmoTpum 4ncno q Takoe, 4yto | >q>1. e=l-q>0, U3
n—oo an

an1

Any
<l+g 20+l 5 g >1.
an

an

a
onpegeneHuna npegena cneayer: —g <t _ | <g,l—g< 4=
an

Takum o6pasom, 8., >, >0 v npu N — 00 obwwMit uneH paga d, He cTpemuTCA K

O, T.€. pA4, Zan pacxoaAnTCA, TaK KaK He BbIMOJ/IHAETCA He06XO,EI,MMO€ ycnhosue
n=1

CcXoAMMOCTM pada (Teopema 1, nekuma 1, pasa. 1.3). Bropana 4yacTb TeopeMbl

AOKa3aHa.

. a
3) Echm | =1, lim In+l paBeH eanHUNLE NN HE CYLWLECTBYET, B 3TOM
n—oo an

C/lydae A5 BbIACHEHMA CXOAMMOCTU psaaa NpusHak Janambepa He NpUMMeHUM.

lMpumep 6. iccnenoBaTb Ha CXOAMMOCTb PAL, Z -
n=1

n . .
PeweHue. O603HaUMm — =g , d; > 0; Hanaem a . CoctaBmm npegen

= n+l = onid
. a n+1)-2" 1. n+1 1
| = lim ;‘*1 = % 5 lim — , _E <1, 1.e. no npmsHaky Janambepa pag,
N> @, N-ow n N—o0
CXoAuTCA.
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— N
Omeem: papg Z —, cxoauTea.

n=1
= N
lMpumep 7. iccnenoBaTb Ha CXOAMMOCTb pAL, Z e
n=1
p 06 n! . o . (n +1)| C
eweHue. Obo3HauMm 5o a,,a,>0; HAMAEM &, 4 =-——=. CocTaBum npesen

1.5" 1. .gn
= fim &0 _ ey (WEDEST o ntn+D)-57 L+l

=0>1
n>o &, N 51 1 nowe 5N.5.pl N—

7

T.e. No Npu3Haky Jdanambepa psag pacxogmrcs.

=z nl
Omeem: pAag, Z — pacxoauTca.

n=1

2.4. PaguKaJibHbIN Npu3HakK Koy cxoAMMoCTH psii0B
C MOJIOKUTEJIbHBIMH YJIeHAMH

Teopema 4 (paoukanvustii npuznax Kowu). Ilycth naH psij ¢ HOJIOKUTEIbHBIMUA

o0
YIeHaAMU Zan’ a, >0 u mycTs cymecTByeT KoHeunslit npenen lim Y/a, =1. Torna:
n=1 N—o0

1) ecnu | <1, psig cxonures,
2) ecmu | > 1, psg pacxoauTcs,
3) ecnu | =1, TO 1715 BBISICHEHUS CXOJIUMOCTHU PAZIa paAUKaIbHbIN npu3Hak Komun

HC IIPUMCHHUM.

Jlokazamenscmao. 1) Myctb cywectsyet lim Na, =1<1; tak kak 8, >0, 10 1 > 0.
nN—oo

PaccmoTpum uncno g Takoe, uTo | < q<1. 3 onpeseneHuna npegena cnepyert, 4to

Ve=q-1>0 cywectByeT N =N(g) eN, HauMHaA c kotoporo VN> N BbINO/NHAETCA

HepaBeHCTBO ‘ﬁ—|‘<q—|,l—q<ﬁ—l<q—l, nfa, <q, a,<q" Vn=N.

Pacnuwem ncxoaHbIn pag
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o0
DA, =ag+ay +...+ay +ay, +aysg e (1)
n=1

CocTaBMM HOBbIN pAL,

o0
N +k N N+1 N+2
g =g +g g (2)
k=0
Paa (2) npeacTtasnaeTt cobon pag reomeTpuyecKkor nporpeccum
co3HameHaTenem (: 0<q<1, T.e. 3TOT pAA CXOAMUTCA, @ 3HaUuT, pag (1) cxoautes

no | npusHaKy cpaBHeHua pAaaos (Teopema 1 AaHHOW NeKUUM).
2) Nyctb cywectsyet lim Y/a, =1>1. HaunHas c HekoToporo N=N(g)eN VN> N,
n—o0

D/an >1 = an >l, T.€. Ilm a-n iO, TOoraa MCXOAHbIVI pAaa pacxoguTca no
n—oo

HeobxoaMMoMy NPU3HAKY cxoanmmocTu (Teopema 1, nekuyma 1, pasa. 1.3).

3) Ecam lim Y/a, =1 =1(unu He cywwecTByeT), TO ANA BbIACHEHWUA CXOANUMOCTM PAAA
N—o0

paauKanbHbI Npm3Hak Kowun He npumeHmnm. Teopema AoKasaHa.

© n
n
lMpumep 8. iccnepoBaTb Ha CXOAMMOCTb pAL, Z ( j
\2n+1

n
2n+1

n
PeweHue. O6o3Ha4Ynm ( j =a,, ap >0.CoctaBum npegen:

- .n 1
| = lim Ya, =lim——==><1, 1.e. no pagukanbHomy npusHaky KoLwm psag, cxoauTcs.
N—>o0 n~>2n+1 2

o0 n n
Omeem: papg Z ( j cxoamuTcA.
\2n+1
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Nekuuna 3. 3HaKouepeayowmecsa pagbl. AbGcontoTHaa n ycnoBHas

CXO04MMOCTb 3HaKonepemeHHbIX paaos

3.1. 3HaKouepeayowmecsa paabl. MpusHak JlenbHuua

0
o n-1
Onpedenenue 1. Uncnosoii psig Y, (-1)" " -a,=a;—a, +ag—ag +...,
n=1

rre d, >0, HassBaercs 3HAKOYEPeOYOUUMCAPIOOM.

I[J'ISI YCTAHOBJICHUA CXOAUMOCTU TAKUX PAOOB CYHICCTBYCT HOCTaTOqHBIﬁ

IMPU3HAK CXOOAUMOCTH, Ha3bIBaCMBbIH IMPU3HAKOM HCﬁ6HHHa.

0
Teopema 1 (npusnax Jleinonuya). I1yctb 4uCIOBOM psij ZUn YAOBJIETBOPSIET
n=1

YCIIOBHAM:

1) u q =" -1.a ap, >0, T.€. 9TOT PsiJl 3HAKOYCPECAYIOLIHIICS;

n )
2) YICHBI OTOT'O psAda MOHOTOHHO Y6BIBaI-OT 110 a0COJIIOTHOM BEIMYHHE:

Uy > [uy| >[ug| > ... Te. 8y >ay,y, N=12,..;

3) oOmwmii wieH psna a  CTPEMHTCS K 0, r.e. lima,=0.
N—o0

o0
Torna psn Zun CXOUTCS U €ro Ccymma S< al-
n=1

Jokazamenscmeo. 1) CHayana paccCMOTPUM YaCTUYHYIO CYMMY YETHOTO NopsaKa
Si=Sop = —a+ag—a, +...+ay;1 —dyy 1 3anuwem eé B BUAE:

Som =(8 —ay) + (a3 —a,) +...+(an_1 — sy ) . B cuny ycnosua 2) Teopemb 1 Bee
BblpasKeHUsA B CKOBKaX MONOKMUTENbHbI, TOrAa cymma Sy > 0 v nocneposatensHocTs

{S,1m } MoHoTOHHO BozpactaeT: 0< S, < S, < Sg<...< Sy <....

Tenepb 3anuwem 3Ty CyMMYy MHaYe:

Som =8 — (83 —a3) — (85 —85) —....— (8gm_2 —Azm-1) — Az

297



B nocneaHem BblpaXKeHUUN KaxKao0e M3 BbipaXKeHU B CKOBKax NONOKUTENbHO,
noatomy Sy <81, U3 Yero cresyert, 4To NOCAEA0BaTENLHOCTb {Sn }: {SZm}
ABNAETCA OrPaHNYEHHOM, M TaK KaK OHa MOHOTOHHO BO3pacTaeT, TO OHa CXOoAMTCA.

Opyrumn cnosamm cywecteyet M S, = lim Sy, =S, npuuém S <.
N—o0 M—>0

2) PaccmoTpMM YaCcTUYHYO CYMMY HEYETHOTO NopsaaKa

Sn = Somi1 = Som +8omy1, KOTOPasA NONOXKMUTENbHA. MOXHO NOKa3aTh, YTO
nocnenoBaTesIbHOCTb {82m+1} MOHOTOHHO BO3pPacCTaeT, Tak KaK MOHOTOHHO
BO3pacTaeT NocneA0BaTe/IbHOCTb {ng} n Aomyg > 0. 3anuwwem sbipaskenne ans
{Soms1 ) B Buae: Sy =8 — (8 —a3) —....— (Bgy —Aypy1) , Tak Kak BCe BbIpaKeHUs

B CKOBKaX NONOXUTEbHbI, TO 52m+1 <8;. Mo ycnosuio 3) Teopembl 1 lim a, = 0,
N—o0
Toraa lim Aoyl = 0, OTKYy/Aa
m—oo

lim S, = lIm (S, +850.1) = M S, + 1M &y, =S.
M—0 Mm—o0 m—o0 M—0

NTak, npun Bcex n(YETHbIX NN HEYETHBIX), lim Sn =S< dq, cnepoBatesibHO,
N—o0

NCXOAHbIN pag, cxoauTcs. Teopema AoKasaHa.

3ameuaHuel. NpusHak JIeMOHULA MOXKHO TaKKe NPUMEHSATb K pagam, ANAKOTOPbIX
YyC/I0BMA TeOpeMbl BbIMONHAOTCA ¢ HeKoToporo Homepa N eN.
3ameuaHue2. Ycnosue 2) Teopembl 1(npusHak J/1eMbHMUA@) 0 MOHOTOHHOCTM Y1EHOB

pAda CyLWEeCcTBEHHO.

®© (- 1 11
lMpumep 1. UccneposaTtb Ha CXog4MMOCTb pag, . ~ 2 =1_§+§_Z+”
n=1
(=" ;
PeweHue. O603Ha4YMMm T: U, . K maHHOMY pagy npymeHum npusHak JleibHmua.

MpoBepuMm BbINOJIHEHWE YCI0BUIA Teopembl 1: ycnosue 1) psg 3Hakodepeayowmincs
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1 _
a, :H’ Up =(-1" 1-an, a, >0; ycnosue 2) BbinonHeHO: 1>%>%>%>...;

.1 o
ycnosue 3) Tak)Ke BbinonHeHo: lim ==0. Cnep,OBaTeano, no NPuU3HakKy erVI6HMLI,a
n—oo N

AaHHbIV pAg, cxoanTca, npuyem ero cymma O < ay =1,

o0 1 n-1
Omsem: pAag Z ( ) cxoauTcAa.

3.2. 3HaKonepemeHHble paabl. AGCONIOTHAA U YCI0BHAA CXOAUMOCTb.

ﬂ,OCTaTO‘-IHbIﬁ NPU3HAK CXOA4UMMOCTU 3HAKOoMNepemMeHHbIX pAaaos

Yncnoson pag, Zun , YJIEHbI KOTOPOrO MMEIT NPON3BO/IbHBIE 3HAKK (+), (-),
n=1

Ha3bIBAETCA 3HAKONEepeMeHHbIM pOOM. PacCMOTPEHHbIE Bbille
3HaKouepeaylowmecs paabl ABAAKOTCA YaCTHbIM C/ly4aeM 3HaKONepeMeHHOro psaaa;
MOHATHO, YTOHE BCAKUIM 3HAaKOMEpPEMEHHbI paa ABNAETCA 3HaKoUYepeayoLWMMCS.

1 1 l 1 1 1 .
Hanpumep, pag 1—-———+—+—-————= ... — 3HAaKOMNEPEMEHHbDIN, HO He

234567

ABNAIOLWMIACA 3HaKoYepeayoLWMUMCA PAAOM.

OTMeTUM, YTO B 3HAKONEPEMEHHOM PAZE YIEHOB KaK CO 3HAaKOM (+), Tak U co
3HaKoM (—) 6eckoHe4yHo MHoro. Eciv 3To He BbINONHAETCA, HAaNnpUMep, PAA COAEPHKUT
KOHEYHOE YMCNO OTPULATE/NbHBIX YIEHOB, TO UX MOXKHO OTOPOCUTL M paccmaTpuBaTb

pAaa, COCTABJ/IEHHbIN TO/IbKO M3 MONIOXKUTE/IbHbIX YyJ1eHOoB, U HaO60pOT.
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o0
Onpeoenenue 1. Ecny 4uCI0BOU psifl Zun CXOJIUTCA U €r0 CyMMa paBHa S,
n=1

a YacTHYHas cymMMa paBHa Sp, To I, =S — S, HaseBaercs ocmamxom psaoa, npuusm

lim r, = 1lim (S-S,)=S-S=0, r.e. ocrarox cxomsmerocs psiaa crpemutes K 0.
N—00 N—o0

PaccMOTpuM CXOIAIIMICS 3HAKOYEPEAYIOIIUICS Psil KaK YaCTHBIM CiIydai
3HAKOIIEPEMEHHOTI0 psifa

o0 o0 0

=3 (-t 0 S=Yu,=$
U, =) (1) -a,, rae a8, >0. 3ammmem ero B Buge S= ) U, =S, +I,, Torma

=1 n=1 n=1
no npusnaxy Jleit6uuna |r,|=|S —S,| <a,,;; Tak kak S, > S, 10 I, >0, 1.
OCTaTOK cXojdIerocs psajaa crpemurcs k 0.

J171st 3HAaKONIEpEeMEHHBIX PSIIOB BBOJSTCS MOHSATHS a0COJIFOTHOM U YCIIOBHOM

CXOJTUMOCTH.

0.0)
OnpeOeJleHue 2. Pan Zun Ha3bIBACTCA cxodﬂmuMc;l a6COJZiOH1H0, €CJIM CXOOUTCH
n=1

o0
psAa, COCTaBJICHHBIN U3 a0COJFOTHBIX BEJIMYUH €TI0 YICHOB Z‘Un‘ .
n=1

o0 0
Onpeodenenue 3. Ecnu 4ncinoBoi psn Zun CXOJIUTCS, a Psif Z‘Un , COCTaBJICHHBIN

n=1 n=1
13 a0COIOTHBIX BEJIMYUH €r0 YJICHOB, PaCcXOJUTCs, TO UCXOOHBIN psiA Ha3bIBACTCSI

yenosro (Heabcontommuo) cxo0aumumcs.

Teopema 2 (0ocmamounblit PUHAK CXOOUMOCHIU 3HAKONEPEMEHHBIX PAO0E).

0.0)
3HaKOHepeMeHHI>II71 psna Zun CXOOUTCH, HpI/I‘—IéM a6COJI}0THO, €CJIM CXOOUTCS PAA,
n=1

o0
COCTAaBJICHHBIN U3 a0COJIIOTHBIX BEJIUYUH €r0 YJIECHOB Z‘Un‘ .
n=1
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[00]
Jlokazamenbcmeo. O603HaUYMM yepes Sn YACTUYHYIO CYMMY pAda Zun :
n=1

0
S, =U; +Uy +Us +...+ Uy, @ 4epe3 Oy — HaCTUYHYIO CyMMY pAJa Z\un\:
n=1

!
O =|ug|+|Uz| +|us|+...+|uy . OBosHaumm uepes S, cymmy Bcex nonoxuTeNbHBIX
"
YNEeHOB, @ uepes S, Cymmy abCOMIOTHBIX BEJIMUMH BCEX OTPULIATE/bHBIX Y1EHOB,

4

! ! "
BXOAALLMX B 9, . OueBmnaHo, uto Sy =S, =S, 0, =5, +3;.
(o]
Mo ycnosuio Teopembl pas, Z‘Un‘ CXOAMNTCA, TOrAQ CYLECTBYET |im o, =, W TaK KaK
n:1 nN—o0
! "
nocnenosBaTesibHOCTb Op = Sn +Sn — MOHOTOHHO BO3pacTaouwad 1
! "
HeoTpuuaTenbHas, To Oy 6. OuyeBuaHO, uTo Oy <6, S, <0, Toraa
/ "
nocnenoBatTe/sibHOCTU {Sn} Z {Sn } ABNAKOTCA MOHOTOHHO BO3pacCTalolMMmn 1

M ! ! M 14 4
orpaHuyeHHbIMK, Npudem ux npegens pasHbl M S;=S"y lim S; =S" Torga
N—> n—oo

lim S, =1m (S}, -S;)=1lim S, —lim Sy =S"-S"=S . 3nayur, ucxoaHwiii
N—a0 N—o0

N—o0 N—o0
o0

3HaKoNepeMeHHbI pag, Zun cxoamTca u cxoamTcsa abcontoTHo. Teopema
n=1

[lOKa3aHa.

3ameyaHue. Teopema 2 Aa€T TONbKO AOCTaTOYHOE YC/N0BME CXOAMMOCTH

3HaKonepemeHHbIX pagoB. ObpaTHasa Teopema HeBepHa, T.e. ecnu

o0
3HaKonepemMeHHbIN psaj, Zun CXOAMTCA, TO He 06A3aTeNbHO, YTO CXOAUTCA pAa,
n=1

0
COCTaB/IEHHbIN U3 Mmoayne Z‘Un‘ (oH MOXKeT bbITb KaK CXOAALWMMCA, TaK U
n=1

1 11 o
pacxogawmmces). Hanpumep, pag 1-—-+-——+..= Z

(_1)n—1
- CXoAauTca no
2 3 4 - N

301



npu3Haky JleitbHuua (cm. npumep 1 gaHHOM NeKuumn), a paa, COCTaB/EHHbIN 13

|
abCoONOTHBIX BEIMYUH €ro YNeHOB, Z - (rapMOHMHeCKMVl pﬂp,) pacxoauTca.
n=1

1)".9"
Mpumep 2. ViccneoBaTb Ha YCNOBHYO M aBCONIOTHYIO CXOAMMOCTb DHAZ%
n=1 -

PeweHue. ,ﬂ,aHHblﬁ pAa ABNAETCA 3HAKONEPEMEHHbIM, O6LLI,I/1I2 Y/1€H KOTOPOTo

n

-n".9"
% =u, . CoctaBnm pag n3 abcontoTHbIX BENNYMH Z\un\ = Z—n 7
n!
n=1 n=1

0603Haumm:

o 8 "
npMMeHMM K Hemy npusHak [lanambepa. Coctasum npegen lim , TAe a, =—

7

n—oo an n!

9n+1
a,,; = ——— . [lpoBeaa npeobpasosaHmnA, Noayyaem

(n+D)!

an, 9"l 9".9.nl 9
lim /=== lim —— = lim —————= lim ——=0. Takum o6pasom, pag
n—o an n—o (n _|_1) 19" now n!.(n _|_]_) 9" noswon+l
Z\ n\— — CXOAMTCA, @ 3HAYUT, UCXOAHbIN 3HAKONEPEMEHHbIN PAa, CXOANTCA
abconoTHO.
_1)“ 9n
Omeem: pap, Z— abcontoTHO cxoamuTCA.
n!

n=1

(-)"-+n
Mpumep 3. UccnepoBaTb Ha aBCONOTHYIO M YCNOBHYHO CXOAMMOCTb pﬂp,z I
+
n=1

PeweHue. A) Uccneayem psg Ha abcontoTHyto cxoaumocTb. O603Haunm

D" -vn

[ = Uy ¥ COCTaBUM PAA 13 abCcoMOTHBIX BENMUMH @, =|u,|=——.
n+

n+1

(o]

|_|O!'Iy'«IaEM pAaa Z‘Un‘ — z —l C MNONNIOXUNTENbHbIMN YN1eHaMU, K KOTOPOMY
_+_
n=1 n=1

NPUMeHsieM npeaesbHbIN NPU3HAK CPaBHEHMA PALOB (TeopemMa 2, ekuma 2, pasa.
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0

/N
2.2). Ana cpaBHEHMA C pAaoOM E a, = E —1 PacCMOTPUM pAg, KOTOPbIN UMeeT
+

n=1 n=1
BUA, Z Z T 3TOT pAA ABNAeTCA pAaom lnpuxne c nokasatenem p = E <1,

T.€. OH pacxXxoguTcAa. Coctasmm un Bbl‘-IVICJ'IMMCﬂe,D,yIOIJ.I,Ml\;I npeagen

i _ iy Y30

. ) 1
lim — = lim —— =1. TaK Kak npeAen cyuiectsyet, He paseH 0 1 He
n—ob, now n+l n—>o0 4

n

o0
paBeH oo, To 06a paaa Z a, u Z b, BeayT ceba oamHakoBo. Takum obpasom, pag,

n=1 n=1
Z‘ n‘ = z —— PaCXoAMTCA, @ 3HAUYUT, UCXOAHbIN pag He ABNAeTCcA abCcoNtoTHO
CXO4ALWMMCA.
] (-1"-+n
B) danee uccneayem ncxoaHbin pag, Z— Ha YCNOBHYIO CXO04MMOCTb. AnA

+1

3TOro NPOBEPMM BbINOJIHEHWE YCNOBUIM NpU3HaKa JleibHuua (Teopema 1, pasa, 3.1).

Ycnosme 1): U, =(-1)"-a,, rae a, = ﬂl >0, T.e. 3TOT pAA 3HaKoYepeayoLWmiica.
n+

[na NnpoBepKM ycnoBma 2) 0 MOHOTOHHOM YBbIBaHMM YIEHOB PAAA UCNONb3YEM

Jx

cneayowmnin metoa,. PaccmoTpum BcnomoratenbHyto dyHkumio f(X) = i1’
X+

onpeaenertyto npu X € [0;+0) (dyHkumsa Takosa, uto npu X =N umeem

n o o
f(n)= il =a, ). na nccneposaHna sTon GyHKUMKM Ha MOHOTOHHOCTbHaNAEM eé
+
X+1 \/—
2Jx _1-x

npoussoaHyto: f'(x) = . 97a npoussoarasa 1 '(X) <Onpu

(x+1)2  2Jx(x+1)?

X
X >1. CnepgoBaTenbHo, ¢pyHKuma f(x) = o1 MOHOTOHHO Y6 bIBaeT NPU yKa3aHHbIX
X+
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n
3HauveHuaAx x. NMonaraa X=n<n+1, nonyqaem f(n)= 1 a,>f(n+)=a,,,
n+

roe N =1,2,3,4, .... 3TO O3HA4aeT, YToycnosume 2) BbINoHEHO. 1A NpOBEPKMU

Jn

ycnosua 3) Haxoaum npeaenobuiero yneHa a,: lima, = lim —= lim ———=0
N—»o0 n—o N+1 =% [0y 1

Jn

, T.e. TpeTbe yC/10BMe BbINOJIHAETCA. TaKum o6pa30M, ANnA UCXoAHOTo pAada
BbIMOJ/IHEHDbI BCE YC/I0BUA NPU3HAKA ﬂelz6HMLLa, T.€. OH CXOA4UTCA.

Omeem: pAaa YCNOBHO CXOoA4UTCA.

i(_l)n -vn

- h+1

3.3. CBoiicTBa a6CONOTHO U YC/IOBHO CXO4ALLUXCA PALOB

o0
Ceonicmeo 1. Ecna psan Zun a0COJIFOTHO CXOIUTCA, TO OH a0COJIFOTHO CXOIUTCS npu
n=1

0001 MepecTaHOBKE €T0 YICHOB, MPU ATOM CyMMa psifia He 3aBUCHUT OT TOpPSIKa

pacnosiokeHus WieHoB. Ecin S’ — cyMma BCeX €ro MOJ0KUTEIIbHBIX YJIEHOB, aS" —

o0
CyMMa BCEX a0OCOITIOTHBIX BEJIMUYNH OTPHULATCIBHBIX WICHOB, TO CyMMa psaa Zun
n=1

paBHa S=S'—-S".

o0 0
Ceoiicmeo 2. Eciu psan Zun abcoioTHO cxonutest U C = const, To pan ZC Uy,
n=1 n=1

TaK)Xe a0COJIFOTHO CXOIUTCH.

o0 o0
Ceoiicmeo 3. Ecnu psnbl ZUn u ZVn a0COJIIOTHO CXOATCS, TO PAIBI
n=1 n=1

e 0]
Z(Un £V,) Takxke aGCOMIOTHO CXOMATCH.
=1
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Cesoitcmeo 4(meopema Pumana). Ecnu psifi yCIIOBHO CXOJUTCS, TO KaKOe ObI MBI HE
B3SUTU YUCJIO A, MOXHO TIEPECTABUTH YWICHBI JAHHOIO PsijJia TaK, YTOOBI €ro cymma
OKa3ajiach B TOUHOCTH paBHOU A4; 0oJiee TOro, MOKHO TaK

MEPECTABUTH YIEHBI YCIOBHO CXOJAILIErOCs psAsia, YTOOBI MOCIIE 3TOr0 OH

pacxoaHIICs.

Jleknus 4. ®yHKIUOHAJbHBIE psiabl. CTeneHHbie psabl. DopmyJia
Teiisiopa

4.1. ®yHKUMOHAJbHbIE PSAAbI: OCHOBHBIC MOHATHS, 00J1aCTh CXOAUMOCTH
Onpeoenenue 1. Pan, 4neHbl KOTOPOTO SBIAIOTCS GYHKIUSAMU OJHON WU
HECKOJIbKUX HE3aBUCUMBIX MIEPEMEHHBIX, ONPEACIEHHBIMU HA HEKOTOPOM

MHO>KECTBE, Ha3bIBACTCAQDYHKYUOHANHBIM PAOOM.

PaccMoTpuM ()YHKIMOHATBHBIA P Zun (X) =ug(X) + Uy (X) +ug(X) +...,
n=1

YJIEHbI KOTOPOTO SBJISIOTCS (PYHKIIUSIMU OJHON HE3aBUCUMOM nepeMeHHoi x. Cymma

IIEPBBIX N WICHOB PsAAa Sn (X) = Ul(X) +Us (X) +...+U, (X) SIBJISICTCS YaCTUYHOM

CyMMO# 1aHHOTO (QYHKIIMOHAIBHOTO psiga. O6mmui wien U, (X) ecTh (QYHKITUS OT X,

onpenenéHHas B HEKOTopoi obnactu. PaccMoTpum QyHKITMOHATBHBIN P B TOUYKE

0

X=Xg. Eciu cOOTBETCTBYIOIINN YUCIOBOM PsJI Zun (Xo) cxomutes, T.e. CymIecTByeT
n=1

Mpee YaCTHYHBIX CYMM 3TOTO psija lim Sn (Xo) = S(Xo) (rme S(XO) <0 — cymma
N—o0

YHUCJIOBOTO psiia), TO TOUKa X(HA3bIBAETCS MOUKOU cXxo0umocmuy (PYHKIIMOHATBHOTO

0 Q0
pana Zun (X). Ecoir umcoBoii pan Zun (Xo) pacxoamtcs, To Touka X; Ha3bIBaeTCS
n=1 n=1

mouKou pacxooumocmu PyHKIMOHATIBLHOTO psijia.
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0
Onpeodenenue 2. Obaracmoio cxooumocmu QyHKIIMOHAIBHOIO Psiia Zun (x)
n=1

Ha3bIBACTCS MHOXKECTBO BCEX TAKUX 3HAUEHUH X, IPU KOTOPBIX (PYHKIIMOHAIbHBIN
psn cxonutcs. O6IacTh CXOAUMOCTH, COCTOAMIAS U3 BCEX TOYEK CXOIUMOCTH,
obo3Havaercss D(x). OTMerum, uto D(x) <R.

@OyHKIMOHAJIBHBIN Pl CXOAUTCS B 00/1acTU D(x), €CIIN AJIs IF000ro x e D(X) OH

CXOJIUTCS KaK YUCIIOBOH pAJl, IPU ATOM €ro CyMMa OyAeT HEKOTOpor (pyHKIuEH S(x)

. DTO TaKk Ha3bIBaeMas npeoenbHas (hyHKyus MoCcae10BaTeIbHOCTH {S n(X)}:

lim S, (x) =S(x).
N—o0
Kak HaxoauTb 06nacTb CX0AMMOCTM GYHKLMOHANbHOMO paaa D(x)? MoXHO

o0
MCNO/b30BaTb MPU3HAK, aHANOTMYHbIN NPU3HAKY danambepa. Ana paga Zun (x)
n=1

coctasnsiem Uy 1(X) 1 paccmaTtpusaem npegen npu GUKCMPOBAHHOM X:

"m un+1(x)

= \I(X)\. Toraa D(x) ABNAETCA PeLeHMeM HEPABEHCTBA ‘I(X)‘ <lm
n—ol U, (X

peLeHneM ypaBHEHUS \I(X)\ =1 (6epém TONbKO Te pelleHuns ypaBHEHUS, B

KOTOPbIX COOTBETCTBYHOLWMNE YNCNTOBbLIE PAAbI CXOAFITCFI).

00 n

X
Mpumep 1. HaliTn 061aCTb CXOAMMOCTH pPAAA Z —.
n=1
n n+1

. CocTtaBMM U1 BblYMCIUM npeagen

PeweHue. O6o3Haumm U, (X) = X—, Uniq(X) =
n

n+1
U4 (X . X
lim Unsa (X)) _ lim

o~ , TOrAaa obnacTtb CXOOAMMOCTHM pAda onpeaenaeTca
n—oo un (X) n—owo| X' . (n +1)

:|X

HepaBeHCTBOM ‘X‘ <1, xe(-11) v ypasHeHnem ‘X‘ =1. Uccnepyem aononHUTENbHO

CXOAMMOCTb MCXOOHOIOo pAAaa B TOYKax, ABAARWMMNCA KOPHAMW YPaBHEHUA:
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1 . = 1
a) ecm x =1, U, (1) ==, To nonyyaetca pacxogalumiica pag, Z —;
n n=1
_1\n 0 _1 n
6) ecm x=-1, u,(-1) = (=1 , TO pag, ( n) CXOAMTCA YCNOBHO (MNo
n n=1

npu3Haky JleibHuua, npumep 1, nekyma 3, pasa. 3.1).

00 n

Takum obpasom, obnacTbecxoanmocT D(x) PAA3A Z — umeetBua: —1< x<1.

n=1

4.2. CTenneHHbIE PAAbI: OCHOBHbIE IOHATHUS, TeopeMa AdGeJist
PaccMOTpMM YacTHbIM Cly4an PYHKLUMOHANBHOTO PAAA, TaK Ha3biBaeMbli

o0
cmeneHHol pAd Zun (X), rae u, (x) =a,(x—xy)".
n=1

Onpeodenenue 3. Cmenennvim psoom Ha3biBaeTCss QYHKIMOHAIBHBINA PSIT BUIA
2 o0
g+ (X—Xg)+a(X—Xg) .ot 8y (X=Xg)" +...= D 3, (X—X%g)",
n=0

rae dp, dq, dy, ... — IOCTOSIHHBIC YKCJIA, HA3bIBAEMBIC KOdhhuyuenmamu psoa.

CteneHHOM pAag ecTb «6eCKOHEYHbIN MHOTOYNEHY, PACNO0XKEHHbIN Mo

o0
BO3pacTaloWMM CTEMEHAM (x— Xo) . Ttoboi yncnosom pag, Zan ABnaeTca
n=1

YaCTHbIM CNly4aem cTeneHHoro paga npu X — Xg =1,
PaccMmoTprM YacCTHbIN Cyyvar cteneHHoro paga npu Xg = 0:
< 2
n n o
Zanx =3dg tX+apX +...+a,X" +.... BbIACHMM, KaKOWN BUA, MMeeT

n=0

obnacTb CXOAMMOCTU AAHHOTO pAAa D(x).
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o0
Teopema 1 (meopema Abens). 1) Ecnu ctenneHHON psifg Z a, X" cxomuTes B TouKe
n=0

X=a ((1 z 0) , TO OH a0COJIFOTHO CXOJIUTCS TIPU BCAKOM X, JJIsE KOTOPOT'O CIIPABEIIIMBO
HEPAaBEHCTBO ‘X‘ <‘a‘.

2) Ecnu sxe cTeneHHOU psi pacxoauTes npu X = B, o on PacXOJIUTCs TPU BCAKOM X,
JUTSL KOTOPOT'O ‘X‘ > ‘B‘

Hokazamenvcmeo. 1) 1o ycloBHIO CTENIEHHOM PSII CXOIUTCS B TOUKe X =0,

T. €.CXOOAUTCA YHCJIOBOH paa

< 2

Y an0" =ag +a+ae +..+ama’ +.. (1)
n=0

H 110 HGO6XO]II/IMOMy MMPU3HAKY CXOAUMOCTH €TO O6IIII/Iﬁ YICH CTPEMUTCA K O, T.C.

lim (ana”) =0. CnenoBaTenbHO, CyHIECTBYET Takoe uuciao M >0, 4yTo Bce ujieHbl
N—o0

psAla OTPAaHUYEHBI ATUM YHCIIOM: anan‘ <M, (vn=0,123,..).

PaccmoTpum Tenepb Ntoboe x, A1A KOToporo \X\ < ‘XO , U COCTaBMM psg U3

o0
2
abCoONIOTHbIX BENYMH: Z\anx” :\a0\+\a1x\+‘a2x ‘+....+ anXn +....
n=0
3anuwem 3ToT pAs B Apyrom Buge: Tak kaka =0, To
0 n
X X
> lan X" =[ag|+[as0]-|= +‘a2a2‘-— +....+‘ana” e (2).
0 o o o
N3 HepaBeHCTBa ana”‘sM, n=0,123,.. nonyyvaem
lag| <M, |ago/ <M, ‘azaz‘s M, .., T.e.pag
~ XY X x|? x|"
ZM[—] =M+M-H+M- 5 +...+M- 5 +.. (3)
o \o a o o
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COCTOMT M3 YeHOB, KOTOpble 60/1blle COOTBETCTBYIOLINX YieHoB paaa (2). Paa

n
o0

X o o o
Z M (—j npeacrtasasaeTt cobom cxXogAawnnca pag reomeTpmyeCcKon nporpeccmnun co
n=0 a

3HameHaTesleM g = ‘1 , NPUYEM \q\ <1, Tak KaK‘X‘ <‘a‘. CnepoBatenbHo, pag, (2)
a

0

o n
cxoamTca npu ‘X‘ <‘a‘. Takmm obpasom, cteneHHOM pAL, ZanX abcontoTHO
n=0

cXoauTcAa.

o0
2) MycTb pag, Zanx” pacxoanTca npu XZB, MHbIMU C10BaMMU,
n=0

o0
pacxoauTca YNCNOBOW pAL, Zaan_ [oKarkem, yto ans noboro x (‘X‘ >‘B‘) pag
n=0

pacxoauTcs. [JoKasaTenbCcTBO BeAETCSA OT NPOTUBHOrO. MNyCcTb NpU HEKOTOPOM

durKcnpoBaHHOM Xq (‘Xl‘ >‘B‘) PAL CXOAMUTCA, TOTAa OH CXOAUTCA NPU BCeX \X\ < \Xl\

(CM. NepBYIo YacTb AaHHOM Teopembl), B yacTHocTn, npu X =P, yto npotusopeuuT

ycnosuio 2) Teopembl 1. Teopema AoKasaHa.

Creocmesue. Teopema AGers TO3BOJISCT CYUTh O PACTIONIONKEHUHU TOYKHA CXOAUMOCTH

CTCIICHHOI'O psAaa. Ecnu Touka X =0 #0 sSBISETCS TOUKOU CXOJUMOCTH CTCIICHHOT'O

psaaa, TO UHTEPBA (—\a\;\a\) 3aIl0JIHEH TOUYKAMHU CXOJMMOCTH; €CJIU TOUKOMH
PacxoaIUMOCTH SIBIIIETCS TOUKa X = [3 , TO

0ECKOHEYHbIE UHTEPBAJIEI (—oo;—‘B‘), (‘B‘,oo) 3aI10JIHEHBI TOUKAMU PACXOAMMOCTH

(puc. 1).

= B
PACEOITHTCA : Pan czoguTea ' PACKODHTCA

L [ [ L [] L

-1 Al — el 0 |z 1A X

Puc. 1. UHTepBanbl CXO4MMOCTM M PACXOAMMOCTM pAaa
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MOXHO NoKa3aTb, YTO cywecTByeT Takoe Yncno R > 0, uyto npu Bcex
0
o n
‘X‘ <R (-R< X <R) creneHHol pag Y, aX" abCoMoTHO CXOAUTCA, @ NPy ‘X‘ >R -
n=0
pacxoauTca. byaem cumtaTtb, UTO €Caun pag, CXO4MTCA TO/IbKO B 04HOM TouKe 0, TO
R =0, a ecim pag cxoanTca nNpu Bcex x e (—oo,+0), To R =00.

o0

n
Onpeodenenue 4. Humepeanom cxooumocmu CTETICHHOTO psijia Zan X' Ha3zbpIBaeTCA
n=0

TaKON MHTEpBal (=R, R), uro npu Bcex X € (=R, R) sror PA CXOOUTCS M IPUTOM

a6COHIOTHO, a i BCCX X, JICKAIIUX BHC 3TOT0O MHTCPBAJIA, PAA PACXOAUTCA. Yucno

R Ha3pIBaeTCA paouycom cxooumocmu CTETICHHOTO psijia.
3ameyarue. Ha koruax untepsana (—R, R) sonpoc o cxogmmoctn nan
PacXO4MMOCTU CTEMEHHOIO PALA PELLAETCA OTAENbHO ANA KaXKA0TO KOHKPETHOro

paaa.

MoKkaxkem oguH u3 cnocobos onpeaneneHna nHTepsasa U pagmyca CXoanmMmocCcTtu

CTeneHHOoro paaa.

o0

o n
PaccmoTpum cteneHHOM pAag, ZanX n o0bo3Haumm a, X" = U .
n=0

CocTtaBum pAaa s abCcoNOTHBIX BEIMYMH €70 Y/1EHOB:

o0 o0
_ ni_ 2 n
D lug| = Jan —\a0\+\a1x\+‘a2x ‘+....+ a,x"|+...
n=0 n=0
M NPUMEHUM K HeMy npusHak Janambepa.
MycTb cywecTeyeT
n+1
. lu . lapgX . (la . la
lim =2 = im (2= fim | [P x| =] lim (P =X
n—soo| Uy | noeo| g x" n—ol | ap n—wo| ay,
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roe

an+1

an

I = lim
n—o

1 =0.

Mo npusHaky Janambepa pag cxoautca, ecau | ‘X‘ <1, n pacxogutca, ecam | ‘X‘ >1.

1
OTcrop,a pAag cxoanTca npu ‘X‘ < T’ TOr4a MHTEPBAT CXOAUMMOCTU! (—%,]—') rlpM
1 H un+1
‘X‘ > — pAag pacxoanTcA, TaK Kak ||m — > 1.
| n—oo un

Mcnonb3ys o603HayeHne R :%, nonydyum Gpopmyny Ana onpeseneHumsa paguyca

CXOOAUMOCTU CTENEHHOTO pAada:

lim (B2~ L
n—oo| ap

’

roe dp Apy — KO3GPULUMEHTbI CTENEHHOTO PAAa.

an+l

an

Ecnu okaxketca, uto npegen lim =1=0, To nonaraem R =0.

n—oo

Ona onpegeneHnAa nHTepsasna 1 pagmnyca CXoanMoCTM CTENEHHOro paga TaKkxKe

MOXHO UCNO/Ib30BaTb pPagMKanbHbIM NPpU3HaK Kowun, paanyc cxognmocTu paga

onpeaensetca u3 cootHowekua lim Y3, [==.
N—o0 R

OnpedeneHue 5. 0606weHHbIMCMeneHHbIM PA0OM Ha3bIBaeTCA psj BUAA

o0

Zan (x— Xo)n . Ero Tak»e Ha3bIBalOT PAAOM MO CTENEHAM (X — XO) .
n=0

[na Takoro paga UHTepBas CXOAMMOCTU UMEET BUA,: (Xo —R, X + R),rne R>0 -

paanyc CXo4MMOCTMU.
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MoKaXKem, Kak HaxoAnTcA paamyc CXoAMMOCTM AnA 0606LWeHHOoro

cteneHHoro pAaaa.

Uns a1 (X = %)™ . |a
jim [Uns2| — fim (3o (X = %0) =X = Xo|- im P =|x — xo| -1 <1,
n—oo un n—oo an(x_xo)n n—oo| a,
1 a
Te. [X—Xo|<R, rae ==1= lim 244,
R n—wol a,

Echrm 1 =0, To R=00, n 06bnactb cxoammocTu D(X) =R;ecrm =00, TOo R=0wu

o6nactb cxoaumoctn D(X) = {XO}.

y 2 (x+1)"
Mpumep 2. Haintn obnactb cxoaumocTv pasa Z T :
n=1 N-
Pewerue. O603HauMM % =u_(X). CoctaBum npeaen
n
N+l ~n
U (X . X+ 97 -n _ n X +
lim n+1( ) — lim ‘ 1‘ — 1‘ ‘ 1‘
n—w| U,(X) | now (n +1)_5n+1.‘x +1‘n n—o 5(N+1) 5

Peluaem HepaBeHCTBO: <1, |X +ﬂ <5, cneposaTtenbHO, UHTEPBAN

x+1
5

CXOAMMOCTU UMeeT BUA: — 6 < X <4, npnyém R = 5. [lononHUTENbHO NUccaeayem
KOHLbl MHTEPBANA CXOAMMOCTMU:
a) x=4, u,(4) ==, nonyyaem psag Z , KOTOpPbIW pacxoauTcs;

n 1

_1)”

n
6) Xx=-6, u,(-6)= =1 , monyyaem pag, Z , KOTOPbI CXOAUTCA
n

yCcnoBHO. Takum ob6pasom, 061acTb CXOAMMOCTH: [—6;4), R=5.

Omeem: obnactb cxogumocty [—0;4) .
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[0.0]
Mpumep 3. Pap Z (nX)" pacxoautes ans Beex x 0, Tak Kak (NX)" —> o0 npm
n=1

N — oo, pagmyc cxogumoctn R =0.

0 n

Mpumep 4. Pap, Z W cxogmuTca npu Bcex X €R, pagnyc cxoanmoctn R =oo.
n=1 "

4.3. CBOUCTBA CTENIEHHbIX PAAOB

o0
o n
PaccmoTpum cteneHHOU pAag, Zanx , Y KOTOPOro MHTepBas CXoaMumocTu
n=0

(—R; R), TOraa Cymma CTeNeHHOro psaga S(x) onpeaeneHa gna scexx € (—R;R) u

o0
n
MOHO 3anucaTtb paBeHcTBo S(X) = ZanX .
n=0

o0
o o n
Ceolicmeo 1. CteneHHOM pAL, Zanx cxoamTca abcontoTHo B t0BoMNpomeKyTKe
n=0

[;b] €(-R;R), nexawem B nHtepsane cxogmMmoctu, npuuém cymma CTeneHHoro

pAaga S(x) ABnAeTcA HenpepbiBHOM GyHKLMEN Npu BCeX x < [a;b].

Ceolicmeo 2. Echun oTpe3ok [a; b] C(—R; R) , TO CTEMEHHOM PAA, MOXKHO

NnoYneHHO UHTErpnpoBaTb OT a A0 b, T.€. eCin

o0
S(X)= Y a,x" =ag+a X +a,X° +..., 70

n=0
b o b b b b
[S()dx= > janxn dx=ja0dx+ Jaxdx+...+ janxn X + ...
a n=0g a a a

Mpw 3TOM pagmyc CXOANMOCTN HE MEHAETCA:
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a

!
Ans1

a,(n+2)
(n+Dan,

= lim
nN—o0

R'= lim
N—o0

a
roe ap :n—:l — KO3 PULIMEHTbI NPOMHTErPUPOBAHHOTO PAAA.

Ceolicmeo 3. Cymma cTeneHHOro psaa ectb PyHKLUMA, UMetoLLaa BHYTPU MHTepBaa
CXOAMMOCTM NPON3BOAHbIE NH060ro nopaaka. MponsBoaHbIe OT CYMMbl CTENEHHOTO
paga byayt cymmamm pAaaoB, NOAyYeHHbIX U3 AaHHOIO CTENEHHOTO pAAa NOYIEHHbIM
anoddepeHUMpoBaHMEM COOTBETCTBYHOLLEE YMCIO Pa3, NPUYEM PALUNYCbl CXOANMOCTH

TaKuX pASOB BYAYT Te e, YTO U Y UCXOAHOro pAaa.
o0
Ecm S(X) =8g +a X+ @)X +..+ap X" +..= ¥ a,-x",
n=0
o0
10 S'(X)=ay + 28X +...+na X"t +..=> n-a, X"
n=1
0
S"(x)=2a, +6agx +...+n(n-Da,x"* +..= > n-(n-1)-a,-x"%, ., ura
n=2

4.4. ®opmy.aa Tensaopa
PaccMOTpMM BaXKHYIO 334,34y, KOTOpas pelaeTca B TEOPUUDYHKLMOHANbHbIX

PAAO0B: NO 3a4aHHON GYHKUUM HAUTU CXOA4AWMNCADYHKLMNOHANbHbBIN pAa TOFo UAn
WMHOro TUMNa, CYyMMa KOTOpPoro B 061acTn cxoaMmMocCTu paBHANACb bbl 3a4aHHOM
dyHKUMK. TaKasa 3a/ia4a Ha3bIiBAETCA PA3/I0HEHUEM (PYHKUUU 8 pAO, Hanpumenp,

CTeneHHoM!.

MycTb PyHKUMA y = f (X) onpeaeneHa B HEKOTOPON OKPECTHOCTU TOUKM

Xo: UB(XO) = (X0 -9, X, + 0), roe 6 >0, NpUYEm B 3TON OKPECTHOCTU GYHKUMA MmeeT

BCe NPOU3BOAHbIE A0 (n +1)-ro NopAAKa.

3adaya: Nopbepém MHOTOUYNEH N-N CTENEHMU
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P,(X) =Cq+Ci(X—Xgp)+Co(X— xo)2 +.ot Cp (X —X%o)" NO cTENEHAM (X—Xp) TaK,
4To6bI B TOUKe Xo coBnaganu sHadeHuna P, (X) n f(x), a Tak:Ke 3HaueHUA nUx
npou3BoAHbIX 0 (N +1)-ro nopAagKa BKAOUMTENbHO. Toraa cuMTaem, 4To B
OKPECTHOCTU TOUKM Xo Takoi mHorouner P, (X) 6yaet npubauskats gaHHyto

GYHKLMIO C HEKOTOPOM TOYHOCTBIHO.

KoadduuymeHtol mHorounena Cy, €1, Cy,..., C, ABNAtOTCA HEONpeaeneHHbIMM

Ko3dPUUMEHTaMM, KOTOPble HEOHBXOANMMO HAUTU UCXOAA U3 CIeAYHOLWNX YCAOBUN:
f(X0) = Po(Xo), T'(X0) =Pa(Xg), F"(X0)=P(Xp), .., T™(xg)=P{M(x0).

Ons HaxoXaeHuns 3TuX KoadPUUMEHTOB HaNAEM NPOM3BOAHbIE A0 N-To NOpPsAAKa OT

Pn(X)3
P/(X) = ¢y +2C, (X—Xg) +3C3(X = Xg)2 +....+NnC, (X=X )" 2,

P/(X) =2C, +3-2-Ca(X—Xg) +....4n(N=1)c, (x—%,)" 2,

PM(x)=n(n-1)(n-2)...3-2-1-c, =¢c, -nl,
P(n+1) _
7 (X) =0, npnBcex X€ER.

MoacTaBuM B 3TN cooTHOWeEHMA X = Xg 1 npupaBHAEM f(k)(xo) = Pn(k)(xo) , rae

k=0123,..,n:
Fxo)=Pa(x0)=Co, T'(x0)=Ri(Xo)=C1, T'(X0)=Fi(x)=2c,,
F7(X0) =Pr(X) =2-3-C3, ... £™(xg)=PM (%) =Cp-nl.

Haxoaum Bbipaxenusa ana Cq, Cq, Cy,..., C,, pewasn nonyyeHHyto cuctemy

YPaBHEHMUN:
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'(x). . _ f"(%) _ f"(x0). .. _f™(xg)

Co=f(X): &1 =T'(X); G = 5 BT, T Ty Ty

Monyyaem obuyto dopmyny ans onpeseneHns KospPpuuMeHToB mHorouneHa Cy :

(k)
¢ = kfx) k=0123. (4)

Torga MHOToYNeH NPUMET CieayoLWwmin BUA,

£ (x,) 00 (%)
nl : Z .0

Pa(X)=f(Xg)+ f'(X)(X=Xg) +... + (x=xp)" =

(x=%0) .

k=0

9TOT MHOro4/IeH Ha3blBaeTCA MHo2o4s1eHom Telinopa pna GyHKLUMK f (X)

f K (x
no cTteneHsam (X — Xo) , Tae C, :% Ha3bIBalOTCA KO3ghuyueHmMamu

MHozo4neHa Tetinopa, K=0,n.

Takum obpasom, 4na Kaxgon PyHKUMK f (x), YAOBAETBOPAIOLLEN
NOCTaB/IEHHbIM yca0BMAM npu X EUé(XO), MOHO HalTKU MHorouneH Tennopa Pn (X)

(B TOUKe Xxo GyHKUMA f (X) U MHOTOYNEH P (X) cosnagatot co cBormm

NPOW3BOAHbIMM [0 N-TO NOPAAKA).

PasHocTb | (X) - P, (X), 0603HaueHHyto yepes R, (X) , Ha3bIBalOT 0OCMAMOYHbLIM

uneHomMm popmynbl Telinopa, KoTopaa UMeeT BUA;:

f <k>(xo)

f(X) =P, (X) +Ry(x) = z —— 200 (x — %) + R, (X) (5)

dopmyna (5) HasbiBaeTca popmynoli Telinopa 044 pyHKYuu f(x) no

cmenexam (X — Xg) nopagka n. OTMeTUM, 4TO

Rn(Xo) = Ry (X0) = Ri(Xg) =... = R (X9) =0.
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Be/MumMHa ocTaTouHOro YneHa popmynsl Teitnopa R, (X) urpaet BaskHyto ponb B

oueHKe TOYHOCTU I'IpVI6J'IVI)-I-(eHVIFI 3aﬂ,aHHOVI d)yHKLI,MM MHOTO4Y/1EHOM Tei/’mopa.

CyLLI,eCTBVET ABa BNAa OCTAaTOYHbIX YNEHOB.

1) OcTaTouHbIN YneH B gpopme MeaHo. Mpeobpasyem ocTaToUHbIN YieH Gopmybl

Telinopa, NUCNONb3yA HEKOTOPbIE NOHATUA U3 TEOPUN NPeseoB.

a) dyrkuma 0(X) HasbiBaeTcs GecKoHeYHO Manoit npu X —> Xg, ecam lim a(x)=0.
X=X,

6) beckoHeyHO Mmanasa GyHKuUUS B(X) Ha3blBaeTcA 6eckoHe4YHo manon bonee

BbICOKOTIO nopAaaxka MmasioCth OTHOCUTENIbHO 6eCcKoHe4YHO manon (I)yHKLI,VIVI (X,(X) npu

. X
X —> Xy, ecnm cywecrtsyer lim M =0 u 3anucbiBaeTca cneayrowmm obpasom:
X=X, o(X

B = O(OL) (4To ynTaeTca Tak: «B ecTb 0 Mmanoe oT a).

Paccmotpum dopmyny Ternopa ana GyHKUMK f(x) NO cTeNneHAM (X - XO)
n

¢ (k)
nopaaka n: f(x)=PR,(X)+R,(X)= Z#(X — XO)k + R, (X) . OctaTouHbIi
k=0 -

yneH B dopmyne Tennopa uUMeeT BUA: Rn (X) =f (X) - Pn(X). N3 nocTpoeHus

mHorouneHa Teiinopa cneayet R (X,)=R'(x,) =R/(x,)=...=R"(x,) =0.Toraa
1
CORM . R R ROy
lim ————= lim 7 == lIMm ————= |im ———=0, oTkyaa
X% (X=Xg)" X% n-(x—xp)"" x=>% Nh(x—=X%g)"  x=% Nl

OCTaTOYHbIM YneH dopmynbl Tennopa MOXKHO 3anmcaTtb B BUAE:

R, (X) =0((x — Xy)"), T.e. BeAMUMHaA OCTATOUHOTO YNeHa ecTb HeCKOHEeUHO Manas

60/1ee BbICOKOro NOPAAKA MaNocTh OTHOCUTENbHO (X — Xo)" npu X — Xp.

®dopmyna Teitnopa f(X)=P,(X)+R,(X), 8 kotopoit R, (x) =0((x - %,)"),

Ha3blBaeTca popmynoli Telinopa c ocmamoyHsim YneHos 8 popme eaHo.
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MOoCKONbKY OCTaTOYHbIM YieH Npu X — Xy ABnAeTcA 6€CKOHEYHO Mano BENNYMHOW,

TO MOXHO CYUTaTb, YTO PA3HOCTb f (X) — Pn (X) 6ecKoHe4YHOo mana, T.e.

f(x) > P,(x).

2) OcTaTo4HbIN YneH B popme JlazpaHica. 3anuwem ocTaToYHbIM YeH B BUAE

n+1

~ (x=xp)
R ()= (n+1)!

onpeaeneHuno. MoxHo aoKasatb, yto Q(x) = f (n+1) (&), roe Touka € 3aKkntoyeHa

Q(X), roe Q(x) ecTb HekoTOpasa GYHKLMA, NOANEKALLAA

MEXAY X U Xo: £ =xg +O(X—X%g), 0<6<1,T.E OCTATOYHbIM YNEH UMeeT BunAa:

(X_X )n+1 1 o
R, (X) =(—01)' f(n+ )(g) . Toraa dopmyna Ternopa npumet Bug,
n+1)!

n+1
£(x) =P, (X)+ R, (X) = Z (X=%o)¥ +n—f(”+1)(§), KOTOPbIA
Ha3biBaeTcA gpopmynol Telinopa c oCMAMOYHbIM Y1eHOM 8 hopme JlazpaHi(a.

PaccmoTpuM YacTHble cnydaun dopmynbl Ternopa.

— Ecnn B dopmyne Tennopa c octatodHbIM YneHom B popme JlarpaHrKa
nonoxmntb N =0, TO nony4aem (popmys1yKOHEYHO20 rNPUpPauleHUA:

f(x) = f(Xo) +(X—Xo) (&) (Meopema JlazpaHia).

— Ecnv B popmyne Teiinopa nonoxuts Xy =0, To nonyuum popmyny, koTopyto

Ha3bIBalOT popmynoli MaknopeHa:

f(x)=f(0)+ X"+ R, (%),

f <0) O 2, 170
) e —

[Aie OCTaTOUHbIV YNeH MOXHO 3anucaTb B popme MeaHo: R, (X) =0o(x") nans

dopme JlarpaHKa:
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D00 ni

R (%)= (n+1)!

dopmyna MaknopeHa siBnseTca pasnoxeHnem GyHKUMKU f(x) B BUAE

MHOTO4,1€Ha nNo CTerneHAam X.

Mpumep 5. Paznoxutb dpyHKkumio f (x) = iz B BUAE MHOro4Y1€eHa TpeTbero
X

nopagKa no cTeneHAM (x — 2) C OCTaTOYHbIM YieHOM B popme JlarpaHixa.

PeweHue. 3anuwem popmyny Teinnopa ana yHKUMKM f(x) B Touke X =28

BMAE MHOro4YneHa 3-ro nopAaaKa € OCTaTO4YHbIM YJ1EHOM B d)opme JlarpaH»ka

f”

f(x)=f(2)+%.(x_2) (2) ot

(2) (X=2)>+ Ry (%),

()
rae Ry(X) =%-(x—2)4.

HaxoamMm npounsBoAHbIE HYXKHOTO NOPSAKa B TOUKE X =2:

1 1 2 o, 2 1
6 6 24 24 3 120
f!! =—, f” 2 fm — , f”f 2 _’ fllll — )
) x* (2)= 16 8 ()= 5 (2)= 32 4 () NG

f""(g)_% rpe E=2+0(x=2), 0e(0;1).

Mony4yeHHble AaHHble noacTaBadaem B dopmyny Tennopa
1 1 3 2 1 3
f(X)==+| = |[(Xx=2)+—=(x—-2)° +| == |(x—2)" + R3(X) v BbluMCAAEM
(0= +(~3 Jor-2+ 20243 x-2° R0

(x— 2) 120 5-(x-2)°*

R
3(0)= aﬁ (2+0(x=2))°

, 0e(0).
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1
Mo3kHO cKkasaTb, YTo pyHKUMA f(X) = — 3ameHAETCA MHOrOYIEHOM C TOYHOCTBIO,
X

KOTOPYIO MOXXHO ONpeae/inTb, OLLEeHMB OCTAaTOUYHbIN YneH popmynbl Telinopa

(x=2)* 120
Rg)(x):T-i—6 npu X — 2.
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Jlekuus 5. Pansr Teinopa u Maknopena

5.1. Paaspl Tein1iopa u Mak/iopeHa. Y CJiOBUSI CXOAUMOCTH
paaoB Tennopa K uCXoAHOU GyHKIIMU

MycTb pyHKUMA y = f (Xx) onpeaeneHa B HEKOTOPOIN OKPECTHOCTU TOUKMXo:
Ur(Xg)=(Xg—R, X9 +R), R>0 u umeet nponssogHbie noboro nopaaka,

TOrAa ANA 3Toi GYHKLMM GOPMaNbHO MOXKHO COCTaBUTbL paz no cTeneram (X —Xg) :

f(X) ~ Co +Co(X=Xg) +ortCy (X =Xg)" .0 = Dy (X—Xg)"

£ 09 (x,)
rae c =
(k)( )
OnpedeneHue 1. O606WEHHbIN CTENEHHOM pAL BMAA E 1Y) (X —x )

k=0
Ha3biBaeTca padom Telinopa pna dbyHKUuuKM f(x) NO cTeneHAM (x - Xo) . Ecnn

= 1990
o K

nonoxuts Xy =0, To nonyuum pag X", KOTOPbIMHOCUT Ha3BaHMe
0

pAdaMaknopeHa ana GyHKUMM f(X) NO CTENEHAM X.

3adaya. MNycTtb 3apaHa PyHKUMA f(x), beckoHeuyHo anddepeHunpyemasn B

OKPECTHOCTM TOYKM Xo: (X9 —R, Xg +R), M nycTb Ana aton GyHKUUM COCTaBNEH pAL,

£ (x
Teitnopa no crenensam (X—Xp) : ZJ(X — Xo)k M ero cymma pasHa S(x).

Echv untepsan (Xg —R, Xg +R), R>0 ABnaerca nHTepsBasiom cxoAnMMOCTU AAaHHOTO

paja c paanycom CXOAMMOCTM R, TO MOXKHO 3anmncaTb PaBEHCTBO:

0

(0= 31 00)
k=0 :

npu Bcex Xe(Xg—R, Xg+R) .
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BblACHUM, NpPY KaKUX YCIOBUAX TAKOW CTEMEHHOM pAa MMeeT CBoel CyMMoM
bYyHKUMIO f(x), T.e. Korga f (x) = S(x), MOCKONbKY CYLLeCTBYIOT PYHKLUUK, ANA

KOTOpbIX CymMa pAaaa Tennopa He coBnagaeT c AaHHOM PYHKUMEN.

1

T2
Paccmotpum npumep. LaHa dyHKuma f(x)=<€ *, X#0, kotopas asnaercs

0, x=0
6eckoHeyHo anddepeHumnpyemon VX € R. Boluncanmm nponsBogHbie 3TON GyHKLUM

B TouKke X =0:

1
a,=f(0)=0a,=f'(0)=lime ¥ (ij:o;...; a, = f™(0); a,,, = f"(0)=0;...

x—0 )(3

Taknum 06pa3om, Bce BblYMCAEHHbIE KO3PPULMEHTbI paga Teinnopa—MaknopeHa ana

AaHHOM GYHKUMM paBHbl 0, NO3TOMY 3TOT pAj, CXOAMTCA Ha BCEM OCH, ero CyMma

TOXAECTBEHHO paBHa 0: S(x) =0, ogHaKo f(x)=0 npn x#0 ( f(x) =0 TonbKO B

Havyasne KoopAauHar).

o ¢ (k)
(%)

MycTtb psag Tennopa Z

k
" (X—Xp)" umeeT uHTepBan cxoaMMoCTH
k=0 '

(X0 —R, Xp+R), raeR—paaunyc cxogumocTtu. Torga, ecnm

n £ () (x
S,(x)= Z#(X — XO)k — 4acTMYHas cymma 3Toro psaaa, To ansa nboro
k=0 :

Xe(Xg—R, Xp+R) cywectsyet lim Sy (X) =S(x). PaccmoTpum Teopemy, KoTopas
N—o0
AAET ycnosuaA Toro, 4to f (x) = S(x).

Teopema 1 (Heobxo0umbliii u docmamoyHsili Npu3HaK cxodumocmu pada Telinopa

o (k)
K ¢pyHkyuu f(x)). Ana Toro utobbl pas Teinopa Z%(X — XO)k =S(x),
k=0 :

VxeUR(Xg) =(Xg —R, Xg+R), nmen csoert cymmon dbyHkumio f(x), T.e.

f (X)=S(X), Heobxoammo n gocratouHo, 4To6b!
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ana scex X EUR(XO) CyLLecTBOBaAN npeaen lim Rn (x)=0, roe Rn(X) - OCTaTOK
N—00
psaga Tennopa.

Jokaszamenbcmeo. 1) Heobxodumocme. MycTb GyHKLMA f(X) €cTb Cymma paga

f &) (x
Telinopa Ha ykazaHHom npomexyTke: f(X) = ZJ(X Xo)

k=0
f(X) = Sn (X) + Rn(X) , rae Sn (X) - YacTU4YHaA cymma paga Tennopa, Rn(X) -
ocTaToK paga Tennopa. U3 ycnosua cxogumoctu paga VxeUg(Xxg) =(Xg—R, Xy +R)
cyliecTsyeT npeaen lim Sn (X) = S(X) , NTaK Kak S(x) = f(x), TO cywiecTByer
N—00

npeaen

lim R (x) = lim (f(x) =S, (x))= f (x) = lim S, (x) = f (x) = S(x) =0,

1.e. R, (X) >0 VxeUg(Xp). HeobxoammocTs aokasaHa.

2) AocmamoyHocme. MycTb cylecTByeT lim Rn (X) =0, Tak kak byHKuma f(x)
N—0

6eckoHeuHo anddepeHumpyema npu scex X €Up (Xo), TO ANA HEE UMEET MecTo

£ ()
dopmyna Teitnopa f(X) = Z%(X XO) + R, (X) ana scex
k=0 :

xe(Xg—R, Xo+R), rae R, (X) - ocraTouHbIit uneH dbopmynbl Tennopa, KOTOPbIN
CcoBMaZaeT Cc ocTaTKoM pAga Tennopa. Toraa 4acTMYHAA CyMMa COOTBETCTBYHOLLErO

psga Tennopa umeeT BUA;:

n

(k)
0= e () = 100 Ry (0.
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PaccmoTpum npeaen Sn (X) , KOTOpPbI 0603HaYNM Yepes3 S(x), YUUTbIBAA, YTO
lim R, (x)=0: S(x) = lim S, (x) = lim (f (x)-R,(X))= f(X), r.e. s(x) = £ (%)
N—o0 N—0 N—o0

JOCTaTOYHOCTb AOKa3aHa.

3ameuvanue. Ecam lim Rn (X) #0, 10 cymma paga Tennopa moxKeT He COBNaAaTb
N—>o0

C faHHOWN dyHKUMEN, T.e. S(x) = f (X), XOTA cam pAL, MOXKeT CXOAUTLCA K APpYron

OYHKUMMN.

Heobxoanmoe 1 goCTaToOYHOE YCN0BME CXOAMMOCTU paaa Tennopa K
NCXOAHOM GYHKUMM HeyA06HO AN1A NPOBEPKM Ha NPAKTUKE KOHKPETHbIX PALOB;
CyLLecTBytOT 6o/siee NpocTbie, XOTA M 6onee KECTKME, AOCTAaTOYHbIE YCI0BMUA

pasnoxeHua PyHKUMK f(x) B paabl Ternopa-MaknopeHa. CHavyana chopmynmpyem

nemmy.

n
Jlemma. Ona noboro X €R cywectsyeT cneaytowmn npegen: lim X—I =0.

n—o N!
Jlokasamenbcmeo. PaccmoTpum cTeneHHOW paj,
0 N 2 3 n W
Z— =1+X+—+—+...+—+..., 06WuI uneH KOTOpPOro u, (x) = — . Hangém
—on 2 3 n! n n!

paanyc n 061acTb CXOAMMOCTM 3TOTO PAAA, UCMONb3YA NPU3HAK

n+1
[anam6epa. Boluncnsem npegen, yuutbisas, uto Up,q(X) = (n+1)! :
n+1
U (X X -n! X
T I T R Y
noo| Up(X) | nool(n+1)-x"| nooln+1
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T.e. paguyc cxogmmocTtu paga R=o00. ChepgosatenbHO, pacCCMOTPEHHbIN pAa,

cxoauTca ana scex X €R, Torga no Heob6xoAMMOMY NPU3HAKY CXOAMMOCTU 0O MIA

n n

X X
YseH paja u (x)———>0 N — o, 1.e. lim — =0 ana noboro
n! n—eo N

X €ER.

Teopema 2 (docmamoyHble ycaoeus pasaoxcumocmu ¢pyHKyuu f(x) e psao

MaknopeHa). MNyctb GyHKUMA f(x) onpeneneHa n beckoHeuHo anddepeHLmpyema

Ha MHTepBane (-a;a), a>0. Ecam cyuiecTsyet Takoe yncno M >0, yto ana

Kakaoro HatypanbHoro N €N nBcex X € (—a;a) sbinonnserca HEepPaBEHCTBO:
n
‘f ( )(X)‘ <M (310 03HauaeT, 4To NPOM3BOAHbIE NHOBOro NOPAAKA OrpaHUYEHDI

OOAHUM U TEM Ke l-II/ICI'IOM), TOraa oCTaTtok paga MaknopeHa

o £ (K) ). oK
R, ()= ¥ 17(0)-x°

k=n+1 k!

(k)
f(x)=S(x) = Zf © € wxe(-aa).

—0 npu N — ©, a 3HauuT,

Lokazamenbcmeo. NoKaxKem, YTo OCTaTOK pAga MaK/iopeHa CTPEMUTCA K HY/H0 Npu

N — 00, 3anuMwem ana GyHKUUK f(x) bopmyny MaKnopeHa ¢ 0OCTaTOYHbIM Y/IEHOM

(k) n &)
B dopme JlarpaHxa: f(X)= Zf © x4 R 1(X), Z ( ) =P,(x) -
ko K o K
£ @)
MHorouneH MakiopeHa, a R, (x) =———=2.x""1. OTMeTum, 4To YacTM4HaA cymma

(n+1)!
pAaga MaknopeHa S, (X) cosnagaet cMHorouneHomMaknopeHa P, (X), a ocraTok

paga ectb Ry (X). BbinonHUM ero oLeHKy, MCMOb3ys YCA0BWS TEOPEMbI 2 U

YUMUTbIBAA, UTO ‘f (n)(X)‘ <M gns secex X €(—a;a):
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n+1

| f (n+l) (&) X Xn+1| _ |X|ﬂ+1

_ (n+1)
WM@FW (n+1)! \_m+DJ @A m+nl
‘ ‘n+1
Mo nemme '~ 50 npu N — o0, torga lim R (x)=0, Vxe(-a;a).
(n +1)! n—oo

CnepoBaTtenbHO, Mo Teopeme lo HeO6XOAVIMOM M 0OCTAaTOYHOM MNMPU3HaKe

(0
cxoaumocTy paga Telnopa K ucxogHom dpyHKkumm nonydaem f(X) = Z kl( ) x .
k=0

Teopema goKasaHa.

5.2. Pazno:keHne OCHOBHBIX 3JIEMEHTAPHBIX QYHKIUI B CTeNIEHHbIE PAAbI

Mcnonb3yem M3N0XKEHHYIO Bbille TEOPUIO AN PA3/I0KEHUA OCHOBHbIX
3/1eMeHTapHbIX GYHKLMI B CTeneHHble paabl. Ana pasnoxkeHna GyHKUMM f(x)
B CTeneHHow pag no creneHam (X — XO) MOXHO PEKOMEHA0BATH CAeayoLnit
NnopAAoK AENCTBUNA:

1) Haxoamm npousBoaHbie GyHKLMM f(x) B Touke X = X;:
f(M(x,), ¥neN.

u £ (%)
2) CoctaBnsem pag Ternopa Z—(X Xo)

n=0

3) Haxoanm vHTepBan cxogmMmocTun gaHHoro paga: (X —R, Xg+R), rae R—

paanyc CXo4MMOCTMU.

4) Viccnepyem nosegeHve octatka paga R,(X)ana scex
xe(Xg—R, Xg+R).

Ecnu okaxercst, uro lIm R, (X) =0, 1o Ha ocuoBanuu TeopeM 1 u 2 zienaem BBIBO/I,
nN—o0

f<”>(xo)
yto f(X)= Z (X—Xo)" mpm Bcex xe(Xg—R, Xg+R).

B pesynbrare nonydyaem popmyiy paznoxeHust GyHKIMU B CTEIEHHOU PS/I.
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1
e PasnoxeHue B cteneHHoM pag dyHkumm T (X) = T« UMeeT Bua;

i:1+x+x2+_,_:ZXn, X e (=11 (1)
1-x n=0

3

Bbigod. PaccMoTpum pag, reomeTpuueckoit nporpeccun 1+ X+ X2 +X°+. .+ X +...,

3HameHaTenb KoTopoii 0= X u B =1. MoxHo nokasatb, 4To MHTepBan
: 1
CXO4MMOCTM 3TOrO pAAa (-11), R=1n cymma storo paga S(X) = 1—x (cymma paga
—X

6eckoHeYyHo ybbiBatoLWEe reoMeTpUYeCcKom NpPorpeccmMm BblumcaaeTca no popmyne

S(x) = 1& ). OueHnm ocTaTok paja:

Xn+1

1-x

Ry(X) = x" 4+ x"2 4 =x" A+ x+x2.) =

Mpu X€(-L1) R (x) >0, n = o, Toraa Ha ocHoBaHWM Teopembl 1

PaCCMOTPEHHbIN PAJ, UMEET CBOEW CYMMOW GYHKLMIO f (x) __1
1-x

PasnoxeHue (1) umeeT mecTo.

e PasnoxeHue B cTeneHHoi pag dyHkumn f(X) =e* umeer ua;

X X2 n o N
e =1+ -+ —+..+—+..= ) —, X€R (2)
1 2 n! —on
. X &)
Bbigod. Ana paHHon dyHkumm f(X) =e” 3annwem pag MaknopeHa: o X .
n=0 :

Tak Kak GyHKUMA f (x) — beckoHeyHo anddepeHumpyema, TO BCe MPOM3BOAHbIE

cylecTBytoT 1 pasHbl f/(x) = £"(x) =...= f (W (x) =¢*,

Ynen.
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Haxoaum 3T npoussBoaHble B Touke X =0; nonyuaem f () (0) = e’ =1 ONA BCEX

N €N, Torga psg MaknopeHa npnobpeTtaeT BuA;

o N 2 n

X X X X
Y=l o+
—on 1 2 n!

70T pAag cxoautca ana scex X €R.MoKaxem, YTo cymma 3TOro psaja paBHa

f (X) =e*. dukcupyem HekoTopoe uncno & ER 1M PaccMOTPUM HEKOTOPBIN OTPE30K

<e? =M ana noboro N €EN. B aTom cnyyae no

[-a;a], Ha KoTopom ‘f(n)(x)‘ =le
Teopeme 24aHHbIV pag MaknopeHa byaeT cxoAMUTbCA Ha YKa3aHHOM OTpesKe K

nexogHoii dyHkumm f(X) =e*. OTmetum, uto sTo BepHO ana noboro

duMKcnpoBaHHOro unMcna a €R. PasnoxkeHue (2) umeet mecTto npu Bcex X €R.

e PasnoxeHue B cTeneHHon pag GyHKUMK f (X) =sin X UMeeT BUA:

3 5 7
: x> X X
SiINX=X-Zpt g —Tr b= § (A

3 5 7 ~ (2n- 1)l X ER B

SEAMON

Bbigod. ina dyHKUMK f (x) =sinx 3anuvwem pag MaknopeHa "
n=0 :
Haxogum Bce npousBoaHblie: f(x)=sinx, f'(X)=C0sSX zsin(XJrgj,

f"(x) =sin(x+2-gj=—sin x, T"(x) =sin(x+3-gj =—COSX, ...,

f (”)(x) :sin(x+ n g} . Bbluncnaem st nponssoaHblie B ToUke x = O:

f(0)=0, f'(0)=1 f"(0)=0, f"(0)=-1, .., f(“)(0)=sinn-g-

MNoacTtaBuB 3TK 3HaYeHUA B pag MaKknopeHa, nosiyyaem paa;
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X3 X5 X7 (_1)n—1x2n—1 (_1)n—1x2n—1

X—— — .t +o=)
3 5 7 (2n—1)! =" (2n-1)!

[aHHbIl paacxoguTca npu ntobom X € (—00, + 00); MOKaXeMm, YTO OH CX0AMTCA K

dyHKUMK f (X) = sin x .CornacHo Teopeme 2 (MOCKONbKY

. T
sinf x+n-=
( 2)

¥Ke uncnom) AaHHbIn pag MaknopeHa byaeTt cxoauTbca K UCXOAHOM GYHKLUN

-

<1=M, t.e. Bce Npon3BoAHbIE OrPaHNYEHbI OAHUM U TEM

f (x) =sin x npu Bcex X ER. Takum ob6pasom pasnoxeHue (3)umeeT mecTo.

e PasnoxeHwue B cTeneHHON pag GyHKUMM f (X) = cosx UMeET BUA:

2 4 6 00 n,2n
X XT X -1)" x
cosx=1——+———+...=zL, X €R (4)
20 4 o6 o (2n)!
Bbisod. PaccmoTpum pasnoxeHue (3)
3 5 7 0 n-1,,2n-1
: X* X7 X (<) " x
SNX=X——+——-——+...= , XER. MpoanddpepeHunpyem
3 5 7 E (2n—1)! PoAndPeperpy

AAHHbINCTENEHHOW PAA; NONYYMBLUMNIACA HOBbIN pAd byaeT TakKe CXOAUTbCS Mpu
Bcex X €R K pyHKUMM, KOTOpas paBHa NPoM3BOAHOM OT Sin X (cBOMCTBO 3, nekuus 4,

pa3an.4.3), T.e.

2 4 6 _n\n,2n
f(x)=(sin X)'=cosx:1—X_+X__X_+__+&
R 2n)

Takmum obpasom, pasnioxkeHue (4) umeeT mecTo.

e PasnoxeHue B cteneHHol pag dyHkummn f(X) =1+ X)™ umeer sug;

L+X)™ =1+ mx+

m(m'_l) X2 + m(m _]:-g)l(m -2) X3 =
_ im(m—l)(m—Z)...(m—n+1) g (5)

n=0 n!

, X <1
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Pa3noxxeHue (5) npuBoamutcs 6e3 BbiBoga. OTMETUM, YTO OHO BEPHO NpMU
¢ukcmpoBaHHom M ER 1 Ha3bIBaeTca BUHOMUAMBbHBIM PACOM.

Mpu HaTypanbHom M EN 3TOT pAaa npeacTaBAAeT COO0N KOHEYHYIO CYMMY,

M3BECTHYHO KaK buHom HeromoHa:

A+x)" =1+CLx+C2x% +..+C"x™, meN.

[na Heuenbix m umeeT mecto popmyna Telnopa:

m(m-1)

@+x)™ =1+ = K244 MM=B(m=2)..(m=n+1)

n!

+ R, (X).

Mpn N —> o n3 aTo dopmMynbl Nosy4aem 6ecKoHeYHbI cteneHHonpAag (5). Hangém

paganyc ero cxoanmmocTtun, NnpuMeHAA NPpU3HakK Ll,anaM6epa.quTb|Baﬂ, 4yTO

:m(m—l)(m—2)...(m—n).xn+1 ! :m(m—l)(m—2)...(m—n+1) N

) , Bbluncnaaem
n+1 (n+1)! n nl
npegen:
_ _ _ 1 n+1 .
lim Upag (X) _ m| m(m—-21)(m—2).... m—-n)n! x |: lim m x :|x|,
1| Up (X) | 1o m(m —1)(m — 2)..(m-n+1) (n+1)x"| | n+1

TOrga npu \X‘ <1 pap cxoautcs u ero paguyc cxogumoct R =1, a uHtepsan

cxoammocTu (—1;1);MOXKHO NOKasaTb, YTO VX E(—lil), lim R, (x)=0-

n—o0

UTak, pasnoxenve (5) BepHo ans scex VX E(—lil). B wacTHom cnyyae, Korga

m = —1, u3 pasnoxkeHusa (5) nonyyaem pag, :

LS Y )" =Y
1+X ]

KOTOPbIN Npn ‘X‘ <1 abcontoTHo cxoamTca. Ecam B KaXkaom uneHe paaa 3amMeHUTb X

Ha (- x), To noay4ynm pasnoxenue (1):
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%—1+x+x +.. Zx” 1 oxe(-11),

e PasnokeHwe B CTENEHHOM paa pyHKLNM f (X) =1In (1+ X) NMeeT BUA;:

2X3 X4 n

In(1+x)—x—%+?——+ Z( H"t —, xe(-L1 ()

Bb1600. U3 pasnoxkeHusa (5) 6BUHOMManbHOro psaga npu m = —1 nonyyaem psag,

I'EOMETpM‘-IECKOl‘;I nporpeccun co sSHameHaTenem g =-—X:

% =1-x+ X =X 4+ ()X L = Y ()X,
+X -

KOTOPbIV CXOAUTCA NpU \X\ <1, 1.e. 3TOT psAg umeeT MHTepBan cxogumocTtu (-1;1)
c paguycom cxoaumoctn R=1.

Mony4YyeHHbIN pAd NOYNEHHO UHTETPUPYEM HA OTPe3Ke [0,X]c(-11),

NCNoNb3ya CBOMCTBO 3 (nekuma 4,pasa. 4.3); Npy 3TOM UHTEPBaa CXO4MMOCTU

COXpPaHNTCA:
o X o0 n 2 3 4
— — gt - X X X X
> [Ep™ e = > ()" il z( DM = x-S =S(%)-
n=1 g n=1 n 0 n 2 3 4

Cymma nony4eHHOro paga pasHa
S(x) = Fﬂ = In|1+t|‘x =InfL+X]
oL+t 0

(nam In(1+ x), TaK KaK‘X‘ <1).

x2 x% x4

Takum obpaszom, In(1+ x) = x Y + 37 +..., T.€. UMEeT MeCTO pa3ioxeHune

(6) npn X€ (—1;1). Nccnenya cxogmMmocTb AaHHOTO paga B Touke X =1, nonyyaem
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_1 n-1

4YnCNOBOWM pPAA, Z , KOTOpPbIN ycnoBHO cxoauTca. Takum obpasom, obnactb

n=1

CXOAMMOCTM pAda B Pa3NoXKeHuu (6) umeeT Bua (—1;1], a paaunyc cxogumoctn R =1.

e PaznoxeHue B creneHHoi pag dyHkumn f(X) =arctgX umeer suga;

3 ) 7 2n-1

arctg x = x—%+%——+ Z( )‘1 X 7 X<1  (7)

Bbigod. W3 pasnoxkeHusa (5) bBuHommnanbHoro paga npy m = —1 nonyyaem

pa3noxeHune

1 2 3 n-1 .,n-1 n-1 ,n-1
——=1-X+ X" =xX"+..+(-1 - X +HJ:E -1 - X
1+x ( ) — ( ’

" 2 o
M3 KOTOPOro 3ameHon X Ha X~ BbITeKaeT cneaylowmin paa;

1 _ _
2_1x+x—x+ Z(l)1 2n

1+X n=1

o 2 .
cxogAawminca npu ‘X ‘<1,a MMEHHO, Npu \X\ < 1. NonyyeHHbI paa NoYNeHHO

WHTErpupyem Ha oTpeske [0,x]c(-11), MCNo/sb3ys CBOMCTBO 3 (nekuus 4, pasa,.

2n-1
=t:

4.3); npy 3TOM MHTEPBAN CXOANMOCTU COXPAHUTCA, 0603HAYNM 1
n —

2n-1
J'Z( 1) —1 2n Zdt Z( 1) n-1 J't2n Zdt—Z( 1) —l X
on=1 2n-1_
3 5 7
=x—X—+X——X—+...=S(x).
3 5 7

Cymma nony4yeHHoro paga
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X
S(x) = J.iz =arctgt|; =arctgx.
ol+t

x> x> x’
Taknm obpasom, arctgx =S(x) = x——+——7+... , T.e. pasnoxeHue (7)

3 5

MMeeT MecCTo Nnpu \X\ <1. Uccnepyna pasnoxeHue (7) B Toukax Xx=-1un x=1,

nony4yaem ABa YCNOBHO CXOAALLMXCA YNCNOBbIX pALa Z(—l)n ' on—1
n=1 -

z< H"t

COOTBETCTBeHHO Takum obpasom, obnactb cxoaumocTu paga (7)

asnnetcaotpeskom [—11], a pagnyc cxoammoctu R pasen 1.

e PasnoxeHwue B cTeneHHON pag GyHKUMM f (X) = arcsin x UMeeT BUA;

(2n 1) 2n+1
= (2n)n on+1

arcsinx =X+ xe (-1l (8)

1
Bbis0od. V3 pasnoxeHusa (5) bBuHomuanbHoro psga npyu m :_E M npu 3ameHe X Ha

2 o
— X~ nony4yaem passioreHue B CTeNneHHOW paa;

1
- . .3.5. .. — X -1n
(1—X2) 2 =1+%X2+1 3 X4+ +1 3-5-... (2n 1) X2n+ (2n 1)"-X2n .

2.4" """ 2.4.6....-(2n) :n;, (2n)!

MonyymBLUMIACA pag, CXOANTCA NpU ‘X‘ <1. 37oT pag,

NOYNEHHOMNPOUHTErPUPYEM HA OTPE3KE [O, X] - (—1;1) , NCNoNb3yA CBOMCTBO 3

(nekums 4, paza.4.3); Npy 3TOM MHTEPBAN CXOANUMOCTU COXPAHUTCA:

(2n-1"
(2n)!

" 2n+1 3
Z(Zn D X x+1 X4 .=5(x)-
@n)!  2n+1 2 3

(2n)" 2n+1\

Jz z(
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X
dt .
Cymma nosyyeHHoro paga S(X) = I \/72 =arcsin x. Takum obpaszom,
1-t

0

. 1% 1-3-5-..-(2n-1) x>
arcsinX=X+=-—+..+ : +...,
2 3 2:4-6-..-(2n) 2n+1

T.e. UMeeT MecCTo pa3noxKeHue (8) Ha nHTepBane cxoanmoctn X € (-11).

B 3akntoyeHune ﬂ,06aBMM, YTO BCe nepeyncneHHble B pasaene 5.2 pa3noxeHumA

Ha3bIBalOT OCHOBHbLIMU PA3/10XEHUAMU SNEMEHTAPHbBIX PYHKLUMI B
CTeNneHHOW pAs, KOTOPble NCMOb3YIOTCA KaK 3Ta/loOHHbIE ANA PA3/10XKeHUA
APYTUX GYHKLUN.

3apgaHuna no teme «Pagbi»

Bblpaﬂ(eH ne snaa

e}
Uy +Up +Ug +...+ U, +...= DU,
ot

roe — Ui yneHbl psaga, Uy — n-0 nnu obwmn 4dneH pAaga, Ha3blBaeTCA

6€eCKOHEYHbIM PSIOOM.

Ecnn uneHbl psaa:

e 4Yuycna, TO pAL Ha3blBaeTCA YUC/108bIM,
e YuyCna O4HOrIo 3HaKa, TO pAA4 Ha3biBae€TCA 3HAKOMNMOCMOAHHbIM,
e YKCNa pPa3HbIX 3HAKOB, TO PAA HAa3blBA€TCA 3HAKOMNEPEMEHHbIM;

e [OJI0OXUTENNbHbIE YNCNQA, TO PAL HAa3bIiBAE€TCA 3HAKOMO/IOHUMESIbHbIM;

Yymcna, 3HaKN KOTOPbIX CTPOro YepeaytoTcs, TO pAs Ha3biBaeTcs
3HaKoYepeoyrUuuMcs;

e OYHKUMK, TO pAA, Ha3blBAETCA (PYHKUUOHAbHbIM;
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e C(CTE€NneH"n X, TO pA4 Ha3blBAE€TCA CMereHHbLIM;

e TPUroHOMETpPUYECKNEe GYHKLUMU, TO PSS Ha3blBAETCA MPU2OHOMEMPUYECKUM.

1. Yncnosble psaabl. Paabl ¢ NonoXuteribHbIMU YrieHaMu
1.1. OCHOBHbIe MOHATUA YUCNOBOro psaaa
YHucrnoebim pss0oM Ha3blBaeTCs CymmMa Buaa

o0
_Zlui =U; +Uy +Ug +..+ Uy +...,(1)
1=

roe Uj Ha3blBaeMble yrieHamu psioa, obpasytoT

6eCKOHe‘-IHyPOI'IOCJ'Ie,El,OBaTeJ'IbHOCTb; yneH U, Ha3blBaeTcq obwWuUM YrieHom

psida.
CyMMbil:

Slzul,
82 =U1+U2,
83=U1+U2 +U3,

Sp=Up +Uy +Uz +..+ Uy,

COCTaBJ1EHHbIE N3 NEePBbIX YI1EHOB pAda (1 ), Ha3blBalOTCA YaCmu4HbIMU

CyMMamu 3moeo psioa.

KaxxgoMy psigy  MOXHO — COMOCTaBUTb  110c/ie0o8amesibHOCMb

yacmuyHbIx cymm Sp{Sy}-

Ecnu npn 6eckoHe4HOM BO3pacTaHUM HOMepa N YacTU4yHasi cymMmma
psiaa S, cTpemnTes K npedeny S, TO psA HasbliBaeTcs CXOOSWUMCS, a

qyucro S — cyMmou cxodsiuezocs psoda, T.e.
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limS,=SW limS, =u; +u, +us +...
n—oo n—oo

OTa 3anncb paBHOCUIbHA 3anucu

o0
2Uj=Up+Up+Ug+..+Up+.. .

i=1

Ecnn yactuyHas

cymma psiga

(1) npu HeorpaHU4eHHOM

BO3pacTtaHnnm n He MMeET KOHEeYHOro npeperna (CTpeMI/ITCﬂ K +00 WIN — o

), TO Takon psg HasblBaeTCs pacxo0suuMcs.

3aodaHue 1. HaliTn 06w KA YneH YMCNoBOro paaa:

1)l+g+§+,,_ 6)1+g+§+...
3 4 5 4 5 6
2)z+i+i+ 7)§+§+g+
5 25 125 4 8
I ]
3)£+i+i+ 8)E+i+£
4 16 64 41 71 10!
4)l+g+§+... 9)1+3+£+...
2 5 8 5 8
5)£+E+§+_“ 10)1+§+g+...
4 6 8 4 6 8

1.2 Heo6x0AMMbIN NPU3HAK CXOA4UMOCTHU psaa

Pag Yu,
n=1

MOXeT CXOOUTbCA TOJIbKO Tpun YCITOBUN,

4YTO e€ero

OOLUNNYNEHNPN HEOrPaHMYEHHOM YBENUYEHUM HOMepa N CTPEMMUTCS

o0
KHYMO: lim u, =0 -ECAN limu, =0 , TO psa Yu, pacxoguTcs — 37O

n—oo

n=1

AOCTaTOYHbIN NPU3HaK pacxoanMMmoCTn psaaa.

3adaHue 2. MNpoBepuTb BbINOJIHEHNE HEODXOAMMOTO YCNOBMA CXOAUMOCTHM pAaa:
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o n © 2n
DY —5— 6% —
n=110n~ +1 n=13n“ +8
2) OZO: 12 7) - 12
n=1(2n+1)In“(n+1) n=1(12n+1)In“(5n+1)
® In(4n+1 ® 4n-1
3) 2 In4n+1) 8) X
n—1 2n+1 n-12n+1
o 3 0 5
4y 3” 9) 3 jn
n=1n~ +10 n=1n~+10
© 12n © n
5) 2 10) X,
n-14n-1 n-14n® -1

1.3. [loctaTo4Hble NMPU3HAKN CXOAMMOCTU pAaa C NONI0XKUTE/IbHbIMU YeHaMU.

I7pu3HaKu CpPpaeHeHus pﬂdoe C noJsioXxXKumeJibHbIMU 4Yl1eHaMu

o0 o0
1-a rpu3Hak CpaSHeHUFI.l_lyCTb Zan n an = pAa4bl C NMNOJIOXKUTESIbHBIMA
n=1 n=1

uneHamu, npnuéma, <b,, ons Bcex HomepoB n, HauMHas ¢ HeKOTOpPOro.
Torpa:

1) ecnu psan %bn CXOAMUTCSA, TO CXOAUTCA U pAa %an;
n=1 n=1

2) ecnn pag Zan pacxoanTtcd, TO pacxoaunTca n pag an.
n=1 n=1

o0 [ee}
2-U NMPU3HaK CpPasHeHUH. |—|yCTb Zan n an —pA4bl C NONOXNTEIbHbIMA
n=1 n=1

4yrieHaMu, NPUYEM CyLECTBYET KOHEYHbIN N OTNIMYHBIN OT HyNs npegen

lim , TOorga p4dgbl > a, Wu > bn cXoOAaTCA UM pacxoadatcd
n—o bn n=1 n=1
OAQHOBPEMEHHO.
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Psid flupuxne

Pag 1+i+i+ +i+ roe p>0, HasbiBaeTca  psdom
2P 3P nP

Hupuxne.OToT psg cxoguTcs nNpyu p>1 U pacxoautcs Mnpu O< p<1.

YacTHbIM cnyyaem psga Oupuxne (Npu p =1) ABRASETCS rapMOHUYECKUIN

1 1 1
A0 1+ =+=+..+=+... .
PAA 2 3 n

3adaHue 3.NccnepoBatb Ha CXOAMMOCTb NO NPuU3HaKam CpaBHEHUA!

= 2n+1
)Zgn _ 6)2 3

= 4n° +n
)Z4n +1 7) :1%:“
3) Z <07 _ 8)21 4221+oln
)Z4n+1001 9’2‘5:42:
S)ni“ZnZLnJrl 1O)§n\;ﬁn+l

lpusHak [anambepa.Ecnn ana paga ¢ NONOXUTENbHbIMU YNeHaMum

0
YU, =Uy +Up +Uz +...+ U, +Upyq +...(U, >0) BbIMoONHAETCA ycrosue
n=1
Un
lim —2*L —| 10 pag cxoguTcs npu | <1 n pacxoauTtcs npu |1 >1.
n—o0 Un

[Mpu3Hak Janambepa He faéT peweHusa, ecnu | =1. B atom cny4vae gns

nccrnenoBaHns psiga NPUMEHSIIOTCS ApYrve NpusHaku.

3adaHue 3. iccnepoBaTtb Ha CXOA4MMOCTb MO NpU3HaKky danambepa:
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o g © D NG (2
) 4 6). (2n)

~n+1 ) 3"n!

= S 3n—-1
% "% e

=}

I a3
~ (n+1)! ~ !
o 4n 0 2nn
9
);(2n+1)! )nZ:;‘ 3"
51-3-5-----(2n+1) 2 3"
5 10
)nz_;‘ 4"n! )Z‘Z”n

UHmeepanbHbil npusHak Kowu.lycTb dyHkuma f(x) npn x =1
YAOBMNETBOPSET YCNOBUAM:

1) HenpepbIBHa,
2) nonoXKuTenbHa,

3) MOHOTOHHO Yyb6bIBaeT.

Toraa yncnoBom pag, Zun , rae U =f(n),n 21 cxoauTca nnm pacxogurca
n=1

+00

OZIHOBPEMEHHO CO CXOAMMOCTbIO UM PACXOAMMOCTbIO MHTErpana f f (x)dx.
1

3adaHue 4. ViccheaoBaTtb Ha CXOAMMOCTb MO MHTErpasbHOMY Npu3HaKy Kowwn

cneayoume paabi:

339



~n’+4

)Z

“n’+9

6)2

“n’+4

)Zn(n +1)

0

8, =
m (N +1)«/In(n +1)

10)2 . +1)(n+2)

2. 3HaKonepeMeHHble psabl

2.1. MNMoHATMe 3HaKoNepeMeHHOro psaa

Uncnoson pag U +Uy +Uz +...+U, +... Ha3bIBaeTCA 3HAKONepPeMeEHHbIM,

ecnnm cpegn ero 4ieHoB HUMEerTCA KaK NOoNOXUTESNbHbIE, TaK W«
oTpuuaterbHble ymucna.vmcnosown pan
Ha3blBaeTCA 3HaKO'-IepealeLuUMCFI, ecnn nobble gBa croswmne paaoom

YyyieHa UMeoT NPOTUBOMOJTIOXHbIE 3HAKWU:

Uy —Uy + Uz —Uy +.. +( 1)n+1 U +.. —Z( 1)n+1

nl
n=1

roe U, >0pns Bcex neN, T.e. psaa, NONoXuUTENbHbIE U OTpULIATENbHbIE

YrieHbl KOTOPOro CreayT Apyr 3a ApyroM nooyepeaHo. Hanpumep,

1 1 1
1__+___+ 3]

2 3 4
}—g+§—f+...+(—l)”+l-i+ .y
1 3 5 7 2n—-1
1_2 §—i+...+(—1)”+1-1+....
2 4 8 16 2n
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Ana  3HakodepenywLMxcs psiaoB MMeeT MEeCTO [A0CTaTOYHbIN

NPU3HaK CXOOMMOCTU — npuaHak JlenbHmua.

2.2. NMpusHak JlenbHunua. A6conoTHaaA M ycrioBHass CXOAUMOCTb
psapa

Teopema (npu3sHak JlelibHuya).3Hako4YepeayrLNNca psa cxoauTes,
ecnu:

1) nocnepoBaTenbHOCTb abCOMNIOTHLIX BENUYMH YrEeHOB psaa
MOHOTOHHO Yy0ObiBaeT, T.e. Uy > Uy >..>Uy....

2) OBLLMI YNeH pada CTPEMUTCA K HYMIO: |im u,_, -[1p¥ 3TOM cymma S

Nn—oo

psina ynoeneTsopsieT HepaBeHcTBam 0< S <Uj.

o0
|_|yCTb OaH 3HaKOI'IepeMeHHbIl7I paa Zan , rge an — NPON3BOJIbHbIE
n=1

o0
ymcna (J:l,eVICTBVITeJ'IbeIe nnn KOMI‘IJ‘IeKCHbIe). Ecnn pan Z‘an‘ ,
n=1

COCTaBfIEHHbIN N3 abCOMKTHLIX BEMIMYUH €ro YneHoB, CXOAUTCs, TO

o0
JaHHbIN pan Zan Takke cxogutca.B atom cnyvae 3HaK0|'|epeMGHHbII?1
n=1

o0
psag Z a, HasbiBaetTca abcosnromHo cxodsuwumes.CnepgoBaTenbHO, ecnn
n=1

o0 o0
K€ 3HaKonepeMeHHbIN pag Zan cxoauTcsd, a pag Z\an\ pacxoauTtcs, To
n=1 n:]_

o0
[aHHbIN psif Y, 8y HA3bIBAETCS YCIOBHO CXOOSUUMCSI.
n=1
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Mpumep 1.MccnegoBaTb Ha CXOOMMOCTb  Psif Z( ng

= 2(1

PeweHue. 1. Viccnegyem Ha cxoguMmocTb psig Zan M3 abCcontoTHbIX
n=1
o0 o0
1
BENIMYNH YNEHOB JaHHOro psaa: Zan :Zm.CpaBHMM 9TOT psg C
n=1 n=1 -

A00M Tak kak 2Vn-1<2n, 7o _ 1 > 1 nng Bcex n.Ps
b nzl \/ﬁ 2Jn-1 2n A A

Z— pacxoanTcA, TakK KakK pacxogunTtca pan Z—(KaK pan ,D,I/IpI/IXJ'Ie
n=12\/ﬁ n=1 n

21

Z—p npu p=%<1). 3HaHMT, no 1—My NPWU3HaKy CpaBHEHNA pacxoguTca n
n=1N

pﬂzzfl

NTak, UcxoaHbIl paa He aBnseTca abconioTHO CXOAALLIMMCS.

2. BbigcHuMm, cxogutcsa nu OaHHbIM  3HAKoYepeaylLwunca pag,
npuMeHasa npusHak JlenbHuua.

e [MpoBepnM, BbIMOMHAETCHA NN HEPABEHCTBO a,>ay1 ANA abCoNOTHbIX

BeNMM4nH 4reHoB JaHHOIo pdna.

1 1
= > =a )
"ovn-1" 2dn+1-1 ™

[laHHOE HEpaBEHCTBO OKBMBANEHTHO HepaseHcTBy 2Vn—1 <

2\n+1-1, koTopoeBepHo Ana no6oro n=1,2....3HauunT a, >a,,1 ANa BCe

HomepoB nN=1,2...

e Hanpém npenen obulero uneHa psaga: lim a,= lim =0.

n—oo N—00 2\/— +1
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Takum obOpasom, [ONs  [aHHOro  3Hakoyepeyruwierocss  psiga
BbINOSTHEHbI 06a yCroBus, cogepkalumnecs B npusHake JlembHuua, otkyga
cnegyeT, 4YTO WUCXOOHbLIA pAg CXOOUTCHA, OOHAaKoO OH He sBnseTcs

abCoMTHO  CXOASAWMMCSl, MNO3TOMY  [aHHbIl  psiA CXOAUTCS

2 1
cnoBHo.Omeem: ps -1 " CXOOUNTCA YCITOBHO.
y pan 2,(-1)" - oxonuTesy

n=1

3adaHue 6. ccnepoBaTb Ha aBCONOTHYIO M YCIOBHYHO CXOAMMOCTb PAAbI:

= (=1)" = (-D)"
1),12:1: 2"n 6)nzzzlnln2n

0 (_1)nn s} (_1)n3n
Z)le n’+1 7)22: n!

i 1 n(n+1)

- (-D)" Z (-1)"Vn
4)nZ:;‘nInn 9);:; n+1

- (D" & (=D)'Vn

S)nzzzlnzlnn 10); nJ/n +1

3. DyHKUMOHarbHbIe pAAabI
3.1. MoHAaTHe chpyHKUMOHaANbLHOro psaa
Pan, yrneHamm KOTOpOro  SIBASAKOTCA dyHKLNK oT X,

Ha3blBaeTCHA d)yHKL{UOHafIbeIMZ

o0
D Up(X) =ug (%) + U (Xp) +... 4 Uy (Xy) +.... TlpupaBas x onpeaeneHHoe
n=1

3Ha4YeHue X, , MoNy4MM YUCITOBOW psg,
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Uy (Xg) +Up(Xg) + ... Uy (Xg) + ..., KOTOPBIN MOXKET BbiIThb KaK CXOAALLMMCS,
Tak N pacxogdawmmcsa.Ecnm nonyvyeHHbI YUCNOBOW pPsg CXOOWUTCH, TO
TOYKa X, HasblBaeTCs mMoYykol cxodumocmu PYHKLMOHANbHOIO psaa;
€CNnun Xe pag pacxo4uTca — mMoYKol pacxoOuMoCcmuddyHKLMOHASTbHOro
psga.CoBOKYNHOCTb YUCMOBLIX 3HAYEHUW aprymeHTax, npu KOTOpPbIX
PYHKUMOHaNbHLIM ~ pAg  CXOOUTCS,  HasblBaeTcs  ero obnacmeto
cxooumocmu.B obnacTtu cxoanmMocTu OYHKLMOHaNbLHOro psaa ero cymma

ABMSETCA HEKOTOPOW yHKUMEN OT x: s=5(x) .Onpegenderca oHa B

obnacTtu CXOOMNMMOCTH paBEeHCTBOM S(x) = lim S, (x) , rge
n—oo

Sp(X) =uy (X) +Uy(X) +... + U, (X) —yacTnunas cymma psga.

3.2. CTeneHHbIe psaabl

CmereHHbIM pFIOOM Ha3blBaeTCA pAd Buaa.

2

o0
Y agx" =ag +aX+aX” .. +apx" +....

n=0
Obnacmbro cxo0uMocmu CTENEHHOro psaaa Ha3blIBaeTCA MHOXeCTBO

BCEX 3HAYEHUN , Nnpun KOTOPbIX AaHHbIN pAaa cXoaouTcA.

Uncno RHasbiBaetcs paduycoMm cxodumocmu CTENEHHOro psaa,

ecnu npu |x|<R psia cxoguTcst U npuToM abcontoTHo, a npu |x|>R psag

pacxoautcsa.Paguyc  cxoguMMoCTU Hanaew, MCnonb3yst  NpuU3Hak

[anambepa:

n+l
a-n+1X

ax"

an

any1

ani1
an

lim
N—00

=|x| lim

<1, |x|< lim
N—>00

N—o0

344



T.€. €CNN CTEeNEeHHON PsiA CXOAUTCHA NPU NOOLIX x, YOOBNETBOPSIIOLLMX

[aHHOMY yCroBuio n pacxoantes npu [x| < lim|—"-
Nn—o0

.OTcloga cnegyer, uto

an+1

ecnn cywecTteyer npegen R=lim——(a, #0,n=123..) 10 pagnyc

CXOAMMOCTM psifia R paBeH 9TOMy Mpefeny U CTENeHHoW psia cxoamTes
npn [Y<R , Te. B npomexytke (-R,R) ,  KoTopbIi

Ha3blBaeTCH MPOMEXYMKOM (UHmMepeaasioM) cxodumocmul.

Ecnn R=0, TO cTeneHHOW psg CXOAUTCH B € AUHCTBEHHOM TOYKE X =0
.Ha koHuax npomexyTka pag MOXeT cxogutbesi (abCcontoTHO wunu

YCIOBHO), HO MOXET U pacxoauTbCs.

CxogmMmocCTb CTENeHHOro psaa npu x=R KM x=-R unccnegyetcya c

NOMOLLbI Kakoro-nmbo m3 NPMU3HaKoB CXOOUMOCTW.

NMpumep 2. Hantm obnactb cxoammocTn psiga.PeweHue. Hanpgém

2 (x+1)"
paanyc cxognmMmocCTun psaaa: ZT
n:]_ n2
n n
pml 2 1 | 2" L (n+D2"2 2. (n+D)
n—oln.2N" 1 (n+1)-2" ‘ n—>oo n.2n-1 nswo n-2" n—oo N

CnepoBaTenbHO, P CXOOUTCHA NpU-2<x+1<2, T.e. Nnpu-3<x<1.Mpwn

0 _1 n 5 .
X =—3VmMeeMm psaf 2- z( n) , KOTOPbIN CXOAMTCS NO NpuU3Haky JeibHuua.
n=1
0 2n 0
Mpn x=1 Meem pacxoasiwics psp: ), — —— =2 Z .Omeem:
n=1N" n="

06nacTblo CXOAMMOCTV WCXOOHOTO psifia SIBMSIETCS MPOMEXYTOK [-3,1)

3adaHue 7. Haitn obnactb CXoQMMOCTM CTEMNEHHOro psiaa:
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n=1 n2n n=1 3nn’\/H
2 (-1)"x"3" 2 (X+2)"n
5 R
n-1 n = 4
2, x"2" 2, (2x+1)"
3)2 2 8)2( n )
=1 N o 3
= x"(nN+1) = (x+1)*"
); 4"n )HZ:; 3"
© (X+1)n 0 (X_2)2n+l
5 10) Y ——
)g 2"Jn )nzzl“ 4"n
Omeemeil:
n 2n (2n-1)! n n 3n
3a0aHue 1.1) ——,2) —,3) —,4),5 , 6 ,7) —,
) n+2 ) 5N ) 4" ),3) 2n+2 ) n+3 on
n+1 n-1
g N _ 92 109>
(Bn+1)! 3n-1 2n+2

3a0aHue 2. 1) pa, 2) pa, 3) aa, 4) HeT, 5) HeT, 6) Aa, 7) aa, 8) HeT, 9) HeT, 10) aa.

3adaHue 3. 1)cxoauTea , 2) pacxoauTtea, 3) pacxoautcs, 4) pacxogurcs, 5)

cxoamTes, 6) cxogutesa, 7) pacxoautcs, 8) pacxoautcs, 9) cxoautcea, 10) cxogmTces.

3adaHue 4. 1) pacxoautcs, 2) cxoamTtesa, 3) cxoautcs, 4) cxoautea, 5) cxoauTcs,

6) cxoautcsa, 7) cxoauTtes, 8) pacxoauTea, 9) cxoautcs, 10) pacxoauTca.
3a0aHue 5. 1) pacxoautca, 2) cxoanTtcs, 3) cxoautea, 4) pacxoautcs, 5)
cxoauTea, 6) pacxoautca, 7) cxoamntcs, 8) pacxoauTtca, 9) pacxoautca, 10)

pacxogmTcs.

346



3a0aHue 6. 1) abcontoTHO cxoauTcA, 2) YCNOBHO €XoaUTCA, 3) YCNOBHO
cxoauTea, 4) ycnoBHO cxoauTea, 5) abcontoTHo cxoanTtces, 6) abcontoTHO cxoanTces, 7)
abcontoTHO cxoauTcsa, 8) abcontoTHO cxoamuTcsa, 9) ycanosHo cxoamntcs, 10) ycnoBHO

cxoauTcea.

&wmwe21HQQLﬂ(—%%}3)%%%}4”44)&[31)@[1S]N(

6:2), 8) (-21),9) [-V3-13-1}, 10) (0;4).

Ilpakmuueckan paboma Ne 11
Tema: KommiiekcHbIe YMcjIa U IeUCTBUS ¢ HUMM.
Heab: cdopMupoBaTh yMEHHE BBHINOIHATH apudMeTHUecKhue AeHCTBUS C
KOMILIEKCHBIMU YUCIIAMHU.
MeTtoanyeckue yKazaHus Al MPAKTHYECKON padoThl
TeopeTnueckue cBe/ieHNsI K MPAKTHYECKO# padoTe

1. Honamue KomniaekcrHozo uucia
Komnnexcnvimu yuciamu Ha3bpIBaIOTCS YHCiIa BUIA
Z=X+iy, (1.1)

rae X, Y — JCHCTBUTEIbHBIC (BCIICCTBECHHBIC) YMCIA, a YHCIO IOMpeaeisieMoe

.2 HE /_ o o
paBencTBoM i“=-1 (1= 1), Ha3bIBACTCS MHUMOM €IUHULICH.
Yucno X HaspIBaeTCs Oelicmeumenvhol (sewjecmseennol) 4acmvplo KOMITICKCHOTO
yrcia (Mcrosib3yeTcs oOo3HaueHHe X =Rez ); Y-MHUMOH 4YacThIO KOMIUIEKCHOTO

ancna z(Y =1M2).

Bripaxxenwne (1.1) Ha3bIBAIOT aeedOpauieckoli hopmotl 3anucu KOMNIeKCHO20
yucna.

y=0

Ecan Xx=0, To uncio Z Ha3pIBaIOT YMCTO MHHMBIM; €CJIH

Z=X+0i=

, TO IMOJYy4acTCsA

BCIICCTBCHHOC 4YHCJIIO
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Z=X+1y  z=x-iy
141 Ha3bIBAIOTCs COIIPSAKCHHBIMU.

J[Ba KOMIUIEKCHBIX YHCIIA
Vcrione3yst GopMyITy pasHOCTH KBaApaToB, MOIYdaeM, UT0 ZZ = X2 + Y2,

MOXHO JOKa3aTh, YTO KOPHAMHU KBaJIPATHOTO yPABHEHHS C OTPHUIATEIbHBIM
JUCKPUMHHAHTOM SIBJISIOTCS JIBA CONMPSYKEHHBIX KOMIUIEKCHBIX YUCIIA.

IIpumep 1. Pemuth ypaBHEHHE x> —6x+18=0.

2
Pewenue. JIACKDUMUHAHT AaHHOTO ypaBHenms: D =(-6)"—4-1-18=36-72=-36
MEHBIIE HyJIs, HO TEHeph MBI MOYKEM BOCIIOJIb30BATHCS MHUMOM €IMHUIICH:

64436 6++/36-V-1 646

X
L2 2 2 2

, T.€. X =3+3i: X, =3-3.

Zp =% +I Zy =Xy +1 _
JIBa KOMIUTIEKCHBIX 4ymcima 1~ "1 Ny =%, PaBHBI IPYT APYTY, €Clu X1 = X2
n =Y ; KOMIUTEKCHOE YHCIIO Z CYMTAETCS PaBHBIM HyI0, ecin X =Y =0,

Bcsikoe KOMIIEKCHOE YHCJIO MOKHO I/I306pa3I/ITB Ha IJIOCKOCTH, T.K. KaXJIOMYy Z

COOTBCTCTBYCT YIIOPAAOUCHHAA ITdpd BCHIICCTBCHHBIX YN CCJI (X’y) .

'y

Miry) .

* Yucno z=0 cTaBUTCS B COOTBETCTBHE HAYATY
KOOPJIMHATHOM IUIOCKOCTH. TaKyro INIOCKOCTh MbI B

nanpHeneM OyaeM Ha3bIBaTh KOMILIEKCHOH TIJIOCKOCTBIO, OCh a0CIHCC—

JNEVUCTBUTEIIBHOM, 2 OCh OPJAUHAT-MHUMOM OChI0 KOMIIJIEKCHOM TIJIOCKOCTH.

N Z=X+I
UYucno V* *Y naspiBaeTcs MOIylIeM KOMILIEKCHOTO 9HCIA Y u

0003HayYaeTCs i wm VY

2. Tpuconomempuueckan popma KOMnIEKCHO20 UUCIA
Tpueonomempuueckas ghopma komniekcHo2o uyucia. Kaxaomy KOMITIEKCHOMY
grcy Buja (1.1) MOXKHO ITOCTaBUTh B COOTBETCTBHE TOUKYy M(X;Y) Ha nekapToBoi
TIocKocTH (Tipu 3ToM Ha ocu Ox pacmoyiararoTcsi BeIEeCTBEHHbBIE YHCIIa

Z=X+10= X, aHa ocu OY — yuCcTO MHUMBIE YHCIIA Z=0+|y:|y).
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Mooynem KkomnnekcHoeo dyucnia HA30BEM JUIMHY OTpe3ka |OM | (uiam
1z~

paccTosiHiE OT Havajla KOOpJMHAT J10 Touku M), T.e.

@ = Argz

2 2
Xty . AprymeHTOM

KOMILIEKCHOTO 4ucia ( ) Ha30BEM YTOJI, KOTOPhIA BEKTOP oOpazyer

C MOJIOKUTENIBHBIM HarpaBiieHHeM ocu Ox. [ 1aBHOE 3HaYEHUE apryMEeHTa, KOTOPOeE,
KaK MpPaBWIO, HUCIOJIB3YETCS MpHU %CyH_IeCTBJIeHI/II/I NEUCTBUM C KOMIUJIEKCHBIMU

Lp<ir
YucCiiaMu, YOJOBJICTBOPACT YCIIOBHUIO .

[Tpu 3TOM BBIpaXKCHHE BUA
2= z|(cosp +ising) (1.2)
Ha3bIBACTCS MPUSOHOMEMPULECKOU (POPMOT 3anUcU KOMNIEKCHO20 YUCA.
[Tpeobpazyem (1.1)

Z=X+iy=4x>+Yy? =[ z|

X . X .
v v
P +y? Xy PC+y? Xy
U, cpaBHuBas ¢ (1.2), momydaem, 4TO @—apryMeHT KOMIUIEKCHOTO YHCIAZMOXHO
HAWTH, PEIIUB CUCTEMY

X
COSQ = ——— X
[y 2 2 COoOSp = —
Xy+y WIH 4 |Z|(1.3)
np-—Y np- Y
e x% +y? RGPT

3amMeTHM, YTO OPHU BEIOOpE 3HAUYECHUU W3 IOCJIEIHETO YPaBHEHUS HEOOXOIUMO
9
YUUTHIBATh 3HAKU X U Y.

X

. =2 G y
@—apryMEHT KOMIUIEKCHOTO YHCIaZMOXHO HalWTH (GopMmyil CoS@ r 5'”?’:?

tgp = y Q= arctg(lj
(1.3) miu B cuiry TOTO, YTO X X/,

Ilpumep 2. 3anucath KOMIUIEKCHOE YHCIIO B TPUTOHOMETPUYECKOMN (hopme:

a) 6i; b)1- l\/g, YKa3aTh MOIYJIb U API'yMEHT KOMILIEKCHOTO YUCIIA.
Pewenue. a) 3aecy x=0, y=6 |z| = 6
[TockonmbKy YHCIIO 6IIEKUT HAa TOJIOKHUTENBHOM monmyocn Oy, TO 3HAYCHUE
T . T . . T
ApryMeHTa ¢) = —, TIo9ToMy 60 = 6(cos; + i sin E))'

b) 3mech x=1, y=—+/3.
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Mo ompeneneHuio |Z =12 +(—/3)? =4 =2 . s onpejie/ieHUsl apryMeHTa

CoSp =
BOCIIOJIB3YeMcsl  (popMyIIoif:

o
[Tonygaem, 4to @=argz= 3

&Nll—\

sing =

Tpuronomerpudeckass QopMa 3aJaHHOTO KOMIUIEKCHOTO 4YHCIa HWMEET BHU/I:
5 . . 5rx

Z=2 COS— +1isin— |.
3 3

Ilpumep 3. 3anucatb B TPUTOHOMETPUUECKON PopMe KOMITJIEKCHOE YHCIIO
7=-1+i\/3

Pewenue. Halinem MoayJib 1 apryMeHT KOMIUJIEKCHOTO YHCIIA: ‘Z‘ =v1+3=2,

X . y
Cosp=— sinp=-=

Yron ¢ HaiieM U3 COOTHOLIECHUM r r

-1 J3

COSp = B ,SIN @ = PE OdeBuaHO, Touka Z=—1+ i3 HaXOIUTCS BO BTOPO

YETBEPTU: P = 120° = %TC .

. Torma nonyunm

Hoxcrasmsist B hopmyiny (1.2) HaiineHnbie I 1 @, nmeeM £ = Z(COS 57[ +isin g” j :

3. Jleticmeus Ha0 KOMRNIEKCHbIMU YUCIAMU
1) CymmanByx KOMIUIEKCHBIX dncen Z; = X + iyl uZl, =X+ iy2 onpeneIsieTcs
corsiacHo popmyne 2, +2Z; = (Xl X )"‘ i(Yl Y, ) -

2) Onepayus ebluumanus KOMILICKCHBIX YHCEIT ONPEICIIACTCS KaK oreparus,

oOpatHas cnoxenuto. KoMiiekcHoe uncimo =4~ %2 ecnu “2* 2= 4 gpigercs

Pa3HOCTHIO KOMIUIEKCHBIX YUCeN Z1 U Zo. Torma Z= (X1 =X, )+ i(yl - yz).
IIpumep 4. BemoaHuTs neictBus: a) (4+2i)+(1+5i); b) (3+5i)-(6+3i).
a)llo npaBuiy cloXeHUs KOMIUIEKCHBIX YUCET MOITYyYUM
(4+2i)+(1+5i)=(4+1)+(2+5) i=5+7i.

b) ITo mpaBuy BEIYMTAHUS KOMIUIEKCHBIX YUCEIT MTOJTYUIUM

(3+5i)-(6+3i)=(3-6)+(5-3)i=-3+2i.
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=X +i i
1=Ky 2= 4y OIpeIeseTCS

3) Ipou3seedenueByX KOMILIEKCHBIX YHCE
) ) . . .
1o popmyie Z;Z, = (Xl ‘HY1)(X2 ‘HY2)= X Xp 1Y X, +IX Y, + 17, Y, =

(% = Y3Y, )+i(%Y, +%Y,).B wactroctn 2-2 = (x+iy x—iy) = X* + y°.

MO>HO OJIYy4UTh (POPMYITY YMHOKEHHUS KOMIUIEKCHBIX YHCEIl B
TPUTOHOMETPUYECKOH (hopMme.

Umeem Z,Z, =11, [cos(p, + ¢, ) +isin(p, + o, )]

IIpumep5. Bomonuuts nevicteus:a) 2i-3i; b) (2-31)-(2+3i), ¢)(5-4i)-(3+2i).
a) 2i-3i=6i°=-6;

b) (2-3i)-(2+3i)=4-9i°=4+9=13;

c) (5-4i)-(3+2i)=(5-3-(-4)-2)+ i(5- 2+3(-4)=23-2i.

MOHO BBITIOJHUTh YMHOKEHHUE 110 TIPABUITY YMHOXCHUSI MHOTOYJICHOB!
(5-4i)-(3+2i)=15+10i-12 i +8=23-2i.

4) ,ZIeJleHueKOMHHGKCHI)IX qUCCII OIIPCACIIICTCA KaK OIICpalusAi, OGp&THEl}I

z
7=-L

YMHOKCHHIO, TO €CTb YHUCJIO 22 Ha3bIBACTCA YaCTHBIM OT ACJICHUS Z1 HA Z2, €CIIU
Xy (% +iy J(x2 —iy,)

Zl e 22 -z ) TOF,Z[a ZZ X2 + |y2 (Xz + |y2 XXZ _lyz)
_ XX Y X, —iX, Y, SR AL _ (XX + Y12 ) +i(= XY, +%,Y,)
X22 + 3/22 X22 + yz2

Z; XX+, +i_X1YZ+XZY1

OxoHuaTeNnpHo — = ——2 : : :
22 X2 + yZ X2 + y2

B Ttpuronomerpuueckoit popme:
Z, T .
= 2cos(p, ~,)+isin(p, ~ 9, )].

2 2

Oneparus neyeHus BO3MOXKHA TOJIBKO B cilydae, Korja £y # 0+10=0 ).
1 A+i [ 2-70
+i 3+41

. 2
IIpumep 6.BpimonHATH I[eI/ICTBI/I}IZa)E;b) = 91 )

N YyKa3aTb BCHICCTBCHHYIO WM MHHMYIO YaCTH IIOJYYCHHOI'O KOMIIJICKCHOI'O

quciia.

Pewenue.
. 2 2i 2i 2.
a) Ymuoorcaem oenumoe u oenumens uai, MOIPUUM - = 2 = = — o L.
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b)YMHOXaem jgenumMoe W JIENUTENh HAa  MHOXHUTEIb, COIPSDKCHHBIN
1 1(1-9) _ 1-i _1-i 1 1,

JCIIUTEIIIO.

1+i  (+)@A-i) 1-i2 2 2

c)YMHOXkaeM JeluMO€ U JCJNHUTEIb Ha MHOXUTEIb, CONPSKEHHBIN
1+i (14040 1+42i+i% 20 .
1-i (1-i)(1+D) 1-i2 2

JOCIIUTEIIO.

d)YMHO}KaeM ACJIIMMOC U OCIIUTCJIb HAa MHOXKUTCIIb, COHpH)KCHH]'::Iﬁ JOCIIUTCIIIO .
_2-7i (2-7i)(3-4i) 6-8i—21i+28i> 6-29i-28 -22-29i 22 29..

S 3+4i (3+4i)(3-40) 9-16i° 9+16 25 25 25 '
BellleCTBeHHaH 1 MHHMas 4YaCTH PaBHBI: Rez = —? y Imz= —%.

5) Bozeeoenue 6 cmenenv u uzeiedenue Kopeti. ECIH KOMIUICKCHOE YHCIIO
sajgaHo TpuroHomerpuueckoil dopmoit Z=Z[(COSp +iSiNY) | to cmpasemuBa
dbopmyna Myaspa

2" = z|" (cosng +isin ng). (1.4)

6) s uszeneuwenuss xopus N-u cmenenu (N — 1emoe 4ucio, Ooisbiiee 1) u3

KOMIUIEKCHOTO 4YHCJIa, 3aJaHHOTO B TPUTOHOMETPUYECKOW (opme, mpUMeHseTCs
dbopMya, naromasi N 3Ha4YEHUN 3TOr0 KOPHSI:

2, =Yz =1z] (COSLM +isin LZK”], k=0,1,...,n-1.(1.5)
n n

Ipumep 7. Boraucnnrs: (—1+ ).

Pewenue. UYtoObl Bocmonb3oBaThes  Qopmynodr  MyaBpa, HE0OX0IUMO
MPEICTaBUTh KOMIUIEKCHOE YHCIIO B TPUTOHOMETPUIECKOU (opMme.

HmeeM: |Z|:\/(—1)2+12:\/§; cosp=-1/2 u sinp=1/2,1e. @=31/4

(Tak KaKk COOTBETCTBYIOIAsl TOYKa JEKHUT BO BTOpOil uerBepTH). Clie0BaTENbHO,
—1+i= \/E(COSST” +isin STEJ n (—1+i)B =28 [cosS'ZSﬁ +isin 3'23”) (B cuy

397 T

(1.4)). YuuTtsiBas, 4To v =107r—z Y UCIIOJIb3Ysl CBOMCTBA TPUTOHOMETPUUECKUX

byHKIMHI, ToydaeMm:

NN 7y visin= 7Y | = 1 iy _ea_eai.
(—1+1i) _64\/5(003( 4)+|S|n( 4)) 64\/§(ﬁ 'ﬁ) 64 — 64i
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IIpumep 8. Bo3BecTn yucno Z= V3-i s IIATYIO CTEIICHb.

Pewenue. Ilomydynm TpUrOHOMETPUUECKYIO (POPMY 3aIIUCU YHCTA Z.
T

r=+3+1=2, COS¢=§, sin (02—%.0%}0)1&1 (D:_E,a

) .. =w
Z= Z{COS[— g) +1SIn [— gﬂ . Torzma no opmyie MyaBpa nomydnm:

5 5 . 5 5 .. 5
2> =2/¢cos| ——rxm |+ISN| ——7m ||=2/ cOS—m—1SIN — | =
6 6 6 6

=2(—cos%—isin %)zZL—E—iljz—Z(EH%J:—(\@H)_

2

Ipumep 9. BeruucauThb: 3-1.

Tpuronomerpudeckas ¢opma 3aJaHHOTO YMCIa UMEET BUA —1=COSz +isinz
(|z|=1), nosTtomy B cuity (1.5)

Z = %(cos—ﬂ +32k” +isin 2222 +32k7zj =cos =2 +32k” +isin 222 +32k” , k=0,1,2.

BrinuceiBaem TPHU NCKOMBIX KOPHA:

Tz .. 1 \/§
Zy=COS—+IsSiN—=—+1—;
3 2 2
T+2r ... w+2xw .
Z; =CO0S +1sin =coSxz +1sinz =-1;
r+4r . . m+4r 1 .3
Z, =CO0S +1sin =——1—

2 2
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1. MuuMas eguHMIa. Ajareopandeckasi GopmMa KOMILUIEKCHBIX YHCeJl.

HepaspemmmMocTts ypaBHeHHST X2 + 1 = 0 Ha MHOXECTBE JEHCTBUTENBHBIX UHCET NPHBENA K

BBEJICHUIO TaK Ha3blBAEMONH MHHMMON eIMHHMIbI I , T.e. MHUMOro (MpUAYMaHHOTO) 4YHUCIA,

o i2 _
06J1azla10mero cBoiicTBoM: | - - l

Torma X?+ 1 =0 umeer gsa pemenus: Xy =1, X, =—1I,
Yucna, Buga bi, rae be R, — MHMMas eauHMIA, HA3BIBAIOT MHUMBIMH YHCJIAMH.

Hamnpuwmep, 4i, —3i, 0,45i, \/EI , HT.IL
Yucna, Buga a + bi,rae a,b € R, | — MHUMas eqyHULEA, HA3BIBAIOT KOMILIEKCHBIMHI YHCJIAMH.

Hampumep, 5+4i, 7-3i, 25+ 45i, —2—\/§i , HT.IL
®dopma 3anucu Z=a-+ b| Ha3bIBACTCS aJiredpanyecKou.

A — neiicTBuTENbHAS YacTh: Re(Z) bi _ MHHMast 9acTh: 1mM(z)

Takas 3amuCh MO3BOJIAT 3alMCBIBATL HE TOJIBKO KOMILUIEKCHBIE YMCIIA, HO U YUCMO MHUMblE U
oeticmeumenbHule, HaIPUMED:

AeﬁCTBMTEI'IbeIe ynucna MHumble yncna

b:0 a:o

5+0i =5 0-+4i = 4i
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—J/5+0i=-/5 0—7,8i =—7,8i

Bo MHOXXeCTBE KOMIUIEKCHBIX YHCENI HET MHOHATHH «OOJbIIE», «MEHBIIE», «IIOJI0KHTEILHOECY,
«OTPHUIIATEIBHOECY.

Yucna 4, =a, + bll ul,=4ad,+ b2| Ha3BLIBAIOTCS PAaBHBIMH, ecii & =d, u bl = bz.

Yucia z=a+biu —z =—a —Dbi Ha3pBaOTCS MPOTHBOMOJI0KHBIMH.

Ypcna Z=4a+ bi nu Z=a—Dbl uassBarorcs COMPSKEHHBIMH.

1.1. PemieHue KBaAPaTHbIX YPABHEHHUI ¢ OTPULATEIbHBIM JUCKPUMHUHAHTOM

Pemennem KBaJApaTHOTO YpPAaBHCHUA C OTPULATCIBbHBIM JUCKPHUMHWHAHTOM BCCrja 6YI[yT JABa
CONPSKCHHBIX KOMIIJICKCHBIX YHCJIA.

[Ipumep 1: pemnTh KBaJPaTHOE YPaBHEHUE X°+4x+29=0.

Pewrenue.

Boruncnum AUCKpUMHHAHT

D=Db*-4ac=4"-4-1-29=16-116=-100<0.

[IpencraBisiemM oTpuLaTEIbHOE YUCIIO KaK Mpou3BeaeHue (—1) 1 MOI0KUTEILHOTO YHCTIa U 3aMEHIeM

=2
(-Dmual :
D=-100=-1-100=i%-10%.

Haitzem /D =+/i2-10% =+/i% -410% =i -10.

HaxonuMm kopHU ypaBHEHUS:

—b+/D —4+i-10 —4 10i .
X, = = = +—=-2+5i;
2a 2 2 2

~b-JD -4-i-10 -4 10i
? 2a 2 2 2

OTBeT: /Ba CONPKEHHbIX KOMILIEKCHBIX uncna; X =—2+91 u X, =—2-5I

=—-2-5I,

1.2. ApudpmeTudecKkue onepanum HajJ KOMILUIEKCHBIMUA YHCJIaAMUB
ajreopanyeckoii popme

CymmaZ, +Z, =(a, +bji) +(a, +b,i) =(a +a,) + (b, +h))i
Pasnocrs 2, — Z, = (8, +bi)—(a, +b,i) =(a, —a,) + (b, —b,)i
Mpomseenenne Z; - Z, = (8, + 1) - (a, +b,i) = (3,3, —bb,) +(ab, +a,b)i

Zl Zl . 22 (‘II/ICHI/ITGHB U 3HAaMCHATCJIb YMHOXAOT Ha YHUCIIO,
YacTHoe _ = pu— COIIPSZKEHHOEC  3HAMCHATCIIIO, yTOOBl HM30aBHUTHCSI OT
22 ZZ . 22 KOMIIJICKCHOT'O 4HCJia B 3HaMCHaTCJ'IC)

PCKOMCHI[yCTCSI AJId yIIPOIICHU A BBIYHCJICHUN npu ACJICHUH, BBIBCCTH (pOpMYJ'Iy UL YMHOXKCHU A
ABYX COl'[prKéHHBIX KOMIIJICKCHBIX YK CCII:
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z -z =(a+bi)-(a—bi)=a®-b%i? =a? —b?-(-1) =a® +b?

[Mpumep2. BemonHuTh apudMeTHUECKUE NEHCTBUS HAJ KOMIUICKCHBIMHU YHCIAMU z,=4+51 H
z,=6-9i.
Pemenue.

1) z,+2,=(4+5)+(6-9i)=4+6+5 -9 =10-4i;
) z,-2,=(4+5)—(6—9i)=4-6+5i+9i = -2+14i;
3) 2,-7, =(4+5i)-(6—9i)=24—36i +30i — 45i = 24 —6i —45-(~1) =69 —6i :

2 5£_4+5y_@+50(6+m)_24+3a+3m+9ﬁ_q5+6a__5+zn_ji+ggi
z, 6-9i (6-9i)6+09i) 36+81 117 39 39 39°
Orser. Z, +2, =10—-4i; z,—2,=-2+14i; 2,-7,=69-06i ; L_3 .22
z, 39 39

1.3. HatypaibHasi cTenieHb MHUMOM e THHUIIDI |

Haiinem nepBbIiii 4eThIpe CTEMEHH i:

=i, 2=l i =iti=—li=—i 0 =i =1 (D) =1

-4
VunteBas, uto | = 1, HailieM CTapIlire CTEIEeHHU:
5 -4 - - - . ca -
P=1"=11=1, i°=i*i?=1.(-1)=-1,
: s4 . - . 8 _ 4 -4
i"=i"i’=1-(-i)=-i, iI=i"-i"=11=1

OueBHTHO, YTO BCE OCTAIBHBIC CTETIEHH | OYIyT paBHBI OTHOMY U3 MPEIBIAYIIMX YSThIPEX 3HAUCHHIA.

Yr1o ObI BO3BECTH IB HATYPAJbHYIO CTeNeHb, HAJ0 MOKa3aTe/lb CTeNeHH pa3iejuTh Ha 4, U
BO3BECTH IB CTelleHb, PABHYIO OCTATKY OT JIeJIEHHS.

_:16 :11  :22 37
[pumep 3: Haiitu | ’ [ | |

Pemrenue.

=16 =4.4+40 =0
1 =1 =1 =1

ill:i4-2+3:i3:_i;
i22:i4~5+2:i2:_1_
i37 :i4-9+1:i1:i.
Orteer. i16:11 i11:_i i22=—1 =37

2. FeOMeTpnquKaﬂ HHTEpHpEeTAIUA KOMILICKCHBIX YHCEJI

IInockocTh Ha3bIBaeTCs KOMHHCKCHOﬁ, €CJIM KaKAOMY KOMIUJICKCHOMY YUCITY L= X+Iy

CTaBUTCS B COOTBETCTBHUE TOYKH IJIOCKOCTH C KOOPAMHATAMU Z(X, Y) , IPAYEM, 3TO COOTBETCTBUE
B3aMMHO-0/IHO3Ha4YHOE (puc. 1).
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Ocy OX HaspiBaeTCsi AeHCTBUTENBHON OCBIO, T. K. Ha HEH pPAaCIOJIOKEHBI TOYKH,

COOTBETCTBYIOIME YHCIIAM, y KOTOPEIX Y = 0.
Ocp OY Ha3bIBaeTCSI MHHMOI OCBIO, T. K. HA HEH pACHOJIOKEHBI TOUKU, COOTBETCTBYIOIINE

qucaaM, y KoTopeix X = 0.
Takum 006pazom, T000¢ KOMILIEKCHOE 4nCIO Z = a + DI MOXHO H300pasuTh Ha IUIOCKOCTH

TOYKOM C KOOpJAUHATAMHU (a, b), IPUYEM B3aHMHO OJIHO3HAYHO.

C Kax101 TOUKOM Z(X, Y) KOMILJIEKCHOU TIJIOCKOCTH CBSI3aH paouyc-6eKmop 3Tou Touku (puc. 1).

YA
O
(x.7)

z(x,y) v

:I . T

0 % 0 xrx
Pucynox 1

CiokeHne W BBIYUTAHWE KOMIUIEKCHBIX YHCEII MOYKHO BBITIOJHHTH 10 IMpaBUIIy HapajicjiorpamMmma
(MpaBUJIO CIIOKEHUS M BBIYUTAHHUS BEKTOPOB), KOTOPOE 3aKIHOYAETCS B CIEAYIOIIEM: HYXHO
MOCTPOUTH MApajlIeNIOrpaMM Ha BEKTOPAX, NOJIYYEHHBIX IPH F€OMETPUUECKOM IIPEICTABICHUN 3TUX
gyucen. Pe3ynpraTy CcymmupoBaHMs OyAeT COOTBETCTBOBATb BEKTOp-JMArOHalb  3TOTO

napaenorpamMa. [Ipy BBINOJHEHNH BHIYMTAHKA HY)KHO YUMTHIBATH, YTO Pa3sHOCTh Z;u L, Gymer

cooTBeTCTBOBaTh CymMmMe Z; n —Z,. Te. Z; —Z, =1+ (— Z, )

Ipumep 4. Jlanb! aBa KommiekchbIx ancaa: 2, =1-91 u Z, =231,
U306pa3uTh X Ha KOMIUICKCHOI IIOCKOCTH M PE3YJIbTAaThl UX CIOKEHHSA ¥ BHIYUTAHHUS

(puc. 2).
Pemrenue.

z,+2, =(1+5i)+(2-3i)=3+2i
Z,—2, = (1+5i)+(-2+3i)=-1+8i
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I
3
é \
g 1450

-2+3i

Pucynok 2
Jliura I BekTopa, COOTBETCTBYIOHIETO KOMIUIEKCHOMY 4YHCIy Z  Has3bIBaeTcs MOMYJIeM

KOMILTEKCHOTO urcna £ u 06o3HagaeTcs ‘Z‘

Vron ¢ , O0Opa3oBaHHBII pPaAUyC-BEKTOPOM C TMOJOXKUTEIbHBIM HampaBieHueM ocu OX

Ha3BIBAETCS APryMEHTOM KOMILIEKCHOTO uncia Z u 0603HadaeTcs arg L (puc. 3).

"

—
0 x = Relz) x

Pucynok 3

PaCCManI/IBaSI Ha pHcC. 3 BBIJICIICHHBIN HpSIMOYTOJ'ILHHﬁ TPEYrOJIbHUK, TTOJIYy4aCM COOTHOMICHUSA:

r=|z|=yx*+y’

COS(pzi.Sin(pzl.tggozl.
r r X’

X=T-C0SQ.y=r-sinp -x=yl/tgp-yY=X-10¢
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IIpumep 5: 3agano xomiuiekcHoe uncio Z =1—1 . Haiitu ‘Z‘ u arg L

Pemienue.
z=1—1i,3uauur, X= 1 y__l
2| =X* +y? =412 +(-1f =2, A
COS(D_E_i
r \/E T 0 1 X
= p=—Z— 45 L,
ip-d- LT O
r \/E) Pl :
S T
o T
OtBeT: |Z|=\/E; argZ—Q—_Z (puc. 4) Pucynok 4

3. Tpuronomerpuyeckass popMaKOMILIEKCHOT0 YHCIA

3ameHuB B anreOpanyeckor ¢opMe 3armuch KOMILIEKCHOTO YHCIIa L=X+YIX uy

COOTHOIIIEHUSAMU X=r-Cosep y=r -sin @ , MOJTYYNM:
Z=X+Yyi=r-cosp+r-sing-i=r(Cosg+i-sing) ., re rpuronomerpmccryio
(GopMy 3anKcH KOMILUIEKCHOTO YHCIIA.

Tpuronomerpuyeckas popma: Z — I’(COS(D +1-sin (D)

[pumep 6. [TepeBecTr B TPUTOHOMETPHYECKYIO (POPMY KOMIUIEKCHOE YHCI0 Z = \/§ +1.
Pemrenue.

Z—\/_-l-i , 3HAUUT, X=\/_ y=1,;

2| = x+y \/(\/_)2+12 V3+1=+4=2;
3

2 0
= :—:30

1 %

2

Takum o6pa30M, TPUTOHOMETPUICCKAs (1)0pMa JaHHOI'O KOMIIJICKCHOT'O YU CJia UMCCT BU

COS@ =

sin @ =

“|\< -1|><

z=r(cosp+i-sing)= 2[cos€+ i -sin E)

0] Z 2(0057Z +1-Sin ”j
TBCT. = - ° -
6 6 _
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Ipumep 7. TlepeBectu B anreOpandeckyrd (GOpMy KOMILICKCHOE 4HCIO, 33/IaHHOEC B

TPUTOHOMETpUYEcKoil popme Z = 1O(C051500 +1-sin 1500).
Pemenue.

.. 5
z= 10(0031500 +i-sin 1500), snanr, F =10 ¢ =150° = ?ﬂ

X=1r-COS@ =10-cos%ﬂ =10- —?J =53
: Y4 1
=r-singp=10-sin—=10-—=5
y @ 5 5=
Takum oOpaszom, anredpanyeckas GpopMa JaHHOTO KOMIUIEKCHOTO YKcia UMEET BUJ:
Z=X+yi=-5J3+5i.
Orser. Z=—5v3+5i |

3.1. [JeiicTBHSI HAJI KOMILIEKCHBIMHM YU CJIAMM, 32JaHHBIMH B
TPUIOHOMETPUYECKOH popme

Ymuoxenue Z, - Z, =1 - T, (COS((Pl +@, )+ i -sin ((91 + @, ))

Jenenne -+ = 2 (cos(p, — p,)+i-sin(p, - p,))

Z, h

BosBejenne B crenens Z =T (COS Ng+i-sinn (p) (popmyna Myaepa)

+27K . . @+27K
H3BieyeHne KOpPHA Q/E = —”\/F (COS(pT +1-SIn (pT

) k=012,..,n-1

4. Iloka3zareabHasi GOPMAKOMILIEKCHOIO YHCJIa

B 1740 rony Jleonapa OJinep omybnukoBaid ¢GoOpMyny, CBSI3BIBAIOIIYI0 KOMILIEKCHYIO
AKCMOHEHTY C TPUTOHOMETPUUYECKUMHU (PYHKITUSIMU:

|¢) _ - o=
e = COS¢ +13In ¢ - Gopmyna Diinepa.
Takum 00pa3oMm, eciM KOMIUIGKCHOE YHCIIO 3a/IaH0 B TPUTOHOMETPUYECKOH (dopme

Z= r(COS(D'Fi -Sin @), TO Ha OCHOBaHUM (opMmyibl Jilepa, BeIpaKEHHE B CKOOKaX MOXHO

3aMCHUTb Ha TIMOKAa3aTCIILHOC BbIPAXKCHUC. B pe3yibTaTe IMOJYYUM IOKA3aTCIbHYIO (I)OpMy
KOMIIJICKCHOT'O YHCJia:

_ lp
Ioka3zareabnas gopma: Z=1TI-¢€
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4.1. /leiicTBMSI HAl KOMILIEKCHBIMH YHCJIaMM, 32JJaHHbIMHI B MIOKA3aTeJIbHOH
popme.
Mycrs Z, = -7 u Z,=1,-€'"

YMHoxkenue Zl ’ 22 = I’1 . r2 . e'(‘/’l+¢’2)

4 _ iei(%—coz)

Jlenenue ZZ r

N

n _ .n ing
Bo3BeaeHue B cTeneHb (Z) =r -

i¢)+27zk
z =4r-e "
N3BJieyeHUEe KOPHS — ,k=0,12,...,n-1

[pumep 8. JIaHbl 1Ba KOMIUIEKCHBIX Yucna Z; u Z,.

. 1 o
Z, = 4(c031500 +i-sin 1500) Z, = E(cos 90° +i -sin 90°)

[poussectu neiictBus £y - Z, , Z; / Z, B TPUTOHOMETPHUYECKOM M MOKA3aTEIBHON (opMe.
Pesynbrar 3anucars B anredpandeckoit popme.

Pemrenue.

U3 sanucu uncen umeem: [, =4, 1, = o1 P = 150°, », = 90°.

Tpuronomerpuyeckas d)ODMaZ

2,-2, =1, - 1,(cos(p, + @, )+i-sin(p, +¢,))=4- % (cos(150° +90° )+ i -sin (150° + 90° ) =

= 2(c0s240° + i -sin 240° )= 2{—%+ {—%}] =-1-4/3i.

;—1 = :—1(COS((p1 —p,)+isin(p,—,))=4: %(003(1500 —90°)+i-sin(150° - 90°)) =
2 2

= 8(c0s60° +i-sin 60°) = 8[%+§i] =4+443i.

IlokazatenbHas d)ODMaZ
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i 1 H 0 0 R 0
2,-2,=1,-T, ,e|(¢1+¢2) _ 4.2 . Qi150°+90°) _ 5qi2d0” _

2(003240°+i-sin 240°)=2 —%+i —% —_1-4/3i.

) 4.1

4 _ N i) _ g E(9(1500 -90°) _ ggi6” _8(00560°+| sin 600)

Z, h

=8 %+§i =4+ 443i.

OTBer. 21-22:—1—\/§i , Z_1= +4\/_I.

Kak BuaHO W3 npumepoB, NoKa3aTejlbHasi (OPMa YNPOINAET 3aNHMCh BbIYMCICHUH, H
odopMIiIeHHE pelIeHus Aes1aeT 00/1e¢ KOMIIAKTHBIM.

10
[pumep 9. Buluucauts (\/E —\/§|)L .

Peurenue.
3anumiemM JaHHOE KOMIUIEKCHOE YUCIIO B MTOKa3aTebHOU GopMme:

=+/2 —/2i, 3Hauwr, X—\/E, y=—\/§;
=y = V2] + ﬁ):m:ﬁ:z;

y -2 0
tgp="=——=-1 = arct 1)=——= -45
9P == N @ =arctg(-1) = 4

Taxum O6p330M, IIoKa3zaTcjibHas (bopMa JaHHOT'O KOMIIJICKCHOI'O 4YHCJia UMECT BHU:

z=re'’ = 2ei(_Zj .

Boruucium Z

10 10 104 [_Z'loj
70 =r%e"% =2

[lepeBeneM mosyueHHBIN pe3yapTaT B aliredpandeckyro Gopmy X+I1y.
.( 57

J024e\ 7) — 1024((:03(— gj +i-sin (— %D =1024(0+i-(~1)) = ~1024i
omer: (V221" =-1024i

4
Hpumep 10. HaiiTu Bce KopHU ypaBHeHUs L — 16=0.

Pemenue.
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.10
Sanmmenm uncio 16 B noxazarenmsroit dopme: 16 =16€'° re. r=16, @ =0°,

Torna
or2nk
z=Yre k=012 ..n-1
i0+27zk
z7=4/16 =416 * k=012 3
Ipuk =0:

z-‘{/ie4 4¢" =2(cos0+i-sin 0)=2(1+i-0)=2
Ipuk =1:

.0+27 T
z,=416e * = 2=2(cos§+i-sin§j=2(0+i-1)=2i
Ipuk =2

.0+4r

z,=416e * =2e" =2(cosz+i-sin7)=2(-1+i-0)=—-2
Hpnk =3.

.0+67 .3

—416e ¢ =2¢° :Z(COS%H-sin%z):Z(OH-(—l)):—Zi

Orser. Z; = 2, Z, = 2i

BouiBoa:

e Auredpauueckasi popma ynoOHa MPH CIOKEHUU U BBIYUTAHUH,

o [Jloka3zarenbHas (bopMa yz[06Ha npu YMHOXCHHH, IACJICHUHU, BO3BCACHUU B CTCIICHD,

U3BJICYCHUU KOPHS,

e Tpuronomerpuyeckass  Qopma CIyKUT s I[epeBoja IMoOKa3aTeabHOl (opMbl B

aHre6DaI/IquKVIO.
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5. 3apaum I CaMOCTOATEIBHOIO PelICHUSA
1. Pemuts ypaBHEHHME:

) X+4x+29=0 )  X°+36=0

3 X*—13x+48=0 5 X +6x+18=0
5 X +4=0 6 X +7x+20=0
y  XP+7=0 g X +8=0

g X°—2x+10=0 0 X —2x+11=0

2. JlaHsl 1Ba KOMIUIEKCHBIX uncia Zyu Z,.

Haitta 2, + 2, , 2, -2, , 2,-2, , 7,/ Z,

1) z,=2-8i 2) z,=1-2i 3) Z,=2-i
z,=3-2i z,=1+2i Z,=21-3

4) Z, =4+5i 5) z,=3 6) z,=3-4i
z,=6-9i z,=1-3i Z,=3+4i

/) 2, =3-bi 8) 2, =4 9 z, =2
2,=21-4 z,="2i z,=1-I

3. BLIIIONIHATE AeACTBUSA:
@+2i)2+i) , ___2+3 (3+2i)2-1i)

D5 @+ife-2) 2 @3

4, BpIYUCIUTE:

. . - 22 + 37 . . . .
i ittt g™ It 5itt gi* pi* )i

9) i +2-i¥®-3-i"+5.i*® 10 i®+i® +i*+i® +i™

1) i +i% —4i% —i* 4+ 3% 12) i%+2-i>®-3-i" +5.i'®

2 _ 3 1+
13) 5+ ill 14) i23

5. I/I3o6pasnTe Ha KOMILIEKCHOH INIOCKOCTH YHCIIa
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1) z=3+2i 2)z=-—4+3i 3)z=2 4) z = —6i

6. 3azano komiuiekcHoe uncio Z . Haiitu ‘Z‘ n AQZ

y z=1+i 2 2=2i 3 7=-2 4 Z=—+3+I

7. TlepeBecTr B TPUTOHOMETPHYECKYIO U B MOKA3aTEIbHYIO (POPMY KOMIUIEKCHOE YHCIIO
) Z=1-1 2 z=/3+i 3 z=5 4 z=-4I
5) Z=—1+iv/3 6) z=5-5i

8. IlepeBectu B anredpandeckyro GopmMy KOMIUIEKCHOE YHCIIO

7 =10(c0s150° +i - sin 150°)

9. Jlansl 1Ba KOMIUIEKCHBIX uncna Z; u Z, . Hatitm Zy - Z, |, Z; / Z,

. 1 .
1) 2, =4(cos150° +i-sin150°) 2) z, = E(cos 90° +i -sin 90°)

10. BeINOJHATE NEHCTBHS U PE3YJbTAT MPEICTaBUTh B allreOpandeckoit popme:
1) 6(c0s19° + i -sin 19°)- 8(cos31° + i -sin 31°). 2—14(00540O +i-sin 40°)
1/2(c0s210° +i-sin 210°)  2(cos72° +i-sin 72°)-3(c0s 28° +i-sin 26°)
2 1/4(cos150° +i-sin150°) 0.3(cos160° +i-sin 160° )

2 1 5 1Oei150 .126i30° ) 27ei86° :186i26°
O.Z(COSZ +1-sin Zj

7 @0+10i) g [2(c0s60°+i-sin 60°)f g (cos120° +i-sin120°f
1 .3Y) @—if-i

. Y0 . — .

10) (\/E—\/El)l 11) (—H—j 12) —

2 2 2¢'4

—1+iﬁje+[—1—i\@]6 :2

11. IlpoBepuTh paBEHCTBO ( 2 2

3 -
12. BeI4ucIuTh BCE 3HAUYECHHUS KOpHA V 27' U IOCTPOUTH UX TCOMETPHUUCCKUC I/I306pa)KeHI/I}I.

13. HaiiT Bce KOpHM ypaBHEHHUS U TIOCTPOUTH UX T€OMETPUUYECKHE N300paKeHUSL.

) 2'-16=0; 2 z'-81=0
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	1. Паспорт комплекта контрольно-измерительных материалов
	3. Оценка освоения учебной дисциплины
	3.1. Формы и методы оценивания

	Задания для оценки освоения дисциплины
	Кривая второго порядка может быть задана уравнением
	Определение. Окружностью называется множество точек плоскости, равноудаленных от данной точки (центра).
	В окружности (x – a)2 + (y – b)2 = R2  центр имеет координаты (a; b).
	М
	8.5. Бесконечно большие функции и их связь с бесконечно малыми.


	D = 36 – 32 = 4;        D = 64 – 48 = 16;
	Определение непрерывности функции
	Определение точек разрыва

	Практическая работа № 1.
	Тема: Вычисление пределов функций.
	Цель: Проверка усвоения знаний по вычислению пределов функций с помощью раскрытия неопределённостей. Повторить и систематизировать знания по данной теме.
	Обеспечение практической работы:
	Теоретический материал методической рекомендации к практической работе.
	Учебник. Богомолов Н.В. «Математика». – М.: Дрофа, 2006.
	Индивидуальные карточки с вариантом практической работы.
	Теоретический материал, примеры вычисления пределов.
	Определение предела.Число b – предел функции f(x) при x стремящемся к a, если для каждого положительного числа можно указать такое положительной число , что для всех x, отличных от a и удовлетворяющих неравенству |x-a|<, имеет место неравенство |f...
	Обозначение предела. Если b есть предел функции f(x) при x стремящемся к a, то записывают это так:
	Определение непрерывной функции. Функция f(x) непрерывна в точке a, если
	Вычисление пределов функций основано на применении следующих основных теорем:
	ТЕОРЕМА 1.Предел суммы двух функций при x стремящемся к a равен сумме пределов этих функций, то есть
	ТЕОРЕМА 2.Предел произведения двух функций при x стремящемся к a равен произведению пределов этих функций, то есть
	ТЕОРЕМА 3.Предел частного двух функций при x стремящемся к a равен частному пределов, если предел знаменателя отличен от нуля, то есть
	и равен плюс (минус) бесконечности, если предел знаменателя 0, а предел числителя конечен и отличен от нуля.
	ВЫЧИСЛЕНИЕ НЕСЛОЖНЫХ ПРЕДЕЛОВ
	Пример 1.
	Комментарий. Здесь была использована теорема о пределе суммы.
	Пример 2.
	Комментарий. На первом шаге была применена теорема о пределе частного, так как предел знаменателя не равен нулю. На втором шаге использовалась теорема о пределе суммы для числителя и знаменателя дроби. После была применена теорема о пределе произведения.
	Пример 3. Найти предел
	Знаменатель и числитель дроби при x стремящемся к 2 стремятся к нулю, поэтому теорема о пределе частного здесь неприменима. В таких случаях нужно попытаться упростить дробь. Имеем
	Это преобразование справедливо при всех значениях x, отличных от 2, поэтому в соответствии с определением предела можем написать
	ВЫЧИСЛЕНИЕ ПРЕДЕЛОВ С ПОМОЩЬЮ ТЕОРЕМЫ О ПЕРВОМ ЗАМЕЧАТЕЛЬНОМ ПРЕДЕЛЕ
	Пример 1. (1)
	Пример.. Найти пределы:
	а)   б) ,
	в)
	Решение.
	а)
	б),
	в) .
	Следует отметить, что формулы (1.5) и (1.6) справедливы не только для многочленов целой степени, но и для многочленов дробной степени, так как  для любого a>0.
	Пример .  Найти пределы.
	а) ,
	б) ,
	в) ,
	Решение:
	а) В числителе три слагаемых соответственно степени:  Следовательно, степень числителя равна , а главный член в числителе равен . Аналогично, главный член в знаменателе  Имеем по формулам (1.5) и (1.6):
	а) (1)
	б)
	в) (1)
	т.к.
	Здесь также можно было использовать идею, что главный член это старший член. Имеем:
	Пример 1.4. (Неопределенности )
	а) ,  б)
	Решение. Для избавления от неопределенности  здесь следует избавиться от иррациональности в числителе, умножив и разделив данное выражение на соответствующее сопряженное выражение.
	а) Используем формулу
	Для данного примера
	Имеем:
	а) (2)
	б) Напоминаем, что  и при .
	Имеем: (1)
	=.
	Практическая работа № 8.
	Тема: Вычисление неопределённых интегралов методом введения новой переменной.
	Цель: Проверить на практике знание  понятия  неопределённого интеграла, умение вычислять табличные интегралы, умение вычислять неопределённый интеграл методом введения новой переменной.
	Обеспечение практической работы: (1)
	Теоретический материал методической рекомендации к практической работе. (1)
	Учебник. Богомолов Н.В. «Математика». – М.: Дрофа, 2006. (1)
	Индивидуальные карточки с вариантом практической работы. (1)
	Теоретический материал и примеры вычисления неопределённого интеграла методом введения новой переменной.
	Неопределённый интеграл и таблица неопределённых интегралов
	Определение   Пусть  -- функция, заданная на объединении интервалов вещественной оси. Набор всех первообразных для называется неопределённым интегралом от и обозначается . Операция нахождения неопределённого интеграла по заданной функции назыв...
	Согласно доказанным выше теоремам о виде первообразных, неопределённый интеграл от функции состоит из функций вида , где  -- какая-либо фиксированная первообразная для , а  -- величина, постоянная на каждом из непересекающихся интервалов, на которых з...
	(Точнее было бы , но фигурные скобки, обозначающие множество всех функций вида , писать в данной ситуации не принято.)
	Итак, для того чтобы доказать равенство , достаточно проверить, что  -- первообразная для , то есть что .
	Интегрирование по частям.
	Умножение
	Деление
	Возведение в степень
	Извлечение корня из комплексного числа
	Извлечение корня из комплексного числа (1)

	Лекция 1. Числовой ряд. Основные понятия, свойства сходящихся рядов. Знакоположительные ряды. Интегральный признак Коши
	1.2. Числовой ряд. Основные понятия теории числовых рядов: сходимость, расходимость, сумма ряда. Примеры
	1.3. Основные свойства сходящихся рядов, необходимый признак сходимости
	1.5. Интегральный признак Коши сходимости ряда с положительными членами

	Лекция 2. Признаки сходимости рядов с положительными членами: признаки сравнения, признак Даламбера, радикальный признак Коши
	2.1. Ряды Дирихле и их сходимость, гармонический ряд
	2.2. Признаки сравнения рядов с положительными членами
	2.3. Признак Даламбера сходимости рядов с положительными членами
	2.4. Радикальный признак Коши сходимости рядов с положительными членами
	4.2. Степенные ряды: основные понятия, теорема Абеля
	4.3. Свойства степенных рядов
	4.4. Формула Тейлора

	Лекция 5. Ряды Тейлора и Маклорена
	5.1. Ряды Тейлора и Маклорена. Условия сходимости рядов Тейлора к исходной функции
	5.2. Разложение основных элементарных функций в степенные ряды
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