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BBenenue

Tema 1.BBenenune.mareMaTuka B HayKe W NPAKTHUECKON NEATENbOCTH.LIETU U 3a1a4U
M3Y4YECHHsI MaTeMaTHKM B yupexaeHusx CI1O.

Tema 2. Pa3zButie mOHATHS O YUCIIE.

Tema 1.1. 1lenble 1 palliOHAJIbHBIE YUCIIA.

Tema 1.2. JleiicTBuTeNibHBIC Uynciia./J{eMcTBUS HaJ ACHCTBUTEIILHBIMU YHCIAMU.

Tema 1.3. IlpuOmmwkeHnsle 3HaueHus. [lorpenrHOCTH NMPUOIMIKEHHBIX BBIUYMCICHUH.
JlelicTBus HaJ IPUOIMKEHHBIMH YHCIaMH.

Tema 1.4. KomruiekcHble yncna. Anredpandeckast popma KOMITIEKCHOTO uuciia J{efcTBus ¢
KOMIIJIEKCHBIMHU YHCJIAMHU

Tema 3. OCHOBBI TPUTOHOMETPUH.

Tema 3.1. Pagnannas mepa yria. BpamarenbHoe 1BUKEHHUE.

Tema 3.2. OnpeneneHne CUHyca, KOCHHYCa, TAHT€HCA M KOTAHI€HCa YTJIa.

Tema 3.3. OCHOBHBIE TPUTOHOMETPUUYECKHUE TOKIAECTBA. DOPMYIIBI CIOKEHHUS.

Tema 3.4. Cunyc, KOCHHYC M TAaHT€HC JBOHHOTO M TOJOBHHHOTO YTJIOB, (POPMYJIBI
[IPUBEICHHUS.

Tema 3.5. Tpuronomerpuieckne QyHKIMH, UX TpadUKu 1 CBOHCTBA

Tema 3.6. OO6paTHBIC TPUTOHOMETPUYECKHE (DYHKIIMH, MX CBOMCTBA U TpaduKy.

Tema 3.7. TpUrOHOMETPUYECKUE YPABHEHHSI.

Tema 3.8. Tpuronomerpudeckasi popma KOMIUIEKCHOTO Yncia. JIeHCTBUS ¢ KOMITICKCHBIMU
YyclIaMU B TPUTOHOMETPUIECKO hopme.

Tewma 4. KopHu, crenenu.

Tema 4.1. CTenieHb ¢ pallMOHAJIBHBIM U ICUCTBUTEIbHBIM MOKA3aTEIISIMU.

Tema 4.2. ApudmeTrndeckuii KOpeHb HATYPATBLHON CTETICHH.

Tema 4.3. PenieHue uppanyoHaJbHbIX YPABHCHU U HEPABEHCTB.

Tema 5. IlokazarenbHas u Jjorapudmudeckast GyHKIIHHA

Tema 5.1.1lokazarenvHas Gyskius.Ee cBoiicTBa u rpadux

Tema 5.2. Jlorapudmel.

Tema 5.3. Jlorapudmudeckast GyHKIHS

Tema 5.4.Penienne noka3aTeabHbIX U JOrapu(MUUYECKUX YPaBHEHUH, CHCTEM YPAaBHCHHM

Tema 5.5.Pemienne noka3aTeabHbIX U JOrapuhMUUECKHX HEPABEHCTB.

Tema 6.  IlpousBonHas.

Tema 6.1. ®yHKIUYU, UX CBOMCTBA U IrpaduKu (IOBTOPEHHUE).

Tema 6.2. IlocnenoBatensHoctu. [Ipenen nocnenoBaTenbHOCTH, Ipeaen pyHKINUN

Tema 6.3. IlponsBoHas1, eereoMeTpuiIecKkuii U pusndeckuii cMpIci. Tema 6.4.

[IpumeneHne Mporu3BOIHON K UCCIEI0BAHUIO (DYHKIIUH.

Tema 6.5. Bropas mpou3BoiHas1, €€ TeOMETPUUYECKUIA U (PU3NUECKUI CMBICIT.

Tema 7. IIpsimMble U TUIOCKOCTH B IIPOCTPAHCTBE.

Tema 7.1. AKCMOMBI CTEPEOMETPUM U ITPOCTEHIINE CIEICTBUS U3 HUX.

Tema 7.2. IlapainienbHOCTh MPSIMOM U TVIOCKOCTH, MAPaJIIEIbHOCTD IJIOCKOCTEM.

[TapanienbHoe MPOEKTUPOBAHKE U €ro cBoiicTBa. M300paxeHne npocTpaHCTBEHHBIX (Uryp
Ha IJIOCKOCTH (JIOTIOJIHUTENIbHBIN MaTepua)

Tema 7.3. llepneHAUKYIAPHOCTD OPSIMOM U TIJIOCKOCTH.

Tema 7.4. IleprieHIUKYISAp U HAKIIOHHASL.

Tema 7.5. Yron Mexay nNpsiMoil ¥ TIIOCKOCThIO. OpTOroHambHOE MPOSKTUPOBAHHUE.




Tema 7.6. IByrpanHbiii yrojl. YToJl MEXIy IMIOCKOCTIMU. [leprneHauKyIsspHOCTh
IIJIOCKOCTEM.

Pazgen 8. KoopauHaThl U BEKTOPHI.

Tema 8.1. Bexropsl. JleiicTBust Hax BekTopaMu. basuc Ha miockoctu. [IpsimoyronbHas
cucTeMa KOOpUHAT.

Tema 8.2. PaccTosiHuE MEXIY TOUYKAMHU.

Tema 8.3. JIuneiiHbIe onepaiy HaJl BEKTOpaMH.

Paznen 9. MHororpanHukH.

Tema 9.1. MHororpanHuku. IIpaBuinbHbIE MHOTOTPaHHUKHU M UX CBOWCTBA.

Tema 9.2. Tlpusma u ee CBOICTBA.

Tema 9.3. Ilapannenenunen U €€ CBOMCTBA.

Tema 9.4. Ilupamupna. [lpaBuibHas nupamuga. Y cedeHHas nupamuaa. Terpasap.

Tema 9.5. Ceyenus kyOa, MPU3MBbI U TUPAMUJIBI.

Tema 9.6. IlpaBuiabHbBIE MHOTOTPAHHUKH.

Tema 10. Tena BpalieHus 1 IOBEPXHOCTH TEJl BPAILIEHUS.

Tema 10.1. Uunuuap, KOHYC U UX CBOMCTBA.

Tema 10.2. Iap u chepa, ux ceuenusi. KacarenpHasi IockocTs K cdepe.

Tema 11.2meMeHTBI KOMOMHATOPUKH.

Tewma 11.1. OcHOBHBIE TTOHATHSI KOMOWHATOPHKHU

Tema 11.2. ®opmyna O6unoma Herotona. CBolicTBa OMHOMHUANIBHBIX KOA(D(HIIMEHTOB.
TpeyroapHuk ITackais

Tema 12. [lepBooOpasHas u UHTETpa

Tema 12.1.

Tema 12.2.

Tema 13. U3mepenus B reomeTpuu.

Tema 13.1. O6bem u ero uzmepenue. nterpansHas popmyia oobema.

[Tonobue puryp

Temal4.2meMeHTHI TeOpHUn BGPOHTHOCTGI‘/JI 1 MaTeMaTHYECKON CTaTUCTUKHU

(mpomomxenue) Tema 14.1. luckpeTHas ciaydaiiHas BEIMUMHA U €€ XapaKTepUCTUKu Tema

14.2. IlpencraBnenue JaHHBIX (TaOIUIIBI, AUArPaMMBI, rpaduKku) YpaBHEHUS U

HEepaBeHCTBA

Crnncok nureparypsl




BBenenue

OBnageHne npakTH4ecku J000# coBpeMeHHOI npodeccueid TpedyeT onpeaeaIeHHbIX
MaTeMaTH4ecKuX 3HaHui. [IpencraBienne o poiau MaTeMaTUKHA B COBPEMEHHOM MUPE,
MaTeMaTHYeCKUE 3HAHUS CTalTM HEOOXOAMMBIM KOMIOHEHTOM 001Ieil KynbTyphl. s
camopealin3alny, BO3MOXKHOCTH YCIEIIHOM 1eATeIbHOCTH B MHPOPMAIIMOHHOM MHpe TpedyeTrcs
MpOYHasi MaTeMaTH4yecKas oAroToBka. Marematuueckoe oOpa3oBaHUe BKIIIOYAET B ceOsl OBIIaIeHUE
CHUCTEMOM MaTEMaTUYECKNUX 3HAHUM, YMEHU U HAaBBIKOB, JAOIINX MPEJICTABICHNE O PEeIMETe
MaTEMaTHKH, O MaTEMATUYECKON CUMBOJIMKE, CIIELUAIBHBIX MATEMAaTUUYECKUX ITPUEMAX, METOAAX
MBIIUICHHUS.

Y4eOHbIN MaTepuan 4E€TKO JO3MPOBaH IO OAHOMY WM HECKOJBKMM 3aHATUsAM. Takoe
MIOCTPOCHHUE TOMOTaeT CTyJEHTaM H3y4aTb MHOTHE BOIPOCHI CAMOCTOSATEIbHO, OCOOEHHO eclu
CTYZCHTOM MPOIMYIIEHO KaKoe-IN00 KOHKPETHOE 3aHATHE WU TeMa.

KoHcmekT nexiuii conepKuT HeoOX0IMMBIH MaTepHall 1o BCeM pasjienam Kypca
MatemaTuku: PazButue nousrus o uncie; OcHOBbl TpuronoMerpun; Kopuu, crenenu u
norapudmer; @yHKIKH, UX cBOMcTBa U rpaduky; CTeneHHble, MoKa3aTeabHble, JorapupMuIecKue 1
TpuroHoMmerpudeckue GyHkimu; Hauano maremaTudeckoro aHanu3a; Y paBHEHUsI U HEPABEHCTBA,;
[Ipsimbie u TIOCKOCTH B MpocTpaHcTBe; KoopnHaThl U BEKTOPBI; MHOTOTpaHHUKU; DJIEMEHTBI
TEOPHU BEPOSTHOCTH U MAaTEMaTHYECKOW CTATUCTUKH, KOTOPbIE OOBIYHO M3YyYaIOTCs CTyIEHTaMU Ha
MIEPBOM Kypce.

W3noxxeHne TEOPETHMYECKOTO Marepuaja II0  HEKOTOPhIM  Te€MaM  COIPOBOXAAETCS
paccMOTpEHHEM IPUMEPOB M 3a/ay, BEAETCS Ha JOCTYIIHOM, IO BO3MOXXHOCTH CTPOIOM SI3BIKE.
[Tocobue momokeT CTyIeHTaM OCBOMTH | Kypc MaTreMaTHUKH, MOJATOTOBUTHCS K CJaye 3a4eTOB U
9K3aMEHOB 10 MATEMaTHYECKUM JIUCLUIUINHAM.



Mamemamuka 6 Hayke, npaKmMu4ecKoii 0esamenbHoCmu.

MaremaTHKa — HayKa O KOJMYECTBEHHBIX OTHOUICHUSAX U MPOCTPAHCTBEHHBIX
(dopmax IeHCTBUTEIFHOTO MUDA.

Ponb MaTeMaTHKN B COBPEMEHHOM HayKe MOCTOSHHO BO3PACTAeT. JTO CBSI3aHHO C TeM, 4TO 0e3
pa3pabOTKM M UCTIOJIB30BAHUS MaTeMAaTHYECKUX HayK ObLIO ObI, HATpUMeEp, HEBO3MOXKHO HH
OCBOCHHE KOCMOCA, HU CO3aHUE 3JICKTPOHHO-BBIUYNCIIUTENLHBIX MAIIMH, HALIEIIIINX IIPUMEHEHHE B
CaMBIX Pa3JIMYHBIX O0IACTSIX YEIIOBEYECKOH AEATEIHHOCTH.

MaremaTHKa npecTaBisieT co00il OCHOBY (hyHIaMEHTaIbHBIX UCCIIEIOBAaHUN B €CTECTBEHHBIX
Y TYMaHHTapHBIX HayKaX. MaTeMaTH4ecKue UeH U METO/IbI IPOHUKAIOT B yIIPABJICHUE BEChMa
CJIO’KHBIMU ¥ OOJIBIIMMH CUCTEMaMHU Pa3HOM MPHUPOIBI: MOJIETaAMU KOCMUYECKUX KOpalIieH,
OTpACIIIMH MTPOMBIIUIEHHOCTH, Pa0OTON OOIIMPHBIX TPAHCHIOPTHBIX CHCTEM U JIPYTUX BUJIOB
JeSITeTbHOCTH. B MaremaTke BOZHUKAIOT HOBBIE TEOPUU B OTBET Ha 3aIIPOCHI MPAKTHKHU H
BHYTPEHHETO pa3BUTHUS CaMOl MaTeMaTHKH. [IpriioykeHns: pa3nuvHbIX 001acTel MaTeMaTHKH
CTaJI HEOTHEMJIEMOH YaCThIO HAYKH, B TOM YHCie: (GU3UKH, XUMUH, T€OJIOTUH, OMOJIOTHH,
MEIUIMHBI, TUHTBUCTUKH, YKOHOMHUKH, COLUOIOTUH U JIp.

MaremaTHKa UTPAeT BaXKHYIO POJIb B €CTECTBEHHOHAYYHBIX, HHXCHEPHO-TEXHUYECKUX U
T'YMaHUTapHBIX HccienoBanusax. OHa crana Ui MHOTUX OTpaciiei 3HaHUH He TOJIBKO OpyIUeM
KOJINYECTBEHHOTO pacyera, HO TaKKe METOJ0M TOYHOT'O UCCIIEIOBAHUS U CPEJICTBOM IIPEAETIHHO
4eTKOW (OPMYITUPOBKH MOHATHH U poOieM. be3 coBpeMeHHOI MaTeMaTHKH ¢ €€ Pa3BUTHIM
JOTMYECKUM U BBIYUCIUTEIHHBIM armapaToM ObUT Obl HEBO3MOKEH IMPOTPECC B Pa3IMYHBIX
00JIacTSAX YEJTOBEUECKON IESTETBHOCTH.

MaremMaTHKa SBIISIETCS HE TOJIBKO MOIIHBIM CPEJCTBOM pPEIICHUS MPUKIATHBIX 331249 U
YHHUBEPCAJIBHBIM SI3IKOM HAyKH, HO TaKXKe U DJIEMEHTOM 0011el KyIbTyphl. JleficTBUTENbHO,
MaTeMaTHKa IIPOHUKAET BO BCE c(hephl UeIOBEUECKOH NesTeTbHOCTH. TpyIHO Ha3BaTh XOTs OBl OMH
pas3zen HayKu MM KaKyto-1100 mpoecCHOHATIBHYIO 001aCTh, I/Ie He MPUCYTCTBOBAJIA ObI
MaTeMaTHKa wiu e€ Metoabl. [1o3ToMy HE0OOXOAMMOCTh MaTEMAaTHUECKOTO 00pa30BaHUS /IS
YCIIEHIHOTO (POPMUPOBAHUS TUYHOCTU HE BBI3BIBAET COMHEHUH.

1. Ilenu u 3a0auu uzyuyenus MamemMamuKu 6 yupescOeHUAX cpeonezo npoheccuonHanbHo20
oopazoeanus:

(dhopMHUpOBaHKE MPECTABICHUN O MATEMATHKE KaK YHHBEPCATBHOM SI3bIKE HAYKH, CPEJICTBE
MOJICJIMPOBAHUS SBJICHUM U MPOIIECCOB, 00 UACSIX U METOJaX MAaTEeMATHKU;

Pa3BUTHE JIOTHYECKOTO MBIIIJICHUS, TPOCTPAHCTBEHHOT'O BOOOPAKEHHUS, aITOPUTMUICCKOM
KyJbTYPbl, KPpHTUIHOCTH MBIIUICHUS HA YPOBHE, HEOOXOIUMOM JUIs Oy MyTiei
po¢eCCHOHAIBHON NEATENBHOCTH, JIS TIPOOJKEHUST 00pa30BaHMI U CaMOOOPa30BaHNs;
OBJIQJICHUE MAaTEeMATUUYECKUMU 3HAHUSIMU U YMEHHUSIMHU, HEOOXOIUMBIMU B TIOBCETHEBHOM
YKU3HH, JUTSI U3YYCHHS CMEKHBIX €CTECTBEHHOHAYYHBIX TUCIMILIMH Ha 0a30BOM YpOBHE U
JTUCIUILTAH TPOQECCHOHATBHOTO IUKJIIA, IS MOTYYCHHs 00pa3oBaHus B 00IacTsIX, HE
TpeOYOMMX yTriyOoaéHHON MaTeMaTHIECKON TTOATOTOBKH;

BOCIIUTAHUE CPEJICTBAMU MATEMATHUKU KYJIBTYPbI JIMYHOCTH, IOHUMAHHUS 3HAYUMOCTH
MAaTEMaTUKH ISl HAYYHO-TEXHUYECKOIO MPOrpecca, OTHOIIEHUSI K MATEMATHUKE KaK K 4aCTH
00IIIeUeT0BEYECKOM KYIBTYphI Yepe3 3HAKOMCTBO C UCTOPHUEN pa3BUTHSI MAaTEMAaTUKH,
3BOJIIOIIMEN MaTEMATUYECKUX UAEH.



Tema 1. PazButne noHATHSA 0 YHCTIE
Tema 1.1 Ileable u paunoHAJbHbIE YHCIA

Onpec)efzeHue u ceoticmaa HaAmypauibHblx U Yyejblx Yucel. PCIL!MOHCUZbele uucia u

e20 ceolicmea.

Ymems: BRIIONTHATD apI/I(l)MCTI/ILICCKI/IG l[ef/'ICTBI/ISI Haa 9YrucjiaMu, pCliaTh 3a1a4u.
Buameo: OIIpCACIICHUC U CBOMCTBaA HaTypaJIbHBIX U HCJIbIX YHUCCII, pAllTHOHAJILHBLIC YUCJIa 1 UX

CBOMCTBA.

Onpenenenune. Hamypansusie yucna — 31o uncna Buga N={1, 2, 3, ...,}. HatypanpHble uncna

TIOABHIIMCH B CBA3H C HCO6XO)II/IMOCTBIO noacucTa nmpeamMeToB.

Omnpenesenue. Harypanbable yncna, yucnia, IpOTUBOIOJI0KHBIE HATYPAJIBHBIM, U HYJIb

COCTaBJISIIOT MHOMCECmeo 7 Hejlblx yucei.

Ceoiicmea HamypanbHbIX U YeabIX YUCEL:
1) a+b=bh+a - mIEpeMECTUTEIHHBIN 3aKOH CIOKEHUS;

2) a+(b+c¢)=(a+b)+c - coueraTeNbHbIN 3aKOH CIIOKEHUS;
3) a*b=b*a -mnepeMecTUTEIbHBIN 3aKOH YMHOXKEHUS;
4) a*(h*c)=(a*b)*c -coueraTenbHBII 3aKOH YMHOKCHUS;

Ed 2y — 9 (93
5) a®(b+c)=ab+ac - pacnpenenuTeNbHBINA 3aKOH yMHOXKEHUS OTHOCUTEIBHO CIIOKEHHS.

n
Onpenesienue. Payuonanvmsle uucaa — 5To 4YnCia, IPeICTABUMbBIC B BUIE TIpOOH ~ oThe m .
7

nenoe uyucno, a /! - HatypanbHOoe uucno. [Ins o0o3HaueHHsS pallMOHAIBHBIX YHCET HCIOJb3YyeTCs
narunckas Oyksa <. Bee HaTypabHBIE U LENBIE YUCIIA — PAMOHABHEIE,

10)

2 11

1
[IpuMepsl palMOHANBHBIX yKcel: 2 7 3

Csolicmea pauuoHaIbHbIX YUCeL.
1) a+b=b+a;
2) a+(b+c)=(a+b)+c;
3) a+0 =a:
4) a+(-a)=0;
5) a*b =b*a;
6) a*(b*c) =(a*bh)*c,
7) a*(b+c)=ab+ac
8) a*l =a:

3

1
9) a*— =I1; tne a #0;
(4

a*0 =0,

Tema 1.2. [leiicrBuTebHBIE Ync/ia.JlelicTBUS HAl 1eCTBUTEIbHBIMH YHCJIAMM.

Onpeodenenue oeticmsumennvix yucel. Uppayuonanvhvie uucia.

Ymemuw: BRINOTHATH apupMeTHUECKHE ISHCTBUS Ha/l YUCIaMU, peliaTh 3a/1auH.
3nams. onpeneneHre U CBOMCTBA JEMCTBUTEIbHBIX YNCEN, HPPALMOHAIBHBIX YHCE.

Onpez[e.nelme. ﬂeﬁcmeumeﬂbubte uuciaa (3emecm3eﬂnble) — 4ucia, KOTOpbIC IIPUMCHAKOTCA

JUISL U3MEPEHUS HENPEPHIBHBIX BEIMYNH. MHOXKECTBO JEMCTBUTEIBHBIX YHCEN 0003HaYaeTCs
nmaTuHCKONM OykBoit R . JIelicTBUTENbHBIC 4YHCIIA BKIIOYAOT B ce0OS  palfOHATbHBIC |
uppalnyoHanbHble uucia. Mppayuonanvuvie yucna — 4ucia, KOTOpbIE IMOJIyYAIOTCS B PE3ysbTaTe
BBITNOJIHEHUS! Pa3IMYHbIX ONepaluii C pallMOHAIbHBIMU YUCIaMH (H-p, U3BJICUEHUE KOPHS,

6



BBIYHCIICHHE JIOrapu(MOB), HO IIPH ITOM HE SABIIAIOTCS pallMOHATBHBIMU. [IpuMepsl nppaluoHaIbHBIX
uncen: V2 /3 .
Jlro6oe aeicTBUTENBHOE YHCIO MOKHO OTOOPA3UTh HA YHUCIOBOM MPSAMOIL.

—e r——— —>
3 2 v2 -1 05 0 05 1 V2 2 3 =z
Bwvieoo: JInsi mepeuyucICHHBIX BBIIIE MHOXECTB UYHCEN  CHPaBEUIMBO  CIEIYOIIee
BBEICKA3bIBAHUC.

NcZ R,
TO €CTb, MHOKCCTBO HATYPAJIbHBIX YUCCII BXOJAUT BO MHOKCCTBO ILECJIbIX YUCCII. MmuoxecTBO oeJIbIX
YUCCII BXOAUT BO MHOKCCTBO PALIMOHAJIBHBIX YHUCCIIL. A MHOXECTBO pallMOHAJIBHBIX YHUCCII BXOAUT BO
MHOXECTBO ﬂeﬁCTBHTeHBHBIX YUCCII.

Mooyns oeiicmeumenvrnozo uucna X 0003Ha9aeTCSA I~ ONpeeIsIeTC TaK K€, KaKk U
MO/1yJ1b PallMOHAIBHOIO YHCIIA!
N = & I8

w| = —
Il — ool v = O

Ceoticmea modyneit:

) o =Va?,
2) |a| =0 = a =0;
3) |a| =0
4) a| =|- al;
5) |u -h‘ :|u| ~|.’J|;
6) |t’f|: :(!:1‘

7 ‘(-’|

— =, 5 #0;
7) b |b ’
8) |u + bi = a‘ +|b;

9) |cr = B =la| - |7
Konmponvnvie 6onpocwi
1. Onpenenenue 1 CBOMCTBA HATYPAIBHBIX M LIEJIBIX YHCEIL.
2. PanivoHasibHbIE YUCIIAa U €70 CBOMCTBA.
3. UppanmoHaiibHbIE YHCIIA.
Tema 1.3. I[IpudimxeHHbIe 3HaYeHHUs1. AOCOJIOTHASsI H OTHOCHTEIbHAS MOTPELIHOCTH.

Hpu6ﬂu9fC€HHbl€ 3HAYEHUA. HoepemHocmb npu6ﬂuofcesz. Abcomomuas u omHocumenbHast
noecpeutHocmu npuﬁﬂuofceHu}z U ux ecparuybsl. Yucna 6EPHbLE, COMHUME/IbHbLE, CMPO2O BEPHbIE U
3Havawue.

Ymems: HaxoaUTh NPUOIMIKEHHBIC 3HAUEHUS BEJIMUMH M ITOTPELIHOCTEN BBIUUCIICHHH,
MPUMEHSTDH NMPAKTUUECKHE PUEMbI TPUOIMIKEHHBIX BIUNCICHUH.

3namu: TPpUOTMKEHHBIE 3HAUEHHS, TOTPEIIHOCTD MPUOIIMKEHNUs, a0COTIOTHAS U
OTHOCHUTEJIbHAS MOTPELIHOCTH MPUOIMKEHHS U UX TPaHULIbl, YUCIIa BEPHbIE, COMHUTEIIbHBIE,
CTPOro BEPHbIE U 3HAYaIIHE.

L.Ilpubnusrcennoe 3nauenue eenudunvl. AOCONIOMHAA NOZPEUIHOCIL NPUOTUNCEHUS.
I'panuya adbconrommuoii nozpertnocmu.

[TycTh pe3ynbTaT U3MepeHHs WU BBIYUCICHUS BEJIMUMUHBI X ¢ HEKOTOPOH TOYHOCTHIO PaBeH
a . Torma ¢ Ha3BIBAaETCS NPUOIUNCEHHBIM 3HAYeHuem (AT npubaudiceHuem) BequauHsl X . [Ipuuem,
ecnu ¢ =X, 70 ( Ha3bIBACTCS NPUOIUINCEHHBIM 3HAUEHUEeM ¢ HeoocmamKkom (WA npubIudceHuem
CHU3Y), @ €ClIk @ =X, TO (I Ha3bIBACTCA MPUOIUINCEHHbIM 3HAYeHUeM ¢ u3dvimkom (WK
npubIUNCEHUEM C8epXY) BETUIUHBI X .

Onpenenenue. Pa3HOCTh TOYHOTO U MPUOIMIKEHHOTO 3HAYECHUI BETMYMHBI HA3bIBACTCS

nozpeuwtHocmasro npuﬁﬂuofcenu;l .



Tax, eciu ¥ - TouHOE 3HaueHue, ¢ - IPUOIMIKEHHOE 3HAYEHHE, TO pasHOCTL ¥ = ' -
MOrPEIHOCTh pUOIMKeHus. Eciu ee 0603HaunM yepe3 Y- TO MOSyduM
X =a + Ax,

T.€. UCTUHHOE 3HAuY€HHE PAaBHO CyMMe NPHOIMKEHHOIO 3HAYEHHUS W MOTPEIIHOCTU MPHOIMKEHHUS.

Monynb pa3HOCTH TOYHOTO U MPHUOIMKEHHOTO 3HAUEHUH BEJTMUMHBI Ha3bIBAETCS AOCOIIOMHON
nOZPEewHOCMbIO NPUOIUNCEHUA .

CrenoBarenbHo, €ClM AY =X- ¢ - MOTPEIHOCTh NPUOMKEHUs, TO |Ax] =[x- « -
a0COIIOTHASI TOTPELTHOCTh MPUOIHKEHUS.

Bo MHOrmx mnpakTHMYeCKH Ba)KHBIX CIIydasX HeNb3sl HAaWTH aOCOJIOTHYIO MOTPEIIHOCTb
NpUOJIMKEHUST M3-32 TOTO, YTO HEM3BECTHO TOYHOE 3HaueHHE BeNUuuHBL. OJHAKO MOXHO yKa3aTb
MIOJIOKUTEIBHOE YUCIIO, OOJBIIE KOTOPOTO 3T a0COIOTHAS TOTPEITHOCTH OBITH HE MOJKET.

Omnpeaenenue. JIx060€ MONTOKUTENBHOE YUCIIO0, KOTOPOE OOJIbIIE UM PAaBHO aOCOIIOTHOM
MOTPEUIHOCTH, Ha3bIBACTCSl 2PAHUUEIl ADCOIIOMHOL NOZPEUIHOCTIU.

CrnenoBarenbHo, ecnii X - TOYHOE 3HaYeHHE, ( - MPUOIMIKEHHOE 3HAYEHHUE, TO Pa3HOCTh
Ax =X - @ - IOTPEUIHOCTh MPUOIMKEHUSI, TO JIF000E YHCIO /1, YIOBIETBOPSIONICE HEPABEHCTBY
|Ax| =7%. gBnsercs rpaHuLEl aGCOMOTHON MOTPEMHOCTH. B 3TOM cilydae roBopsAT, 4To BenuunHa X
IPUOJIMKEHHO ¢ TOYHOCTBIO 10 /7 paBHAa (I, U MUIIYT

X =d ¢ TOYHOCTBIO 10 /1

wim X =a +h. 3amuce ¥ =a +h O3HAYaeT, YTO MCTUHHOEC 3HAYCHHE BEIMYMHBI b o
3aKJIFOUYEHO MEKJLy TpaHuiamu ¢ - hy @ + /1. 1 ¢,

a-h=x<a+h

Ecnu u3BectHo, uto ¢ siBisieTcss MpUOJIMKEHHBIM 3Hau€HUEM BeIMUYMHBL X, U Tpelyercs
OIIPEJICNIUTh TPAHUILY A0COIIOTHON MOTPEIIHOCTH ATOTO NPUOIMKEHHOTO 3HAUEHHSI, TO ATY 3a/1a4y
00BI9HO GOpMYITUPYIOT Tak: «OnpeaenuTsh (HAWTH) TOYHOCTH TPUOIMKEHHOTO paBeHCTBA X < »,

2.0mnocumenvuasn nozpewrnocms. I panuya omnocumenvroil noZpewtHocmu.

Omnpeaenenne: OTHOIIEHHE A0COIIOTHONW MOTPEIIHOCTH MPUOIMKEHUS K MOJYJIIO
PUOIMKEHHOTO 3HAYE€HUSI BEJTMUMHBI Ha3bIBACTCS OMHOCUMENbHOU NOZPEUIHOCHIbIO TTPUOIIMKEHUS.

CrieioBaTeNbHO, ecu - - Tounoe 3Hadenue, ¢ - npubIMKEHHOE 3HAYEHHE, TO OTHONIEHHE

‘A\'E . ‘,\‘ = u‘

ol

SIBJISIETCS. OTHOCUTENLHOM MOTPEIIHOCTHIO IPUOTIKEHUSI.

OTHOCI/ITG.]'H)HyIO MOrp€IIHOCTh YaCTO BBIPAXKAKOT B IIPOILICHTAX.

B otnuune oT aGCOMOTHOM MOTPEIIHOCTH, KOTOpas Yallle BCEro ObIBAeT pa3MepHOi
BEJTMYMHOM, OTHOCUTEIIbHAS MOTPEIIHOCThH SBIsIETCS O0e3pa3MepHON BETMYMHOM.

Onpenenenue. JIr060€e MOTOKUTENBHOE YHCIO, KOTOPOE OOJIbINE WIH PABHO OTHOCUTENBHOM
TIOTPELIHOCTH, HA3BIBAETCS SPAHUYECH OMHOCUMENbHOU NOZPDEUHOCHIU.

CrnenoBarensHo, ecim AX - MOTPEIIHOCTh MPUOIMKEHUS, TO JTF000e YHUCIIO o,
YAOBIIETBOPSIOIIEE HEPABEHCTBY
|Ax]

=0,
|

ABJIAETCA TPAHUIEHl OTHOCHTENLHOI MOrpemHocTH. B acTHOCTH, ecnu /7 - rpanuia abCcomoOTHOI
MOTPEUTHOCTH, TO YHCIIO
o :i
|

SIBJIAETCS TPAHUIIEN OTHOCUTEIBHON MOrPEIHOCTH Npubmmkenns - Orcroaa, 3Has TpaHMIly
OTHOCHUTEJILHOM MOTPEIIHOCTH, MOKHO HAaWTH TPaHUIly aOCOTIOTHON MOTPEITHOCTH
=0 -|dl

3.0Kpyenenue u nozpeutnocms OKpy2ieHusl.

Onpenesienue. AGCOTIOTHAS MTOTPEITHOCTD, TOMTyCKaeMast P OKPYTIICHUH, HA3bIBACTCS
OUWLUOKOIL OKPY2/ICHUSA.

CyIecTBYIOT TPH CI0C00a OKPYTJICHHSI TIOJIOKUTEIBHBIX IECATUYHBIX IPO0Oei: OKPYTIECHUE C

HEJ0CTaTKOM, OKPYTJIEHHE C U30BITKOM M OKPYTJIEHHE C HAMEHbIIEH OIINOKOM.



Okpyenenue ¢ Hedocmamkom 1O €IUHUIL O HEKOTOPOTO paspsiia COCTOMT B OTOpachIBAHHH
SIIMHHMI] BCEX MJIaIIIUX pa3psiaoB. [Ipy TakoM OKpYTJICHUU Bce HU(PBI AECITUYIHON APOOH 10 TAHHOTO
paspsiia BKIFOYHTEIHHO HE MEHSIOTCS, a HU(PBI MITAANINX Pa3psaoB 3aMeHsoTes HysiMu. Hammpumep,
ecimu X —23.467. 1o OKpYIJIEHHS C HEIOCTATKOM JIO COTHIX, JECSATBHIX, €AMHHUI], IECITKOB
COOTBETCTBEHHO PABHBI
23,46; 23,4; 23; 20.

OwmunOKN OKPYTIICHUS] COOTBETCTBEHHO PAaBHBI
0,007; 0,067; 0,467, 3,467.

Okpyenenue ¢ u30blmkoM 10 €IUHULL HEKOTOPOT'O pa3psiia OTINYACTCS] OT OKPYTJICHHS C
HEJIOCTATKOM TEM, YTO YMCIIO AWHHII JAHHOTO pa3psia YBEIUIUBACTCS HA CIAUHHMILY.

Hanpumep, ecun ¥ =23.467. 10 okpyriieHHE C U30BITKOM JI0 COTBIX, IECATBIX, CANHHII, ICCITKOB
COOTBETCTBEHHO PaBHBI

23,47; 23,5; 24; 30.

OuMOKH OKPYTJICHHSI COOTBETCTBEHHO PABHBI

0,003; 0,033; 0,533; 6,533.

CaMbIM pacnpOCTpaHEHHBIM OKPYTJICHUEM SIBIISICTCS OKpY2leHUe ¢ HaumMeHbuiell

noepeuwtnocmuio. OHO TIPOU3BOUTCS TI0 CICTYIOIIMM TPABHUIIAM:

1) Equnuiel Mutaammx pa3psioB OTOpackIBaAIOTCS;

2)4UCIIO0 SMHUILL IAHHOTO pa3psiia He MEHSETCs, €CIH Clieyomas nudpa JaHHOM APOOU MEHbIIIe
5, ¥ yBeNIMYMBACTCS HA SAMHMILY, CCIIH CIIeAyoIas udpa OoJble Win paBHa 5.

Hanpuwmep, ecnmu ¥ =23.407. 170 OKpYIJIEHHS ¢ HAMMEHBIIIEH TTOTPEITHOCTHIO 10 COTBIX,
JECATHIX, CMHUI] U JIECITKOB COOTBETCTBEHHO PABHBI
23,47, 23,5; 23; 20.

OmmbKM OKpYTIIEHUSI COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,467; 3,467.

Konmponvhvie 6onpocwi

1. ITpubnukeHHbIC 3HAYCHUSI.

2. [TorpemHocTh NPUOINKEHUS.

3. AGcoI0THas U OTHOCUTENbHAS MOTPEIIHOCTH NPUOIMKEHNUS U UX TPAHULIBI.
4. Yucna BEpHbIE, COMHUTEIbHBIE, CTPOTO BEPHBIE U 3HAYAILIKE.

Tema 1.4. KoMmnjiexkcHbIe YUCTIA

OnpedeﬂeHue KOMNJIEKCHO20 HUcud, norAmue paeencmea u oeticmeust CLONCEeHUs. U
YMHOINCEHUS KOMNJIEKCHbIX YUCEL, Moay]lb Uu apcymennt KOMnji€KCcHo2o 4ucia.

Ymemps: BHINOMHATH NEUCTBUS HAJ KOMIUIEKCHBIMU YHCIIaMU a anreOpanyeckoil popme
3namyb: OIpeneIcHHe KOMIUIEKCHOTO YHCia, IIOHSATHE PpAaBEHCTBA W JCHCTBUS CIOXKEHUS U

YMHOKCHHUSA KOMIIJICKCHBIX YHUCCIT U ACJICHUS KOMIIJICKCHBIX YUCCII.

2 o
Kak M3BECTHO M3 IIKOJLHOTO Kypca, ypaBHenue Buaa X a O He MMmeeT NeHCTBHTENHHBIX

KOpHeﬁ, HO CYyHICCTBYCT HeO6XOI[I/IMOCTB peuIaTh YPAaBHCHUSA TAKOI'O BHAA. I[J'IH 9TOTO MMpHUAYMAJINU TaK
Ha3bIBAEMBIC «KOMIIJICKCHBIC YU CJIay .

JUia ompeneneHus KOMIUIEKCHBIX YHCEN CHayala BBEIEM HEKOTOPbIM CHMBOJ i, KOTOPBIH

HA30BEM MHUMOU eOuHuyel. ITOMY CUMBOIIY IIPUIIUCBHIBAETCS CBOMCTBO y/I0BJIETBOPATh YPaBHEHUIO

2 2 2 1. 17 32.. 4
x10:7710, i 1;1\/1.HpI/IBTOMZ LT 11,1

3., 5.
il ...

Komnaexcuvim wuciom z Ha3pIBAETCS BBIPAKEHHE Z d Ib , r1e a v b — IeliCTBUTENBHBIE YHCIIA.

[Ipu 5TOM umMCIHO @ HA3BIBACTCS OelicmaumenvHou yacmoio aucna z (a = Re z), a b — muumou yacmoio
(b=1Imz).



Ecmu @ =Re z =0, To 4ncno z OyneT 4uCTO MHUMBIM, eciii b = Im z = (), To 4ucio z Oyaet
JNIEUCTBUTEIILHEBIM.

Yucnaz a ibuz a ib Ha3bBaOTCA KOMNIEKCHO-CONPAHCEHHBIMIL

JlBa KOMIIEKCHBIX uuciaa 2z] d| Iby u 23 a) iby Ha3BIBAIOTCA PaBHBIMH, ECIIHU

COOTBETCTBEHHO PABHBI MX JICHCTBUTENILHBIC U MHUMBIE YacTH: d] d2 ; b1 by

MHO0XeCTBO KOMIUIEKCHBIX YHACEI — HEYNOPSAJOUYEHHOE MHOXKECTBO, T.€. U3 ABYX KOMIUIEKCHBIX
YHUCeJl HeJIb35 yKa3aTh NOCIEAYIOUIEE U Npeapiayee. Mexay IByMsl KOMIUIEKCHBIMU YUCJIaMU HEJIb3S
IIOCTaBUTh 3HAKN HEPABEHCTBA > NI <.

KomruiekcHOe 4uCiio paBHO HYJIO, €CIM COOTBETCTBEHHO DPAaBHBI HYJIO JCHCTBUTENbHAS U

muanmMas gactu: a b 0.

Heliicmeus Ha0 KOMNAEKCHbBIMU YUCTAMU.

Dz z1 z2 (a1 iby) (a2 iby) (a1 a2) (b1 b2)
Dz oz (a1 ib)(a iby) aia iab,  ibiay  P’hibs (a1ax biby) i(aib, biay)

3)2 ﬂ (ll—lblx ly WIn

@ by .
(@ ib Ya ib) (a@aa bb ) ilab ab ) aa bbb ab ab
1 172 2 12 12 21 12

z 1 2 12 7_21 1 2

(a2 iby )az ib )a22 b22a22 b22a22 by?

Konmponvhuvle 6onpocwi

1. Onpenenenne KOMIUIEKCHOTO YHCiIa

2. [lonsiTne paBeHcTBa

3. JleficTBHsI HaJ KOMIUIEKCHBIMU YHCIIaMHU

Tema 3. OCHOBbBI TPUT'OHOMETPUU

Tema 3.1. Paguannas mepa yria. BpamareiabHoe 1BHKeHHE.
Eounuunas okpyscnocmo. Yeon 6 00un paduan. Ilogopom mouku 60Kpye HAYAIa KOOPOUHAM.

Ymemsb: HaX0aUTh KOOPIMHATHI TOUKU U YTJIOB.
3uame: eMUHUYHYIO OKPY>KHOCTb, YTOJI B OJIMH pajiuaH, GopMyIisl epexoaa OT paJuaH K rpagaycam

" OT I'padyCOB K paavaHaM, IOBOPOT TOYKH BOKPYT Hadalla KOOpAWHAT.

Onpenesienne: L{eHTpanbHbBINA yroJl, ONMUPAIONIUICA HA TyTY, IJIMHA KOTOPOW paBHA
paauycy OKpY>KHOCTH, Ha3bIBaeTCs yIJIoM B 1 paguaH.
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I'panycnasi mepa yria B 1 paguan paBHa:

Tak kak nyra nauHo# /7 R (0IyOKpy>KHOCTB), CTATUBAET LIEHTpabHbIA yroa B 180°, To ayra

miHOM R, cTaruBaet yros B/Y pa3 MEHbBIIIHH, T.€.
. (13(])
pag = =)

N naobopot

1° =ip ]
180

Tak kak 7 = 3,14, To 1 pag = 57,3°
Eciy yros coJiepKuT a pajuaH, TO ero rpagycHas Mepa paBHa

_(130 )
apag = = o]

N nao6opot

a’ =l-ap
180

OO6b14HO TTpH 0003HAYCHUH MEPHI yTia B paJiaHaXx HAUMEHOBAHHUE «Paj» OMyCKAaIOT.

Hanpumep, 360° =277 pan, mamyt 360° = 277

B tabnuie ykazansl HanOoJee 4acTo BCTPEUaIOIUecs YIJIbl B TPalyCHOI U paJuaHHoil Mepe.

['pamycer 0 30 45 60 90 180
Panuanbt 0 T T 7z Ed JT
6 4 3 2

Panuannast mepa yria ynoOHa /Ui BBIYUCICHUS UTMHBI AYTH OKpY>KHOCTU. Tak kak yrou B 1

paJuaH CTArUBAET JYTY, JUIMHA KOTOPOH paBHa paauycy R, To yron 8 Y paj crarusaer ayry AnHHOM

| = R

Ocobenno npoctoii BuI (hopmyJia UMeeT B ciydae, koraa R =1. Torna ayvHa 1yru paBHa
BEJIMYKMHE [[CHTPAJIBHOTO yIJia, CTATUBAEMOTO 3TOM IyroM, B paauanax, 1.c. [ =« . Ilnomais

KPYTOBOTO CEKTOpa paauyca R, o6pasosannoro yrnom B 4 pan, paBHa
;AR
§= (o4
2
Iloeopom mouku 60Kpy2 Hauana KOOpOUHam
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PaccmoTpuM Ha KOOpAMHATHOM IIOCKOCTH OKPY’KHOCTh pajguyca | ¢ LEeHTpoM B Hauasie
KoopauHat. Ee Ha3pIBalOT €IMHUYHON OKPYKHOCTBIO. BBeeM MOHSTHE NMOBOPOTA TOUYKH €IUHUYHOMN
OKPY’KHOCTH BOKpPYT Hayajla KOOpAMHAT Ha YToJl 4], e - Jr@oe 1elCTBUTENBHOE YUCIIO.

1. Ilycte a>0. [Ipenrosnoxum, 4To TOUYKA, ABUrasiCh IO EAUHUYHON OKPY’KHOCTH OT TOUKH P
MIPOTHB YaCOBOM CTPEJIKH, MPOIIUIa My Th JIMHOH o, (puc. 1). Koneunyro Touky myTu o60o3Hauum M.
B sTOM ciyuae Oynem roBopuTh, 4TO TOUka M mosrydeHa u3 Toukd P ToBOpoTOM BOKpYT Havaja

KOOPJMHAT Ha YTOJI 0. PaJHaH.
2. ITycts 0<0. B 3TOM City4ae moBOpOT Ha yroJ o paguaH O3HAYaeT, YTO ABM)KCHHE COBEPIIAIOCH

110 YacoBOi cTpesike M TOYKA MPOILIA MyTh AauHHOM || (puc. 2).
[ToBopot Ha 0 pax 03HA4aeT, YTO TOYKA OCTAETCS HA MECTE.

IIpumepsr:

1) Ilpu nosopore Touku P(1;0) Ha yromn( % )(puc. 3) nonyyaercs Touka M ¢ koopaunatamu (0;1).
2) Ilpu noopote Touku P(1;0) Ha yron(- % ) (puc. 3) momydaercst Touka N(0;-1).

3
3) Ilpu noBopore Touku P(1;0) Ha yromn( % ) (puc. 4) nonyuaercs Touka K(0;-1).

4) Tlpu moBopote Touku P(1;0) Ha yron(--7 ) (puc. 4) moyuaetcs touka J{(-1;0).

Puc.3 Puc.4

[IpuBenem TabnuIly MOBOPOTOB Ha HEKOTOPBIE YIJIbI, BHIPA)KEHHBIE
12

17 |
M
X a>0
*  \o(:0
. ; o X
| 30 -
Y
¥ /‘ )
n 2 P(1,0
p| T |- E a0,
a<0
&[5>
- Puc.1 Puc.2
v
YA y
@-; x 180* M(0;1)
57 K 3
- (% 4 P(1;0) L{;0)
D ¥ ||
¥4 | . )
@1 2n | 350° N(O;-1)
%




B paJMaHHOM U rpagycHoi Mepax (puc. 5). OtmeTum, uto npu nosopore Touku P(1;0) Ha 360°, Touka
BO3BpaIaeTCs Ha MepBOHAYATBHOE MOJOoXKeHue (cM. Tadmumity). [Ipu moBopoTe Touku Ha -360°, oHa

TaKXKE BO3BPAIIACTCs B IICPBOHAYATIBHOC ITOJIOKECHHUC.

Puc. 5
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Tema 3.2. Onpeoenenue cunyca, Kocunyca, manzenca u KOmaHuzenca y2ia.

Onpeoenenus cunyca, KOCUHYCA, MAH2EHCA U KOMAH2EeHCa YUCd. 3HAKU CUHYCA U KOCUHYCA.

Ymems: HaxXOJUThb 3HAUYCHHUA TPUTOHOMETPUUCCKHUX Bpra)I(eHI/II;'I, OIpEACIIATh 3HAKOB YHCECII

SHY &, COK s, frrae f

3name: OnpeaAcCICHU CUHYCa, KOCUHYCA, TAHTCHCA U KOTAaHI'CHCA YHCJIa, 3HAKHW CUHYCa U KOCHUHYCA.

Onpenenenue 1. Cunycom yrna ¢
Ha3bIBACTCS OpJIMHATA TOUYKH, TOTy4YEeHHOU Y
noBopotoM ToukH (1;0) Bokpyr Hauana
KoopauHaT Ha yron (¢ .O6o3HayaeTcs Sin
Onpenenenue 2. Kocunycom yrma ¢
HazbIBaeTcs adCIycca TOUYKU, MOTYyYEeHHON ;
noBopotoM ToukH (1;0) Bokpyr Hauana \“ }

pe ‘
koopauHar Ha yron ¢ .O6osnauaercs COS 0(0;0) cosa | P(1;0)

B stnx OMPECACIICHUAX YI'OJI MOXKET BBIPAXKATLCA KaK B I'palyCax, TaK U B paaraHaXx.

Onpenenenue 3. Tanrencom yria ¢ HasbIBaeTCS OTHOLIEHHE CHHYCA yriaa Y K €ro KOCHHyCy
(o603Hauaercs H <

sin ¢
Takum obOpazom g =

COS ¢
Onpenenenue 4. Koranrencom yrina ¢ maspiBaeTcs oTHOIIEHUE KocuHyca yria ¢ k ero cunycy
(obo3HauaeTcs C1g ).
COS/

Takum oOpazom crger =—
sin ¢«

[IpuBenem TabaMIly 4acTO BCTPEUAIOLIMXCS 3HAUCHHUH CHHYCa, KOCUHYCA, TAHI€HCA U KOTAHTEHCA.

Tpagyce | 0°| 30° | 45° | 60° | 50° | 180° | 270° | 360°
3
Paguagm | 0 A & =, & oo 2, 2
& 4 3 2 2
Tyurua
. 0 l E E 1 0 -1 0
S1E o P P
cosct 1 _‘E E l 0 -1 0 1
2 2 2
toc 0 ?E E |3l - | @ ] 0
ctgor - | 3 1 g 0 - 0 -
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3HaueHns KOCHHYCAa H CHHYCA HA OKPYKHOCTH.

3HaKH CHHYyCa, KOCHHYCAa U TaHTeHca.

YA

+ | + = | B K+
g

5 - .
X a X U X

-7 - - + + | -
Jnaru cusyca Juany recunyca 3uawny manzeHcd

i HomaseEeHca

KonmponvHnuvle 6onpocwi
1. EqHMYHas OKpY>KHOCTb.

2. Yroa B OOUH paauaH.
3. [ToBOpOT TOUKM BOKPYT Hayajga KOOPAHUHAT.

4. OmnpeneneHusi CHHyca, KOCUHYCa, TAHT€HCA U KOTaHT'€HCa YHUCIIa.
5. 3HaKku cMHyCa U KOCUHYcA.
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Tema 3.3, 3.4. OcHOBHBbIE€ TPUTOHOMETPHUYECKHE TOKIECTBA. DPMYJIbI CI10KEHUSA

3asucumocmv mexHcOy CUHYCOM, KOCUHYCOM, MAH2EHCOM U KOMAH2EHCOM 00HO20 U MO20
arce yena. Dopmynvl cloxdceHUs.

Ymems: ipeoOpa3zoBbIBaTh MPOCTEHIIINE TPUTOHOMETPHUYECKUE BBIPAKEHHUS, BBIYUCIISTH C TIOMOIIBIO
(hopMyJITBI CITOKEHHUS.

33Hamb.: 3aBUCUMOCTb MEXAY CUHYCOM, KOCHHYCOM, TAHT€HCOM U KOTAHT€HCOM OJIHOTO U TOTO
Ke yria, GOpMyJIbl CIIOKEHHS.

OcHognoe mpuzonomempuuecKoe moicoecmeo:
cos® a +sin’ a =1
3asucumocms merncoy cunycom u KoCunycom:

] [ . ¥
cos” ¢z =4/1- sin’

i 2 f 2
sin~ @ =+J1- cos™ &

tgcr ctgea =1
5 1 2 _ |
igla+l=——— cigratl=———
cos” s o

Cunyc, kocunyc, manzenc yenog = ) y &
cos(-r) =cos«

sin(- <) =- sin«
1g(- @) =- g
clg(-a) =-clga

Dopmynsl cnodicenusn
OcHOBO¥ /1T BBIBOJIA OCTAITLHBIX (DOPMYIT SBIISIFOTCS (hOpMY/Ibl CLOMHCEHUA:
cos(ax + f) =cosacos ff +sinasin ff
cos(cx - f7) =cosacos ff - sinasin ff
sin(fez + ) =sinacos f7 +cosasin f3
sin(c - f7) =sinarcos ff - cosasin fF
1g(ce + ) = tgax +igfs
| - tecuagfs
Konmponvnvie gonpocwi
1. 3aBUCHMOCTH M€Ky CUHYCOM, KOCUHYCOM.
2. 3aBUCHUMOCTb MEXK/Iy TAHT€HCOM M KOTAaHT'€HCOM OJTHOTO M TOTO K€ yrJa.
3. ®opMyJbl CIOKEHHUS.

Tema 3.5. CuHyc, KOCHHYC M TaHTeHC ABOHHOrO yriaa. Cunyc,
KOCHHYC U TAHT€HC MOJOBMHHOIO yrja ®opmMyJibl
NpHUBeAeHUsl

Bv1600 popmyn cunyca u kocunyca 0801iH020 yaia, ucnonv3ys opmynvt croxcenus. Haxoscoenus
NOJIOBUHHO20 V2la N0 U38ECMHbIM 3HAYEHUAM KOCUHYca u cunyca. [lpumenenue ¢popmyn npugedenus.

Ymems: ucnonb3oBath (HOpMyJIbl ABOHHOTO YIJIa, UCIIOIB30BaTh (hOPMYJIIbI OJOBUHHOTO YIIa,
MPUMEHSATh MPU PELICHUH 3a71a4 (GOPMYIIbl IPUBEICHUS.
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3nams: BBIBOA GOPMYJI CHHYCA M KOCHHYCA IBOMHOIO yTia, UCIOJIb3Ys (DOPMYIIbI CII0KEHHUS,
HAaXO0JJICHUS TMOJOBUHHOTO YyTJa MO W3BECTHBIM 3HAYEHUSIM KOCUHYCA U CUHYCa, IPUMEHEHHE

dhopmyn mpuBeaCHUSI.

Cunyc, KOCUHYC U MaH2eHC 08OTHO20 y2a.

sin 2 =2sin ¢ cosar
2 |
cos2ar =cos - sin” @

2tocx
(g2 =——=——
l-tg e
CtuC, KOCUHYC U MAH2EHC NOJI06UHHO020 y2ila
s l+cosa
co§" — =———
2, 2
.~ _1-cosa
sin- — =—
2 2

o 1-cosa
g —=

2 l+cose
@opmynvl npusedenusn

ona cunyca:

sin :) - | =cose, sin “?-- + | =cosa,
sin(z - &) =sin o, sinlz + @) =- sin ot
. | 3 o[ 3
Sin 5 - == C0s, Sin T*’(&’ == COos,
onsa Kocunyca:
JT o 7 3
COS -~ (| =SIncr, Cos| —+a | =-smma,
2
coslz - ) =- cos o, coslz + a) =- cos o,
RY, 2 , 37 :
cos - | =-sina, cos| — +a | =sina.
0151 MAH2EHCA U KOMAH2EHCA:
a
ig| - +a| =-cga, cgl —+a| =-1ga,
Vs b4
g 5 al| =ciga, dgi 7 al| =tgea.
2
Ogac=
B npaBoii yactu (opMysIbl CTaBUTCS TOT 3HAK, KOTOPBIM UMEET JieBast YacTh IPU YCIOBUHU 2,
T 3z
3 2 e +ex
Ecnu B neBoii yactu popmysasl yros paBeH 2 w2 , TO CHHYC 3aMEHSETCs Ha KOCUHYC,

TAaHI'CHC — Ha KOTAHI'CHC U HaO60pOT. Ecaun YToJ paBCH 7 *¢r, TO 3aMCHBI HE IPOUCXOIUT.

Cymma u paznocms cunycos. Cymma u pazHocmo KOCUHYCOB.

+ a-p

o p e
sin ¢« +sin /5 =2sin 3 cos 5

. . . ou- o+

sin¢ - sin /5 =2sin 2/ cos /
a+ i a- /7
/! cos /

cosa +cos i =2cos 5 2

’
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La+ o a-pf
cos - cos ff =-2sin Soosin———.

v Z

KOHmpOJZbele 60npocsl

1. BeiBoJT hopMyJT CHHYCA U KOCHHYCA JIBOWHOTO YTJIa, HCIIOIB3Ys (POPMYJIBI CITOMKCHHSL.
2. HaxoxaeHusl MOJIOBUHHOTO YTJIa TI0 U3BECTHBIM 3HAYCHUSIM KOCHHYCA U CUHYCA.
3. [Ipumenenue ¢popmyn npugedenus.

Tema 3.5 .Tpuronomerpuyeckue GyHKIUH.

Onpeoenenue mpuzoHomempudeckux QyHKyut, ceoucmasa
MPUSOHOMEMPUYECKUX DYHKYULL, 2paAdUKU MPULOHOMEMPUYECKUX DYHKYULL

Ymems: ctpouth raduky TpUroHOMeTpUUECKUX (DYHKIUI, OMUCHIBATH UX CBOMCTB, MPUMEHSIThH
CBOICTBA MPH PEIICHUH YIPAXKHEHHIHA

3unamy: onpeneneHus TPUrOHOMETPHUECKUX (YHKINH, CBOMCTBA TPUTOHOMETPUYECKHUX (PYHKITHIA
@OyHKIMHU y = Sin X, y = COS X, y = tg x, y = ctg X HA3bIBAIOT TPUTOHOMETPUUECKIUMH (PYHKIIHSIMH.

@®yHKIMA y = sin x.
CaoiicTBa u rpaduk GyHKIMH Y = sin x.
1) O6nacTh onpeeneHns - MHOXKECTBO BCEX JIEUCTBUTENIBHBIX YHCEIL.
2) ObnacTh 3HaUeHUH - 0Tpe3ok [ - 1; 1].
3) ®yHKUus neproanYecKas; OCHOBHOM MepuoJl paBeH- 27.
4) OyHKIMS HEYeTHAs .
5) ®yHKuus Bo3pacTaeT Ha MPOMEXKyTKax [ -m/2 + 2nn; m/2 + 2nn] u yObiBaeT Ha
MIPOMEKYTKAX
[ ®/2 + 271n; 3n/2 + 2nn], n € Z.
I'padux GyHKIUM ¥ = sin x H300pa’keH Ha PUCYHKE.

Y y=sinx
Tl

DYHKIUA y = COS X

CaoiicTBa U rpaduk QyHKIMU Y = COS X.

1) O6nacte onpeneneHust PyHKIUH - MHOXKECTBO BCEX JCHCTBUTEIBHBIX YHCEI.
2) O6nacth 3HaYeHUH - OTpe30K [- 1; 1].

3) ®yHKIMA NEPUOANYECKAsE C OCHOBHBIM IIEPUOOM 21t

4) OyHKIUS YeTHAS.

5) ®yukius yObIBaeT Ha MPOMEKYTKax [27n; m+ 2 n] 1 Bo3pacTaer Ha
MPOMEXYTKaX [-m+ 27tn; 2ntn], nnZ.

['padux GyHKIUN y = cOs X U300paKEH HA PUCYHKE.
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1)

]

POyHkuusa y = tg x.

CaoiicTBa 1 rpaduk GyHKIUH ) = tg X.
1) O6nacte onpenenenus: x & /2 + nk, ke Z.
2) O6macTh 3HAYCHUH - BCS YMCIIOBAs MPsSMas.
3) m- OCHOBHOM NeprOJ] PYHKIIUH.
4) OyHKIUS HEUETHASI.
5) @yHKuUs BO3pacTaeT Ha MPOMEXYyTKax ( -1/2 +mn;m/2 +mn).
I'padux GyHkuum y = tg x n300paxkeH Ha pUCYHKE.
| g y=rtg

|

1

i

=4

(}

N
o

o
|

k

| [
| |
| [
| |
| |
| |
! !
T r
| [
| |
| [
| [
| |
| |
| [

DyHKuud y = ctg x.

CoiicTBa u rpaduk GyHKIMH Y = Ctg X.
1) O6macte onpenenenus pyHkiuu: X & /2 +nk, ke Z.
2) OGnacth 3HauUeHUH (QYHKIMU - BCS YUCIOBas IpsMasi.
3) dyHKuuMs nepuoanYecKas ¢ OCHOBHBIM MEPHOJIOM T.
4) OyHKIMSA HEUETHAsI.
5) ®ynkms y = ctg x yObIBaeT Ha MPOMEKYTKaxX (Tn;m+mn).

I'paduk pynxmm y = ctg x n300pa’keH Ha pUCYHKE.

¥ |




Tema 3.6. OOpaTHbIe TPUTOHOMETPUYECKHE (PYHKIIMH,
UX cBOMicTBau rpaguku.

Onpeoenenue 00pamHuix MpUeOHOMEeMPUYECKUX QYHKYUll, ceoLlicmea

MPUSOHOMEMPUYECKUX YHKYULL, epADUKU MPULOHOMEMPUYECKUX PYHKYULL

Ymemns: ctpouth radpuky 0OpaTHBIX TPUTOHOMETPUUYECKUX (DYHKIIMH, ONMKUCHIBATh UX CBOMCTB,

IIPUMEHATH CBOMCTBA MPU PELIEHUM YIPAKHEHUI
3uams: onpeneneHus oOpaTHBIX TPUTOHOMETPUUYECKUX (YHKIIHM, CBOHCTBA OOpaTHBIX

TPUTOHOMETPUYECKHUX (YHKLUH

OOpatHble TpUrOHOMETpUYECKHEe (PYHKIUU (APKCUHYC, apKKOCHHYC,
apKTaHT€HC M apKKOTAHT€HC) SIBJISIOTCS OCHOBHBIM 3JIEMEHTAPHBIM
¢yskuusmu. Yacto u3-3a NpucTaBku "apk" oOpaTHbIE TPUTOHOMETPUUYECKHUE
¢byHKIMU Ha3bIBaOT apKyHKIMsMU. Ceifuac Mbl paCCMOTPUM HX TpaduKu

" IEpEUYUCIINM CBOMCTBA.
@YHKIUSA APKCHHYC V —arcsinx

N306pa3zum rpaduk GyHKIHH apKCUHYC:

xlY
2

CaoiicTBa QyHKIMH APKCHHYC Y —arcsinx

1.06macTh onpeneneHus — oTpe3ok [-1;1].
JT

2. MHO€eCTBO 3HaYE€HHUI — OTPE30K. 25

3. @yHKIUS ¥ =arcsin x BO3pacTaer.
4. @yHKIMA ¥ =arcsinx gBIIAETCSA HEYETHOM, TaK KaKk
arcsin(- x) =- arcsin x
DyHKIHUA APKKOCHHYC
Y =areCoSY rpapuk Gpyskmum APKKOCHHYC HMCCT BH:

-

CBoiicTBa QYyHKIIUM aPKKOCHHYC
Y =aICCos X 1 O6nacts onpenenenns — orpe3ok [-1;1].
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2. MHOXeCTBO 3HaueHuit — oTpe3ok - 037! |

3. @ynkuus Y ~aCCOSY yGpipaer.

®yukuus apkranrenc » — ¢CEY,

I'paduk PpyHKIIMK apKTaHTEHC UMEET BU/I:
Y

T

2

Ty
2
CBoiicTBa QyHKIHMH )V =dicigX,
1.06nacTh onpeeneHuss — MHOKECTBO BCEX JEHCTBUTEIbHBIX YHUCEN.
T ]

2. MHO€eCTBO 3HaYE€HUI — UHTEPBAIL. S

3. OyHKIWS V =arcigx Bo3pacraer.
4. OyHKIMS V =arcigx gBuseTcs HEYETHOM, TaK Kak

arctg (- x) =- arctgx

@®yHKIUMA apKKOTaHrenc - — 4/Cresy
N3o0pasum rpaduk GyHKIIUN apKKOTAHT'CHC!
CgoiicTBa PyHKUMH V =darccigx,

1.06nacth onpeeneHuss — MHOKECTBO BCEX JEHCTBUTEIbHBIX YHUCEN.

2. MHOecTBO 3HaueHuit — nutepsan (0:77) .
3. dynkuus Y T4CCIZY yGpiBaeT Ha Beeit 001aCTH ONpeIe/ICHHS.

KonmponvHule 6onpocwl
1. Onpenenenust GyHKIMA, X CBOHCTBA U TpaUKH.

2. IIpeobpazoBanus rpaduKoB.
3. IapaystenbHBIA IEPEHOC, CHMMETPHUSI OTHOCUTEIBHO OCEMl KOOPJIMHAT U CUMMETPHUS OTHOCUTEIBHO

Hayaja KOOpPJMHAT, CUMMETpPHUS OTHOCUTEIBHO NPSIMOM Y=X, pPaCTsIKEHHS M CXKATHE BIOJb OCEU

KOOp/WHAT.

Tema 3.7. Tpuronomerpuyeckue ypaBHeHUs

TIpocmetiwiue mpuzonomempuyeckue ypasHeHus euoa SO = d S = a.igy = a.cigy =a
MemoOobl peuleHus MpUeoOHOMeMmpUYecKux ypasHeHu

YMel’I’Ib.' pemaTL ypaBHeHI/Ie BI/II[a: COSY — d, Sill\' =& ."‘._\’.\' = (I,L'Ig.\' =d
3name: onpenenenns apKCHHYCa, apKKOCHHYCA, apKTAHTE€HCa; YACTHBIE Cy4ar TPUTOHOMETPUYECKHX

ypaBHEHHUH, OCHOBHbIE METO/IbI PEIICHUSI TPUTOHOMETPUYECKUX YPABHEHU.

Vpasnenue 05X =4,
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APKKOCHHYCOM 4HMcaIa < < [- 1:1] HasbBaercs Takoe umeno ¢ € [0:71 ) kocunyc
KOTOPOT'o paBeH a: AICCOSA =, ecim COSU =dn 0 < <.
Bce xopuu ypaBHeHUsI COSX =d, rae |«| =1, MoXHO HaX0qUTh 1O GopMyJie

x =4arccosa +2m.n<e /

arccos(- a) = - arccosa - OTa (bopMyna MMO3BOJICT HAXOAWTb 3HAYCHHA APKKOCHHYCOB
OTPULATCIIBHBIX YHUCEIT UEPE3 3HAUCHHUA aPKKOCHHYCOB ITOJIOKUTEIbHBIX YHCECII.
Yacmuuie cmyvau:

g
cosxy =0 x=—+m.ne”/
o)

cosx =1’ x =2m,ne Z

cosx =-1, x =am+2mne”s
Ypasnenue S1M ¥ =d |
JT I
| ac[- —;—]
Apxcunycom uncaa < < [~ L1 gaspisaercs takoe wncio 2 27 cHHYyC KOTOPOIO
: . JT T
paBeH a: arcsima :(Z, ecim S =d y - 5 < S:.

Bce KOpHH ypaBHeHHs SINX =¢ rre |<| =1 MoxHO HaxomuTh 110 hopMyIIe

x =(- )" arcsina +:m,ne 7

arcsin(- @) =- arcsina - gra GpopmyJia MO3BOJSIET HAXOIUThH 3HAYECHHST APKCHHYCOB OTPUIATENbHBIX
YHUCEIT UEPE3 3HAUCHUA aPKCUHYCOB ITOJIOKHUTEIbHBIX YHUCCII.

Yacmnole cmyvau:

sinx =0 , X =m,n€Z

; T
sinx =l x=—+2mne’z

15 - — T
SILX L X == % +2m.ne ”z

Ypasnenue '8 =9,

g T

ae|[- 5 —]

Apkcunycom yneaa < € R paspiBaercsa Takoe umMcio 22
_ z z

secmn 8¢ T4y - S =a =T

~ “

Bce kopau ypaBHeHHA sinx =a, € ¢ € R, MOXHO HaXOJHTh 110 hopmyJie

, TAH'CHC KOTOPOT'O

arciga =

paBeH a:

X =arctga +mne€ 7 |

arcig(- a) =- arcigda - sra popMyIia MO3BOJICT HAXOIUTH 3HAUCHHST APKCHHYCOB OTPHIIATETLHBIX
4HCe]l Yepe3 3HaYCHUA apKCUHYCOB IOJIOXKHUTCIIBHBIX YHUCEI.

Tpuzonomempuueckue ypasHeHus
1. YpaBHeHHUs, CBOASIINECS K KBaIPATHBIM.
2. YpaBHenus asinx +bcosx =c,
3. YpaBHEHHUs, periaeMbie Pa3IoKEHHEM JIEBOW YaCTH Ha MHOKUTEIIH.

Konmponvrvie 6onpocwi
1. YpaBHenus Buaa
2. YpaBHEHUS BHIA



COSX = d.
sinx =a
3. YpaBHeHHUs BULIA [gx .
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Tema 4. Kopuu, crenenu

Tema 4.1.CTenens ¢ panMOHAJIBHBIM U IHCTBUTEIbHBIM IIOKa3aTeIsIMH.

Onpedenenue u ceoticmea cmenenel ¢ pAayuoHAIbHbIM U C OelUCMEUMENIbHbIM
NOKA3amesimu.

Ymemn: peliaTh 3ala41 HA TCMY: «Ctenenn ¢ palMOHAJIbHBIM U JIEHCTBUTEIBHBIM ITOKA3aTCIISIMI.
Buameo: OIIPEACIICHUC U CBOMCTBA CTEIICHEH C palruOHAJIbHBIM U C HeﬁCTBHTCHBHBIM IIOKa3aTCJIsIMU.

Cmenensp C PauuORAIbHbBIM NOKA3amesiem.

nm

Ecnu n — HatypanbHOE YKCIIO, M — LEJI0€ YUCIIO U YACTHOE /2 SIBJISETCS LI€JIBIM YUCIIOM, TO
pu >0 cripaBeVINBO PAaBEHCTBO

m
Ja” =a” .
m
[Monp3ysichk hopmymoi Ya" =a", crenens ¢ palroOHAIBHBIM ITOKa3aTeeM
MOYKHO MPEJICTAaBUTh B BHJIE KOPHS M HA000POT.
m ik

Tak kak n  nk ,rAe n U k - HaTypanbHbIe YUCIA, M — IEJI0€ YUCIIO0, TO MPpH Jr000oM a>0.

i nik
gn s
MO>HO MOKa3aTh, YTO BCE CBOMCTBA CTENEHH C HATYPAILHBIM TIOKa3aTeIeM BEPHBI 1JIs
CTETIEHH C JIFOOBIM PAlIMOHAIBHBIM TI0KA3aTEIEM U TIOJOKHUTENBLHBIM OCHOBAHHUEM.
A MMEeHHO, ISl TFOOBIX PAallMOHATBHBIX YHCEN P M q U M00bIx ¢ > 0.5 >0 pepypl paBencTsa:

_p+g

l. @g°a =q

2. g"sa? =p?™

3. {a®)® =aq®*

4. (ab)’ =a’b”
al\’ _a’

5] =%

DT CBOMCTBA MOJIy4aIOTCS U3 CBOWCTB KOPHEH.

e

Cmenenp c oelicmeumebHbIM ROKA3Amenem.

IMpu mr0bom ~¥ & R u mobom ¢ >0 cremenp ¢ sBnsercs MIOJIOKUTENBHBIM
JEACTBUTEIBHBIM YHACIOM: ' > () mpu X & R a>0,

Ecnu ocHoBanwue crenenu a=0, TO CTENEHb () ONPeResioT ToIbKo npu X > 0 u cuuraror, yro
0" =0 npu ¥ >0 TlIpu x =0 BeipaxkeHHE HE UMEET CMBICIIA.

[lpy TakoM ONpENENEHNH CTENEHH C JEHCTBUTEIBHBIM IIOKa3aTelleM COXPaHSIOTCA BCE
U3BECTHLIE CBOMCTBA CTENEHH C PALMOHAILHBIM [OKA3ATENIEM.

Jlns mo6Goro ¢ > 1y mo6oro ¥ > 0 ypcno @ Gonsme 1,1.e. @ >1 mpu ¢ >1 x>0,
Teopema: Tlycty ¢ >1 y X, <X, Torma «" <a".

Cneocmeue 1. Tycts 0 <a <l y x, <x, Torma q" >a".

Cneocmeue 2. Iycts @ >0 a #0 4% =¢" Torma x, =x,,

0< X, <X, p >0

Crneocmeue 3. ITyctsb . Torna, eciu ;0 X, <x," aecm P <0 10 x >x,".

Takum 00pazoM, MpuU BO3BEICHUH HEPABEHCTBA C IMOJOKUTEIHHOW JIEBOM M TOJIOXHUTEIBHON
MPaBOM YacTSAMU B MOJIOKUTEIIBHYIO CTEIEHb 3HAK HEPABEHCTBA HE MEHSETCS, a MPU BO3BEICHHUH B
OTPHULATEIBHYIO CTENEHD 3HAK HEPABEHCTBA MEHSAETCSI HA TPOTUBOIIOJIOKHBIMN.
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Konmponvnvie 6onpocwi
1. Onpenenenue U CBOMCTBA CTENEHEN C PAlMOHATBHBIM MOKa3aTEISIMH.
2. OnpeneneHue u CBOMCTBA CTENEHEHN ¢ ACHUCTBUTENBHBIM MOKA3aTEIIMHU.

Tema 4.2. Apudmernuecknii KOpeHb HATYPAJbHOM CTeNeHH.

Onpedenenue u ceolicmea apughmemuiecko2o KOpHs HAMypaibHOU CIMeneHu.

Ymems: pemiath 3a/1aun Ha TeMy: «ApUPMETHUECKUN KOPEHb HaTypabHON CTEIIECHID)
3nams: onpeneneHue U CBOICTBA apu(hMETUIECKOro KOpHS HaTypalbHON CTEHEHU

Onpenenenue:  Apugmemuyeckum  KOpHeM  HATYpaJbHOM  CTEMECHH n=2  u3
HEOTPHUILATENILHOTO YKCIIa @ Ha3bIBACTCA HEOTPULATENILHOE YUCIIO, 7-asl CTeIIEHb KOTOPOTo paBHa d.

Apudmernueckuii KOpeHb 1-0il CTENEHN U3 YKCiIa @ 0003HaYaeTCs TakK: Ya . Yucno a
HA3BIBAETCSA MOJKOPEHHBIM BhIpaxkeHneM. Eciu n=2, To BMecto /o mumyT o . ApudmeTndeckuit
KOpPCHb BTOpOﬁ CTCIICHW HAa3bIBAIOT TAKXKC KBAaAPATHBIM KOPHEM, a KOPCHb TpCTI:GfI CTCIICHU —
KyOuyeckuM KopHeM. JleHCTBHE NOCPEICTBOM KOTOPOI'O OTBICKMBAETCSI KOPEHb 1-OW CTENEHH,
Ha3bIBACTCS U3GNeUeHUeM KOpHA N-OU cmenenu. IJTO IEUCTBHUE SBIISETCS OOpaTHBIM JICHCTBHIO
BO3BE/ICHUS B 11-10 CTEIICHb.

Apudmernueckuil KOpeHb  n-OM CTENEeHU 00JaJaeT CleIyIOIUMH CBOMCTBAMH: €Cid

a =0,h >0 pg n,m — HaTypaJbHbIE YUCIIA, IpuUeM /1 =2,/ =2 1o
RN
1. %ab :"\/;%f/?
[ nf
o a
2. “,‘{— :VT
Vo 4
3. wa)y =va"

4. (Qf'%/'iu) =y
OTtMeTuM, 9TO B CBOMCTBE 1 YUCIIO b MOXKET TaKkKe OBITh PAaBHBIM HYJIIO; B CBOMCTBE 3 UMCIIO m
MOJKET OBITh 1IeNIbIM, eciu a>0.

KoumponvHnuvie gonpocwi
1.0npenenenne apuMEeTHUECKOTO KOPHS HATYPAIbHOM CTETCHU.
2.CBoiicTBa apu(MEeTHUECKOr0 KOPHS HaTypPaJIbHOW CTEICHHU.

Tema 4.3. UppaunoHaibHble YypaBHEHHS U HEPABEHCTBA
Memoouv! peuienuss uppayuoHaIbHBIX YPAGHEUU U HEPABEHCME

Ymems: pemiaTb OCHOBHBIE BUbI UPPALIMOHAIBHBIX YPaBHEHUI
3uams: onpeneseHne UppaoHaIbHOIO YPaBHEHUS, OCHOBHBIE METO/IbI UX PELICHMUS

VYpaBHeHHe, cojiepKaliee MEPEMEHHYI0 0] 3HAKOM KOPHS, Ha3bIBACTCS UPPAUUOHAIbHBIM.

Penrenue uppanoHaIbHOTO ypaBHEHHS OCHOBAHO Ha MPeoOpa3oBaHUM €ro K PallMOHATBHOMY
YPaBHEHHIO, YTO JOCTHTAETCS BO3BEJICHHEM O0EMX ero 4yacrteil B OJHY M Ty K€ CTeleHb (MHOTIa
HECKOJIBKO pa3).

[Tpu Bo3BeneHMN 00eWX YacTel MPPAMOHAIBHOTO YPaBHEHHUS B UYETHYIO CTETICHb IOJTyYaeTCs
YpaBHEHHUE, SIBIIAIOLIEECS CIECTBUEM UCXOHOTO. Y PaBHEHUIO-CIICACTBUIO yIOBJIETBOPSIOT BCE KOPHU
HCXOJIHOTO YpaBHEHHUS, HO MOTYT IMOSIBUTbCS M KOPHHU, KOTOPbIE HE SBISIOTCS KOPHSMH HCXOIHOTO
ypaBHEHUs («IIOCTOPOHHKE» KOPHHU). UTOOBI BEISIBUTH «IIOCTOPOHHKE)» KOPHHU, BCE HAICHHBIE KOPHH
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YPaBHEHUS-CJIE/ICTBUSL MPOBEPSIOT MOJCTAHOBKOW B MCXOJHOE ypaBHEHHE M «IIOCTOPOHHHE» KOPHU
0TOpAacHIBAIOT.

HcxonHoe MppanmoHAIbHOE YpPaBHEHHE PAaBHOCHIBHO CMEIIAHHOW CHUCTEME, COCTOSIIEN W3
YPAaBHEHUSA-CIEJACTBUS M OrPaHMYCHHUH, ONpenesieMblX 00JacThi0  JIOMyCTUMBIX 3HAYEHUH
nepeMeHHoil. B aToMm ciyyae «IOCTOpOHHHME» KOPHH He OyIyT BXOJIWUTH B 00JIACTh JOMYCTUMBIX
3HAYCHUH NIEPEMEHHOM U MPOBEPATH UX MOJICTAHOBKOM B HCXOAHOE ypaBHEHHE HE TpeOyeTcs.

[Tpu Bo3BeaeHUH 00X YacTel UPPAlMOHAIBHOTO YPAaBHEHUS B HEUETHYIO CTETIEHb MOIyYaeTcs

ypaBHEHHE, PABHOCHIIBHOE NCXOTHOMY.

HppanunoHajibHbIe HEPABEHCTBA € OJHOM NEPEMEHHOM.

PemieHne MppanMoOHAIBHOIO HEPABEHCTBA C OJHOM IIEPEMEHHOM CBOJIUTCA K PELICHUIO
PaBHOCHJIBHOM €My CHCTEMBI PallMOHAJIbHBIX HEPABEHCTB MM COBOKYITHOCTH CHCTEM PAallMOHAJIBHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS MPU HAJOXKEHUU OTPAaHUYEHHUM Ha MEPEeMEHHYIO U BO3BEACHUU 00EHUX

YaCTEH HEPABEHCTBA B OJHY U TY K€ CTEIICHb.

Koumponwvnuvie 6onpocwi

1. OcHOBHBIE PUEMBI UX pelIeHHUs (Pa3I0KEeHHEe Ha MHOKUTENN, BBEJICHUE HOBBIX
HEU3BECTHBIX, MOICTAHOBKA, TpadUUeCKHil METON).

2. N3ob6paxkeHne Ha KOOPAMHATHOM MJIOCKOCTH MHOKECTBA PEUICHUH YpaBHEHU C ABYMS
MEPEMEHHBIMU U UX CUCTEM.

3. H3ob6paxkeHne Ha KOOPAMHATHOM MJIOCKOCTH MHOYKECTBA PEIICHUI HEPABEHCTB C

ABYMs NIEPEMECHHBIMHA U UX CUCTEM.

Tema 4.3. Jlorapudmbl.

Onpeoenenue nozapughma nonoxcumenvrozo uucia. Ceovicmea no2apugmos. /lecaimuunole
U HAMypaivHsie 102apugmol.

Ymemb: BBIYUCIATH JTOTApU(PMBI.
3namyo: Onpenenenue goraprudma mojaokuTeapHoro yrcia. CroicTBa orapudmoB. Jlecaruanbie u

HaTypaJlbHbIE JIOTapU(PMBI.

Onpenenenue: JlorapumMom MONOKUTENBHOTO YKcia b o ocHoBaHuIo a (taea >0, a #0)
Ha3BIBAETCS TMOKA3aTelb CTETICHH, B KOTOPYIO HAJIO BO3BECTH YHUCIIO d, YTOOBI TIOTYYUTh YUCIIO b.
Jlorapudm yucna b Mo OCHOBaHHIO @ 0003HAYAETCSI CAUMBOJIOM: log, b,

Ecin ¢ >0 a #0 p>0, 10 log, b o ONPEACIICHUIO €CTh NIOKA3aTEIb CTENEHU, B KOTOPYIO
HaJI0 BO3BECTU YHUCIIO @, YTOOBI OIYIUTh unciio b. [IoaToMy paBeHCTBO

|t"‘ h
a=’ =b

€CTb TOXKJIECTBO, KOTOPOE HA3bIBAIOT OCHOBHLIM JI02APUPDMUYECKUM MOHCOECHBOM.
JleiicTBUsI HAXOXKICHHUSI JIorapr(Ma YUCIa Ha3bIBAIOT J102ApUPMUPOSAHUEM.

Ceoiicmea nozapugmos.
Mycte ¢ >0 ,a #0,6>0,¢ >0 r - moboe nedcTBUTEIbHOE YKCI0. Toraa crpaBe B

(bopmyIbL:
1. log, (bc) =log, b+log, c,
|/
2. log, ’ =log, b~ log, ¢,
\ €

log, b" =rlog, b,

PaBHBIM [IOOKUTEILHBIM YHCIaM COOTBETCTBYIOT H PaBHbIE Jorapu)Mbl ,T.e. ecau 1 =02,

to log, b, =log, b,
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5. log,1 =0,
6. log, a =1.

Jlecamuynvle u namypanvhule 102apugmo.

Jlnst morapuMOB YHMCEN COCTaBJICHBI CIENUaIbHbIC TaOMUIBI(TAOIUIEI JTOTapr(pMOB).
Jlorapu(MbI BBIYHCISIOT TaKXKE C MOMOIIBI0O MUKPOKAIBKYJIsITOpa. I B TOM, U B JAPyrom ciydae
HAXOJATCS TONBKO JIECATUYHBIC HITU HATYPAITBHBIC JTorapu(MEI.

Onpenenenue: /Jecamuynbim 102apudmMom 4ucia Ha3bpIBAIOT JOTapu(pM 3TOTO YHCIIA [0 OCHOBAHHIO
10 1 mamyt '€ mecro 102, 5.
Onpenenenue: Hamypanvuvim 1o2apugmom yucia Ha3bIBaIOT JIOTAPU(M ITOTO YUCIIA TIO OCHOBAHUIO

e, TIie e — UPPALMOHAIBHOE YHCIIO0, IPUOIIKeHHO paBHoe 2,7. IIpu sToM mumyt N4 pmecto log, A
Dopmyna nepexooa om 102apuhma no 00HOMY OCHOBAHUIO K JIO2APUPMY NO OPY2OMY

log b

log b :L

<

OCHOBAHUIO! log, a,
20e a >0 a#L.b>0,c>0,c#1,

Koumponwvnvie 6onpocwi

1. Onpenenenue jgorapudma MoI0KUTEITHHOTO YHUCIA.
2. CgoiictBa jorapudmos.

3. JlecaTU4yHbIC U HATypalbHbIE JOrapu(MBbI.
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Tema 5. Iloka3aTenbHas U JjorapupmMuyeckasn

Tema 5.1. Iloka3arensHas pynkuus. Ee cBoiicTBa u rpadguk

Onpedenenue, ceolicmea u epagux NOKA3amenbHol QYHKYUU, ux npumeHeHue npu peueHuu

VNPadiCHeHUul

Ymems: crpouts rpaduku MOKa3aTeIbHBIX (DYHKIIMHA, OMTUCHIBATh HX CBOMCTBA, IPUMEHSTh

CBOICTBA IIPU PEUICHUHU YIIPAXKHECHHUI
3uams: onpenenenue QyHKIUH, €€ CBOMCTBA U TpadUKH.

[MokasatenbHas GyHKIWMs 3amaeTcst popmynonl y =a',rnea>0ua # 1.

[Mepeuncnum cBoiicTBa QyHKIUK y =" mpu a > 1.

1) O6nacts onpeneneHus: GYHKIUH - BCS YHCIIOBAS TPsMasi.

2) OGnacTh 3HaueHUH QYHKIHUH - TPOMEKYTOK (0; + o0).

3) OyHKIUSA HE SBJISETCA HU YETHOM, HU HEYETHOU. DTO CIEAYET M3 TOr0, YT0 d " #d u a
4) dyHKIMA BO3pacTacT Ha BCEH YHCIOBOM MPSAMOIA.

I'paduk GyHKIMU y = ¢@" 1pH a > | BBINISAIAT TaK, KakK MOKa3aHO HA PUCYHKE.

OtmeTnM, 9TO 3Ta QYHKIUS MPUHUMAET JIFOOBIE MMOJIOKUTEIHHBIC 3HAUCHHS.

y=a¥; a=1i

_/!

Caoiicta pynkimu y=a npu 0 <a < 1.

1) O6nacTe onpeneneHus: GYHKIMH - BCSI YUCITIOBAs TIpsiMast.

2) O6nacte 3HayeHwui - (0; + o).

3) ®yHKUMS HE ABISETCS HU YETHOM, HU HEYETHOM.

4) @ynkuus yObIBaeT Ha BCEH YHUCIOBOM IPSIMOM.

I'paduk Gpyskimu y = @' npu 0 < g < | BBINISIAT TaK, KaK MOKa3aHO HA PUCYHKE.
OTmeTtum, 9TO 3Ta QYHKIUS TPUHAMAET JIIOOBIE TTOJIOKUTEITFHBIC 3HAUCHUSI.

Yi

a X

Koumponwvnuvie 6onpocwi
1.OnpeneneHure nokazareabHONPYHKIINH
2. CoiicTBa moKa3aTenbHON PyHKITHUH

T4t-d.
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Tema 5.2. Jlorapudmbl.

Onpeoenenue nocapupma . Ceoticmaa nocapugpmos. [ecsimuunvle u Hamypaivhvle
Joeapughmoi.

Ymemu: BBIUUCIATH TOTapUPMBI.
3uamy: onpeneneHue Jorapudma rnogoKUTEIbHOI0 YnCIia, CBOMCTBA JOrapu(pMOB,AeCATHUHBIE

U HaTypaJbHbIE JOrapu(pMBbI.

Onpenenenue: JlorapudmMoM MoIOKUTETHHOTO Yrcia b 1o ocHoBaHMIO a (Tnea > 0,a #0)
Ha3bIBAETCs MOKA3aTelb CTENEHU, B KOTOPYIO HAJI0 BO3BECTH YHUCIIO @, YTOOBI MOIYYUTh YUCIIO D.

Jlorapu¢m uucna b 110 OCHOBaHMIO @ 0003HAYAETCSA CUMBOJIOM: 10€,, £,
Eciu @ >0 a #0  p>0, 10 192, ¥ 1o onpenenennio ects mokasaress CTENEHH, B KOTOPYIO
HAJI0 BO3BECTH YHCIIO ¢, YTOOBI TIONYIHTh Yucio b. [I03TOMY paBEeHCTBO
log b
g4 =h

€CTb TOX/IECTBO, KOTOPOE HA3BIBAKOT OCHOGHBIM JI02APUPMUYECKUM MOHICOECHEOM.
JlelicTBUS HaxOX1eHUs Jlorapuma yuciia Ha3bIBAIOT J102ApUPMUPOBAHUEM.

Ceoiicmea n10zapugmos.
Iycte ¢ >0 ,a 70,5 >0.¢ >0 r - mo60e neidcTBUTENbHOE YKCI0. Toraa crpaBe B

(hopmMybL:
7. log, (bc) =log, b+log, ¢,
8. log, =log, b- log, c,
| ¢

9. log, b" =rlog, b,

10. PaBHBIM MOJOKUTENIBHBIM YHCJIaM COOTBETCTBYIOT M paBHbIE JIoTapU(PMBbI ,T.€. €cliu b, =b, ,

To log, b, =log, b,,
11. log,1 =0,
12. log,a =1.

Jecamuunvle u namypanvHule 102apuhmol.

Hnst  morapu(MOB YHCEN COCTABIICHBI CIICIUATbHBIE TAaOMUIBI(TA0IHUIBI  JOTapU(PMOB).
JlorapuMbl BBIYHCISIOT TaKXe C MOMOIIBI0 MHUKPOKAIbKyIsTOpa. I B ToM, U B Apyrom ciydae
HAXOJATCS TOJIBKO JICCATHYHBIC WIIM HATypaIbHBIC JIOTapH(pMBEI.

Onpenenenue: /Jecamuynbim 102apugmMom 4ucia Ha3pIBAIOT JOTApU(PM 3TOTO YHCIIA IO OCHOBAHHIO
10 v mumyT 127 Bmecro 10g,, /.
Onpenenenue: Hamypanouvim nro2apugmom yucia Ha3blBaOT JIOTapu(M 3TOr0 YUCIIA IO OCHOBAHUIO
e, TJIe e — UPPALMOHATIBHOE YHCII0, IPHOIIKEeHHO paBHoe 2,7. [Tpu stoM mumyt 1N/ Bumecto log. b
Dopmyna nepexooa om no2apupma no 00HOMY OCHOBAHUIO K 02APUPMY HO OPY2OMY
log b
log b :L

Sa

OCHOBANUIO: log, a,
20e a >0, a #1,b>0,c>0,c #1,
Konmponvnvie 6onpocwi
1. Onpenenenue sorapudma MoJOKUTEIBHOTO YUCIIA.
2. CgoiictBa jgorapudmos.
3. JlecaTU4YHBIC U HATypalbHBIC JOrapru(MBbI.
Tema 5.3. Jlorapupmuueckast pyHkomus.
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Onpeodenenue noeapugpmuyeckoii pynxyuu . Ceoticmea u epaguxu noeapudmuyeckoii GyHKyuu .
Ymemow: crpouth rpaduku norapupmMuUecKux QyHKIHA, ONMTUCHIBATH HX CBONCTBA, IPUMEHSITH
CBOWCTBA MPH PEIICHUH yIPAKHECHHIMA
3namu: onpeneneHue GyHKIMH, €€ CBOWCTBA U TPaPUKH.

Jlorapudmuueckas GyHkius y = log. x 001a1aeT CIeAYIOMUMA CBOMCTBAMH:
1) O6nacts onpenenenus - (0; + o).
2) O6nacTp 3HAYEHHH - ( - 00; + 00)
3) ®yHKUMA HU YeTHas, HU HEYETHAsL.

4) ®yuknus Bo3pacraeT Ha mpoMexyTtke (0; + o) mpu a > 1, yowiBaet Ha (0; + o0) mpu 0 < a < 1.
I'paduk dyskimu y = loge x MOXKeT OBITH MOJydYeH W3 rpaduka (QYHKIMH y = @' C TIOMOIIBIO
npeoOpa3oBaHusl CAMMETPUU OTHOCUTEIBHO TPSMOM ¥ = X.

Ha pucynke a) moctpoen rpaduk iorapudpmudeckoit GyHKun s a > 1, a Ha pucynke 0) - 1t 0 < a
<1.

YA F1|.,

a) & ¥ rlagy n{ G <t)

PDynkuuda y = In x.

Cpenu nokaszaresbHbIX QYHKIMHA y = @', rjae a > 1, 0coOblil MHTEpEC Ul MATEMATHKH M €€
MIPUIIOKEHUH TIpeicTaBiseT QyHKIHs, o0agaronias CieyIIuM CBOHCTBOM: KacaTelbHas K TpaduKy
¢byukuum B Touke (0; 1) oOpasyer ¢ ockto x yroa 45°. OcHoBaHHME a TakOW (DYHKIMHM axX MPHHSITO
0003Ha4aTh OYKBOH e, T. €. y = ¢'. [logcunTano, uro e = 2, 7182818284590..., 1 yCTaHOBJIEHO, YTO € —
UppaIMOHaIbHOE Yucio. JlorapupMuueckyro GyHKIHIO, 00pPaTHYIO MOKA3aTeIbHOM QYHKIMU y = ¢,

T e. pyHKuuio y = loge x, mpuHATO 0003HauaTh ¥ = In x (In unraercs "HaTypanbHbIi Torapupm").

I'paduk Gyskmm y = In x n300paxkeH Ha pUCYHKE.

Konmponvhwvie 6onpocel
1.0npenenenue TorapuMUIECKON (yHKITHH.
2. CpoiicTBa orapupmuyeckux GyHKIUH.

Tema 5.4. Pemienue nokasarejbHbIX U JIOrapuMUUeCKUX YPaBHEHUI, CUCTEM YPaBHEHHU

OcHogHble npuemsl Ux peuleHus (Pasiodtcenue Ha MHOJICUMENU, 66e0eHUe HOBbIX HEeU3BECHIHDIX,
noocmanoeka, epaguueckuii memoo). Mcnonvzosanue ceoiicme u epaguxos Gynkyui npu peutenuu .

YMemb: pelaTh MokasareabHbIe U JOrapupMUIecKie ypaBHEHHS

3Hamb. OCHOBHBIE MpPHEMbl MX pelIeHHs (pas3joKeHUE Ha MHOXUTENH, BBEJCHHE HOBBIX
HEM3BECTHBIX, TOJCTAHOBKA, Irpa)UuecKuii METOM), MCIIOJIb30BAaHHE CBOMCTB W TpaduKoOB (PyHKITHIA
IIpU PELICHUN YPABHEHUM. .
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IlokazamenvHule ypasrnenus
Pemenue noxazamenvnvix ypasnenuti 4acTo CBOAUTCS K PEIICHUIO YPABHEHUS
a® =g

rae ¢ > 0.a #1,X - gemsBecTHOE. DTO YpaBHEHHUE PEIIAETCS C IOMOIIBIO CBOMCTBA CTENEHH: CTEIIEHH C
OJIMHAKOBBIM OcHOBaHHeM ¢ = 0.a #1 paBHBI TOJIBKO TOI'JIa, KOTJa paBHbBI UX IIOKA3aTEIH.

Tema 5.4. PemieHue noka3aresjbHbIX U JIOTapu(PMHUUYECKUX HEPABEHCTB

Pemenue noxazamenvrvix HepaéeHcme 4aCTO CBOJUTCA K PELICHUIO HEPABEHCTBA
a* >a" WM q* <a’.

OTH HepaBeHCTBa pEIIAIOTCS C IOMOIIBI0 CBOWCTBA BO3pacTaHWs WJIM YObIBaHUS
MoKa3zaTelnbHOM (yHKUIMHU: i Bo3pactaomeid ¢GyHKIuM OonblieMy 3Hau€HUIO0  (pyHKUIUU
COOTBETCTBYET Oouiblliee 3HaYCHHWE apryMEHTa, a Jjs yObIBaromied (yHKIMU OOJbIIEMY 3HAYEHHUIO

(YHKIIMU COOTBETCTBYET MEHBIIIEE 3HAUCHUE apTyMEHTa.
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Tema 6. IIponsBoanasn
Tema 6.1 @yukyuu ux ceoiicmea u zpaguxu (noemopenue)
Dnemenmapuvle hyHKYUlU, UX CBOUCMBA U 2PAPUKU

Ymemn: ctpouth rpaduku daeMEeHTAPHBIX (YHKIIMA, ONTUCHIBATH CBOMCTBA (DYHKITHIA.
3namu: onpenenenust GyHKIHHA, UX CBOWCTBA U rpadUKu

HaszoBeM ynopsoouennoti napoti (X-)) [IByXdIEMEHTHOE MHOXKECTBO -X>Vi, B KOTOPOM
3JIEMEHT X HAaXOJUTCA Ha MEPBOM MECTE, a JIEMEHT ) — Ha BTOPOM. DJIEMEHT X Ha3bIBACTCS nepeoli
KOOpOuHamotl yrnopsiioueHHOU Maphbl, a dJEMEHT ) — 8MOpoll KOopouramou. JIBe ynopsigoueHHbIe
napsl paBHbI, KOTJa COBINAAAIOT X KOOPAMHATEL: (X, V) =(u,v) < X =u, v =v,

@ynxyueil f Ha3pIBAETCS MHOXECTBO YIOPSIOYCHHBIX map uucen (X. V), Takux, 9ro X € X |

v €Y u KaKIOMYy dJIeMEHTYy X € X CTaBHTCS B COOTBETCTBHE €IMHCTBEHHBIM 3JeMEeHT V € Y,
O6o3nauenue: f; X — Y. MHOKeCTBO X Ha3bIBAETCS 00.1acmuvio onpedeneHus QYHKIUH f, a MHOXKECTBO
Y — obnacmoio snauenuti. O603uHaua0T: Dru Er. Ecniu sicHO, Kakue MHOXecTBa X U ¥ IMEIOTCSI B BU]TY,

TO Uyt -V =/ (X). DnemeHT X Ha3bIBAaCTCS apeymenmom, a y — 3uayeHuem QyHKIHH f.

Cnocoo6vl 3a0anus gynkyuu.
Cy1ecTByeT HECKOJIBKO CIIOCO00B 3a7aHusl (PYHKIIHH.

1. Tabnuunvui. Vicnmonp3yercst TOrjna, Koraa o0JacTh ONPEAETCHUS COCTOUT U3 KOHEYHOTO
MHOKecTBa umcen. Torma nns 3agaHus (QyHKUIUU HPOIIE BCEro ykKa3aTh TaONUIly, COAEpIKallyro
3HAYEHUsl apryMEHTa M COOTBETCTBYyIOIIME 3HaueHus ¢yHkuuu. Hampumep, Tabmuua norapudmos.
JlpyruM npumepoM MOTYT ObITh TaOJUIBI, COAEpIKalllie JaHHBbIE O YHUCIE YKUTENeH, HACENSIOIINX
3eMHOM IIap B OTJIEJIbHBIE T'O/IbI, PACTIMCAHUS JBMXKEHUS 110€3/10B U T.11.

2. Ananumuyeckuui. ITpu ananmutuyeckoM criocode 3amanusi GyHKIUS MOXKET OBITh 3aJ1aHa 56HO,
KOT/Ia IAaHO BBIP@XKEHHE y Uepes X, T.e. popMyia umeeT Bug V —./ (X) : nessno, Korna x u y CBA3aHbI
MeXay coOoil ypaBHeHHeM Buaa [ (x.v) =0; napamempuyecku, KOTAa COOTBETCTBYIOIIHE APYT
ApYTy 3Ha4EHUs X U Y BBIPAKEHBI UE€PE3 TPETHIO IEPEMEHHYIO BEJIMUUHY #, HA3bIBAEMYIO napamempom.

3. Jocuyeckuu. Ecny QpyHKIUS ONMCHIBACTCS PABUIIOM €€ COCTaBJICHUS, HanpuMep, GyHKIUA
Hupuxne: f(x)= 1, ecnu x — pannoHanbHoe; f{x)= 0, eciu x — UppaIMOHATIBLHOE.

4. Ipaguueckuii. CocTour B W300pakKeHUH 2pagura Qymkyuu — MHOKECTBA To4eK (X.))
TUIOCKOCTH, a0CIIUCCHI KOTOPBIX €CTh 3HAUEHUS! apIyMEHTa X, a OpAUHATHI — COOTBETCTBYIOIINE UM
3HaYeHUs QyHKIIH =Sf(x), [IpenmyniecTBOM rpad)uuecKoro 3aAaHus sIBJISETCS €ro HArJISTHOCTb,
HEI0CTaTKOM — €0 HETOUYHOCTb.

I'pagpuk ¢pynxkyuu
I'paguxom ynkyuu (B 1eKapTOBOW MPSMOYTOJBHOM CHCTEME KOOPAWHAT) Ha3bIBAIOT
reOMETPUYECKOE MECTO TOUEK, aOCIIMCCHI KOTOPBIX SBIISIOTCS 3HAUCHUSAMH HE3aBUCHMOW IIEPEMEHHOIH,
a OPJIMHATHI — COOTBETCTBYIONIMMH 3HAUYCHUSIMH (DYyHKITHH.

Ceolicmea ¢pynkyuit
[Tox ocHOBHBIMHU CBOMcTBaMH (yHKIMK )V = /' (x) OyneM MOHUMATH CIICAYIOIIHE:

1. yemnocmo, neuemnocmo . DyHKMA y = f(x) Ha3BIBACTCS YemHOL, €CIIU s IIOObIX 3HAYEHUHN
x u3 obnactu onpenenenus /(- x) =/f(x)  u neuemnou, ecmaf (- X) =- f(x) . B npoTuBHOM Ciy4yae
bynkmus V' =/ (x) Ha3bIBACTCS QyHKyuel obwezo uda. I'paduk 4eTHOU QYyHKIIMM CUMMETPUYCH
OTHOCHMTEJIBHO OCH OpAUHAT (HarmpuMep, rpaduk GyHKIuH v =x° ), a rpadMK HEYETHON QYHKIIUM
CHMMETPUYEH OTHOCHTEIBHO Hayaaa KoopauHat (Hanpumep, rpadguk GyHkimu v =x ). [Toatomy st
4eTHOW (D)YHKIIMU JOCTATOYHO CTPOMTH JIUIIb MIPABYIO MOJIOBUHY Tpaduka ( y >() ), JIeBas MOJOBHUHA
ero (x <0 ) SIBJISIETCSL 3€pKATBLHBIM OTPAKCHHEM MPABOW OTHOCUTENEHO och Oy. UTOOBI TOCTPOUTH
rpaduK HEYeTHOW (YHKLMHU, JOCTATOUYHO M300pasUTh NPaBYIO IMOJOBHHY ero (x =0 ); nesas
nonosuna rpapuka (X =0 ) nomyuaercs B pe3ynbTarTe MOBOpoTa Mpasoii Ha 180°.
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2. monomonnocmo. Eciv a1 moObIx 3HaueHnit X1-X> € X i3 HEPABEHCTBA BBITEKAET X <X,
HEPaBEHCTBO:

1) /(x) < /(X)) 10 PpyHKIMS HA3BIBACTCA BO3paACMaIouell;

2) f(x)) =f(x,), To pyHKIMS HA3BIBACTCS HeybbI8aIOWEIL,

3) f(x)) > f(x,), T0 QynKIMs Ha3BIBACTCH YOBIGAIOW I

4) f(x)) = /(x,), To QyHKIMSA HA3BIBAECTCS HEE03PACMAIOUEL.
Bo3spacraromume, HeBo3pacTaroniue, yObIBaoIue W HeyObIBaromme (QYHKIIMA Ha MHOXKecTBe X
Ha3bIBAIOTCS MOHOMOHHBLIMYU HAa STOM MHOXECTBE, a BO3PACTAIOIIME U YOBIBAIOUIHNE — CMPO2o
MoHomouHbimMu  VIHTEpBanbl, B KOTOPBIX (YHKIHMS MOHOTOHHA, HAa3bIBAIOTCS UHMEPEALAMU

MOHOMOHHOCIU.
3. oepanuuennocmo . DyHKIMS HA3bIBACTCS 0PAHUYEHHOU HA IPOMEKYTKE X, €CIIH CYLIECTBYET

TaKOE TOJIOKUTENBHOE Yuciio M > (), uto |/ (x) < M| s moboro x € X
4. nepuoouyrnocms. DyHKIMSA 1 = f(x) Ha3bIBACTCSI NEpUOOUYecKoll, €CIU  CYyIECTBYyeT

HOJIOXKUTENbHOE uucno 7' takoe, 49ro /(x+7) =/f(x). HanmeHplIee YMCIIO C TAKAM CBOHCTBOM
Ha3bIBaeTC nepuodom QyHKImH. [ mocTpoeHUs rpaduka Mepuoandeckor (yHKIIUU JTOCTATOTHO
n300pa3uTh €ro Ha OTpe3Ke, JJIMHA KOTOPOrO paBHA MEPHUOAY, a 3aTeM IOCTPOHUTH NEPUOTUYECKOE
MPOJI0JDKEHHE TpaduKa.

Oopamnasn pynkyus
[Tycts 3amana QyHkius V =/ (X) ¢ 001acThiO ONpeaeeHus D m  MHOXECTBOM
snauennid E. Ecim kaxaomy 3HaueHHI0 Y € £ COOTBETCTBYET €IWHCTBEHHOE 3HaueHHe X € [, 10
ompenerieHa yHkius X =¢( V) ¢ 001acThIO ONpeaesieHUs] £ 1 MHOKECTBOM
snavenuit D. Taxas gpyukuus ¢() HaseiBaercs obpammuoii k Gpynkuun / (X) u 3amuceiBaetcs

DN, A L i ;=2 0 c =q(
B Buge: ~ =¢(») =/, Tpo ¢yuxuwmu » =/ ) g ¥ =90 ropopsr, uro onn seusores
B3aUMHO OOpaTHBIMH. ['padMkd B3aUMHO OOpaTHBIX (YHKIMHA CHMMETPUYHBI OTHOCHTEIBHO
OMCCEKTPUCHI TIEPBOTO U TPETHETO KOOPANHATHBIX YIJIOB.

Onpenenenue 1. Ocnosnvimu InemeHmapHbIMu QYHKUUAMU HAZBIBAIOTCS CIETYIOIINE
byHKIMN:
a) nocmosinnas GyHEs f(x) =c¢, ¢ € R;:
0) cmenennas QyHKUUSA f(x) =x“.TAC 0 — 000 NEHCTBUTEIFHOE YHCIIO;

B) nokasamenvnas Gyukuust /(x) =a*, rge ¢ > 0@ 71

r) 102apumuveckas ynkuus y =log, x, rge ¢ = 0-a # L
) mpuzonomempuyeckue QyHKIUU ) =sin x, ¥ =cOs X,y =[gX, V =clgx;
¢) oopammuvle mpueonomempudeckue GyHKIMHA 1 =arcsin x, y =arccosx, V =arcigx, y =arccigx.

PaccMOTpHM OCHOBHBIE CBOMCTBA U rPa)UKH OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIIHHA.
a) nocmosnnaa pyukuus / (x) =¢, ¢ € R.

ObGnacte  ompeneneHUs (- cor400), f(x) =c HEBO3pacTaoIas U HeyObIBaroImIasl,
NEpUOIUYECcKas, HE HUMEIIas HauMeHblero mepuoaa. I[paduk byHkuun Y —¢-  mpsmas,
napamienbHas ocu Y- otcekaromas ot ocu ) orpesok BemmunHol €

er,
y=54
b
Yyl
a X
y=-2
=~
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o % i 2 \ — e,
6) cmenennas dyukuus /() =X Benu nokasarens ¢ = - HaTypanbHOE 4HCIIO, TO CTENECHD X

onpeneneHa s aodoro ¥ < K. cnenopatensno, (V) =R. Ecim ¢ =- .71 € N. 10 cTeneHHas
Gynkms v =x " onpenenena ms modoro X € K. x #0.
Eciu o siBaseTcss ApoOHBIM YUCIIOM, TO 001aCTh OIpeaeNeH s CTENEHHOM pYyHKIMU ' =x“ COBHAAaeT

v

C MHOXKECTBOM )ICfICTBI/ITGJ'IBHBIX 3HAYCHUI X , JJIA KOTOPBIX ~ IMPUHUMACT TaKKC I[GI\/’ICTBI/ITCJIBHI)IG

sHauenns. Hanpumep, Gynkuus v =+~ onpenenena npu ~ = Y- dynxuus v =l onpeJieseHa Ipu
1H000M JIeHCTBUTENIBHOM X U T.A. Eciu ¢ - uppallMoHaabHOE YUCIIO, TO CTENEHHAs (PYHKIUSA

f(x) =x" ompeneneHa st BCEX HEOTPHIATECIILHBIX ICHCTBUTEILHBIX 3HAUCHHIMA A

Cmenennasa (yynKyusa ¢ HaMypaiIbHLIM ROKA3AMeNeM.

®yukuus y = x", TI€e 1 - HaTypabHOE YUCIIO, HA3BIBAETCS CTENEHHON (DYHKIMEN ¢ HATypaIbHBIM
MOKa3aTeJIeM.

[Ipu n = 1 moy4yaem GyHKIHIO ) = X.

[Tpu n = 2 nonydaeM QyHKIUIO y = X

DOyHKONA y = X2.

[Tepeuncianm cBoiicTBa GYHKLIUH ) = X

1) O6macte onpeneneHust GyHKIMH - BCS YHCIOBAs MpsiMasi.
Q)y= X? - yeTHast bynkuus (f(-x)=(- x)2 =x'= f(x)).
0=<x <ux, C < le

3) Ha npomexytke [0; + o) ¢pyHKIMS BO3pacTaeT ecliu ,T0

BO3pacTaHue QyHKIUN).

, 4 3TO M O3HA4YacCT

4) Ha npomexyTke ( - oo ; 0] pyrkims yowiBaer (ecim X1 <Y =0 10, a 31 i/lbalgajmaeT
yObIBaHUE (QYHKIINH).
I'padukom ByHKIHH Y = X° sBIIsIeTCs napa6oaa (CM. prc)

¥
9
y=x=

—3 —=2—7 O r 2 F -

IIpu n = 3 noydaeM ByHKIHIO y = X",
DyHKIUA ) = X3
[TepeunciumM cBOMCTBA PYHKINH ) = X~ .
1) O6nactpb onpeeacHus GbyHKIMHA - BCSA YHUCJIOBAs npsiMasi.
2) y=x" - meuernas pynxums (f (- x) = (- x)’=- x> = - f(x))
3) OyHKIHs y = X~ BO3pacTaeT Ha BCEH YMCIOBOM MPSIMOIA.
I'padux byskmmm y = X n300pakeH Ha pucyHke. OH Ha3pIBaeTCsI KyOMUYecKoii mapadoJioii.
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Y

q-‘.
-
b

[IycTh 1 - mpou3BOIBLHOE YETHOE HATYpaJIbHOE YMCII0, OoJblnee IByX: n =4, 6, 8, ... . B atom
o 2 o
ciayyae QyHKIMS y = X' 00JaJaeT TEMHU K€ CBOMCTBaMHM, 4To W (yHKims y = x°. I'paduk Takoii

(YHKIME HAOMHHAET Mapaboly y = X°, TONBKO BETBH Tpaduka mpH |x| > 1 Tem Kpyde HIyT BBEPX,
geM Ootbne 7, a pH |x| < 1 Tem "TecHee MprXUMArOTCs" K OCH X, 9YeM OoJIbIie 7. (puc. a).

ﬂ',j Vv 'ﬁ}

AN

[TycTh n - IPOU3BONBHOE HEYETHOE YHUCIO, Oombiiee Tpex: n = 5, 7, 9, ... . B aTom ciydae
dyHKIMs y = x" 06agaeT TeMH ke CBOICTBaMH, 4T0 W (GyHKIWS y = x°. I'paduk Takoil (yHKIHE
HAalOMUHAET KyOHMYecKylo mapaboiy (TONBKO BETBH rpaduka TeM Kpyde HIYT BBEpX, BHU3, UeM
oosbie n) (puc. 6). OrMeTnm Tarske, 4ro Ha npoMexyTke (0; 1) rpaguk creneHHoN QyHKIUH Y = X"
TEM MeJUIEHHEE OTJAJIIETCS OT OCH X C POCTOM X, YeM OOJIbILE 7.

Cmenennan pynkuus c uyeavim ompuyamenbHblM nOKa3amenem.
PaccMoTpuM QyHKIHMIO y = X ', TJIE 71 - HATYPAIbHOE YHCIIO.
[Ipu n = 1 nonyyaem y = x 1 yu y = 1/x. CBoiicTBa 3TO (HYHKIIUU PACCMOTPEHBI
BhIIe. [1ycTh n - HedeTHOE YuCIio, Ooblee eMuHuIBL, n = 3,5, 7, ...

B oToM citydae GpyHKIUs y =x ' 00Ja1aeT B OCHOBHOM TEMH XK€ CBOMCTBaMH, 4TO U GyHKIHUs y = 1/x.

I'padpuk pyukiuu y =x " (n=3, 5, 7, ...) HanomuHaeT rpapuk GyHkimu y = 1/x (puc. a).

”} r:,r'-" 4 f:.l'_“
(E=HESEMMIE) (i = scwmrwie)
i I
T ® =ray r x
a) &

[Iyctb n - yeTHOE YMCIIO0, HAPUMEp 7 = 2.

TTepeunciiM HEKOTOPbIe CBOMCTBA DYHKIHH ¥ =X °, T. ¢. hyHKIHH y = 1/x°,
1) @ynkuus onpenesneHa npu seex x # 0
2) y =1/x" - uerHas yHKIHS.
Hy= 1/x* yosiBaet Ha (0; + o) 1 Bo3pacrtaer Ha ( - 0; 0).
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Temu ke cBOWCTBaMM 001aJaI0T JIFOObIE PYHKIMK BUAA Y =X ' IPH YETHOM N, OOJIBIIEM JBYX.
I'paduk Gpynxumn y = 1/x* n306paxen Ha prCyHKe 6. AHATOTHYHBINA BH UMeeT rpaduk GyHKIHH y =

x" ecrmn=4,6, ...

R | -

®ynxmusa T

[Tepeuncaum cBoiicTBa GpyHKIHH ' — Vx

1) O6nacts onpenenenus - iy [0; + 00). DTO cieyeT U3 TOro, YTO BhIpaKeHHe VX OMpPEIeNICHO JIUIIb
pux=>0.

2) ®yHKIMUSA » =+/x HH YETHA, HA HEYETHA.

3) Oynkius v =+/x Bo3pacTaeT Ha nyde [0; + o0).

I'paduk GyHKIMU » =+/x H300paXkKeH HA PUCYHKE a.

Y) Z A

=1

a) %)

1

DyHKUUA yo=x3

Vx

[Tepeuncnum cBoiicTBa GyHKIUU > —
1) OGnacTh onpeneneHus GyHKIUH - BCS YUCIOBAs IpsiMast.
2) ®ynknus y =4/ x HeveTHa.

3) ®yukius  =i/x BO3pAcTaeT Ha BCEW YMCIOBOM MIPAMON.
I'paduk pyHKmE 1 =3/ x M300pakeH Ha PUCYHKE 0.

1
®ynknusa -~
IIpu getHOM 7 GyHKIWS ¥ =% x 061a/aeT TEMH JKe CBOMCTBAMH, 4TO U GyHKIHS ¥ =4/X | 1
rpaduk ee HanloMHHaeT rpad@uK GyHKIUH 1 =4/x .
[Tpu HeueTHOM 1 GyHKUIUSA V =4/x oGnazaer TeMu ke CBONCTBAMH, UTO U ¢byHkuus VY =Vx , U
rpaduk ee HalIOMUHAET rpaduK GyHKIUH 1 =3/ x .

Y=Y (- Hevemuoe)
b

CrenenHasi QyHKIUS C MOJIOKUTETBLHBIM JIPOOHBIM MOKAa3aTeJIeM.

PaccmotpuM QyHKIHIO y = X', /1€ 7 - TIOJIOXUTEIbHASE HECOKPATUMASI POOE.
[TepeuncianM HEKOTOpPBIE CBOMCTBA 3TOM (DYHKIIMH.

1) Obnacte onpeneneHus - 1y4 [0; + 0).

2) OyHKUUSA HU YEeTHAs!, HU HEYEeTHasl.

3) ®yukmums y = x" Bo3pacraer Ha [0; + o).

Ha pucynke a n300paxen rpaduk GpyHKIuN y = x> .
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Yi I"r':‘xj ¥ ¥i
Y=x ?qz
1
I / y=X
o 1 x @ ; X '1
a) 0)
Konmponvnvie 6onpocwi
OyHKIUN.
OO0mnacTp onpeneneHus] 1 MHOKECTBO 3HAUYCHUIA.
I'padux pyHKIHH.

[Toctpoenune rpaduxoB GpyHKINN, 3aJaHHBIX PA3TUYHBIMH CIIOCOOAMHU.
CaoiicTBa (yHKIHH.
OO6paTHble QyHKIUY.

S

Tema 6.2 IlocaienoBarenbHocT. [Ipenes nociienoBaTeIbHOCTH, Mpeae GyHKIHH

Iocnedosamenvrocmu. Cnocobbl 3a0anus U CEOUCMEA YUCTIO8bIX NOCIE008AMENbHOCEN.
Tonsmue o npedene nociedosamenvrocmu. Cywecmeosanue npedeid MOHOMOHHOU 02PAHUYEHHOU
nocnedosamenviocmu. Cymmuposanue nociedo8amenbHoCmell.

Ymems: BBIYMCIATD TIpEIeN YUCIOBON TIOCIEI0BATEIBHOCTH, BBIYUCISTE TIPeeN PYHKIINH.

3name: MOCIENOBATEIBHOCTH, CIIOCOOBI 33aJaHMs M CBOMCTBA YHCIOBBIX IOCIIEAOBATENBHOCTEH,
MOHATHE O TpEZeNie IOCIEI0BaTEIbHOCTH, CYIIECTBOBAHUE IpEAeia MOHOTOHHOM OIpaHUYEHHOMN
[10CJIEI0BATENBHOCTH, CYMMHPOBAHUE TMOCIIE0BATEILHOCTEH.

Ecnn xa)xaoMy HaTypajabHOMY YHCILY A TIOCTABJICHO B COOTBETCTBHE BEILECTBEHHOE YHCIIO Xn,
TO FOBOPAT, YTO 33JaHA NOC1e008AMENbHOCHb

'r'\ s X5ty '\(n = Vl’YlJ } .
Uucma X1-X>.---»X, Ha3pIBAIOTCA 21emenmamu (YieHamu) MOCIeA0BATEIIbHOCTH, CUMBOJI
1x,} — 0bwum snemenmom (uneHom), a n —HOMEPOM DIIEMEHTA.

[ mocnenoBaTeaIbHOCTEN MOKHO ONIPENEINTD CIENYIOLINE Onepayuu:

= 1 - ’ - "
1) VMHOXEHHE TTOCIEN0BATENLHOCTH HA YHUCIIO M M 1X, | ={MX, { | T.ellX|,MX,,. ..

y L —f 4 A
Ynd _l‘\n lLJJiJ .

i

2) Cnoskenue (BBIYMTAHKE) HOCIEN0BATENLHOCTEH: 1Y, |
3) Tlpowussenenue mocnenosarenbHoctent: {X, } {Vn } {xXn vn }.

Xal _| %

4) Yactnoe nocnenosarensuocreit: V., V.| mpu {y, } 0.

Ozpanuuennvie u HeOZPAHUYEHHbIE NOC/1€006AMEITbHOCHIUL.
[TocnenoBaTenbHOCTE 1Y, | Ha3bIBACTCS 02PAHUYEHHOU C8epXy, €CIH I JI000ro n
CyILECTBYET Takoe umcio M, uro X, =M
1 o
[locnenoBaTenbHOCTh X, | HA3BIBAETCS 0ZPAHUYECHHOL CHU3Y, €CITA JUIS IFOOOTO 71 CYIECTBYET
TaKO€ YKMCIIO m, 4yTo X, =M
[locnenoBaTenbHOCTL 1Y), | Ha3bIBACTCS 0ZPAHUYEHHOU, €CIIN OHA OTPAaHUYEHA U CBEPXY U

CHU3Y, T.C. CYIICCTBYIOT TAKUC YUCJIa Mu m, 94T0 OJId 100010 1 BCPHO HCPABCHCTBO: M1 X M .
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IIpenen nocyien0BaTeJIbHOCTH.
Yucno a Ha3hIBAETCA  MpedeloM  TOCHENOBATENbHOCTH (X, |,  e€clnd s JH0oro

nonoxurensaoro € >0 cymecTByeT Takoii Homep N, uro as Becex /> N BpmonHsercs yciaoBue:
OTO 3aIUCBIBACTC:

limx, =a

n—+«

§ i
B stom cJIydac roBopsr, 4TO IMOCICA0OBATCIBHOCTD X s cxooumcsa K a npu n

OcHogéHbLe C8OIICMBA CXOOAUUXCS NOC/IE008AMENbHOCHECIL.
1. Cxopasmiasicst TOCIeI0BaTeIbHOCTh OTPAHUYCHA.

2. [ycth limx, a lin} v, =b , Torma lim(x, v, )=a+h , lim(x, v,)=ab,
e Ll 1= o0
¥ X 44
lim| | = (h #0)
n—ax| p b :
< N
3 Eo IMX a limz a o
n n , n n M JUIS  BCEX 71 BBIMOJIHSAIOTCS ~ HEPABEHCTBA /7 — -7 — -1 | TO
lim y, =a
H— o
4. Eemm limx, =a Fo limx y )0

)
n L

M IIOCJIIEA0BATECIbHOCTD i — OI'paHUYEHHAs, TO n n n

IIpenen pyHKUMH B TOUKE.

[ycre pynkuus / (X) onpenenena B HekOTOPOii okpecTHOCTH Touk X =U (T.e. B camoii
Touke X —d (QyHKIUSI MOXKET ObITh U HE OIpeIEIeHA)

UYucno A HaseiBaeTca npedenom (ynxiuu J (X) mpu x a, ecnmu aas mo6oro £>0

cymectsyer Takoe uncio A >0 uro s Beex x Takux, uto 0 | X @ | BepHO Hepasenctso f(x) 4 . B
3TOM CIlydae MUIIYT:

| | lim f(x) =4

X—da
g lim f(x) =4
| mpu x a Tonbko mpu S @ 1o a0 — Ha3bIBAETCS Npedenom
dyrxuun £ (x) B Touke ¥ =4 crega, a ecnm /(¥) — A> npux a Tomsxo mpu ¥ 2 ¥ 10

Ecan J(x) = A4

11'1110,/ (x) =4, naspiBaercs npedenom Gyukiuu f (x) B Touke ¥ — cnpasa.
X—d

Tpenenst A1 1 A2 Ha3bIBAIOTCS TaKKe 0OHocmoponnumu npederamu Gyaxuun / (X) B roue
X =  Taxxe ropopsr, 4to A — koneunwiii npeden Gpyukuun ./ (X) |

Ocnoesnvle meopemol 0 npedenax.
limC =C
Teopema 1. «—u , Tne C = const.
CJle lyIO1LHe TeOpeMbl CIPaBeILIUBbI IIpH Tpeanonoxkenud, uro pyuxumn -/ ) u g(x)
UMECIOT KOHEUHBIC TIPECIIbI TIPHU X d.

Teopema 2. M|/ () £g(x)| =lim f(x) £lim g(x)

X—=a

Teopema 3. m[ [ (x) ~g(x)] =lim f(x) -lim g(x)

Cuencraue. lile C -/ (x) =C lim /(x)

v X—da

vy lim f(x .
. ) fees S (x) __\.—»u‘f( : le g(x) #0
eopemad. ., o(x) limg(x) PH

xX—=a

Beckoneuno manbie GyHKINH.

Oyukuusa /' (X) Ha3bIBACTCS OECKOHEYHO MAOU IPU X d, TNI€ d MOXKET OBITh YHCIIOM UJTH

n lim f (x)

OJTHOM M3 BEJINYUH , W — , eCIH

X a
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Ceoilicmea 6eckoneuHo manvix YyHKkyuii:

1) Cymma puKCHPOBaHHOTO YHCIa OECKOHEUHO MalbIX (DYHKIMN IPU X @ TOKe OECKOHEUHO Maast
GyHKIUS TIpHU X a.

2) IlpousBenenue GUKCUPOBAHHOTO YKcIa OECKOHEUHO MaJIbIX (DYHKIUH MPHU X @ TOKE OECKOHEYHO
Masnasi GyHKIHUS IpU X 4.

3) IIpousBenenue 6ecKOHEUHO MaJION QYHKIMH Ha (PYHKIUIO, OTPAHUYCHHYIO BOJIM3U Touku X —
ABJIsIETCA OECKOHEUHO Majol (pyHKIUEH IpH x a.

4) YactHoe OT neneHuss 0eCKOHEYHO Maslol GyHKIUK Ha (DYHKITHIO, TIPEeIesl KOTOPOH HE paBeH HYJIIO

€CTh BeJINYNHA OECKOHEYHO MaJiasl.

beckoneuno oonvuue qbyukuuu U UX C643b C DeCKOHeYUHo MAbIMU.
CDYHKIII/ISI HAa3BIBACTCH OECKOHEUHO OONbUION npu x a, rac a —4ucjio Win OJJHa U3 BECINYNH ,

lim f(x) =4

+ WM — , €CIH v+~ , TIe A — 9UCTI0 WM OJTHA U3 BENIMYMH  , + WJIH — .
CBsi3p 6€CKOHEYHO OOJBIIMX U OECKOHEYHO MalbIX (PYHKLIHNA OCYLIECTBIISIETCS B COOTBETCTBUU
CO CIIEAYIOLIEH TEOPEMON.

Teopema 5. Ecau /(%) = 0

npu x a (ecnu x ) ¥ He oOpalaercs B HOJlb, TO
|

= — w0

()

Cpagnenue 6ecKoHeuHO MAnbIX GYHKYUIL.
Hycts (X)), F(x) u IM(X) — Geckoneyno mansie Qynkiuu npu * ' ¢ Dtu Geckoneyno
MaJible (PYHKIIMU MOKHO CPaBHUBATh MO OBICTPOTE MX YOBIBaHUS, T.€. 110 OBICTPOTE UX CTPEMIICHHUS K
HYJIIO.

a(x) _

=0, 1o pynxuus “ (X)

Eciu lim HAa3BIBAETCS OeCKOHEUHO Maaol bojiee 8bICOKO20

—a fF(x)
nopsoka, yeM GyHKIHst /F(.x) .

alx) _

. 3 o 2] 5
Ecom 1Im A, A#0, A=const , 10 & () y £(X) yaspsarores 6eckoneuno manvimu

x—a f(x)
00H020 NOpsoKa.

. o(x)
Ecou llm———
xa F(X)

Manvimu. 3alIUCHIBAIOT  ~ .
Beckoneuno manast Gpynkims “(X) HaspiBaetcs beckoneuno manoii nopsoka k OTHOCUTEIBHO

. a(x
B(x) Illﬂﬂ(i) =4 #0
6eckoneuno maon gpyrkuu Y | ecim npenen @ £ (x)
OnHako ciemayeT OTMETHTD, YTO HE BCe OECKOHEUHO Mallble (DYHKIIMK MOKHO CPaBHUBATh
a(Xx)

= 2 i =
=L1o ynrxumn “) u X)) naspisarores sxsusanenmubiu Geckoneuno

MeskTy coboii. Hampumep, eciu otHomenue /7(X) He nMeeT mpefena, To QYHKIUKM HECPABHUMBL.

Ceoiicmea IK6UGAICHMHBIX DECKOHEUHO MATTbIX.

[ lim 2ix) :ll
1)~ , e 2(x)
2) Ecnu~u~,to~, { lim o(x) =lim ({(x) _/')(x)] =11 =1
x—a J/(X) x—a /)(\) ‘}/'(\)
. B(x) ..

3) Ecmu ~,10 ~, lim — =lim D

/7(x)

Yim a(x) = | o (x) —/ lim c(x) =lim @ (x)

4Bemu  ~ wm o~ AE) o e h(X) wm ¢ P (X))
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CBoiicTBO 4) 0COOEHHO Ba)XKHO HAa TPAKTHKE, T.K. OHO (PaKTHUECKH O3HAYAET, YTO Tpeaes
OTHOIIIEHUSI 0ECKOHEUYHO MaJIbIX HE MEHSETCS IIpU 3aMCHC UX HA SKBUBAJICHTHLIC 0ECKOHEYHO MaJlblE.
OT10T (PaKT HaeT BO3MOXKHOCTh IPU HAXOXKJICHUM IPEAEIOB 3aMEHATh OECKOHEYHO Malible Ha
HKBUBAJICHTHBIE UM (DYHKIIMH, YTO MOKET CHJIBHO YIPOCTUTH BBIYUCICHUE MPEIEIIOB.

3ameuaTebHbIE npeaeabl

Ilepeviit 3ameuamenvhwlit npeden
[Tpenen oTHOIIEHUsI CHHYCa OECKOHEYHO MAaJION JIyTH K CaMoil Iyre, BEIpaXKEHHOW B paJlaHax,
HA3bIBACTCS NEePBbIM 3amMedameibHblM npedeiom. ITOT NMpeaes paBeH eIUHHIIE.
. sinx . x
lim =i 50051 lim — =l
x—0 x — 081N X

Bmopoii 3ameuamenvuuiii npeden

) )
lim|1+ | =e
x— 0| X

1
—“ -0 i i
.Ecmm x , TO o H BTOPOU 3aMCUATCIIbHBIU ITPCACIT MOKHO 3aIlIMCaTh B

e € ~2.71828...

BHJIC:
|
lim(1+ ) =e

o=
Kpome Tpex, u3in0KEeHHBIX BBIIIE, MPEACTIOB MOXKHO 3aMMCaTh CIEAYIONINE TIOJIE3HbIC Ha
MIPAKTHUKE COOTHOIICHHUS:
In(l+x) a' -1 (l+x)"-1

lim l; lim =lha; Iim———=m.
v— 0 X =0 x x—0 X

KoumponvHuvie gonpocwl

1. IlocnenoBaTenbHOCTH.

2. Cr1oco0BI 3a1aHHsI M CBOMCTBA YHUCIIOBBIX IIOCJIEA0BATEIHHOCTEMN.

3. Ilondartue o npenesne Nocae 0BaTeIbHOCTH.

4. CymecTBoBaHHE Mpeiesia MOHOTOHHOW OMPAaHUYEHHOM MOCIEA0BATEIbHOCTH.
5. CyMMHupOBaHHE MOCIEA0BATEILHOCTEH.

Tema 6.3. IlponzBoanasi QyHKIUM, ee reoMeTPpUUYECKU U PU3MUECKHA CMBICI

Onpeoenenue npouzsooHol QyHKYUU, ee ceoMempudecKull u Gu3uyeckuti CMbiCi, ypagHeHue
KacamenvHoU K epagpuxy QyHKyuu, npasuia HaxodcoeHus nPou3800HbIX, Mabauya npouU3800HbIX
NeMEHMAPHBIX PYHKYULL, NPOU3BOOHAS CLONCHOU PYHKYUU

Ymems: HaxoqUTHh NPOU3BOIHBIE 3JIEMEHTAPHBIX U CIOKHBIX (QYHKIIU, IMCAaTh YpaBHEHHE
KacaTelbHOU K rpaduky GyHKIUHN, IPUMEHITh T€OMETPUIECKHM U (PU3HMUECKUN CMBICT MPOU3BOIHOMN
IIPY pElICHNH 3a]a4
3nams. mipaBuna nuddepeHpoBaHus, TA0IHIlY TPOU3BOAHBIX SJIEMEHTAPHBIX (PYHKIIMH, ypaBHEHUE
KacaTelbHOM, MPAaBUJIO HAX0XACHUS TPOUXBOJIHOM CII0KHOU (pyHKIINN

IlycTh X1 W X2 — 3Ha4YEHMS apryMeHTa, a »n=f(x) nt: =S (x2) _ COOTBETCTBYIOIINE
3Ha4YeHus1 GyHKIUU Vv = f(x). Pa3HOCT Ax =X, - X, Ha3bIBaCTCS npupaujeruem apeymenma, a
passocts AV =2 - v = (x2) - (X)) — npupawernuem @yrxyuu ua otpeske [x1,%, ]

IIpoussoonoii pyHKIMU f(X) B TOUKE X =X, HA3bIBACTCS MPE/Ie OTHOIICHUS MPUPAIICHUS
(GYHKINU B 3TOH TOUYKE K MPUPAIICHUIO apTyMEHTa, KOT/Aa MoCeIHee CTPEMUTCS K HYJIIO.
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f(x) =1lim

Ax—0

T'eomempuueckuit cmoiciu.

[Mpoussonnas ¢ynxmuu V =/ (X) B
TOYKE X0 pPaBHA YIJIOBOMY KOX(QQPHUIHUEHTY
KacaTeNIbHON K TpaduKy (QyHKIUU B TOUKE
M, (xq, £ (x,)) cre. J (X)) =12 rpe -
Yrojl HaKJIOHA KacaTelbHOM K Tpaduky
Gynkuuu v =/ (x) B Touke Mo.

I'eomeTprueckuii cMbICT TPOU3BOAHON
COCTOHT B TOM, 4TO 3HAUYCHHE IIPON3BOTHOMN
GyHKIMM B TOYKE  PaBHO  yIJIOBOMY
KOX(P(UIMEHTY KacaTelbHOW K  rpaduky
(GYyHKIMU B 3TOM TOUKeE.

Y- flx) =1 (x)(x- x,) -

ypaBHEHUE KacaTeIbHOM.

f(x+Ax)- f(x)

Ax
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QDu3uueckuii cmoici.
[TpennonoxuM, uto GpyHKIMA $ =s(/) OMHUCHIBAET 3aKOH JBM)KEHUS MaTEPUATBHON TOUKU IO
MpsIMOM JIMHUY, T.€. S =s(/) — MyTh, MIPOIIEHHBIN 3TOM TOUKON OT Havaja oTcyera 3a Bpems £. Torma

3a BpeMms fo TpOWaeH myTh s =s5(7,), a 3a BpeMsl ©i — IyTh s =s(f,). 3a IpOMEKYTOK BpEMEHHI
At =t) - 1y rouka npoitger otpesok mytu A =s(f, + A1) = s(t,).
s(tg) s(to + At)
As

OcHoBHbIE paBuJIa JU(pepeHpoBaHuA.
O6o03naunm ¢ =u(x) v =v(x) g w =w(x) — pynkiumu, 1uppepeHIupyeMbie B TOUKE X.
1)C" =0, rae C — nocTosiHHAs BEJINYUHA. ‘

() 1 .,
2)x =1 8) (1 G
Ju+v- w) =u+v-w o\ _c .
4)(u V) =uv+uy 9) “_] — Y
§)u v w) =uvw +uvw +uvn’ 10) Eciu v =v(u) , u=u(x)  re.
6)(C' my =L v =v[u(x)], tov(x)=viu)u(x) —

u u'v- v MIPOM3BOIHAS CIIOXKHOM (DyHKINH.
N —| =———,ecouv 0
v v

Tabanna npou3BoAHBIX.

1) (A\'”) =pnx""!
— 1
2) Wx) =——
) Lin Zx-”X
DL =4
X X

4) ((.’" ] =e"

5) (n") —a'lna
6) (ln_\‘)’ =1

X
7) (log, .sc)’ =
’ xlna
8) (sinx) =cosx
9) (cos.\')' =- sinx
10) (rgx) = lj
COS™ X
11) (crgx) =- - 11
sin” x
) ’ |
12) (arcsin x) = -
\;"] - X"
’ 1
13) (arccosx) =- ; -
V- x~
14) (m'('[g.\') = ! -
l+x°
15) (af‘c-c'{gx) —_ -
) 1+ x°

16) Ilycts  © =u(x), v =v(x), Torma

‘ 4 . ,
(u‘) =v-u" u+u" v -lnu



Konmponvhwvie 6onpocwi
1.ITonATHE O MPOU3BOAHON (PYHKIINH, €€ TECOMETPUUECKUN U (PU3HMUECKUI CMBICI.
2.YpaBHeHUEe KacaTeIbHOU K rpaQuKy QyHKIHU.

Tema 6.4. [lpuMeHeHne NPOU3BOIHOM K MCCJIeI0BAHUIO (DYHKIIHH.

IIpumenenue npousgooHol kK nocmpoenuio epaghuxos Qynxkyuii. Bospacmanue u yovieanue
dynkyuu. Ixkcmpemymvi hyHKyuu.

Ymems: HaXO0AUTh NPOMEKYTKU BO3pAaCTaHUs U yObIBaHMsL. HaxonuTh TOUKH SKCTpeMyMa.
3namy: llpumMeHenue Nporu3BOAHOM K mocTpoeHuo rpadukoB ¢pyHkuuii. Bospacranue u yOsiBanue
GbyHKIUH. DKCTpeMyMbl (PYHKIINH.

YcioBusi Bo3pacTaHus ¥ yObIBaHUA QYyHKIIUI.

Teopema 1. 1ns Toro uto6sr nubdepenunpyemas va uatepsate (¢-7) dynxuus ./ (X) 6buia
neybuvlearoujeli (Hesospacmaroujeil) Ha STOM UHTEPBAIIE, HEOOXOIUMO M JOCTATOYHO, 4TOOBl [ (x) =0
(/(X) <0y yng poex ¥ € (@5

Teopema 2. Ecnn dyHKIHS S(x) muddeperunpyema ua unrepsane (- D) u F (x>0 (
1(x) <0y g Beex X € (@-0) 10 y1a Qpyuxums sospacmaem (y6visaem) na nntepsane (4> )

Toukm 3xcTpeMyma.

Toukn MakcuMyMa U MUHUMYMa (YHKIUH HA3bIBAIOTCS MOYKAMU IKCIMpemMyma.

Teopema 3. (Heobxoo0umoe ycnosue cywecmsosanus sxcmpemyma) Ecnm QyHKus S(x) g
TOUKE Xo UIMEET SKCTPEMYM, TO MPOM3BOaHAs / (X,) 06pamaeTcs B Hylb WIH HE CyIIECTBYET.

Credcmeue. ObpaTHOE yTBepkIeHHe HeBepHO. Ecin mponsBoaHas GyHKIMHA B HEKOTOPOH
TOYKE paBHa HYJIIO, TO 3TO €IIe He 3HAUUT, YTO B 3TON TOUKE (PYHKIUS UMEET SKCTPEMYM.

Kpumuueckumu mouxamu GyHKIMU HA3BIBAIOTCS TOUKH, B KOTOPBIX MPOU3BOAHAS (DYHKIIUU HE
CYILLECTBYET WJIM paBHA HYJIIO.

Teopema 4. (Oocmamounoe ycnosue cyuwecmsosanus skcmpemyma) Ecnu ipu nepexoze yepes
KPUTHYECKYIO TOUKY X0 CJIEBA HAIPABO NPOU3BOAHAA QPYHKIMU / (X) MEHAET 3HaK ¢ “+” Ha “—, TO B

Touke xo pyrkimst -/ (Y) umeer marcumym, a ecm IPOM3BOHAS MEHSET 3HAK C “— Ha “+” — TO
(GYHKUIUS UMEET MUHUMYM.

Ilpasuna naxoxncoenusn IKCmpemymos ynxyuu.
1) Haiitu npou3BOIHYIO (PYHKIIHH.
2) Haiitu kpuTHYECKHE TOYKU (DYHKITHH.
3) MHccnenoBaTh 3HaK MPOU3BOAHON B MPOMEXYTKaX, HA KOTOPbIE HAliIEHHBIE KPUTUYECKUE
TOYKH JEJAT 00/1acTh onpeeneHus QyHKIIH.
4) OrmpenenuTh CyIIECTBOBAHUE MAKCUMYMOB 1 MUHUMYMOB U HAWTH 3HaueHHE QyHKINH B

9THX TOYKaxX.
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Cxema ucciegoBanus pyHkumi

[Tporiecc mccnenoBanus (QYHKIMH COCTOMT W3 HECKOJBKHX 3TamoB. s Hambonee
MOJIHOTO TPEACTaBICHUS O TOBEIECHUU (YHKIMHM W XapakTepe ee rpaduka HeoOXOAUMO
OTBICKATH!
1) OGnacth cymecTBOBaHUS QYHKIIMHU (3TO MOHATHE BKIIFOYAET B ce0s M 00JIaCTh 3HAYCHHM, U
obnacth onpeaeneHus QyHKIUN).
2) UccnenoBath (PyHKIHIO HA YETHOCTb U MEPHUOJUYHOCTD.
3) KoopnuHatel Touek nepeceueHus rpaduka GyHKINU C OCSIMH KOOPAUHAT (€CIIU OHU
UMEIOTCS).
4) NnTepBainsl BO3pacTaHus U yObIBaHUS.
5) Toukn MakcUMyMa 1 MUHUMYMa.
6) [Toctpoenue rpaduxa.

Koumponvnvie éonpocwi

1. YcnoBus Bo3pacTanusi U yObIBaHUS (DYHKITUH.
2. Touku sKCTpEMyMa.

3. [IpaBuna HaXOXKIEHUS SKCTPEMYMOB (DYHKITHH.
4. Cxema uccneioBanus (QyHKHH.

Tema 6.5. Bropasi npou3BojHasi, ee reoMeTpu4ecKuil U PU3N4ecKuil CMbICJI.
Bmopas npouszsoonas, ee ceomempuueckuii u puzuseckuii CMulCa.
Ymems: Hax0TUTH MPOMEXKYTKU BO3pacTaHus U YObIBaHUS (DYHKIIMU UCTIONB3YS BTOPYIO

MMPOU3BOAHYIO. HaXOI[I/ITI) TOYKH 3KCTPEMYyMa.
Suameo: HpI/IMeHeHI/Ie BTOpOI>'I HpOPI?:BOI[HOﬁ K HaXOXACHUS ITPOMEKYTKOB MOHOTOHHOCTH.

Mycte Gynkuus / (¥) — muddepenuupyema Ha HekoTopoM MHTepBane. Torja,
nuddepeHupys ee, moayyaeM MepByro IPOU3BOIHYIO

Eciu Haiiti mpoussomHyio ot dynkimu /- () HIOJYUUM 61MOPYI0 NPOUIEOOHYIO
(GyHKIUH J(x)
d’ f(x)

dx

v =f(x)=

d*y _d
dx®>  dx
DTOT MpoIecc MOKHO MPOJIOJDKUTE H Jlajiee, HaX0/Isl POU3BOJIHBIC CTEIICHH /1.
d"y _d |

dx"  dx

T.C. - =) NI

x

dx

-1
d" 'y

i
dx"

Hccnedosanue pynkuyuu na 3kcmpemym ¢ HOMOULbI0 PoU300HOIL 6MOpPO20 NOPAOKA.
Teopema 5. Ecu / (x) =0, 1o dpynxmms 7 (¥) B touke xo umeer maxcumym, eciu
17x0) <0y vy, ecm (%) >0,
Ecmu f"(x,) =0, To xapakTep KpUTHUECKOH TOUKH HEU3BECTEH. JIJis ero onpeieneHus
TpebyeTcs nanbHelIIee HCClIeI0BaHME.
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Boinyki1ocTh M BOTHYTOCTH KpuBoii. Touku neperunda.
Kpusas obpaliena euinykiocmoio 6éepx Ha uutepsane (¢,0) | ecnm Bce ee TOUKH JIeKaT
HIDKE JIF000# ee KacaTelnbHON Ha 3TOM uHTepBaie. KpuBas, oOpallieHHas BBITYKIOCTHIO BBEPX,
Ha3bIBACTCS 6bINYKIONU, & KpUBAsi, 0OpaIlleHHas! BBIMTYKIOCTBIO BHI3 — HA3bIBACTCS 602HYMOIL.
Teopema 6. Ecnu pyuxims / (X) umeer na untepsane (<-2) propyio npoussoanyio u

(x>0 J () < 0) Bo Bcex TOUKAX TAHHOrO HHTEpBaA, TO rpaduK YHKIMHA UMEET HA
(a.b) prmyknocTs, HANpaBIEHHYIO 6HU3 (66€PX).

Touka, oTaensiomas BBITYKIYH) YacTh KPUBOM OT BOTHYTOM, HA3bIBACTCS MOYKOU
nepezuba. Toukamu repernda MOTyT CITY>KHTh TOIBKO Kpumuyeckue moyku 6mopozo pood, T.¢€.
TOYKHM, B KOTOPBIX BTOpas mpousBoaHas / (X) obparmaercs B HONb UM HE CYIIECTBYET.

Teopema 7. Tlycts kpuBas ompenemsercst ypasuenmem Y —/(X)  Ecmu Bropas
npomssozaast / () =0y ve cymectByer n npu nepexone yepes Touxy X =g/ (X)
MEHSET 3HaK, TO TOYKa KpUBOHU ¢ aOCIccoi -+ —Xo SBISETCS TOUKOM meperuoa.

Ilpasuna naxosxcoenus mouex nepezuoa.
1) Haiitu BTopyto Npou3BOAHYIO (PYHKIIHH.
2) Haiitu kpuTHYECKHE TOUKH BTOPOTO poJa.
3) HccnenoBaThk 3HaK BTOPOM MPOU3BOAHON B IPOMEXKYTKAX, HA KOTOpPbIE HallJICHHbIE
KPUTUYECKHE TOUYKH JEJAT 001acTh onpeeneHus QyHKIHIH.
4) OrmpenenuTh TOUYKH Niepernda U HATH 3HaYeHUe (PYHKIIUH B STHX TOYKAX.

Koumponvnvie sonpocwi

1.UccnenoBanue GyHKIMHA Ha SKCTPEMYM € TIOMOIIBIO TIPOU3BOJHON BTOPOTO MOPSIKA.
2.BrIyKI0CTh M BOTHYTOCTh KpuBOM. Touku neperuda.

3.IlpaBuiia HaX0X/I€HUSI TOUEK IEeperuoda.
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Tema 7. [IpsimMble M IVIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTEPEOMETPHUU U NPOCTEMIINE CAeACTBUSA U3 HUX.
OcnosHule nonamus. Axkcuomvi cmepeomempuu. Credcmeus u3 aKcuoMm.

Ymems: npuMeHSATh aKCHOMBI CTEPEOMETPUU IIPU PELICHUU 3a]1a4.
3nams: OCHOBHBIE MOHATHUSA. AKCHOMBI cTepeoMeTpun. CiaeAacTBUs U3 akcuoM. OCHOBHBIE

MOHATHS. AKCUOMBI CTEPEOMETPHH.

1. OcHogHble nouamus. Akcuomsl cmepeomempuu.

Onpeodenenue. CtepeoMeTpueil Ha3bIBACTCS pa3liell TEOMETPUH, B KOTOPOM H3y4aroTCs
burypsl, pacnoioxeHHble B MpocTpaHcTBe. OCHOBHBIMH MOHSTUSAMU CTEPEOMETPUH SBIISIOTCS
TOYKA, IpsiMasi U TUIOCKOCTb.

CnoBO «CTEpeoMETpHUs» MPOUCXOTUT OT TPEUYECKUX CIIOB «OTEPEOCH — OOBEMHBINH,
MPOCTPAHCTBEHHBIN U «UETPEO» — UIMEPSITD.
1. [IpeacraBienue o MIOCKOCTH JIA€T TJIaJIKasi TOBEPXHOCTh CTOJIA UM CTECHBI.

[TnockocTh Kak TeOMETPUUYECKYIO (DPUTYDPY ClIEAyeT MPEACTaBIATh cebe MPOCTUparOIeCs
HEOrpaHUYEHHO BO BCE CTOPOHBI.

Ha pucynkax miuockoctu n300pakaroTcst B BUJE MapajuieiorpaMMa Wi B BUIE TPOU3BOJIBHOMN
obsacTu 1 0003HAYAIOTCS TPEYECKUMHU OyKBamHu o, 3, Y u T.11. Touku A u B mexat B miockoctu

B (rurockocTh P mpoxoauT uepe3 &3t Toukn), S a Touku M, N, P He nexxar B 3TOH IIIOCKOCTH.

Mgs Ngs FEs.

Kopotko 310 3anmuceiBaroT Tak: A 3, B B,

W 1
‘/'j \\\\
- !——__ \\

(Al TTINEN

| / ™ \

(24 < ™, ‘

T N\
N = H"‘-. P
Puc. 1. a) | 0) "

[IpocTpaHCTBO COCTOUT M3 OECKOHEYHOTO MHOXECTBa ToueK. JIroboe MHOKECTBO TOYEK
NPOCTPAHCTBA  HA3BIBACTCS  MPOCTPAHCTBEHHOW  ¢urypoid wmimm  TenoM. [Ipumepamu
MPOCTPAHCTBEHHBIX (UTYpP SABISAIOTCA TOYKA, MpsAMas W TUIOCKOCTh. [IpsiMble M IMJIOCKOCTH
COCTOAT U3 OECKOHEYHOIO0 MHOXKECTBAa TOYEK IMPOCTPAHCTBA W HE COBMANAIOT CO BCEM
MIPOCTPAHCTBOM.

CdopMynupyeM OCHOBHBIE aKCHOMBI CcTepeoMeTpuu. HamomHHM, aKCMOMBI — 3TO
YTBEPKACHUS, TPUHUMaeMble 0e3 JI0Ka3aTeabCTBA. AKCHOMBI T€OMETPHH BBIPAXKAIOT OCHOBHBIC
CBOICTBAa HEOMPEETAEMbIX MOHATHIL: TOUYEK, MPAMBIX U INTIOCKOCTEN. AKCUOMBI:

1) Yepes mo0Oble 1BE pa3mUUHbIC TOYKH MPOXOIUT €AUNHCTBEHHAS TIPSMasi.
i

2) Ecnu nBe paznuyHble TOUKU MPSMOM NPUHAIEXKAT / B /
IJIOCKOCTH, TO BCE TOUKH MPAMON MTPUHAIIEKAT ITOU fr f,f‘" /
F o s
IJIOCKOCTH. ,.x-’a g
4 /
Puc. 2
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3) Yepes mo0ble TpU TOYKH, HE JISHKAIUE HA OTHON By 4

IpsIMOM, IPOXOAUT OJIHA U TOJIBKO OJIHA IIJIOCKOCTb. 4
4
o C
i
Puc. 3.
4) Ecnu 1Be pa3muydHbIe TUIOCKOCTH HMEIOT OOIIYIO
fid
TOYKY, TO OHU UMEIOT OOIIYIO NPAMYIO.
- fors 4
& .
A 4
& /
Puc. 4.

2. Ilpocmertiwue cnedcmeaus uz akCuom cmepeomempull.

W3 nepBoi akCHOMBI CIIEAYET, YTO JABE pa3iHuHbIe MPsMbIe B MPOCTPAHCTBE MU HE UMEIOT
HU OJTHOM OOIIEeH TOYKH, HITH UMEIOT TOJIBKO OJIHY OOIIYIO TOUKY.

[Tpsimble, UMErOIINE TOIBKO OJHY OOIIYIO TOUKY, HA3bIBAIOTCS MEPECEKAIOIIUMUCS.

W3 BTOpOI1 aKCHOMBI CleyeT, UTO MpsAMasi U MJIOCKOCTh B MPOCTPAHCTBE WIIM HE UMEIOT HU
OJIHOM 0011Iel TOYKH, WIH UMEIOT TOJIBKO OJIHY OOIIYI0 TOUKY, UJIH, HAKOHEI, BCE TOUKH MPSMOit
SIBJISIFOTCSI TOUKaMU TUIOCKOCTH.

Ecnu mpsiMmas U TUIOCKOCTh MMEIOT TOJBKO OJHY OOIIYyI0 TOUYKY, TO TOBOPSIT, YTO OHHU
NEPECEKAIOTCSL.

Ecnu Bce TOUkHM MpSIMOi SIBIISIFOTCS TOYKAMU TIJIOCKOCTH, TO TOBOPST, YTO TpsAMasi JIEKHUT B
MJIOCKOCTH (MIPUHAJIEKUT MIIOCKOCTH) UITM YTO MJIOCKOCTh MPOXOIUT Yepe3 NpIMYIO.

Teopema 1. Yepes psMYIO U HE IPUHAJIECKANTYIO €l TOUKY MPOXOJAUT €AMHCTBEHHAS
MJIOCKOCTb.

Hoxaszamenvcmeo:

[TycTb 3amanbl IpsiMast (! ¥ HE IPUHAJISKAIIAS el TOUKa s D S
A (puc. 5). Ha nmpsimoii @ Bo3bMeM Kakue-HUOYb IBE TOUKH P g A
Cu [ .lloakcuome 3uepezTpu TOUKH A4 ,C , D ot :
TIPOXOJIUT eMHCTBEHHAS MIOCKOCTh; 0003HaunM ee (2. Ilo ~ Puc.5.

AaKCHOME 2 BCE TOUYKU
IpsIMOM (I TIPUHAIJIEKAT IJIOCKOCTH (X,

CnenoBarenbHO, INIOCKOCTh (X IIPOXOJUT 4epe3 NpsAMYyI0 ¢ W TOuKy 4. Jlpyroi takou
IUIOCKOCTH HET, TaK KaK Jr00asi IIIOCKOCTh, IPOXOASIIAs Yepe3 MpIMYIo ad UTOYKy A,
IIPOXOJMT Yepe3 Touku ' ,/2. 4.  He Jexalye Ha OJHON NPAMOU, U IO3TOMY COBIIANAET C
IIJIOCKOCTBIO (Y.

Teopema 2. Yepes aBe nepeceKarouecs NpsMble IPOXOINUT €IUHCTBEHHAS INIOCKOCTb.

Lokaszamenvcmeo:

ITycTe psimble u H» mepecekarorcs B Touke M/ (puc. 6). Hampsameix @ ub
BO3bMEM KakHe-HUOyJlb Touku [ u N , oTiinyHble oT ToukuAN/ .  Torna yepes Tpu TOUKU/”,
N U M TpPOXOAMUT €IUHCTBEHHAS IUIOCKOCTh (¥. B cuily akCMOMBI 2 IIIOCKOCTh TPOXOIUT
yepes JaHHbIE IIpsAMBIe d  ub .

W3 nocneaHux IByX aKCHOM U TEOPEMBI | CIenyeT, 4To BE pa3IM4HbIE MJIOCKOCTH MIIU

HE UMEIOT HU OJIHOH
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o011el TOUKH, UM UMEIOT OOIIYI0 IPSAMYIO U IPYTUX OOLIMX TOUEK HE UMEIOT.
JIBe pa3nu4Hble MI0CKOCTH, UMEIOLIHE OOLIYI0 IPSMYIO, HAa3bIBAIOTCS

MNEPECCKArOMUMMUCH.

Puc.6 Obwas npsamas naseieaemcs npsamotl nepeceyeHus 3mux
nirockocmet. Konmponvhvie 6onpocwl

1. OCHOBHBIE TOHATHS.
2. AKCMOMBI CTEPEOMETPHUHU.
3. CiencTBUA U3 aKCHOM.

Tema 7.2. IlapanjiesbHOCTH NPSAMOM U IJIOCKOCTH, MAPAIIETbHOCTD IJIOCKOCTE.

Onpedeﬂeuue napajiellbHocmu npﬂMOIZ u niockocmu. Hpu3HaK napajiiejlbHocmu

npsamou u niockocmu. Ilapannenvnocme niockocmeiti. Ceotlicmea napanieibHulx NI0CKOCHEI.

Ymems: IMPUMCHATDH NPHU3HAKHU MAPAJJICIIbHOCTU HpﬂMOfI 1 IJIOCKOCTH IIpH pCIICHUUA 3a/1ay.
3nams: OnpeneneHrue napayieIbHOCTH MPSIMOM U TI0CKOCTHU. [IpU3Hak napamienbHOCTH
npsaMoil ¥ mockocTu. [lapannensHocTh mnockocTeil. CBONMCTBA MapalieNbHbBIX IIOCKOCTEH.

Hapa.]].]'le.]'lbl-lble NMpsAMbIE€ B IIPOCTPAHCTBE
I[Be IIPSMBIC B IIPOCTPAHCTBC HA3BIBAKOTCA Mapa/li€JIbHBIMHU, €CJIM OHU JICXKAT B OHHOﬁ
IIJIOCKOCTU U HEC MCPCCCKAIOTCH.

Teopema o napannenpbHbIX RPAMbBIX.
Yepes 1100yr0 TOUKY IPOCTPAHCTBA, HE JISKAIYIO HA JAaHHOU MPSIMON, IPOXOAUT IpsimMas,

napannenLHaﬂ JIaHHOfI, %1 HpI/ITOM TOJIBKO OJHA.
b e

il

Puc. 1.

Jlemma o NnNepeCeHCHUH NMJIO0CKOCTH NapajdjeJbHbIMUA NPAMBIMH.

Ecnu ogna u3 1ByX mapamienbHbIX b\ \c:s
IPSAMBIX [IEPECEKAET JaHHYIO MJIOCKOCTh, TO
U gpyras npsmas IIepeceKacT dTy \ l iV v
IIJIOCKOCTb. y

TeopeMma o0 Tpex NpAMBIX B IPOCTPAHCTBeE.
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Ecnu nBe nmnpsmble mapaluieabHbI
TPETbEe MpAMON, TO OHH MapauIeIbHBI
(ecmut al|c u bl|c, To al||b). & &

HapaJ’IJ’[eJ’[bHOCTL l'lpﬂMOﬁ H IIJIOCKOCTH
HpHMaH H IIJIOCKOCTBh HA3bIBAKOTCA napajiejlbHbiMu, CCJIIM OHU HE UMCIOT O6H_II/IX TOYCK.

IIpu3Hak napajieIbHOCTH NPAMON U

miaockoctu Teopema. Eciiu npsimast, He nexainas B i
JAHHOU TUTOCKOCTH, MapauielibHa KaKOH-HUOYIb MPSMOI, 4 "
JIeXKaIEen B 3TOM MIOCKOCTH, TO OHA MapaJlieJibHA . v B
JTAHHOM TNIOCKOCTH. ;
A -
£ 4 Puc. 4.

Teopema. Eciau miockocTs MpoxoauT
yepe3 JAHHYI MpsIMYyl0, IapajljIelbHYIO
JIpyro IUIOCKOCTH, W IEpeceKkaer 3Ty
IUIOCKOCTb, TO  JIMHUS  TepeceyeHus

IJIOCKOCTEN MapajulesibHA TaHHOW IPSIMOM. &
Teopema. Ecam ogHa w3 1IByX ;"" 7
napauieabHbIX MPSIMBIX napajuieiabHa 4 £y y
JI@HHOH IIOCKOCTH, TO Apyras HpiMas 1100 ,’:!ﬂ.f
TaKKe TMapajUielbHa JIaHHOW TUIOCKOCTH, =2
JINOO JIEKUT B OTOH IIIOCKOCTH.
i
Puc. 5
B3aumHoe pacnoJio:keHue NpsiMbIX B IPOCTPAHCTBE
A I.‘ I‘."
t
[
]
i ]
{
Puc. 7 I
Puc. 8
Ilepecekaommuecs npsimblie: |[lapansienbhble npsambie: [(CKpemMBaluInecs
JIEKAT B OJTHOM IUIOCKOCTH, JIEKAT B OJIHOH IIOCKOCTH, npsiMble:
UMEIOT OJTHY OOIIYIO TOUKY HE UMEIOT OOIMX TOYeK (He |HE Jexar B  OJHOH
MEPECEKAIOTCS IUIOCKOCTH, HE MMEIOT
le8)11070:4 TOYEK (He
TIEPECEKAIOTCS)
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IHapanneJbHOCTh II0CKOCTEH
JIBe MI0CKOCTH Ha3bIBAIOTCS MapalIeIbHBIMU, €CJIM OHU HE NePeceKaroTcs, T.€. He UMEIOT
HH OJIHOM 001IEi ToukH. o|p.

Puc. 9.

I[pu3Hak napajsieJJbHOCTH ABYX IJIOCKOCTE
Teopema. Ecnu 1Be nepecekaromuecs npsiMble 0JHON MJIOCKOCTH MapasuIebHbI ABYM
MEPECCKAOIMMNMCA TPAMBIM I[perﬁ IIJIOCKOCTH , TO 3TH INIOCKOCTHU IMapaJICIIbHBI.

Ecmu allar u b||b1, To o|. Puc. 10.
&

CaoiicTBa mapaLieJIbHbIX IJIOCKOCTEI.

Ecnu o v onu mepecekarotes ¢ y, TO

allb.
Eciu sBe mapajuleNbHbIE IUIOCKOCTH
V 7 y

r a > IEpECEUEHbl  TPEThEH, TO JIMHHM  HX
v 4 TepeceueH s NapasuIeibHbL.

ot SEE I
oL

y

2. Eciu o|p u AB||CD, To AB = CD.OTpe3ku napauieiabHbiX MPsIMbIX, 3aKIFYEHHbIE
MEK/Ty TapaJIENbHBIMU [IIOCKOCTSMH, PABHBIL.
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o 4

i

KOHmpOﬂbele 680NpocCsl

1. Onpenenenue napayieaIbHOCTH MPSIMON U TNIOCKOCTH.

2. Ilpu3Hak napayyIeIbHOCTH MPSIMOM M IIOCKOCTH.
3. [NTapamiensHOCTh TUIOCKOCTEH.
4. CBoiicTBa napauieIbHbIX TIOCKOCTEH.

Tema 7.3. IlepneHAMKYJISAPHOCTH NPSAMOM U IJIOCKOCTH.

Onpedenenue nepneHOUKYIApHOCMU NPAMOU U naockocmu. Ilpusnaxu
NEPNEeHOUKYIAPHOCIU NPAMOLL U NIOCKOCU.

Ymems: puMeHsTh IPU3HAKU NEPICHIUKYISIPHOCTH MPSIMON U TUIOCKOCTH IS PEILIEHUs 3a/ad.
3nams. OnpeneneHue NEpNEeHANKYIIPHOCTH NPSAMOM U miockocTH. [Ipu3Haku

NEPINCHAUKYIIAPHOCTHU HpHMOfI " IJIOCKOCTH.

Onpenesienune

[Ipsimas, repeceKaromas TUIOCKOCTb,
Ha3bIBACTCS nepneHoOuKyIsAIPHOU 3TOM
IUIOCKOCTH, €CIIM OHa NepreHANKYIsIpHa
KaXJI0M MPSMOM, KOTOpas JISKUT B JIAaHHOU
IUVIOCKOCTH W MPOXOAUT 4Yepe3 TOUKY
MepeceyeHHUs.

Teopema

Ilpusnax nepneHOUKyIApHOCmUY NPAMOU U NIOCKOCHU.

Ecnu nipsimasi, nepecekaromast IioCcKOCTb,
MIEPIICHIUKYJISIPHA JBYM IMPSMBIM B 3TOMU
IJIOCKOCTH, MPOXOMSIIMM  4Yepe3 TOYKYy
MEPECECUCHMS JaHHOM MPSMOU U INIOCKOCTH,
TO OHA NMEPIEHIUKYJISIPHA TIIIOCKOCTH.

,féi/ > lé

Puc. 1.
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Puc. 2.
1]

/e
/d >l<b

Jlokazamenvcmeo: Puc. 3.

Az

[Tyctsb a mpsimast, epneHauKyIsipHas IpsiMbIM b 1 ¢ B miiockoctu . Tornaa mpsimast a
IPOXOJUT Yepe3 TOUKy A mepeceueHus npsaMbIxX b u c. Jlokaxem, 4To npsimas a
MNEePIEHANKYIIpHA INIOCKOCTU X .

[IpoBeneM npon3BOIBHYIO MPSAMYIO X YEpPE3 TOUKY A B INIOCKOCTU (Y U NMOKAKEM, YTO OHA
NEepHEeHANKYJISIpHA NpsMOH a. [IpoBesieM B IIIOCKOCTH (X IPOU3BOJIBHYIO IPSAMYIO, HE
NPOXOALIYIO Yepe3 TOUKY A U IepeceKarolyto npsmsie b, ¢ u X. IlycTs Toukamu
nepeceuenus oyayt B, C u X.

OT10XMM Ha IPSIMOM @ OT TOYKU A B pa3HbI€ CTOPOHBI paBHbIE 0Tpe3ku AA1 u AA:.
Tpeyronsauk Ai1CA2 paBHOOEApEHHBIH, TaK Kak 0Tpe30K AC sBIISI€TCS BBICOTOM MO YCIOBHIO
TEOpPEMBI U MEAMAHOM 10 TocTpoeHuto (AA1=AA>). o TO# ke mpuIuHEe TPEyroibHUK A1BA:
TOXe paBHOOeApeHHbIN. CrenoBaTenbHO, TpeyrodbHUK A1BC u A2BC paBHBI 110 Tpem
CTOpPOHaM.

N3 paBenctBa TpeyroiasHukoB A1BC u A2BC cnenyet paBenctBo yrioB AiBX u A:BX u,
CJIEIOBATEIbHO PaBEHCTBO TpeyroapHUKOB Ai1BX n A2BX 1o AByM CTOpOHAM U yIiy MEXay
HuMH. 13 paBeHcTBa cTOpoH A1X U A2X 3TUX TPEYTOJIBHUKOB 3aKJII0YaEM, YTO TPEYTOJIbHUK

A1XA:> paBHoOeapenHsIil. [IoaTomy ero Mmeanana XA SBIISIETCS TAK)KE BBICOTOM. A 3TO U 3HAYUT,

YTO IpsiMast X mepreHAuKysipHa a. [lo onpenenenuto npsimast a neprneHIMKyIsIpHa TUIOCKOCTH
¥ . TeopeMa 0Ka3aHa.

Ceoticmea nepneHOUKYIApHbIX NPAMOU U NIOCKOCHU.
Teopema 2
1 - oe. Csoticmgo nepneHOuKyIsapHuIX NPAMOU U NIOCKOCHU
Eciv miockocTh mepneHauKyIspHa OTHON

U3 IBYX apaUIeNIbHBIX MPSIMBIX, TO OHA
NEPIEHANKYJISIPHA U JPYTOMU.
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Puc. 4.
JTloxazamenvcmso: Ilycts @, u - 2 mapamienbHble npamele 1 ¢ MI0CKOCTS,

NEepIEeHUKYJIApHasd IpaMoil <1 . JlokaxkeMm, 4TO 3Ta MIOCKOCTh NEPIEHAUKYJIIPHA U MPAMON
a, . IlpoBemem 4yepe3 Touky -1, mepecedeHus MPSIMO <> C IIOCKOCTBIO (! TIPOU3BOJIBHYIO
npsMyro X, BIutockoctH 4 . [IpoBemem B rutockoctH (4 yepe3 Touky -1, mepecedeHus
npsMoit <, ¢ ( mpsMmyro X, , mapaJUleNbHYI0 npsmoi X, . Tak KakK IpsMas ai
IEPIICHNKYIIAPHA TIOCKOCTH (X , TO IPSIMBIE ¢y, U x,  TIEPIHEHAUKYIAPHBL. A 110 Teopeme |

napajieNibHble UM~ TIEPeCceKarolrecs mpsiMble <> W X, TOXE MepIeHANKYISIpHBL. Takum
oOpa3om, mpsiMasi a2 TEPIEHANKYJISIpHA TIO00M MPSAMONW -, B IUIOCKOCTH ¢ .A3TO( 1o

ONPCACJICHUIO )3Ha‘II/IT, qToO IpsaMasn & NEPHNCHAUKYJIAPHA MJIIOCKOCTU 4 . Teopema nokazaHa.

Teopema
2 - oe. Ceo1icmeo nepneHOUKYIAPHbIX NPAMOU U NIOCKOCHIU.
JIBe npsiMble, MEpIIEHIUKYISIPHBIE OJHOM U TOH K€ IITIOCKOCTH, MapaJiiesIbHBbI.

a \C\
| BAEI
4! B
b by
Puc. 5
ﬂOKaIi’ame]leWlGO.'

Ilycte @ u b - 2 npsimble, NEpHEHIUKYJISIPHBIE MIIOCKOCTH ¢ . JlomycTuM, 4To
npsiMble a U b He NapaljieNIbHBbI.

Bribepem Ha mpsimoii b Touky C, He nexairyto B miockoctu . IlpoBexem
yepe3 Touky C mpsimyio b, mapajuienbHyto npsmoi a. [lpsimas b; meprieHIUKyIspHA
wiockoct ¢ mo teopeme 2. [lyctb B u B: - TOYKM mepecedeHus NpsMbix b u br ¢
wiockocthio ¢ . Torna npsimas BB1 nepnieHaukynsipHa nepecekaromuMmcs IpsaMeiM b 1
bi. A 3TO0 HEBO3MOKHO. MBI IPUTILTH K IPOTUBOpEUHI0. TeopeMa Joka3ana.

Konmponvusie 6onpocui
1.Onpenenenue nepueHAUKYISIPHOCTH MPAMOU U IIIOCKOCTH.
2. Ilpu3HaKky NEePIEeHANKYISIPHOCTH MPSIMON M INIOCKOCTH
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Tema 7.4. IlepneHaAuKYyJIsIp M HAKJTOHHAS.

Onpedenenus nepnenoOuKyiApa u HaKIOHHOU. Ymeepoacoenus 0Jisk nepneHouKyIapa
U HAKIOHHOU, NPOBEOEHHbIX Yepe3 00OHY MOUKY K 00HOU naockocmu. Teopema o mpex
NepneHoOUKyIapax.

Ymems: IpUMeHsITh OnpesieIeHNs U TEOPEMBI IIPU PEILIEHUH 3a/au.

3uamy: onpeneneHus NeprneHANKyIspa 1 HaKJIOHHOH, TBEP)KICHUS JIs IEPIECHIUKYJIISIpa U
HAKJIOHHOM, IPOBEIEHHBIX Y€pe3 OJIHY TOUKY K OHOM INIOCKOCTH, TEOPEMA O TPEX
HEepHEeHIUKYIIApax

[TycTb naHbl TUIOCKOCTH M HE JIeKallasi Ha Hell ToYKa.

Ilepnenouxynapom, onyuieHHbIM U3 JaHHOM TOYKM Ha JAHHYIO TUIOCKOCTb, Ha3bIBACTCS
OTPE30K, COSTUHSIONINI TaHHYIO TOUKY C TOYKOM IIOCKOCTH U JIeXkKAIlUi Ha MPSMOii,
NEepIeHIUKYIApHOM m1ockocTH. KoHell 3Toro orpeska, jgeamiuii B iI0CKOCTH, Ha3bIBA€TCS
OCHOBAHUEM NePREHOUKYIAPA.

Ha pucynke 1 u3 Touku A mpoBeAeHbI K TNIOCKOCTH A
neprneHaukysip A8 u nakinonHas AC. Touka B - ocHOBaHHE A

NepneHanKysipa, Touka C - OCHOBAaHME HAKJIOHHOHM, BC - /
npoexnus HaknouHoi AC Ha mockocts ¢ /€ A_/:_/;/A B /
£

Puc.1

Haknonnoit, TpoBeIeHHONW W3 NTaHHOW TOYKU K JAHHOW IJIOCKOCTH, Ha3bIBaeTCs JII000
OTPE30K, COCAUHSAIONIMKA JaHHYI0 TOYKY C TOYKOM IUIOCKOCTH, HE€  SBISIOLIUNCA
NEePHEHANKYISIPOM K IUIOCKOCTH. KoHen oTpe3ka, Jexamuid B IIOCKOCTH, Ha3bIBAETCS
O0CHOBAHUEM HAKTOHHOU.

OTpe30K, COEIUHSAIONMI OCHOBaHMS NEPIEHIUKYJSIpA U HAKJIIOHHOM, IPOBENECHHBIX U3
OJHOM M TOM K€ TOUYKH, HA3bIBACTCA HPOeKyUell HAKI10HHOI.

Tak kak B npsMoyrojabHoM TpeyroibHuke ABC xaretr AB meHbe runorenyssl AC, To
CIPaBEJIMBO CIEAYIOIIee YTBEPIKICHUE: NepneHOUKYIAp, ONYUIeHHbIU U3 MOYKU HA NIOCKOCMb,
MeHbuie 110001 HAKIOHHOU, NPOBEOEeHHOL U3 MO JHce MOUKU K IMOLL NAOCKOCTU.

Jlns mepneHauKyJsisipa W HAKJIOHHBIX, TMPOBEAEHHBIX 4Yepe3 OAHY TOYKY K OJHOU
IJIOCKOCTH, CIIPABEJIMBBI CIEIYIOIIUE YTBEPKIACHUSA:

1) mepneHuKyIsIp MEHbIIIe 000 HAaKIIOHHOM;

2) HaKJIOHHBIE PABHBI TOT/IA U TOJBKO TOI'/1a, KOTJa PaBHbI UX MPOEKIUY;

3) oaHa HAKJIOHHAs MEHBIIE IPYrol HAKJIOHHOM TOTJIa M TOJIBKO TOTJa, KOT/Ia MPOSKIIHS
IIEPBOM HAKJIOHHOW MEHBIIIE TPOEKIIUN BTOPOU HAKIIOHHOM.

JUlnHa neprneHAuKyJspa, OMYLIEHHOIO W3 TOYKM A Ha IUIOCKOCTh (X, Ha3bIBaeTCs
paccmoanuem om mouku A 00 niaockocmu. PacctossHUE OT TOYKH, J€Xallleld B INIOCKOCTH £,
JI0 TUIOCKOCTU X CUMTAETCS PaBHBIM HYJIIO.

B cnydae, xorna npsimasi napajiienbHa INIOCKOCTH, PACCTOSTHUE OT IIPOU3BOJIBHOW TOYKH
IPSIMOM JI0 IIJIOCKOCTH HAa3bIBAETCS PACCMOAHUEM MEHCOY NPAMOI U niaocKocmblo. PaccTosHue
MEXY NEPECEKAFIIMMUCS MIPSMOM U INIOCKOCTHIO PABHO HYJIIO.

MoHO JnO0Ka3aTh, YTO €CIM [JB€ IUIOCKOCTH IHapajuielbHbl, TO BCE TOYKU OIHOMN
IUVIOCKOCTH  pPaBHOYAAQJIEHBl OT Jpyrod Iwiockoctd. [lostomy paccmoanuem mesncoy
napanienvbHblMu NJA0CKOCMAMU HA3BIBACTCS PACCTOSIHUE OT IPOU3BOJIBHOW TOYKM OJHOW M3
HUX J0 IPYTOM.

Paccmoanuem merincoy cKpeujusarouumMuca npAMsIMU Ha3bIBa€TCs PACCTOSTHUE MEKIY



napaujiCIbHBIMU IJIOCKOCTAMU, B KOTOPBIX JICKAT 3THU MPSAMBIC.

Teopema o Tpex nepneHIUKyasApax.

Teopema. llpsmas, mpoBeleHHass B IUIOCKOCTH 4Yepe3 OCHOBAHUE HAKIOHHOM,
NEPNEHAUKYJIIpPHA 3TOM HAKIOHHOW TOrJa M TOJIBKO TOT/A, KOIZa OHA MEpIEeHIUKYJSIpHA
MIPOEKIUU HAKIIOHHOM.

Jloka3aTebCTBO:

ITyctb AB - nepnenaukyisp miockoctu ¢, AC - HaKJIOHHas U ¢ - IpsAMas B
iockocTy ¢, mpoxojsimas uepe3 ocHoBanue C (puc. 2). [Ipoeaem npsmyto CA1,
napauiensHyo npsimMoit AB. OHa nepneHauKyssipHa miockoctu ¢ . [IpoBenem yepes
npsimbie AB u CA: mockocts /7 . [psimast ¢ neprneHnukyssipHa npsimoid CA:. Eciu ona
NepHeHANKYIIsIpHA npsiMoit CB, To OHA MepIeHIUKYJIISIpHA TUIOCKOCTH /7 | a 3HAYUT, U
npsimont AC.

Ananornuno. Ecnu mnpsimas ¢ nepneHaukyisipHa HakioHHOM AC To oHa, Oyayuu
nepreHauKysipua U npsmoit CAi meprneHaAuKyspHa TUIOCKOCTH /7, a 3HAYuT, U MPOCKIUH
HakJoHHOU CB.

Teopema oka3ana.

Puc. 2

Konumponvhnvie 6onpocwi

1.Onpenenenus nepneHANKYIspa U HAKJIOHHOM.

2. YTBepxKACHUS I IEPIEHAUKYISIPA U HAKIIOHHOM, IPOBEICHHBIX Y€Pe3 OJHY TOUKY K
OJIHOM IIJIOCKOCTH.

3. Teopema 0 Tpex NEPHEHANKYIISPAX.



Tema 7.5. Yroa mexkay npsiMmoi v mJjI0CKOCTbIO.

YVeon meancoy npamou u niockocmoio. Ilpoexyus mouku u npoexyusi npsamou. Ceoticmea
npoexkyuu npamsix. Ilpoexyus gueypul. Ilnowaos npoexyuu MHO20Y20TbHUKA.

Ymems: nmpoexktupoBaTh (PUrYypHl; HAXOJUTD IUIOIMIAAb TPOSKIIUH MHOTOYTOJIbHUKA.
3nams. Yron Mexay NpsMoi U 1iockocTbio. [Ipoexius Touku u npoekus npsmoil. CBoiicTBa
npoekuu npsmbIx. [Ipoexuus ¢urypsl. [Inomans npoekiuu MHOTOYTOJIbHUKA.
Yroa mexay npsiMoil ¥ IJIOCKOCTHIO.

7
IlycTh MN  _ gaknonnas, IIPOBECHHAS U3 TOYKU M K IIIOCKOCTH Y ,a - €C IPOCKIHA HA
IUIOCKOCTb (puc.1). Torma yrom MNM, - Ha3bIBaCTCS Y210M MeHcOy RPAMOI u

naockocmoto Y. TakuMm 00pa3oM ONpeneNseTcs yroia MeKAY MPSIMOH U IIIOCKOCTBIO, TIepeCceKaroIeit

3Ty NPSAMYIO U HE NIEPIECHIUKYIISIPHOU EH.
¥Yron MexAy npAMOH H MAOCKOCTBHO

Puc.1. www.cleverstudents.ru
Onpenesienue.

YroJ Mexkay NpsAMOM M IJIOCKOCTBIO, IIEPECEKAIOICH 3Ty IIPAMYIO U HE NIEPIECHAUKYIIIPHOHN K
HEW, - 3TO YroJI MEXKy NPSAMOU U €€ MPOEKIUEN Ha 3Ty IJIOCKOCTb.

Omnpenenenne yria Mexay IpsMON M INIOCKOCTBIO MO3BOJISIET 3aKJIFOUYNUTh, YTO YIOJ MEKIY MPSIMON
Y IUIOCKOCTBIO MPEJCTaBIsieT COOOW YIroJd MEXJy JABYMS IEPECEKAIOUIMMUC NPSIMbBIMU: CaMOMN
IPSIMON U €€ MPOEKIUEN Ha MI0CKOCTh. Cle10BaTENbHO, YIOJI MEXAY NPSIMON U IUIOCKOCTBIO €CTh
OCTpBIN YTOJI.

Vroi Mex1y NepHeHIUKYIAPHBIME TIPIMON M TUIOCKOCTBIO CYMTAIOT paBHbIM 90° | a yroin

MEX/ly MapajyieIbHBIMU IPSAMOM U MJIOCKOCTBIO JTMOO0 HE ONPEIEIIAIOT BOBCE, JIMOO CUNTAIOT

paBHBIM O° .

Tema 7.6. IByrpanublii yroj. ¥Yroj Mexay njaoCKOCTSAMM.

IlepneHIUKYJIAPHOCTH MJIOCKOCTEH.

Onpedenenue 08yepannoco yena. Buovl 0eyepannoeo yena. Onpeodenenue yena mexcoy
nepecexarowumucs niockocmamu. Onpeoenenue nepneHOUKyIapHocmu niockocmei. Ilpusnaxku
NePReHOUKYIAPHOCIU O8YX NIOCKOCMEN.
Ymems: pemiats 3a7a4n Ha ABYTPAHHBIC YTIIBL.
3namu: onpeneneHne IByrpaHnHOTo yriia
Onpenenenue. JIByrpaHHbIM YIJIOM Ha3biBaeTcs (purypa, oOpasoBaHHas MPSIMOM a M IByMSI
MOJTYTIIIOCKOCTSIMU C OOIIEH TpaHuIIeH a, U He IPUHAIICKAIIUMHU OJJHOH TIIOCKOCTH.
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£ a- pe6p0 ABYT'PAHHOTO yTIJIa, HOJYIUIOCKOCTH - I'PAHU €TO.

a
puc. 1
Yron AOB - nuHeWHBIH yronm JByrpaHHoro yria. YtoObl ero
MIOCTPOUTD, HY>KHO BBIOpaTh MPOM3BOJIbHYIO Touky O Ha pebpe, a myun OA
1 OB 110/xHBI OBITH EPIEHIUKYJIISIPHBL K peOpy.
]
8
puc. 2

Omnpenenenue. I'pagycHol Mepoii IBYIpaHHOTO yIJla Ha3bIBAaeTCs IrpaycHasi Mepa J1ro00ro us3
€ro JJMHEHHBIX YIJIOB.
JIByrpaHHBIN yroJl Ha3blBAETCS MPSIMBIM (OCTPBIM, TYIBIM),

eciu oH pasel 90° (menbiue 90°, Gombme 90°).

[Iycts ¢ - TOT M3 yIrIOB, KOTOPHIM HE MPEBOCXOAUT JHOOOr0 M3
TPEX OCTANbHBIX YIIOB. Torga yroia Mexay NepeceKaroIuMUcs

wiockocTamu pasen ¢. (0°<$=90°)
puc. 3

Onpenenenue. /[Be nepecekaronyecs mIOCKOCTH HAa3bIBAIOTCS NEPIIEHINKYIIPHBIMU, €CIIN
YIroJl MEXKLy HUMHU paBeH 90°.

IIpu3Hak neprneHAUKYJIAPHOCTH JABYX IIOCKOCTEM.

Ecnmu ogna w3 AByX IUIOCKOCTEM (=) IPOXOIUT uepes
npsmMyo (a), MepneHAUKYJSpHYI0 Apyroil miockoctu (B), To
TaKWe IUIOCKOCTH MEPIEHIUKYIISIPHBI.

£ i
e
puc. 4
ElI C IIpsaMoyroybHblil  nmapajienenunen. [lapamwtenenunes
g 5 Ha3bIBAETCSl MpPSIMOYTOJIbHBIM, €ClIi ero OoKoBble pebpa
i e [ NEPIEeHINKYISAPHBl K OCHOBAaHHUSM, a OCHOBaHHUS IMPEACTaBISIOT
! : co00i1 MPSAMOYTOJIHHHUKH.
Blace dlienalS
P SN 7S
puc. 5
CaoiicTBa.

1. B npssMoyTroasHOM NapalijIesIeuIeie BCe MEeCTh TPAaHeH MPeICTaBISIOT COOOM MPSIMOYTOTBLHUKH.
2. Bce aByrpaHHble yIuibl IPsIMOYTOJIBHOTO MapajuieJenumnesa iBastoTcs NpIMbIMUA

3. KBazpat nuaroHany npsiMoyroJIbHOTO napasulesienuieia paBeH CyMMe KBaJpaToB TPEX

€ro U3MEepEeHUH.

Koumponvnvie éonpocwi

1. Onpenenenue IByrpaHHOIO yria.

2. OnpeneneHue yria MexX1y IepeceKatomUMHCs TUIOCKOCTIMH.

4. Onpenenenue neprneHANKyIIpHOCTH ITocKocTe. [ [pu3Haku nepneHauKyIapHOCTA TIOCKOCTEH.
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Tema 8. KoopanHaThbl H BEKTOPBI.

Tema 8.1. BexTopsl. [leiictBust Hax BekTopamu. ba3zuc Ha miockoctu. IlpsimoyrosibHasi cucrema
KOOPAMHAT.

Ilonusmue sekmopa. /leticmsus Hao eexkmopamu. basuc na nrockocmu. Ceoticmea 6ekmopos.
IIpamoyzonvras cucmema KoOpoOuHam 8 NPOCMpaHcmae.

Ymemos: BBINOMHATH 1EUCTBUS HAJl BEKTOPAMH.
3namu: [lonstue BexTopa. JleiicTBust Hag BekTopamu. basuc Ha miockoctu. CBOWCTBA BEKTOPOB.
[IpsimoyronbHas cucreMa KOOpAUHAT B IPOCTPAHCTBE.

[TonsiTue BEeKTOpa B CTEPEOMETPUU BBOJUTCA TAK )K€, KaK U B IJITAHUMETPHH.

Paccmorpum  ynopsmodennyro mnapy (4, B) HecoBmamarommx Touyek. OHa ompeaenset
HampaBlIEHHBI OTpPe30K ¢ HadanoM A u koHioMm B (puc. 1). C momombto mapel (4, B) 3aganum
npeoOpa3zoBanne mnpocTpaHcTBa. Kaxkmoit Touke M mocTaBUM B COOTBETCTBHE TOYKY /N, KOTOpas
MOJIYYUTCS B PE3yJbTaTe CIAEIYIOUIEr0 NOCTPOCHUSI.

[IpunsB Touky M 3a Havano, MPOBOJUM JIy4 M1, COHANIPABJICHHBIN ¢ Ty4oM AB (puc.2). Ha myue
m MMEeTCs €IMHCTBEHHAs Touka N, ynajeHHas oT M Ha paccTosiHue |12] 1o MMOCTPOEHHUE 3a]1aeT
npeoOpa3oBaHre MPOCTPAHCTBA, OTOOPAKAIOIIETO TOUKY M Ha TOUKY N.

N

A A

Puc. 1. Puc. 2.

Onpenesenue. Bexmopom (napannenvhuviv nepenocom), onpeoensemvim napou (A, B)
Heco8naoanuwux moyex, Hazvlaemcs npeoopazoeanue nNPOCMpancmed, npu KOMopoM Kaxcods moukd
M omobpaxcaemcs na maxyio mouxy N, umo nyu MN conanpaénen ¢ nywom AB u paccmosmue |MN|
paeno paccmosmuio |-145]

Bexkrop, 3anannbiit napoii (4, B) HeCOBMAAIOIMNUX TOUEK, 0003HAYAETCS CAMBOJIOM A /3 .
Hampapnenue, onpenensieMoe Jy4oM AB, Ha3bIBaCTCS HANpAgieHUeM GeKMopd AR, a PACCTOSHUE
| 45| - onunoii eexkmopa AR .

VYcnoBumes, yTo Jr00asi mapa COBHANAIONIMX TOYEK 3aJaeT TOXKAECCTBEHHOE IMpeoOpa3oBaHue,
KOTOpO€ MbI OyJieM Ha3bIBaTh TEHEPb H)JIe8blM 6eKmopoM. JImuHa HyJIeBOro BEKTOpa paBHA HYIIIO,
MIOHSITHE HAIIPABJICHUS JJI HETO He BBOAUTCS. HyreBoii BekTop, 3a1aHHbIi mapoi (A, A), 0003HaYaI0T

CUMBOJIOM A A .

IIpUMEHSIOTCS U MHBIe 0GO3HAYCHHS: </~ /. <-...- Bektopsl; |<*| mmm @ - pmuHa Bextopa
cz: () - HYJIEBOU BEKTOP.

Kaxaplii BEKTOp, OTIIMYHBIA OT HYJICBOTO, BIOJIHE XapaKTEPU3YETCs CBOMM HANPABICHHEM H
JUIHHOM. [T0dTOMY, eCiTi HEHYJIEBBIC BEKTOPBI < H / COHAIpABIEHB U UMEIOT PABHbIE UTHHBI, TO ITH
BEKTOPHI PaBHBI (COBNANANOT): « =b.

JlelicTBHSA HA/l BEKTOPaMH.
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VY nobuee Bcero paboTarb ¢ BEKTOpaMH B MPSIMOYTOJILHOM CHCTEME KOOpJIMHAT — TOM caMOM, B
KoTopoii pucyeM rpaduku Gynkuuid. Kaxmoi Touke B cucTeMe KOOpJMHAT COOTBETCTBYIOT JIBa
ylyclla — €€ KOOpIMHAThl 1Mo X U Y, alcuucca M opAuHata. BekTtop Takke 3amaercs AByMs

xoopauHaramm: ¢(X,1V,)

3neck B CKOOKax 3amucaHbl KOOPIMHATHI BEKTOpA <7 — I10 X U T10 ).

Haxonsarcs onu MPpOCTO: KOOpJAWHATA KOHIIA BEKTOpAa MUHYC KOOpAHWHATA €TI0 Ha4daJ1ia.

y

AB(xp-X,. Vg ¥,/

Eciu koopuHATHI BEKTOpA 3aaHbl, €r0 JTTHHA HAXOIUTCS 110 (hopMyJie

y

F ]
e (Y o S
|al VX +Y:

0 x
Cnoscenue 6ekmopos

JU71st crioKeHus: BEKTOPOB €CTh JIBa CIIoco0a.

1. IIpaBuno napamienorpamma. UToObl CIOKUTh BEKTOPHl < U /> , TOMELIAeM Hayana 000UX B OfHY
Touky. JlocTpamBaemM 10 mapamienorpaMmMa M M3 TOM K€ TOYKM TPOBOJUM JHAroHajb

napaenorpaMma. 1o U OyeT CyMMa BEKTOPOB < U /> .

2. BTopoii cnoco6 ci10KeHns BEKTOPOB — MPABUIIO TPEYTONbHUKA. BO3bMEM Te i€ BEKTOPBl « U /> .
K koH1y mepBoro BekTopa MpUCTPOUM Hayajio BTOporo. Temepb coOeIMHUM Hayajao IMEPBOr0 U KOHELl

BTOPOr0. JTO M €CTh CyMMa BEKTOPOB <7 U 5> .
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Ilo TOMY K€ IpaBUIIy MOKHO CJIO)KHTb U HCCKOJIBKO BEKTOPOB. HpI/ICTpaI/IBaeM HUX OJHWH 3a JPYyrumMm, a
3aTEM COCAMHACM Hadalio IIEPBOT0 C KOHIOM ITOCJICIHETO.

D
C— "~ E AF-1B+BC+CD+DE+EF

IIpencraBbre, uTo BbI HaeTe U3 myHkTa A B myHKT B, u3 B B C, u3 C B D, 3atem B E u B F. Koneunsiii
pe3yJIbTaT 3TUX AeUCTBUM — nepemMenienue u3 A B F.

a(x.592, ) - b(x,:v,)

[Ipu cnoxeHun BEKTOPOB HOJIyYaeM:

c=a+h

c=(x, +x,)+ (¥, + ;)

Botuumanue 8EKMOpoe6

Bekrop - < HampasiieH IPOTUBOIIOJIOKHO BEKTOPY < . JUIMHBI BEKTOPOB <" M ~ < PaBHBI.

— —
e

Terneps MOHATHO, YTO TAKOE BHIYMTAHHE BEKTOPOB. Pa3HOCTH BEKTOPOB <z M - — 3TO CyMMa BEKTOpa
2 ¥ BEKTOpA - < .

a-c=a+(-c)

= L
qa-c
Ymnooicenue eéexmopa na uucio

[Tpu YMHOKCHHH BEKTOPA ¢ HA YKCIIO Kk TIOIYYaeTCsi BEKTOP, JUTMHA KOTOPOTO B k pa3 OTIMYACTCS OT
bl <2 . OH COHANPAaBJIEH C BEKTOPOM <z , €CITU k GOIIbIIE HYJISI, U HATIPABJICH MPOTUBOIIOIOXKHO <7 ,
ecnu k MeHbIIe HyJIs.

A

/ﬁ i /
ay .?EV 0,53/ / - /-32—? J 033

ba3uc na nnockocmu.

OmnpeneJienue.
1) ba3ucoM B MpOCTpaHCTBE HA3BIBAIOTCS JIFOObIE 3 HEKOMILJIAHAPHBIX BEKTOPA, B3SITHIE B

OIIpEAEIIEHHOM MOPAIKE.
2) ba3ucoM Ha TUIOCKOCTH HA3bIBAIOTCS JTFOOBIC 2 HEKOJUIMHEAPHBIE BEKTOPHI, B3STHIC B

OIIpEAEIIEHHOM MOPSAIKE.
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3)ba3ucoM Ha TIPsIMOi Ha3bIBACTCS JIFOOOM HEHYJIEBOM BEKTOP.

BekTopbl Ha3bIBAIOTCA KOMNAAHAPHBIMU, €CTI OHH TAPAJUIEIbHBI OHOM M TOW K€ MIOCKOCTH. Takum
00pa3oM, BEKTOPbI HA3bIBAIOTCS KOMILTAHAPHBIMH, €CJIM PABHBIE UM BEKTOPBI, OTJIOKEHHBIE OT OJIHOM
TOYKH, JICKAT B OJHOM IIJIOCKOCTH.
B npotrBHOM cityyae BEKTOPbI HA3bIBAKOTCS HEKOMNIAHAPHLIMU.

JIroOble Tpu HEKOMILJIAaHAPHBIX BEKTOpa B MPOCTPAHCTBE, B3AThIE B ONpPEAEICHHOM MOpSIKE,
Ha3bIBAIOTCS OA3UCOM.

é‘l’é‘ﬂ’

Onpenenenune. Eciu ;3| - 6aswuc B poctpancTBe u M | 1o yncna a, b u g - Ha3BIBAIOTCA
KOMIIOHEHTAMM MJIM KOOPAMHATAMH BEKTOPa d 5 >tom Gasnce.

B cBs131 € 3TUM MO’KHO 3aIucaTh CIeIyIOle CBOMCTBA:
- paBHbIE BEKTOPBI UMEIOT OJIMHAKOBBIE KOOPAUHATHI,

- IIPU YMHOXXCHHUH BEKTOPA HAa YUCJIO €0 KOMIIOHCHTEI TOXE YMHOXKAKOTCA Ha 3TO YHCIIO,
5 (A@a + (A8 2+ (An) o]

- IIpH CIIOKECHUN BEKTOPOB CKIIAABIBAIOTCA UX COOTBETCTBYIOINEC KOMIIOHCHTEI.

a =ce to,e, vages o a =fe + e, + e

43 (a+ Ble +(a+ B+ + 8o,

Ilpamoyzonvnan (0exapmosan) cucmema KOOPOUHAmM 6 NPOCMPAHCHEe.

IIpsimoyeonvras cucmema KOOpOUHAM 6 NPOCMPAHCHGE oOpasyeTcst TpeMsi B3aHMHO
neprenaukyaspabivu ocamu koopausar (JX, OY u O Z . Ocu xoopmunar nepecekarorcs B Touke (J
, KOTOpasi Ha3bIBAETCSl HAYaJIOM KOOPJIUHAT, Ha Ka)KJJOW OCH BBIOPAHO IOJIOKUTEILHOE HAIIPABIICHHE,
yKa3aHHOE CTPEJIKaMH, U eIMHHUIIA U3MEPEHUS OTPE3KOB Ha OCsX. EMUHMIIBI n3MepeHus: 0ObIYHO

onuHakoBsl s Beex oceit. (X — och adciiuce, OY — och OpJMHAT, (0 Z — ocpb anmuukar.
1z
DL

&3
Puc. 2
Honosxenue Touky A B mpocTpancTse onpenensercs tpems koopaunatamu &, ¥ u Z. Koopuunara &
pasHa muse otpeska (J B, xoopmunara ¥ — mmne otpeska (D, koopaunara 2 — nimHe oTpeska
ODs BBIOpaHHBIX eNUHUIAX u3MepeHus. OTpe3ku OB, OCu ODonpe,uemIOTc;I IIOCKOCTSIMU,
poBeEHHBIME 13 ToukH A mapamtensuo miockoctam ¥ (32, X O Zu X OY coorsercrrenHo.
Koopaunara T'Ha3piBaeTcs aOCIMCCON TOYKH :1,
xoopauHata ¥ — opmuHaroii Touku A,
KOOpAWHATA Z — AlIUIMKATON TOYKH A
CHUMBOJIUYECKH 3TO 3aIIMCHIBAIOT TaK:
Az, y, 2)
WIN
A=z 1, 2)
WJIM TIPUBS3BIBAIOT 3aMKCh KOOPAMHAT K KOHKPETHOM TOUKE C TOMOIIBIO MHIEKCA:
L4, Ya, 24
HT.I.
Kaxnas ock paccMaTpuBaeTcs Kak YHCIOBAs MpsMas, T. €. IMEET MOJIOKHUTEIHFHOS HalpaBJieHHUE, a
TOUYKaM, JIKAIIIM Ha OTPUIATEIILHOM JIy4e MPUIKCHIBAIOTCS OTPHUIIATEIbHbIC 3HAYCHHSI KOOPIUHATHI
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http://ru.wikipedia.org/wiki/%D0%A7%D0%B8%D1%81%D0%BB%D0%BE%D0%B2%D0%B0%D1%8F_%D0%BF%D1%80%D1%8F%D0%BC%D0%B0%D1%8F
http://ru.wikipedia.org/wiki/%D0%90%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82%D0%B0
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%B1%D1%81%D1%86%D0%B8%D1%81%D1%81

(paccTostHue Gepetcs co 3HaKoM MHUHYC). To ecTb, eciu Obl, HampuMep, Touka [3 Jexana He Kak Ha
pucynxe — Ha myde (X, a Ha ero nponomkenuu B o6parnyto cropony ot Touku (J (Ha
otpunatenbHoit yacti ocu (JX), To abermeca roukn A Gbita 661 OTpHIIATENEHOM (MUHYC

paccrosamio (JI3). Amanoruaro u 11s 1BYX APYTUX OCEH.

Koumponwvnvie 6onpocwi

1. ITonsiTue BexTOpAa.

2. JleficTBUS HaJl BEKTOPAMHU.

3. ba3uc Ha MI0CKOCTH.

4. CBoiicTBa BEKTOPOB.

5. IlpsimoyrosibHas cucTeMa KOOpJIMHAT B IPOCTPAHCTBE.

Tema 8.2. PaccTosiHue MeKay TOUYKaAMU.

Dopmyna paccmoanus Mmexicoy 08yMs moukamu. Ypasuenus cgepol, niockocmu u NPAMOU.
Koopounamer cepedunvt ompesxa.

Ymemb: HAXOAUTH PACCTOSTHUE MEXKTY TBYMS TOUYKAMH; COCTABIISTh ypaBHEHHE CHEPHI, TUIOCKOCTH
U TIPSAMOM; HAXOIUTh KOOPAMHATHI CEPEINHBI OTPE3Ka.
3uams: popmysa pacCTOSHUS MEXAY ABYMs TOUKaMU, ypaBHEHUS cepbl, INIOCKOCTU U NPSMOIA,

KOOP/IMHATHI CEpEINMHBI OTPE3Ka.

Ilycte A 1 B - 1B€ TOYKM INIOCKOCTH, KOOPANHATHI KOTOPBIX B IEKAPTOBON CUCTEME

xoopauHat: (X1:V) p (X5:V,) torma

2 I
R N N
VYkazanHast popmyiia, 1o CyIecTBy, siBiseTcs Teopemoit [Indaropa, 3anmucanHoii B KOOpAMHATHOM

¢dbopme. B camom nierne, mycTh A, y B\ - coorBercTBeHHO npoekuuu Touek A u B Ha ock abcuuce,
M - npoekuus 4 Ha npsMyto BB, .

NmeeM: AB -- runoTeHy3a NpsiMOYTOJIBHOIO TpEyroJibHUKa ¢ Karetamu AM u BM, no AM =
B, =|x, - x| Touno tak xe BM =|v, - v|.

CrnenoBaTenbHO,

AB® =AM + BM” =(x,- x,)" +(v, - v,)° ¥ popMyIa 1oKa3aHa.
Koumponvnwsie sonpocet

1.®opMysia pacCTOSHHS MEKITY IBYMSI TOUKAMH.

2. YpaBHeHHs cepbl, INIOCKOCTH U MPSIMOH.

3. KoopauHatel cepeTMHbI OTPE3Ka.

Tema 8.3. JIunelinbie onepanuu HaJ BEKTOPAMH.

Bexmopuvl. Mooynw eéexkmopa. Pagencmeo eéexkmopos. Cnoswcenue 8eKkmopos. YmHoocenue
eéexmopa Ha uucno. Pasnoscenus gekmopa no nanpasnenusm. Y2on medxcoy 08yms 6eKmopamu.
Ilpoexyus eexkmopa na ocb. Koopounamel éexkmopa. Cransipnoe npouzgeoenue 6eKmopos.

Ymems: HaxXOJUuTh MOOYJIb BEKTOPA, BBITIOJIHATH JIMHEHWHEBIE onecpanvuv Haa
BCKTOPAMH;, Breraucnars CKaJIIpHOC MMPONU3BCACHUC BCKTOPOB.
Buame: BCKTOPBI, MOAYJIb BCKTOPA, paBCHCTBO BCKTOPOB, CJIIOKCHNC BCKTOPOB, YMHOKCHUC BCKTOpA Ha

YHCIIO, PA3JIOKEHU BEKTOpA 10 HAIIPABJICHUAM, YTOJI MEKIY IBYyMs BEKTOpaMU, IIPOEKIH BEKTOPA
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Ha 0Cbhb, KOOPAWHATHEI BEKTOPA,CKAJIAPHOC IMTPOU3BCACHUC BEKTOPOB.

Ceoticmea 6ekmopos.

JIBa BekTOpa </ ¥ /> Ha3bIBAIOTCS KOJJIMHEAPHBIMU, €CIIM OHU PACIIOJIOKEHBI HA
NapajuleJIbHbIX MPSAMBIX WU HA OJHOM IPSIMOM.

HyneBoii Bektop O koiummHeapeH JIi000My BEKTODY.
Teopema 1. JIBa HeHyJIEBBIX BEKTOpa </ 1 7 koyutuHeapHsl, U KOTIa OHU IPONOPIHOHANIBHBI T.€.

b =k .k — cKasp.

g2

TpI/I BCKTOpa «* , bH , <, HA3BIBAIOTCA KOMILIAHAPHBIMHU, €CJIM OHU IIapaJlICIIbHBL HCKOTOpOfI
IUIOCKOCTH HJIH JIEXKAT B HEH.

Teopema 2. Tpu HEHYJIEBBIX BEKTOpa <,/ , < koMIUiaHapHbl, U KOT/1a OJUH U3 HUX SIBIISIETCS
JUHEHHOW KOMOMHAIMEH ABYX APYTHX, T.€.

¢ =hk; +1.k,l— cKanspsL.

o

Monynb BeKTOpa — 3T0 AjauHa oTpe3ka AB.

>

|[4B] =\/(x; - x)7 + (v - »)
Hpoekuuﬂ eekmopa HA OCb.

Teopema 3. IIpoexuiust BEKTOpa Ha OCh (HampaBJIeHHAs TpsiMasi) / paBHA IPOU3BEACHUIO JITTHHBI
BCKTOpA Ha KOCUHYC yI'Jla MCKAY HAIIPABJIICHUCM BCKTOPA U HAIIPABJIICHUCM OCH, T.C.
20 =D(«,]).
Cransapuwvim npouzgedeHuem ABYX HEHYJIEBBIX BEKTOPOB & W /> . U HA3BIBAETCS YUCIIO, paBHOE
IIPOU3BCACHUIO JJIMH 3TUX BEKTOPOB HA KOCUHYC yIjia MCXXAY HUMU:

C; bH :|cl| -|/)‘(c0su,/>).

Koumponwvnvie éonpocwi

. Bextopsl.

. Moaynb BekTOpA.

. PaBeHCTBO BEKTOPOB.

. CnoxeHue BEKTOPOB.

. YMHOXEHHE BEKTOpa Ha YHUCIIO.

. PaznoxxeHus BeKTopa 1o HanpaBJICHUSM.
. Yromn Mexay AByMs BEKTOPaMH.

. IIpoeknus BEKTOpa Ha OCk.

. Koopaunats! BexTopa.

0. CxansipHo€ MPOU3BEICHHE BEKTOPOB.

— O 0 1N DN KW~
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Tema 9. MHOroOrpaHHUKH

Tema 9.1. MuororpansHuxu. IlpaBuiibHble MHOTOTPAHHUKHU U MX CBOICTBA.

Onpeoenenus 6HympeHHel MoKy, OMKpbIMo20 MHOMCecmaa, ooiacmu, 2paHuyHoll
MOYKU, 0ZPAHUYEHHO20 MHOMCECBA, 2e0MEMPUIEeCcKO20 meld, MHO202PAHHUKA, 2panu, pebpa,
8ePULLHBL, OUACOHANU MHO202PAHHUKA, 8bINYKIL020 U NPABUTbHO20 MHO202PAHHUKO08. Pazsepmka.

Ymemn: IMPUMCHATH TCOPCTUUCCKUE 3HAHUS IIPU PCIICHHUU 3aaa4.

3name: OIPCACIICHUSA BHyTpeHHefI TOYKH, OTKPBITOI'O MHOXKCCTBA, 06J'IaCTI/I, FpaHHQHOﬁ TOYKH,
OIrpaHUYC€HHOI'0O MHOXECTBA, I'COMCTPHUYCCKOIO TEjla, MHOI'OI'paHHHKA, I'paHH, pe6pa, BCPUINHBI,
AuaroHaJii MHOI'OIrpaHHHKA, BBIITYKJIIOTO U MIPABUJIBHOTO MHOT'OT'PAHHHUKOB, pa3BCPTKaA.

MHOFOFpaHHI/IKI/I, B HU3BECTHOM CMBICIJIC, SABJISACTCS IMPOCTPAHCTBCHHBIM aHaJIOroM
MHOTI'OYT'OJIbHHKA. Tem He MCHEC, IJId CTPOro €ro OmnpeaciCHuss HaM HOHaI[O6$ITC$I HECKOJBKO
BCIIOMOTaTECIbHBIX ITOHSATHIH.
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B mKOJIBHBIX YyYEOHMKAX TEOMETPHUM MHOTOTPAaHHHUKAMH OOBIYHO HAa3BIBAIOTCS TeJa,
IIOBEPXHOCTU KOTOPBIX COCTOAT M3 KOHEYHOIO 4YHUCJIAa MHOIOYIOJIBHUKOB, Ha3bIBAEMBIX TI'pPaHAMU
MHOrorpaHHvka. CTOpPOHBI M BEpLIMHBI 3THUX MHOTOYTIOJIBHMKOB Ha3bIBAIOTCA COOTBETCTBEHHO
pedpamu ¥ BepUIMHAMH MHOTOIpaHHUKA.

IIpasunvHble MHO202PAHHUKU

BI:IHYKJIBIfI MHOT'OIpaHHUK HA3BIBACTCA IMPABUJIBHBIM, C€CJIM €ro TpaHAMU SBJIAIOTCA PABHBIC
NpaBHUJIbHBIC MHOT'OYT'OJIBHUKH, U BCEC MHOT'OI'PAHHBIC YTJIbI PABHBI.

PaccMoTpuM BO3MOKHBIE NIPAaBUIIBHBIE MHOTOIPAHHUKU U IPEXKIE BCErO T€ U3 HUX, IPAHAMU
KOTOpBIX SIBIISIFOTCSA IpaBWIbHBIE TpeyrosbHUKH. Hanbosmee mnpoCThIM TakuM TPaBUIbHBIM
MHOTOTPAHHUKOM SIBJII€TCS TpEyrojibHas IUpaMuia, TpaHAMU KOTOPOW SBJISIFOTCS IPaBUIIBHBIC
TpeyroiabHUKH (puc. 1). B kaxaoi ee BepuimHe cxoauTcs o Tpu rpaHu. ViMes Bcero yersipe rpaHy,
3TOT MHOIOTPAHHUK Ha3bIBACTCA TAKXKE IPABWIBHBIM TETPA’APOM, WIM IPOCTO TETPA3APOM, YTO B
HIEPEBOJIE C ITPEUECKOTO SI3bIKA O3HAYAET YETBIPEXTPAHHHUK.

Puc.1. Puc.2. Puc.3.

MHoOrorpanHuK, TpaHsMU KOTOPOTO SBJISIFOTCS IIPABWIBHBIE TPEYTOJBHUKH, U B KaXI0H
BEpIIMHE CXOJIUTCS YeThIpe TpaHH, U300pakeH Ha pucyHke 2. Ero moBepXxHOCTh COCTOUT U3 BOCHMH
IIPaBWIBHBIX TPEYTOJIbBHUKOB, I03TOMY OH Ha3bIBAETCS OKTa3IPOM.

MHororpaHHuk, B KaxJ0H BEpLIMHE KOTOPOTO CXOAMUTCS NSATh NMPaBUIIbHBIX TPEYTOJbHHUKOB,
n3o0pakeH Ha pucyHke 3. Ero moBepXHOCTb COCTOMT U3 JBAJALIATH MPAaBUJIBHBIX TPEYTrOJIbHUKOB,
[I03TOMY OH Ha3bIBAETCS UKOCA3IPOM.

3aMeTHM, 4TO IMOCKOJIBbKY B BEPIIMHAX BBITYKJIOrO MHOTOTPAaHHUKA HE MOXKET CXOIUThCsS Ooliee
[T TPAaBWIBHBIX TPEYTOJBHUKOB, TO JAPYTUX IMPaBUIIbHBIX MHOTOIPAHHUKOB, T'PaHSIMHU KOTOPBIX
SIBJIIFOTCS IPAaBUJIbHBIE TPEYTOJIbHUKH, HE CYLIECTBYET.

AHaJOrM4YHO, MOCKOJIbKY B BEPILMHAX BBIMYKJIOT0O MHOIOIPAaHHUKA MOXET CXOJUTHCS TOJBKO
TpH KBajpaTa, To, KpoMe Kyba (puc. 4), Apyrux npaBUIbHBIX MHOTOIPAaHHUKOB, Y KOTOPBIX IPaHIMHU
ABIISIIOTCSL KBaJpaThl He cymiecTByeT. KyO MMeeT miecTh IrpaHeil M TMOATOMY Ha3bIBAaeTCA TaKKe

TeKCa3ApoOM.
' o,
|
1
I
|
|
|

Puc.4. Puc.5.

MHOrorpaHHuK, rpaHsiMyd KOTOPOTO SBJIIOTCA IPAaBHIIBHBIE IISITUYTOJBHUKH, U B KaXIOU
BEpIIMHE CXOAUTCA TPU I'paHu, U300pakeH Ha pUcyHKe 5. Ero moBepXHOCTh COCTOMT M3 JIBEHAIaTH
MIPaBUJIBHBIX MIATHYTOJBHUKOB, [I03TOMY OH Ha3bIBACTCA TOACKAdAPOM.
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PaccMoTpuM mOHSATHE MNPaBWIBHOIO MHOTOTPAHHHMKA C TOYKH 3PEHHS TOMOJOTHH HAayKH,
n3y4Jarolel cBoicBa Guryp, He 3aBUCALINX OT Pa3NUYHBIX Aedopmaliuii 6e3 pa3pbiBoB. C 3TON TOUKH
3peHusi, HapuMep, BCe TPEYTONIbHUKH SKBUBAICHTHBI, TAaK KaK OJJUH TPEYTOJIbHUK BCETAa MOXKET OBITh
MOJIy4eH M3 J000ro JAPYroro COOTBETCTBYIOIIMM C)KAaTHEM WJIM pacTsKeHHeM cTopoH. Boolmie Bce
MHOTOYTOJIbHUKU C OJJUHAKOBBIM YHCIIOM CTOPOH 3KBUBAJIEHTHBI 110 TOU e MPUUHHE.

MHororpaHHMK Ha3bIBa€TCS 6bINVKIbIM, €CIIU OH SIBJSIETCS BBITYKION (UTYpOH, T.e. BMECTE C
JHO0BIMU ABYMS CBOUMU TOUKAMU COJEPKUT U COSAUHSAIOIINN UX OTPE30K

g
R

r)

Puc. 1 A

MHOTOYTOJIbHUKAaMHU.
CBoiicTBO 2. BBIMyKIIBI MHOTOIPAaHHUK MOKET OBITh COCTaBJICH U3 MUPAMHU]] C
oOuieil BepIIMHON, OCHOBaHHSI KOTOPHIX 00pa3yoT MOBEPXHOCTh MHOTOIPaHHUKA.
CaolicTBO 3. BBIMyKJIbIii MHOTOIPAaHHUK JIEKUT IO OJHY CTOPOHY OT IIJIOCKOCTH Ka)KAOH

CBOEM IpaHH.

KoumponvHule gonpocwl
1.0npeneneHusi BHYTpEHHEH TOYKH, OTKPBITOTO MHOXECTBA, OOJIAcTH, TPaHUYHOW TOYKH,
OTPaHUYEHHOTO MHOXKECTBA, T'€OMETPUYECKOrO Tejla, MHOTOTpaHHMKA, TpaHH, pedpa, BEpIIMHBI,
JMaroHajd MHOTOIPAHHUKA, BBIMYKJIOTO U MPaBUILHOTO MHOTOIPAHHHUKOB.
2. Pa3BepTka.

Tema 9.2. IIpusma u ee cBoiicTBA.

Onpedenenue npuzmul, 8b1COMbL NPU3MBbL, Ouazoranu npuzmvl. Ceolcmea npusmbl.
H3z00pasicenue npuzmuvl u nocmpoerue ee ceuenus. Ilpamas npusma. [lpasunvras npusma.

Ymems: MPUMCHATH TCOPECTUUCCKHUEC 3HAHUS IIPU PCIICHHUU 3aaa4.
3uamo: OMPCACIICHUC TIPHU3MbI, BBICOTBHI IIPU3MBbI, JUArOHAJINW IIPU3MBI, CBOMCTBA IIPU3MEI,

I/I306pa}K€HI/Ie IIPU3MBI U IIOCTPOCHUE €€ CCUCHU A, ITPsAMasd IIpu3Ma, IipaBUJIbHasd Ipu3Ma.

[Ipusma (ot mp.-rped. mpicpa (JaT. prisma) «HEYTO OTIMHUICHHOE») - MHOTOTPaHHUK, JIBE TPaHU
KOTOPOT'O SIBJISIFOTCSI KOHI'PYIHTHBIMH (PaBHBIMU) MHOTOYTOJIbHUKAMH, JIEKALUMH B MapajuleIbHbIX
IUIOCKOCTSIX, @ OCTajJbHblE TPaHU - MHapayjielorpaMMaMH, UMEIOIIMMHU OOIIMe CTOPOHBI C 3THMH
MHOTOYrojbHUKaMu. Min (paBHOCWIIBHO) - 3TO MHOTOTPaHHMK, B OCHOBAHMSIX KOTOPOIO JIEKaT
paBHbIE MHOTOYT'OJIbHUKH, @ OOKOBBIE IPaHU - NapaljIeIorpaMMBbl.
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HasBaunue

Ornpenenenne

O0o03HaYeHUA
Ha YePTEIKE

UYeprex

OcHoBaHus

[IBe rpanu,
ABJISIOLIUECS
KOHI'PYSHTHBIMHU
MHOT'OyTOJIbHUKAMH,
JeXaIMH B
napajuleIbHbIX
IJIOCKOCTSIX.

ABCDE,

bokoBsie rpanu

Bce rpanu, kpome
ocHoBaHuil. Kaxxmasa
OOKOBast rpaHb
0053aTeNIHLHO
SABJIACTCA
napajyieJIorpaMMoM.

ABLK,
BCML,
CDNM,
DEPN,
EAKP

boxoBas
TTOBEPXHOCTh

OO0bennHenne
OOKOBBIX I'paHeH.

TTonuas
MTOBEPXHOCTh

OO0bennHeHne
OCHOBAaHUM U
OOKOBOI
TTOBEPXHOCTH.

BbokoBsie pedbpa

OO01He CTOPOHBI
OOKOBBIX I'DaHEM.

AK,BLCN,
DM ,EP

Bricora

Otpe3oK,
COEIUHAIOIUI
IUIOCKOCTH, B
KOTOPBIX JIEXKAT
OCHOBaHUS IPU3MBbI
u
NEPIEHANKYIISIPHBIN
TUM IIJIOCKOCTSIM.

KR

Junaronann

OTtpe3ok,
COCIUHSIOIINI 1B
BEPIITUHBI PU3MBI,
HE IpUHAAIekKAIINe
OJITHOW TPaHM.

BP

JnaronanpHas
IIJIOCKOCTH

[LmockocTs,
MIPOXO/ISIIIAst uepes
nepeceKarnmecs
JUaroHalb
OCHOBAHUA U
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06oKoBOE pedpo
TPU3MBI.

JunaronanwHoe
CeyeHue

Ilepeceyenue
PU3MBI U
NUarOHAJILHOU
IUIOCKOCTU. B
cedeHuu oOpasyercs
napajuienaorpamm, B
TOM YHCJIE €r0o
YacTHBIC CITydyad —
pomo,
MPSIMOYTOJIBHUK,
KBaJpar.

EBLP

[epriennukynsapHoe
(opTaroHajbHOE)
ceueHue

Ilepeceuenue
MIPU3MBI U
IUIOCKOCTH,

NEPICHTUKY I PHOM
ee O0KOBOMY peopy.

Ceoticmea npuzmbi

1. OcHoBaHMs MPU3MBI SBJISIFOTCS] PaBHBIMH MHOTOYTOJIbHUKaMH.

2. bokoBbIe rpaHu MPU3MBI SBJISIOTCS MapajlieIorpaMMaMHu.

3 BokoBble pedpa mpu3Mbl apajuIeIbHbl U PaBHBIL.

4. O0BEM MpU3MBI PaBEH MPOM3BEICHHUIO €€ BHICOTHI HA TUIOIIAAb OCHOBaHHS: V' =S */

5. Ilnmomaae MOTHON MOBEPXHOCTH MPU3MBI paBHA CYMME TUIOIIAAn €€ OOKOBOI MTOBEPXHOCTH U
YABOEHHOM IUTONIAA OCHOBAHHSI.

6.ITmonraas GOKOBOHM MOBEPXHOCTH MPOM3BOILHON Mpu3Mbl S =/ +/ rie P -

MepUMETP MEePIEHAUKYIIIPHOTO ceueHus, / - MHa 60KoBOro pedpa.

7. Inomaab 6OKOBOM MOBEPXHOCTH MPSAMON NPU3MbL S =F /i, rjie P - IepuMeTp OCHOBAHHUSI IPU3MBI,
h - BbICOTa MPU3MBI.

8. IleprieHANKyIIpHOE CEUEHUE MEPIICHIUKYIIIPHO KO BCeM OOKOBBIM pEOpaM MPU3MBI.

9. Y11l nepneHauKyJIISIPHOTO CEYEHUS - ATO JIMHEHHBIE YTIIbI IBYTPAHHBIX YTJIOB

IIPU COOTBETCTBYIOIIMX OOKOBBIX PEOpax.

10. IlepienAMKyISIpHOE CEUEHHE MEPIICHANKYISIPHO KO BCEM OOKOBBIM I'PAHSIM.

Koumponvnvie 6onpocwi

1. OnpenenceHue NPU3MBbIL, BBICOTHI IPU3MBI, TUATOHAJINA TPU3MBL.
2. CBoiicTBa IPU3MBI.

3. N3o0paxeHue npu3Mbl ¥ IIOCTPOCHHE €€ CEUSHUSI.

4. Ilpsimas npusma. [IpaBunibHas npusma.

Tema 9.3. [lapasienienunen u ee CBOMCTBA.
Onpedenenue napannenenuneoa. Ceolicmea napainenenuneda c ookazamenrvcmeamu. Kyo.

Ymems: IMPUMCHATH TCOPCTUUCCKUEC 3HAHUA ITPU PCIICHUU 3aaa4.
3uamo: OIIPEACIICHUC ITapaJlJICIICTIUIICAA, CBOMCTBa mapauiCjCriuIicaa,

n300pakeHre mapaiesienunea ¥ MOCTPOCHHUE €€ CEYCHUSI.

Ilapannenenuneoom Ha3bIBAETCA MPU3MA, OCHOBAHUEM KOTOPOMU CITY>KUT MapajuieIorpamMM.
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B

[TapamienorpaMMbl, U3 KOTOPBIX COCTaBIICH NapaJijIeNIeNHIe]l, HAa3bIBAIOTCS €Tr0 TPaHsIMH, HX
CTOPOHBI — pebpam W, a BEPIIMHBI TApaIEIOrPaMMOB — GepuiuHamy Tapajienenumnena. Y
napajuieJienuIe;/a Bce TpaHd — IMapajuiesIorpaMMBl.

[Mapannenenunenpl, Kak U BCAKUE MIPU3MBL, MOTYT OBITh npsimble U HAKIOHHbLE.

OOBIYHO BBIIEISAIOT KAaKWe-HUOYIb JBE TIPOTHUBOIOJIONKHBIE TpPaHM W HA3BIBAIOT HX
OCHOBaHUSIMH, a OCTaJbHbIE TpaHM — OOKOBBIMH TpaHSAMH Mapamienenunena. Pebpa
napajuieJienunesa, He MpUHaJIeKane OCHOBAHUSIM, Ha3bIBAIOT OOKOBBIMH peOpamu.

JIBe rpaHu mapajenenurnesa, UMeEronme ooliiee pedpo, Has3bIBAlOTCA CMEXKHBIMH, a HE
UMeIolIe 00IKX pedep — MPOTHUBOMOIOKHBIMU.

OTpe30K, COSOUHSIOMNUNA JBE BEPUIMHBI, HE MPUHAJICKAIIUE OJHOW TpaHU, Ha3bIBACTCS
JMArOHAJIbIO MapasuieNenuIe/a.

Ipsmoii napannenenuned, y KOTOPOrO OCHOBAaHHEM SIBJISICTCS MPSIMOYTOJBHUK, Ha3bIBACTCS
MPSIMOYTOJIbHBIM ~ MApAJUICICHIUIEAOM. Y MPSMOYTOJABHOTO Mapajuiefienuresa BCe€ TpaHd —
MIPSMOYTOJIbHUKH.

JUIMHBI HE mMapauieNbHBIX pedep MPAMOYTOJIBHOTO TapajuIeeuiea Ha3bIBAIOTCS €ro
JUHEWHBIMU pa3MepaMu (M3MEpeHUsMU). Y MPSIMOYTOJBHOTO Mapaijielienuneaa TPU IJHUHEHHBIX
pasmepa.

Csoticmea napannenenuneoa:
1. IIpoTHBOMOJIOKHBIE TPAHU MapaJUICIICIIUIIEIa PABHbI U MMapajlIeIbHBbI.
2. Bce deTbipe quaroHaiy napasuiesienune/ia nepecekaoTcss B OJTHOM TOYKE U ICTIATCS 3TOM TOUKOM
IIOTOJIaM.
3. BokoBBI€ rpaHy MPSIMOTO MapajuieienuIie[a — MPSIMOYTOJIbHUKH.
4. Ksagpar nquaroHanu npsiMOYToJIbHOTO MapajuieNienuIle]a paBeH CyMME KBaIpaTOB TPEX €ro
U3MEPEHUM.
KoumponvHnovie onpocwi
1. Onpenenenue napauienenunesa.
2. CpoiicTBa napajienenuieia ¢ 10Kka3aTeIbCTBAMH.
3. Ky®.

Tema 9.4. [Iupamupa. IlpaBunbHas nupamuaa. Ycedennasi nupamuga. Terpasap.

Onpedenenus nupamuobvl U e20 OCHOBHLIX INEMEHMO8. Yceuennas nupamuoa.
Ipasunvnas nupamuoa. Tempas0p.

Ymems: mpuUMEHATh TEOPETUUECKHUE 3HAHUS TIPU PEIICHUHN 3a/1a4.
3namy: onpeneneHus TupaMuAbl U €ro OCHOBHBIX AJIEMEHTOB, yC€UEHHAasl MupamMua, MpaBUiIbHAs
UpamMuJia, TETpa’ip.

Hupamuoa
PaccMoTpum MHOTOYrONBHUK A, , A, ..... .4, 1 TOUYKY P, He JIexallylo B INIOCKOCTH 3TOTO
MHOTOyroJibHUKa. COEIMHUB TOUKY P OTpe3KaMu ¢ BEpIIMHAMH MHOTOYTOJIbHUKA, ITOJTyYUM N
PA A
S n .‘ .

Tpeyromsaukos (puc.1.): 24,4, 24, A,
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Ay
"1-' puc.1.

MHOrOrpaHHHK, COCTaBJIEHHBIA M3 n - yrodeHuka <1i-<1.----4,  u n TpeyronsHukos
PAA, PAL AL .PA A, gaseiBaeTcs nupamudoii. Muoroyrompauk <1, - 5 ..... A, HaspiBaeTcs
ocHoBaHueM, a Tpeyronpauku 4, A, . PAL A5 ,...PA A, _ goxogbimu epanamu mupamusl. Touka P —
BEPIIMHONM mupamuabl, a orpesku /74,. 1A, ...P1, - ee Ookosbimu pebpamu. Ilupamumy c
ocHoBanueM A, A,.....A, wupepmmHoii P obo3navarot tak: 1A, A,...A4, - ¥ Ha3bIBAIOT N —

YTOJIBHOM MUPAMUION.
Ha pucynke 2 u300pa)keHbl 4YeThIPEXYyrojbHas M IIECTUYTOJIbHAs MUpaMuabl. SICHO, 4TO

TpeyroJibHasi MUpaMua — 3TO mempasop.
S

Az
Aj

Ag

Puc.2.
[Tepnienaukymsip, NPOBEICHHBIN U3 BEPIIMHBI TUPAMHUJIBI K TIJIOCKOCTH OCHOBAaHUS, HA3bIBACTCS
BbIcoTOM mupamusl. Ha (puc 1) otpezok PH sBnsieTcs BBICOTON MUpaMHIBL.
[nomaapio MOJHOM MOBEPXHOCTH MUPAMUJIbI Ha3bIBAETCS CyMMa IUIONIAICH BCEX €€ rpaHei
(T.e. ocHOBaHUS M OOKOBBIX TpaHeii), a MIOMaAbl0 OOKOBOIl MOBEPXHOCTH MUPAMHIBI — CYyMMa
ronianel ee 60KOBBIX TpaHeit. OueBUAHO, S,,, =5, *5,,.
Ilpasunvnaa nupamuoa

[Mupamuia Ha3bIBACTCS MPABUIHLHOMU, €CITH
1) ee ocHOBaHME — MPaBUIHHBIA MHOTOYTOJIbHHUK;
2) ee BBICOTA — OTPE30K, COSAMHSAIOMNN BEPIIUHY MUPAMUJIBI C €€ LIEHTPOM.

OnHuM U3 NpUMEPOB NPABUIIBHOW MMUPAMHUJIBI SIBJISIOTCS €TUIIETCKUE MTUPAMMUIBI.
OTO 4eTBIPEXYTOJIbHBIE TUPAMH/IBI.

Cesoticmea npaguibHOU NUPAMUObL.

Bce 6okoBble pebpa npaBuiIbHON MHUpaMUJIbl PaBHbI, @ OOKOBBIE TPAHU SBIISIOTCS
PpaBHBIMHU paBHOOEIPEHHBIMU TPEYTOJIbHUKAMHU.

Jloka3aTeNbCcTBO TaHHBIX (PaKTOB TIPOBOJIUTCS YCTHO:
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1. Jlro6oe 6okoBOE pedpO MpeACTaBIsIET COOOHM TMIMOTEHY3Yy MPSIMOYTOJIEHOTO TPEYTOJIbHUKA, OJHUM
KaTeTOM KOTOPOTO CIYXKHUT BbICOTAa MUPAMUJIbI, @ IPYTUM — PaJANyC ONMMCAHHON OKOJIO OCHOBaHHS
OKPYKHOCTH. DTH IPSIMOYTOJLHBIC TPEYTOBHUKH paBHBL. Clie10BaTeNIbHO, PABHBI UX THIIOTEHY3HI.

2. Tak xak 60KOBBIE pedpa NMpaBUJILHON MMPaMU/Ibl PABHBI, TO €€ OOKOBbIE IPaHU - PaBHOOEAPEHHbIE

TPEYroJbHUKH. Tak Kak Ays Ay seies A, MIPaBWJIBHBIM MHOTOYTOJIbHUK, TO OCHOBaHMSI 3TUX

TPEYTOJILHUKOB TAK)K€ PAaBHBI APYT APYTY. 3HAUUT, OOKOBBIE TPAaHU PABHBI (TI0 TPEM CTOPOHAM).

Anoghema.

Anodema — BeIcoOTa OOKOBO TpaHM MPABUIHHOM MUPAMUIBI, TPOBEJCHHAS U3 €€ BEPIIUHEI.
JlaHHBIN TEpMUH YHOTPEOISETCS I IPABUWIBHON MUPAMUIBI, XOTS Y HEPaBHUIIbHOW MTUPAMUJIBI
TaK)Xe MOTYT OBITh PaBHBI BHICOTHI OOKOBBIX I'PaHEi.

Teopema: I1nomanb 60KOBOW MOBEPXHOCTH MPABUILHON MUPAMUJIBI paBHA
MIOJIOBUHE MPOU3BECHHSI IEPUMETPA CHOBAHUSA Ha anodemy.

,ZZOKCI&’CZme]ZbCWl@O

bokoBble TpaHM NpPaBWIBHOH MNUpaMHIbl — pPaBHBIE paBHOOEAPEHHBIC TPEYTOJIbHUKH,
OCHOBAHHUSI KOTOPBIX — CTOPOHBI OCHOBAaHMS NMHpPaMM[bI, a BBICOTHI paBHBI anodeme. [Imomans S
OOKOBOW TOBEPXHOCTH MUPAaMU/IbI paBHA CyMME NPOU3BEJICHHH CTOPOH OCHOBAaHHUS Ha TOJIOBUHY
anogemsbl d. BeiHocs mHOoxuTens 0,54 3a CKOOKHM, MOIy4YMM B CKOOKaX CyMMY CTOPOH OCHOBAHHS
MUpaMHUIBI, T.€. €T0 IepuMeTp. Teopema qoKaszaHa.

Yceuennan nupamuoa

Yceuennou nupamuooii HazpiBaeTCs MHOTOIPDAaHHHMK, Y KOTOPOIO BEpIIMHAMM CIyXat
BEPLIMHBI OCHOBAHUS U BEPLIUHBI €€ CEUEHHs IJIOCKOCThIO, NapaljieIbHOW OCHOBAHUIO.

Ceoticmea yceueHHOU nUpamuobsl.
1. OcHOBaHUS yCEUEHHOM MUPaMHIbl — MOA00HBIE MHOTOYTOJILHUKH.
2. BokOBbIE IpaHy yCEUEHHOM MUPaMU/Ibl — TPAIEIUH.
3. bokoBble pebpa NpaBUIBLHON yCEUEHHOM MUPaMUIbl PaBHBI U OJIMHAKOBO HAKJIOHEHBI K
OCHOBAHUIO [TUPAMM/IBI.
4. BokoBbIE TpaHU NIPABUIILHOW YCEUEHHOUW MUPAMHJIBI — PaBHBIE MKy CO00M
paBHOOEPEHHBIE TPAELIMU U OJIMHAKOBO HAKJIIOHEHB! K OCHOBAHUIO ITUPAMM/IBI.
5. JIByrpaHHbI€ YTIIbI IPH OOKOBBIX peOpax MpaBUIHLHON YCEUYSHHON MUPAMUIBI PABHBI.
Inowaow nosepxnocmu u 06vEM yceueHHOU NUPAMUObL

Ilycts CH__ pgicora YCEUEHHOW NUpaMUIBbI, Pry Py NIEPUMETPBI OCHOBAHUMN yCEUEHHON
MUPaMUJIbI, 51y 92 — momany ocHOBaHMiA YCEUEHHOW NMUpaMU/Ibl, S6ox— m10ma b G0KOBOI
IOBCPXHOCTHU ycequHOf/i nmupaMuabl, Snnﬂ“f IJIomaab MOJIHOM IMMOBEPXHOCTH ycequHOf/i nupaMuabl,

V' o6bem yCeueHHOW nupamuibl. Torja UMEIOT MECTO CIEAYIOLINE COOTHOIIECHHUS:

Sl‘.ll.’]-ﬂ}l — Sl -+ SE + Sﬁnx

1 :
V = ZCH(S1 + 5+ V/515))
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Eciu Bce IBYTpaHHbIE YIB! IIPH OCHOBAHHH YCEUEHHOM MMPAMHUIBI PABHBI /7, a BEICOTHI BCEX
OOKOBBIX I'paHel MUpaMubl paBHbI hox o

1
Seox = 5P + Fa)heoex
51 — Sa
Stox = e S
cos (7

CuMMmeTpuH B Ky0e, B mapaJuieienuiesie, B Npu3Me U NupamMuje.
(OononHumenvHolll Mamepua)

Ilocmpoenue cummempuii 6 Kybe, 6 napaniienenunede, 8 npusme U NUPaAmMuoe.

Cummempusn Kyoa

1.IlenTp cuMmMeTpun — LEHTP KyOa (Touka mepeceueHus [uarotaneii kyba) (puc. 4).

L

-

E
E
F
.
S

I
]
1

2. IInockoctr CUMMCTPHHU: TPH INIOCKOCTU CUMMCTPHUH, ITPOXOAINUEC YC€PE3 CCPCANHBI I1apalJICIIbHBIX

pebep; 1IeCTh MIOCKOCTEN CUMMETPHH, MPOXOISIINE Yepe3 MpoTUBoJIekKale pedpa (puc. 5).

; /l :
1 E 1
T ] T

g “7 ; I

A : E 1

1 H |

T 8 D FC P I Pt s 7
. 7 AN /
i ) § N
3 / \

f,—\———-. ;‘- ,,“m— . -

- i —— ﬁ" - 4
1. Ocu CUMMCTPUHN: TPU OCU CUMMCETPUH, ITPOXOAAIINEC YEPEC3 LHCHTPLI ITPOTHUBOJICIKAIINX rpaHeﬁ;

YEThIPE OCH CUMMETPHH, TPOXOAIINE Yepe3 MPOTUBOJICIKAIIIE BEPIIUHBI; IIIECTh OCEH CUMMETPHH,
MIPOXOJISIINE Yepe3 CepeANHBI MMPOTUBOJICKAIINX pedep (puc. 6).

.4
1
: ' " - O 4 '
1 - -~ : 3 s ‘\‘ ,"
T -~ e Y u
y e A e =
R P AR J.:}‘%_,
' Hohel T e TV TN
/f_':.i___-- Z \ v e
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Cummempusn npamoy2o1bH020 napaniienenuneod

1. LleHTp cUMMETpUU — TOYKa MepecedeHns quaroHaieil mpsiMoyroJIbHOTO Napasuienenumnea (puc.
7).

2. [InockoCTH CUMMETPHH: TPH TUIOCKOCTH CUMMETPHH, TIPOXOIAIINAE Y€Pe3 CePEeIUHbI MapalieIbHbIX
pebep (puc. 8).

I

I

I

I
[ __+__
, .

e e S L
e e e

b
\

SieRia i Py

~
Y

3. Ocu CUMMETpPUHU: TPU OCH CUMMETPHH, MPOXOAIINE Yepe3 TOUKU MEPECCUCHUS
JMaroHajel mpoTUBOJISKAIIUX Ipanen (puc. 9).

Cummempusn npAMOl nPU3Mbl

[InockocTh cUMMeETpUH, MPOXOAAIIAS Yepe3 cepeIuHbl 00KOBBIX pedep (puc. 11).

Cummempus npasuIbHOU NPUIMbL

1. LleHTp CHMMETpPUU NPH YETHOM YHUCIIE CTOPOH OCHOBAHHS — TOYKA MEPECEUCHUS TUaroHaei
MPaBUIILHOM TIpU3MBI (puc. 12)
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\ .'r \/
2. [InockocTH CHUMMETpPHH: IIOCKOCTh, MPOXOASIAs 4epe3 cepeauHbl OOKOBBIX pebep; mpu

YETHOM 4YMCJIE CTOPOH OCHOBAaHHUS — IIJIOCKOCTH, MPOXOASIINE Yepe3 MpoTUBOJIEKale pedpa (puc.
13).

1
i

3. Ocu cuMMETpHH: MPU YETHOM YHCJIE CTOPOH OCHOBAHHS — OCh CHUMMETPHHU, TPOXOJISIIAst
yepe3 IEHTPbl OCHOBAHUN, U OCH CUMMETPHH, MPOXOIAIINE Yepe3 TOUKU MEepPECeUeHHs IuaroHayien
MIPOTUBOJICKAIIUX OOKOBBIX TpaHeil (puc. 14).

Cummempus npaguibHOU RUPAMUOBL
1. [InockoCcTH CUMMETpPUU: TIPU YETHOM YHUCJE CTOPOH OCHOBAHMSI — IUIOCKOCTH, MPOXOJAIINE
yepe3 MpoTHUBOJIeKale O0OKOBBIE pedpa; U IUIOCKOCTH, MPOXOIAIINE Yepe3 MEANAHbI, POBEACHHBIE K

2.
IPOXOsIlas Yepe3 BEpUIMHY IPAaBUIBHOM MUpaMHIbl U LIEHTP OCHOBaHUs (puc. 16).
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Tema 9.5. Cevyenusi Ky0a, npu3Mbl M MUPAMH/BI.
Ceuenus kyba, npusmol U RUPAMUODL.

Ymemuw: crpouth ceueHus Ky0a, MIpU3Mbl U MHPAMUIBI.
3nams.: Cedenus KyOa, IpU3Mbl U TUPAMU/IBI

Ceuenue npusmol
1. CedeHue npu3Mbl INIOCKOCTHIO, MapajlieIbHON OCHOBaHUIO. B ceuenun oOpaszyercs

MHOT'OYT'OJIbHUK, paBHBIfI MHOTI'OYT'OJIBHUKY, JIC)KAIIEMY B OCHOBAaHHH.

2. CedeHue mpHU3MBbI TDIOCKOCTBIO, TIPOXOSINEH Yepe3 JIBa HE COCEIHMX OOKOBBIX pedpa. B ceueHun
oOpa3yercs mapamienorpaMM. Takoe CEYeHHE Ha3bIBACTCS JHArOHAIBHBIM CEUECHHUEM MpH3MbL. B
HEKOTOPBIX CIydasx MOXKET MOIydaTbcst poMO, MPSIMOYTOJILHUK UM KBAAPAT.

PaccmoTtpenue nmpaBuiibHOM IPU3Mbl BO3MOXKHO TOJIBKO ITOCJIE€ BBEACHUS MMOHATUS PAaBUIbHBIN
MHOTOYrojibHUK. OJIHAaKO C MpaBWJIBHON TPEYyrojbHONW MPU3MOM MOKHO MO3HAKOMMTDH YYallUXCS
ropasio pasbllie. A C NPaBWIBHOMW YETHIPEXYrOJbHOM NPU3MOMl MBI 3HAKOMBI €HIE M3 Kypca
MaTeMaTHKU 5—6-X KJaccoB, TaK KaK OHa IMpelacTaBisieT coO0il MpsIMOYTOJBbHBIN Mapalijiesienunesa ¢
KBaJparaMi B OCHOBaHMsX. [IpaBuibHas npusma — mpsMas MpU3Ma, OCHOBAHUSMH KOTOPOI
SBJISIFOTCS TPaBUJIbHBIE MHOTOYTOJIbHUKHU.

Ceoticmea npasuibHoOU npusmMbl

1. OcHOBaHMsI IPaBUIBLHON MPU3MBI SBJISIOTCS TPABUIBHBIMH MHOTOYTOJIbHUKAMH.
2. BoKOBBIE TpaHy MPABWIIEHON MPHU3MBI SBJISIFOTCS. pABHBIMHU MPSIMOYTOJIEHUKAMU.
3. bokoBble peOpa MpaBUILHOM MPU3MBI PABHBI.

Ceuenue npasuibHOIl nPUIMbBL
1. Cedenne npaBWIIBHON MPU3MBI TIJIOCKOCTHIO, TApAJIJICIHbHON OCHOBaHHUIO. B ceuennn oopasyercs

HpaBI/IHLHBIf/'I MHOT'OYT'OJIbHHK, paBHBIﬁ MHOTI'OYT'OJIbHUKY, JIC)KAIIEMY B OCHOBAHHWH.

2. CeueHue npaBUIIbHOM MPU3MBI IUIOCKOCTBIO, IPOXOIALIEH uepes /1Ba He COCETHMX OOKOBBIX pedpa.
B cedenun obpa3zyercst npsMOYrojbHUK. B HEKOTOPBIX cilydasx MOKeT 00pa30BaThCs KBaAparT.

N3 kypca maTeMaTuku 5—6-X KJIACCOB y4alllUecs YK€ 3HAKOMBI C ONMCAHUEM MHUpaMUAbL. A
MMEHHO: TNHMpPaMHJa — MHOIOTPaHHUK, IOBEPXHOCTb KOTOPOIO COCTOMT H3 MHOIOYIOJIBHUKA,
Ha3bIBAEMOT0 OCHOBAaHMEM IHUPAMUJbI, U TPEYTOJIbHUKOB C OOIIEH BepIIMHON, Ha3bIBAEMBIX
OOKOBBIMH TpaHSIMU MUpPaMHJIbl. 3HAKOMCTBO C IPABHJIBHOM NUPaMUIOW BO3MOYKHO TOJBKO MOCIE
M3Yy4EHHUs TIOHATUS MIPaBUWIbHBII MHOTOYTrOIbHUK. OHAKO C MPaBUIBLHON TPEYTOJIbHOW U NMPaBUIbHON
YETBIPEXYTOJIBHOW MUPAMU0N MOKHO IIO3HAKOMUTh YYAIIUXCS 3HAYUTEIBHO paHblle. [IpaBunbHas
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nupaMujia — nmupamuaa, B OCHOBaAaHUHN KOTOpOI)’I JICKUT HpaBHJ’IBHLIﬁ MHOTI'OYT'OJIBHHUK U BCEC OOKOBEBIE
pebpa paBHBL.

Ceoticmea npasuibHOU NUPaAMuobl

lo. OcHOoBaHKE NPAaBUIBHON NUpPaMHIbl — MPABUIbHBIA MHOTOYTOJIbHUK.
20. bokoBbIE TpaHU MIPABUIBHON MHPAMUIBI — PAaBHOOEIPEHHBIEC TPEYTOJIbHHUKH.
30. bokoBble pedpa npaBUIIbHON NHPAMUAbI PABHBI.

Ceuenue npaguibHoil RUPamuodvl
1. CeueHre npaBUIIBHOM MUPAMUIBI TUIOCKOCTHIO, TTAPAJUICIIbHOW OCHOBaHUIO. B ceueHnn oOpasyercst

HpaBI/IHBHHﬁ MHOTI'OYT'OJIbHHK, HO,Z[O6HI)II>1 MHOI'OYT'OJIBHUKY, JIC)KAIIEMY B OCHOBAaHHH.

2. CeueHne TpaBWIBHOW MHPaMHIBI TUIOCKOCTBIO, TPOXOJIIEH Yepe3 JBa HE COCEIHHX OOKOBBIX
pebpa. B cedenun oOpasyercss paBHOOEAPEHHBIM TPEYrOJbHUK. B HEKOTOPBIX CIlydasx MOXKET
00pa3oBaThCs PABHOCTOPOHHHN TPEYTOJIbHHUK.

C HEKOTOpPBIMH IPaBWJIBHBIMH MHOTOIDAHHHMKAMM Y4YalllMeCs YK€ BCTPEYAIMCh. OTO
TpeyrojipHas mnupamMuga H KyO. I'paHsMuM TpeyrojpHOW NUpPaMHUAbI SIBISAIOTCS IPaBUIIbHBIE
TPEYroJIbHUKK. Ee Ha3bpIBalOT NPaBWIBHBIM TETPA3IPOM, YTO B IEPEBOJE C IPEUYECKOr0 O3HAYAET
yerbipexrpaHHuK. Ky0 mMmeeT miectb rpaHeil, mo3ToMy Ha3blBaeTcs MPaBUIBHBIM TeKca’apoM (Io-
IPEYECKHU «TeKCa» 03HAYaeT 1eCcTh). PaccMoTpeHue npaBUIIbHBIX MHOTOIPAaHHUKOB CJIE1yeT HaulHATh
C TE€X U3 HHUX, TPaHAMHU KOTOPBIX SBISAIOTCA IpaBWIIbHBIE TPEyroJbHUKU. OJIUH M3 TaKuxX
MHOTI'OIPAHHUKOB y4YalllUMCs YK€ 3HAKOM — 3TO IIPaBWJIBHBIM TeTpa’ap. Jpyroi MHOIOrpaHHUK,
IpaHsIMH KOTOPOTO SIBJISIOTCS MPAaBUIbHBIE TPEYTOJbHUKH, U300pakeH Ha pUCYHKe 1.

Ero moBepXHOCTh COCTOHUT W3 BOCKMU MPABUIBHBIX TPEYTOJILHUKOB, IOITOMY €T0 HAa3bIBAIOT
MPaBUIILHBIM OKTa3APOM («OKTa» — BOCEMB).

W Tpetwii MHOTOTPAaHHHK, TPAHSAMHU KOTOPOTO SIBJISFOTCS MPABHIBHBIE TPEYTOJIBHUKH — 3TO
MIPaBWIBHBIN UKOCadIp («MKOCa» — NIBaaTh). ET0 MOBEPXHOCTh COCTOUT M3 JABAALATH MPABUIBHBIX
TPEYTOJIBHUKOB (pHC. 2).

MHororpaHHuK, TpaHIMU KOTOPOTO SIBIISIFOTCS. KBaJIpaThl — 3TO KyO. YdaluMcs OH XOPOIIO 3HAKOM.
MHororpaHHuK, rpaHsiMi KOTOPOTO SIBJISIFOTCS PaBHJIbHBIC MATUYTOJIBHUKH, N300pa’keH Ha PUCYHKE
3.

S

Ero moBepxHOCTh COCTOMT W3 JBEHAANATH MPABWIBHBIX MATUYTOJIBHUKOB, MOSTOMY €T0 HAa3bIBAIOT
MPABIIIBHBIM JIOCKAIPOM («10]1e» — MBEHAAIATH).
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Konmponvnvie 6onpocwi
1. Ceuenus xyo0a.

2. CeueHus npu3M.

3. CedeHust TUPAMUIBIL.

Tema 9.6. [IpaBuiibHbIE MHOTOTPAHHUKH.

Ilpeocmasnenue o nPpasuIbHBIX MHO202PAHHUKAX (Mempa’op, Kyo, oKmasop, 000eKa’op u uKocasop).

Ymemwb: IpuMeHATh TEOpETUUECKHUE 3HAHUS [IPU PELICHUH 33]1a4 Ha JaHHYIO TEMY.
3nams. TpeAcTaBIECHUE O MPABWJIBHBIX MHOTOTPAaHHHMKAX (TETpasap, KyO, OKTa’Aap, AOAEKa’ap U

HKOCadIp).

Onpedenenue npasuibHO20 MHO202PAHHUKA.
MHOrorpaHHMK Ha3bIBA€TCS MPABWIBHBIM, €CIIM: OH BBIITYKJIBII; BCE €r0 T'PAaHU — PAaBHBIE IPYT
JpyTy TPaBWIbHBIE MHOTOYTOJIEHUKH; B K&KIOH €ro BEpIIMHE CXOIMTCS OJWHAKOBOE YHCIO pedep;
BC€ €r'0 JIBYIPAHHBIE YIJIbl PABHBI.

Teopema: CymiecTByeT MATh pa3iWYHBIX (C TOYHOCTHIO JO TOA00MS) THIOB MPAaBUIBHBIX
MHOTOTPaHHHUKOB: TMPAaBUJIBHBIA TETpa’Ap, MNpPaBUIbHBIA Tekcadap (Ky0), MpaBHIbHBIN OKTa’ap,
MIPaBWJIBHBIN 10/I€KadIp U MPABUIIBHBIN HKOCAYP.

Tabanua 1. HekoTopble CBOMCTBA NPaBUbHbIX MHOTOTPaHHMKOB NPUBEAEHbI B CeaytolLel Tabamue.

Bun rpanun ITnockuii Bun Cymma B P T HasBanue
yroJ npu MHOT'OI'paHHOI'O IIJIOCKHUX MHOI'OTrpaHHHKa
BEpIIUHE | YIUIa IIPU BEPIUMHE | YIJIOB IIPU
BEpLINHE
[IpaBunesHBIA | 60° 3-rpaHHbBIH 180° 4 6 4 [IpaBuabHBIH
TPEYTOJILHUK TETPA3P
[IpaBuneneiii | 60° 4-rpaHHBIN 240° 6 12 8 IIpaBunbHBIH
TPEYTOJbHUK OKTa3p
[IpaBuneHbIA | 60° S-rpaHHBIH 300° 12 30 20 [IpaBuIbHBIH
TPEYTOJILHUK HKOCa3Ip
Ksanpat 90° 3-rpaHHbBII 270° 8 12 6 IIpaBunbHBIH
rexcadap (ky0)
IIpaBunsHbt | 108° 3-rpaHHbBIH 324° 20 30 12 [IpaBubHBIH
TPEYTOJILHUK JOJEKadIp

PaCCMOTpI/IM BUJbI MHOTOT'PAHHHUKOB!

[IpaBuiIbHBIN TETPAd AP IIpaBUIIBHBINM OKTa’ap
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Jom - b

[IpaBuibHBIN HKOCAYAP [TpaBmitbHBI Texcadap (Ky0)

o —

IIpaBUIBHBIN KOAEKAD AP

Tabmuua 2. opMysbl A1 HAXOKIESHUSI 00bEMOB MTPABHIILHBIX MHOTOT'PAaHHHUKOB.
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Bug mHororpaHHuka (Obbem MHOrOrpaHHWKa
[NpaBunkHEIN TETPE34p cz%@
12
MNpaennkHLIl okTa34p azﬂ@
3
MpaeunbHE MKoCazap a
MNpasunkeHEIA rekcasgp (kyh) 2317+ ,'E]
1e
MNpaenneHER jogekasnp 2115+ 7£|
4

KonmponvHuie sonpocul
1. Terpasap

2. Kyé)

3. OkTasap

4. Jlekasip
5. Uxocasn
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Tema 10. Tesia BpauieHusi ¥ NOBEPXHOCTH TeJI BpallleHUsI.
Tema 10.1. Huaunap, KoOHyC U UX cBOICTBA.

Onpeoenenus yununopa, Konyca u ux snemenmos. Ceoticmea yuiuHopa u KOHyca.
Ceuenus yununopa u KOHyca nioCKOCMAMU.

Ymemsb: npuMeHATh TEOpETUUECKHE 3HAHUS NP PEIICHUHU 3a/1a4 Ha JaHHYIO TEMY.
3uame: onpeneseHns NWIMHIPA, KOHYCa U UX JIEMEHTOB, CBOMCTBA LIWJIMHPA U KOHYCA,

CCUCHU NUJIIMHAPA U KOHYCA IIJIOCKOCTAMHA

Hunuaapudeckass TOBEPXHOCTh obpaszyercs mpu nBwkeHuH Tmpsmoit (AB, pwuc.l),
COXpaHsIOIIEH CBOE HaIlpaBJICHUE U MepeceKaroueics ¢ 3aganHoil aunueit (kpusoit) MN. Jlunus MN
HazbIBaeTCs Harpaisomen. [IpsMblie, COOTBETCTBYIONINE PA3TUYHBIM MOJIOKEHUAM IpsiMoi AB mpu
e€ nBwkenun (A’B’, A”B” wu T.1., puc.2), Ha3bIBAIOTCA OOpPa3yHONIMMHU HIUHAPUYECKON

MTOBEPXHOCTH.

b [

A ‘ﬁ E
r F

Puc.1. Puc.2

Lununop. Teno, orpaHUUEHHOE IUJIMHIPHUUECKON TOBEPXHOCTHIO C 3aMKHYTOW HATPABIISIOIIEH
U JByMs TMapauleIbHBIMHU TUIOCKOCTSIMU, HA3bIBACTCS HIJIMHAPOM (puc.2). YacTu 3THX IIOCKOCTEH
(ABCDEFG wu abcdefg) na3piBaroTcsi OCHOBaHHMSMH LUIMHApa. PaccTosiHMEe MeXay OCHOBaHHUSIMH
(KM, puc.2) — BbicoTa nuauuapa. Lunusaap — npsaMol, eciau ero oOpa3yrolue NepreHIuKyISpHbI
OCHOBAHUIO; B IPOTUBHOM Clly4ae HWIMHJP — HAKJIOHHBIA. [{UauHIp HAa3bIBaE€TCS KPYTOBBIM, €CIIH €T0
OCHOBaHWe — Kpyr. Ecim nmiawHIp SBISETCS OJHOBPEMEHHO W TPSIMBIM, W KPYTOBBIM, TO OH
HasbIBaeTcs KpyriibiM. [Ipu3Ma sBIsieTCsl YaCTHBIM Cily4aeM HUIHHApa(moyemy?).

Hunuaapuueckue cedeHuss OOKOBOI MOBEpXHOCTH KpyroBoro InHapa (puc.3). CeueHnus,
napajuieNibHbIe OCHOBAaHHUIO - Kpyrm TOoro ke paamyca. CeueHus, mapajuielbHble 00pa3yoluM
HWIMHIpa - mapbl napamiensHbix npsMbix (AB || CD). CeueHusi, KOTOpble HE MapajlieNbHbl HU
OCHOBAHUIO, HH 00Pa3YIOIINM - SJUTUTICHI.

E

Inowads 60x0601 nosepXHOCU YUTUHOPA
[Tnomaape 6OKOBOM MOBEPXHOCTH IMIIMHAPA PaBHA MPOU3BEACHHUIO BBICOTHI IIMIIMHPA HA JTHHY
OKPYKHOCTH OCHOBAHWUSI.
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®dopmyrta 7151 BEIYUCICHUS OOKOBOM MTOBEPXHOCTH ITMIIHH/IPA!
S =2aRh,

QoK

rae R - paanycC OKpYKHOCTHU OCHOBAHUA, h - BbICOTa HWJIMHIApA.

[ToHas mIoma s MOBEPXHOCTH IMJIMHIIpA paBHA CyMMe OOKOBOM MOBEPXHOCTH IMIJIMHJPA U TBOWHOM
TIJIOIIAIA OCHOBAHUS ITMIMHPA.

dDOpMyna JJ1s1 BBIYUCIICHUA IIOJIHOU miomaan MOBEPXHOCTH NUIIMHAPA:
S, =2aRh+2aR*,
rzae R - paanyc OKpy>KHOCTH OCHOBAHHS, 4 - BBICOTa LIMJIMHAPA.

Konnueckas moBepxHOCTh 0Opa3yeTcs pu ABMKeHHH npsiMoil (AB, puc.l), mpoxoasimeit Bcé
BpeMs depe3 HEMOJBIKHYIO TOUKy (S), M mepecekaromeil 3a JaHHYI JuHUIO MN, Ha3bIBaeMylo
Hanpasisomed. IlpsMble, COOTBETCTBYIOIIME pa3IUMYHBIM TOJOXKEHUSAM npsaMoi AB npu eé
neuxernu (A’B’, A”B” u T.11.), Ha3pIBatOTCsl 00pa3yroMUMU KOHUYECKON MTOBEPXHOCTH; TOUKa S — e€
BepiinHON. KoHndeckas IOBEpXHOCTh COCTOMUT U3 JIBYX YacTel: O/IHA OMMCHIBAETCS JIydoM SA, npyras
— ero npojoinkeHueM SB. OObIYHO B KauecTBe KOHUYECKOI MOBEPXHOCTH PAaCCMATPHUBAIOT OJIHY U3 €€
yacTe.

B” B

2

Puc.1 Puc.2
Konyc — 310 Teno, orpaHu4eHHOE OJHOM U3 YaCTe KOHUYECKOW MOBEPXHOCTHU C 3aMKHYTOU
HAINPABJISIONIEH U IEPECEKAIOIIEN KOHUYECKYIO IIOBEPXHOCTD TIOCKOCTHIO (ABCDEEF, puc.2),

HE MPOXOsIIei yepe3 BepiuHy S. YacTh 3TOM MIIOCKOCTH, PACION0KEHHON BHYTPU KOHUYECKOM
MOBEPXHOCTH, Ha3bIBA€TCs OCHOBaHHEM KoHyca. [lepnennukyinsap SO, onylieHHbIH U3 BEPIIMHBL S HA
OCHOBaHHE, HA3bIBACTCS BHICOTON KOHYca. [lupamuaa siBiseTcs 4aCTHBIM CilydaeM KoHyca (rmodemy?).
Konyc Ha3bpIBaeTCsi KPYroBBIM, €CJIM €r0 OCHOBaHHMEM sBiisgeTcs KpyT. [Ipsimas SO, coemmHstomnias
BEpILMHY KOHYyCa ¢ IEHTPOM OCHOBAHMsI, Ha3bIBAETCS OChI0 KOHYca. Eciiu BbIcOTa KpyroBoro KoHyca
COBIAJIA€T C €T0 OChIO, TO TAKOW KOHYC HA3BIBACTCS KPY2IbIM.

Konnueckue ceuenusi. CeueHus: KpyroBoro KOHyca, napajijiesibHble €ro OCHOBAHUIO - KPYTH.
Ceuenue, nepecekaroliee ToJIbKO OJIHY YaCTh KPYyTOBOIO KOHYcCa U He MapaijieIbHoe HU OJHOM ero
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obpasytromeii - amunc (puc.3). Cedenne, mepecekaroiiee TOIbKO OJHY YacTh KPYroBOTO KOHyca M
napajuieJIbHOe OJHOW M3 ero oOpasyromux - napadona (puc.4). CedeHnue, nepecekaromiee 00e 4acTh
KpPYroBOTO KOHYyca, B OOIIEM ciyd4ae sIBJSICTCS TUIEepOOJIoN, cocTosiimeil u3 IByx BeTBel (puc.5).B
YaCTHOCTH, €CJIM 3TO CEYCHHE IMPOXOAUT Yepe3 OCh KOHyca, TO IMOJyyaeM Mapy IMepeceKarolInxcs
NpSMBIX (00pa3yromux KOHyca).

402 o S AR R o T A R

Konunueckue cedeHHsl MPEACTaBISIOT OONBIION HMHTEpEC KaKk B TEOPETHUYECKOM, TaK U B
MPAKTHYIECKOM OTHOIICHHH. Tak, OHM IMUPOKO UCTIOIB3YIOTCS B TEXHHKE (JUTMNITHYCCKHE 3yOdaThie
Kosiéca, mapaboJMUecKue TMPOKEKTOPHl U aHTEHHBI); IUIAHETHI W HEKOTOPBIE KOMETHI IBUKYTCS IO
AJUTUNITHYECKUM OpOHMTaM; HEKOTOPhIE KOMETHI JIBIXKYTCS 10 MapabOIMYECKUM U TUTIEPOOIMISCKUM
opOuTam.

Inowaow 60xo0601 nosepxHocmu KoHyca

[Tnomans OOKOBOM TMOBEPXHOCTH KOHYCa paBHA IPOM3BENIEHHIO YHMCIA T Ha PaaUyC
OKpPY’KHOCTH OCHOBAaHHS U Ha JJIMHY 00pa3ylolieil KoHyca.

A’

dopmyna miomannu OOKOBOI NOBEPXHOCTU KOHyca: S, = P
20

o

e 7 - PaJyC OKPYKHOCTH OCHOBaHMUs, / - JuInHa 00pa3yroleil KoHnyca.

7l 360r
m=E—a o=
180 | /

5

ook

IInomans MTOJTHOM MMOBCPXHOCTH KOHYCa paBHa CyMMC HJ'IOH.[&I[Gﬁ OCHOBaHHA KOHYCa U €TI0

— 7 [

00K0BOI1 MOBepXHOCTH. OCHOBAaHMEM KOHYCA SIBISIETCS KPYT.

dopMyia IUIOIIAIN ITOJHOW TOBEPXHOCTH KOHYCA!
S =aRl+aR’,
IZie ¥ - PauyC OKPY>KHOCTH OCHOBaHUs, / - JyIMHA 00pa3yrolei KoHyca.

OOk

Koumponvnvie sonpocwi

1. Onpenenenus HWIMHAPA, KOHYCA U UX JIEMEHTOB.
2. CpoiicTBa HIWJIMHPA U KOHYCA.

3. CedeHust IWIMH]IPA U KOHYCA ITIOCKOCTSIMHU.

Tema 10.2.111ap u cdepa, ux ceuenusi. KacarenbHasi niiockocThb K cdepe.
Onpeoenenus wapa, cgepuvl u ux snemenmos. Bnucannas u onucannas cghepvi. Ceuenus

wapa u cgpepol. Kacamenvnas niockocms K cgepe.

Ymems: mpuMeHATh TEOpPETUYECKNE 3HAHUS IIPU PEIICHNH 33/1a4 HA JAaHHYIO TEMY.
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3unamu: onpenenenus mapa, cepsl 1 X 3JIEMEHTOB, OIIMCAHHAS U ONMCaHHasl chepbl, CeYeHUs
mapa u cdepsl, KacaTeiabHas INIOCKOCTh K cdepe.

Cdepuueckast MOBEpXHOCTb — 3TO TEOMETPHUYECKOE MECTO TOUEK (T.€. MHOKECTBO BCEX TOUEK)
B MPOCTPAHCTBE, PaBHOYAAIEHHBIX OT 0JIHOUM Touku O, KOTOpas Ha3bIBaeTCs LIEHTPOM CHEepUUIECKOM

nosepxHoctH (puc.l). Pangnyc AO u nuamerp AB onpenenstorces Tak ke, Kak U B OKPY>KHOCTH.

o

A E C

Puc.1 Puc.2

[ap (cdepa) - 310 TENO, OrpaHUYeHHOE CHEPUIECKON TOBEPXHOCTHI0. MOYKHO TOJY4HTH II1ap,
Bpamas TMOJXyKpyr (WiIM Kpyr) BOKpYr nuamerpa. Bcee muiockue cedenus mapa — kpyru (puc.l).
HaubGonpmmii Kpyr JneXUT B CEUEHHUH, MPOXOIAIIEM 4Yepe3 LEHTp Iiapa, M Ha3bIBaeTcsl OOJIbLIINM
kpyroM. Ero paanyc paBen paauycy mapa. JItoObie 1Ba GOJBIINX Kpyra MepeceKaroTcs Mo AUaMETPy
mapa (AB, puc.2). DToT AMamMeTp ABISIETCS U JUAMETPOM TEPECEKAIIMMXCs OOJBITUX KpyroB. Yepes
JIBE TOUKH cheprudecKoii MOBEPXHOCTH, PACTIOIOKEHHBIE Ha KOHIIaX oHOoro nuametpa (A u B, puc.2),
MOXKHO TPOBECTH OECUMCIEHHOE MHOXECTBO OOJbIIMX KpyroB. Hampumep, depe3 momroca 3eMiu
MO>KHO MIPOBECTH OECKOHEUHOE YHCIIO MEPUINAHOB.

O06BEM mIapa B TOJITOpa paza MEHbIIE 00bEMa OMMCAHHOTO BOKPYT Hero muiuHapa (puc.3), a
MOBEPXHOCTh Iapa B IOJITOPA pa3a MEHbIIE IMOJHOW IMOBEPXHOCTH TOTO K€ HWIMHIpa (Teopema
Apxumena):

Puc.3
3mech S mrapa u V mapa - COOTBETCTBEHHO TIOBEPXHOCTh M 00BEM MmIapa; S

U ¥ VU - DoJHas MMOBCPXHOCTDL U 00BEM OIMCAHHOIO MUJINHIApPA.

Yacmu wapa. Yacte mapa (cdepbl), oTcekaemas oT Hero Kakoi-nmubo miockocteio (ABC, puc.4),
Ha3bpIBaeTCs mapoBeiM (cepuueckum) cermeHToM. Kpyr ABC Ha3pIBaeTCs OCHOBAaHHEM HIAPOBOTO
cermenTa. Otpe3ok MN neprieHaukyspa, nposeaeHHoro u3 neHrpa N kpyra ABC no nepeceuenus
co cdepruecKoil MOBEPXHOCTHIO, HA3BIBACTCS BBICOTOM IIApOBOTO cerMeHTa. Touka M Ha3bIBaeTcs
BEPILMHON 1IapOBOTO CETMEHTA.
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Puc.4
YacTte cdepsl, 3akimou€HHas MeXIy IByMs mnapaienbHbiMu 1miockocTsiMu ABC u DEF,

MepeceKaroMMHA  CPEPUUYECKYI0 TOBEPXHOCTh (pHC.4), Ha3bIBACTCS IIAPOBBIM CIIOEM; KpHUBas
MOBEPXHOCTh IIAPOBOTO CJIOS Has3biBaeTcs ImapoBbiM mosicoM (3oHoil). Kpyru ABC u DEF —
OCHOBaHUs mapoBoro mosica. Paccrosuue NK Mexay OCHOBaHUSIMU IIAPOBOTO TMOSICA — €T0 BBICOTA.
Yactp miapa, orpaHuueHHasi KpUBOW MOBEPXHOCThbIO cdepuyeckoro cermenra (AMCB, puc.4) u
KoHnueckoi moBepxHOoCcThi0 OABC, ocHOBaHMEeM KOTOpOW cCiy)uT ocHoBaHue cermeHTa (ABC), a
BEPILINHON — 1eHTp 1mapa O, Ha3bIBAETCs IIAPOBBIM CEKTOPOM.

Ypasuenue cgepoi

B npsiMoyTrosbHOI crcTeMe KOOpIUHAT ypaBHeHue cdepsl paguyca R ¢ neatpom C(Yo-Yo-=0) umeer
g (Y- %) + (= )’ +(2- z,) =R,

Kacamenvnasa nnockocms K chepe

[Tnockocth, uMmeromas co chepoil TOJIBKO OIHY
OOIIyI0 TOYKY, Ha3bIBACTCS KacaTeNbHOW IUIOCKOCTBIO K
cbhepe, a ux oOmas Touyka HA3bIBACTCA TOYKOM KacaHMs
TJIOCKOCTH | C(hepBhl.

Ha pucynke mimockocte ¢ - kacatenbHasi K cdepe ¢
uentpom O, A — Touka kacanus. KacarenbHas 1o0CcKoCTh
K cdepe o0mamaeT CBOMCTBOM, aHAJIOTHYHBIM CBOMCTBY
KacarelbHOM K OKpyXkHOcTH. OHO BBIpaXeHO B
CIIEYIOIEN TEOpEME:

Teopema: Pagunyc cdepbl, MPOBEACHHBIN B TOUKY KacaHus c(hepbl U TIIOCKOCTH,
MEPIEHIUKYIISIPEH K KacaTeJIbHOMN IIOCKOCTH.

Jokazamenvcmeo:

Paccmotpum mmockocts 4, kacaronryrocs cepsol ¢ ieatpom O B Touke A. Jlokakem, uto paauyc OA
SIBJIIETCS. HAKJIOHHOM K IUIOCKOCTH ¢, U, CJelI0BaTeNIbHO, PACCTOSIHUE OT cephl A0 MIOCKOCTH
MeHbIIe paauyca cdepbl. [loaToMy cdepa U IUIOCKOCTH MEpeceKaroTcs Mo OKpykHocTH. Ho 310
MIPOTUBOPEUYUT TOMY, YTO IUIOCKOCTh Y - KacaTenbHas, T.e. cgepa U MIOCKOCTh Y HMMEIOT TOJIBKO
onHy oOuryto Touky. [lomyueHHOE TpOTHBOpEYHE JOKA3bIBAET, YyTo paauyc OA mepHeHIuKyIsIpeH K
mwiockocTu ¢4 . Teopema J0Kka3aHa.

Teopema: Ecnun paanyc cdepbl nepreHaAUKyYISIpeH K MII0CKOCTH, IPOXOIAIIEH Yepe3 ero KOHell,
nexaluel Ha cdepe, To 3Ta MJIOCKOCTh SABJISIETCS KacaTelnbHOH K cdepe.

Lokazamenvcmeo:

W13 ycnoBus TeOpeMBl CIeIyeT, YTO JaHHBIA Pagnyc SBISETCS HEPICHIUKYISPOM, IPOBEICHHBIM

u3 neHtpa cdepbl K JaHHOW MmIOcKocTH. [109TOMY paccTosiHue OT 1EeHTpa cdepbl 0 MIOCKOCTH PaBHO
paauycy cdepsl, U, CIeJ0BATEIbHO, cepa U MITOCKOCTh UMEIOT OJHY OOIIYIO TOUKY.
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OT0 03HaYaeT, YTO JaHHAas IUIOCKOCTh SBJIseTcs KacaTtelabHoU K chepe. Teopema gokaszana.
Inowaos cghepwvi
3a miomianb cdepbl NpUMEM TMpeaen IOCIeNOBAaTeIbHOCTH IUIOIMIAJACH IMOBEpXHOCTEH
OINMCAaHHBIX OKOJIO c(hepbl MHOIOIPAaHHUKOB IPU CTPEMJIEHUH K HYJIIO HAaHOOJIBIIEro pa3Mepa Kaxaoi
rpaHu.

[lnomans chepor: S =48R .

KoumponvHuvie sonpocwi

1. Onpenenenus mapa, cepbl U UX HIEMEHTOB.
2. Brnucannas u onucanHas cepsl.

3. Ceuenus mapa u chepsl.

4. KacarenpHas TUIOCKOCTB K cdepe.
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Paznen 11. DiieMeHTHI KOMOMHATOPUKHU M TEOPUHU BEPOSATHOCTEM

Tema 11.1. DaeMeHTbI KOMOMHATOPUKH.

OcHogHble noHAmus KOM6UHClm0puKu.' pasmeuienust, nepeCcmaHo6Ku, CO4enmanusl.

3Hamb: OCHOBHBIC ITOHATHS KOM6I/IHaTOpI/IKI/II pasMeIICHus, NEPCCTaHOBKH, COUCTAHHA.
Ymems: moacunuTeIBaTH UMCIA pa3MCIIIeHI/II\/'I, NEPECTAaHOBOK, COYCTaHMH.

Komoéunamopuxa — pazzen MaTeMaTHKH, B KOTOPOM H3Y4arOTCs 3a]1a4ud BEIOOpA AJIEMEHTOB U3
3aJaHHOTO MHOXKECTBA U PACIOJIOKEHUS UX B IPYIIIBI 10 33JaHHBIM IIPABUJIAM, B YACTHOCTH 3aJa4d O
MoJicueTe 4YMciaa KOMOMHauuil (BBIOOPOK), MOJTYYaeMBIX U3 3JIEMEHTOB 3a/JlaHHOTO KOHEYHOTO
MHOXkecTBa. EciM M3 HEKOTOPOro KOJIMYEeCTBa 3JIEMEHTOB, Pa3IMUHBIX MEXIy COOOH, COCTaBIAThH
pa3nuyHble KOMOMHALIMY, TO CPEeIU HUX MOXXHO BBIIEIUTH TPU TUINA KOMOMHALMM, HOCAIIMX oOliee
Ha3BAHHUE — COCAMHEHUS.

Paccmotpum noapo6Hee 3T COSMHEHUS:

1) Ecniu B HekoTopoM MHOXecTBe -, TIepecTaBIATh MECTAMH 3JIEMEHTBI, OCTaBJISS
HEU3MEHHBIM HX KOJUYECTBO, TO KaxKJas MOJydeHHass TaKuM 00pa3oM KOMOWHAIMS Ha3bIBAETCA
nepectanoBkoii. O0IIee YHCI0 MEePecTaHOBOK U3 m 3JIEMEHTOB 0003Ha4aeTcss Pn ¥ BBIYHCISETCS 110
bopmye:
P =m!
2) Ecnu cocTaBisiTh M3 m pa3iU4HbIX 3JIEMEHTOB TPYIIBI MO 7 AJIEMEHTOB B Ka)JOW, pacrojaras
B3SThIC DJIEMEHTH B Pa3IMYHOM Topsnke. [lomyuuBmimecs mpu ATOM KOMOWHAIIMHM HA3bIBAIOTCS
pa3MellleHUusIMM U3 m 3JeMEeHTOB Mo n. OO0Iliee YHCIO TaKUX pa3MEUIeHUH pacCUUTHIBAETCS IO
bopmye:
m!

A =m(m=-1)(m=-2)..(m- (n-1)) =——.
(m=n)!

[IepecTaHOBKHM SIBISIOTCSA YACTHBIM CIIy4aeM pa3MEIICHUM.
3) Ecau u3 m 371€eMEHTOB COCTaBIJIATH TPYIIIBI IO 72 HJIEMEHTOB B KaXKIOH, He oOpallas BHUMaHUs Ha
MOPSAJIOK IEMEHTOB B IPYIIIE, TO MOJTYYUBIIUECS IPU ITOM KOMOMHAIIMKM HA3bIBAIOTCS COYETAHUSIMHU

U3 m 3JIC€MCHTOB IIO 71. O6mee YHCJIO COUEeTaHUN HaXOAUTCSA I10 q)OpMy.]'IeI

" = P _ m!
" PP nlm-n)

neom

4) Taxke OTHUM U3 BApUAHTOB KOMOWHAIIH SBIISIOTCS MEPECTAHOBKH C MOBTOPSIIOIIUMHUCS
ynemMeHTamu. Eciu cpeau m 3€MEHTOB UMEETCSOIMHAKOBBIX AJIEMEHTOB OJTHOTO THIIA, 1712
OJIMHAKOBBIX AJIEMEHTOB JIPYTOro TUTA H T.J., TO IPH MEPECTAHOBKE ITUX JIEMEHTOB BCEBO3MOKHBIMHU
croco6aMu moyry4aeM KOMOWHAIINH, KOJIMYECTBO KOTOPBIX OMpPeAeIsieTcs Mo GopMyie:

F m!

i

Fu (o 1.1, :P P ..P om'm.m
L B my !
5) Eciu npu BBIOOPKE 711 SJIEMEHTOB U3 71 JIIEMEHTHI BO3BPALIAIOTCA OOPATHO U YIIOPSIOUUBAOTCS, TO
TOBOPAT, YTO 3TO Pa3MelleHHsl ¢ MOBTOPEHHAMH. Pa3MeleHus ¢ MOBTOPEHUSAMH MOTYT OTIMYATHCS

JpYT OT Apyra 3JIEMEHTaMHM, UX IOPAIKOM U KOJIMYECTBOM IIOBTOPEHUH AJ1eMEHTOB. Uucio Becex

m
Pa3sMeILeHNii 13 71 HIEMEHTOB TI0 /71 C IOBTOPEHHUSIMH 0003HAYAETCS CHMBOIOM |, 1 BBIYHCIISIETCS 11O
bopmye:

44 " — ”m

n
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6) Ecnu npu BbIOOpKE m 3IIEMEHTOB M3 7 3JIEMEHTHI BO3BpALIatOTCs 0OpaTHO 0€3 MOCIeayIOUIero
YHOPSAIOYMBAHUS, TO TOBOPAT, YTO 3TO COYETAHHA ¢ MOBTOPeHUsIMH. YHCIIO BCEX COUYETAHUM U3 71

N, u Boraucsieres o dopmyare:

OJIECMCHTOB 110 7 C IIOBTOPCHUSAMU 0003Ha4aeTcss CUMBOJIOM
“.-‘.\‘:r':’” :Cwu

n+m-1

KoumponvHnuvie sonpocwi
1. Onpenenenre KOMOMHATOPUKH.
2. DieMeHThl KOMOWHATOPHKH.

Tema 11.2. ®opmyana 6mHoma HeroTona. CBoiicTBa 0MHOMHAJIBHBIX KOI()PUIIHEHTOB.
Tpeyroabuuk Ilackans.

@opmyna ounoma Hvtomona. Ceoticmea bunomuanvrulx koagguyuenmos. Tpeyeonvnuk Ilackans.
3uame: popmyna bmaoma HeroTOHA, CBOMICTBa OMHOMHATIBHBIX KO3 PHUIINEHTOB, TPEYTOIBHUK

[Tackans.
Ymems.: serancingares OuaoM HeroToHa.

Bunom Heiomona . Dto GpopMymna, pecTapisionias Bepaxkenue (¢ +5)" npu nonoxkurensnom
LIEJIOM N B BHJIE€ MHOTOUJICHA:

1 2
faihb i o bl wal i w203 &
H H
3 -1
Fe a? T3 bedD @bl hbE
H H

3amMeTuM, 4TO CymMMa ToKasarteliel cTeneHei uisi a U b 1MOoCTOsTHHA U paBHA /.

1 2 3 n-—1
G w8 pawen G
n n

Yucna n n Ha3bIBAIOTCSI OMHOMHUAIBHBIMH K03 pHIIeHTaMu.

x moxHO BBIYUCIIUTh, IPUMCEHAA TOJIBKO CJIOXKCHHUEC, C€CJIN ITOJIb30BATHCA CJ'ICJIYIOHICﬁ CXEMOH.
B BepxHell cTpoke nuileM JBe equHUlbl. Bee mocieayroomume cTpokd HAUMHAKOTCSA U 3aKaHYMBAKOTCS
eaunuied. [IpoMexxyTouHbIe YUCIa B 3TUX CTPOKAX MOTYYAIOTCS CYMMHPOBAHHEM COCETHUX YHUCEN U3
MpEebIAYIIEH CTPOKU. DTa CXeMa Ha3bIBaeTCA TpeyrobHUKOM [lackans:

1 8 28 5 70 56 28 B 1
IlepBas cTpoka B 3TOH TabIHUIE COAEPKUT OMHOMUANIBbHBIE KO3 PHULMeHTs! U1t 7 = 1; BTOpast - [UIs 1
= 2; TpeThs - 11 n = 3 u 1.1. [loaToMy, eciin He0OX0IUMO, HaITPUMED, PA3TI0KUTh BBIPAKECHHUE!

(a+b),

MBI MOXEM TOIYYUTh PE3yJIbTaT MOMEHTAIBHO, UCIIONb3YsI TAOJIULLY:
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7 7, .6 5312, a3, aca3nd 275 |~ 3.6 7
(a+b) =a +T7a b+2lab"+33a'b +33a’b” +2la’b” +Tab” +b
CBoiicTBa OMHOMHATBHBIX KO3 PULIHEHTOB.

(a+Db)' o X

1. Cymma k03¢ pUIIMeHTOB paziaoxKeHus paBHa <

Jlyis mokaszaTenbCTBa JOCTATOYHO MOJIOKHUTh @ = b = 1. Torga B mpaBoil 4acTH pas3ioKeHUss OMHOMA

HeroTona mbl OyzieM UMeTh CyMMy OMHOMMAJIbHBIX KO3()(PHULIMEHTOB, a cieBa:
G

2. KoapuimeHTs! 4iIeHOB, paBHOYJAIEHHBIX OT KOHIIOB PA3JI0KEHHS,

paBHBI. TO CBOMCTBO CJIEIYET U3 COOTHOLICHHMS:
k n-—k
S
¥ ¥
3. CymMma K03 PUIIMEHTOB YETHBIX YWICHOB Pa3IOKEHUsI paBHA cyMMe KO3(DPHUIIMEHTOB

HEUYETHBIX YJICHOB PA3I0XKECHUA; KaXXKIasd U3 HUX paBHA

S,

st 6 cElm TR =02 200 3
JIOKAa3aTeNbCTBA BOCHOIB3YEMCSI OMHOMOM: JIECh YETHBIC YWICHBI
HUMEIOT 3HaK « +» , a HEYETHBIE - « - ». TaK Kak B pe3ysbTare pas3yiokeHus nomxydaercs 0, To

CJICA0BATCIIbHO, CYMMBI UX OMHOMHUAJIBHBIX KOS(I)(I)I/II_II/IGHTOB PpaBHBI MCXKIY CO6OI>'I, IMO3TOMY KaxKaast

1yR=0n=0

13 HUX paBHa: G Lo 4TO U TpeOOBANIOCH JOKA3aTh.

Konmponvhuvle 6onpocwi

1. ®opmyna 6unoma HeroToHa.

2. CgoiicTBa OMHOMHAJIBHBIX KO3 (UIIUCHTOB.
3. Tpeyronbuuk [lackais.

Tema 11.3.9/1eMeHTbI TEOPHH BEPOSAITHOCTEN M MATEMATHYECKON CTATHCTHKH.

Cobwvimue. Beposmnocme cobblmusi, CLOM4CEHUE U YMHONCCHUE 6EPOSMHOCTE.
Ilpeocmasnenue oannvlx, 2eHepanbHas COBOKYNHOCMb, 8blO0PKA, CpedHee apupmemuueckoe,
Mmeouana.

3namu: cobbITHE, BEPOATHOCTH COOBITHUS, CI0KEHUE U YMHOXKEHHUE BEPOSITHOCTEH, IPEICTaBICHUE
JTAHHBIX, TeHEPaJIbHAsl COBOKYITHOCTh, BEIOOPKA, cpesiHee apu(hMeTHIECKOe, MEANaHa.
Ymemy: pemiats 3a1a4u 110 TEOPUU BEPOSITHOCTA U MATEMATUYECKON CTaTUCTUKH.

Cnyuaiinple codvimus ux ¢epoamuocmu
Onvimom, unu ucnvimanuem, Ha3blBalOT BCSIKOE OCYILIECTBIEHUE ONPEAEIEHHOIO KOMIUIEKCa YCIOBUM
WM IEUCTBUH, IPU KOTOPHIX HA0JII01a€TCsl COOTBETCTBYIOLIEE SIBJICHHUE.
Cobvimuem Ha3BIBACTCS BCAKHUU (PaKT, KOTOPBIA MOXKET MPOU30NTH WM HE IPOU30NTH B
pe3yabTaTe OMbITa.

IIpumep 1. IlonOpacsiBaHuEe MOHETHI — OMBIT, UCXO/. Brinagenue repda uiau uudpsl —

COOBITHE. 3,[[601) nB naaneﬁmeM mnmpearojaracM, 4To 1nmacHue MOHEThLI Ha pe6po HC
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paccMaTpuBaeTCs, TaK Kak 93TO HEYCTOHYMBOE COCTOSHHUE pPAaBHOBECHS, a H3ydaeMas MOHeTa
JOCTaTOYHO TOHKASL.

Dnemenmapnvimu  ucxodamu (cobvimusmu) Y ombITa Ha3BIBAIOTCA TaKHe PE3YNbTATHI OIBITA,
KOTOpBIE B3aMMHO HCKIIOYAIOT JpPYyr Jpyra M B pe3ylbTare OIbITa MPOUCXOAUT OJHO W3 ITUX
COOBITHH, TakKe KaKOBO Obl HH OBLIIO COOBITHE A, 110 HACTYNHBIIEMY JIEMEHTAPHOMY MCXOJY MOXKHO
CYJIUTh O TOM, IPOUCXOAUT UM HE IPOUCXOIUT 3TO COOBITHE.

COBOKYMHOCTh BCEX 3JIEMEHTAPHBIX HCXOJOB OIMbBITA HA3BIBACTCS MPOCMPAHCMBOM 3JIeMEHMAPHBIX
cobvimuii. O6o3Hauaercs €2

Bce coOpiTus (siBIEHUs) I€HCTBUTEILHOCTH MOXHO MOJPA3/IEIUTh HA TPH BUA: JOCTOBEPHEIE,
HEBO3MOJXKHBIE U CIy4ailHbIE.

Co0pITHE HAa3BIBACTCS 00CMOBEPHBIM, €CIT OHO 00S3aTEIHFHO MPOU30HAET B YCIOBUSAX JAHHOTO
OTIBITA.

CoObITHEe Ha3bIBACTCSI HEBO3MOICHBIM, €CIIM OHO B YCJIOBHUSX JAHHOTO OIBITA 3aBEJOMO HE
MPOU30UJIET.

CoObITHE Ha3bIBACTCA CIYUAUHbBIM, €CIM OHO MOKET JH00 MpOM30UTH, MO0 HE MPOU30UTH B
JTAHHOM OTIBITE.

CoObITHS Ha3BIBAIOTCS PABHOBO3MONCHHIMYU, €CITU UMEIOTCSI OCHOBAHMS CYUTATh, YTO HHU OJHO
U3 3TUX COOBITUI HE SABIsIETCS OOJIee BO3MOXKHBIM, YeM JII000€ IPyroe u3 HUX.

JIBa COOBITHSI HA3BIBAIOTCS NPOMUBONONONCHHIMHA, €CIH TIPH HACTYIUICHHH OIHOTO W3 HHX,
BTOpOe coObITHE He mnpoucxoauT. Ecmu coOwsiTe 0003HA4eHO A, TO MPOTHUBOMOJOKHOE €My
oGo3uagaor A .

B oTHOIIEHUH OpyT Apyra cOOBITHS TaKKe UMEIOT 0COOEHHOCTH, T.€. B OJTHOM cllyyae coObITue A
MOJKET NMPOU30MTH COBMECTHO C COOBITHEM B, B IpyroM — HET.

CoOBbITHS HA3BIBAIOTCS COBMECHHbIMY B JAHHOM OTIBITE, €CITH TTOSIBIICHUE OJHOTO U3 HUX HE
WCKITIOYAEeT MOSBJICHUE IPYTHX.

CoObITHS HA3BIBAIOTCS HECOBMECHbIMU, €CITU TIOSIBIIEHUE OJJHOTO U3 HUX MCKIIIOYAET MOSBICHUE
IPYTHX.

Ecnu mo6oe u3 coOBITHII TPOUCXOAWT HE3aBUCHUMO OT pealu3aluu 000 KOMOMHALIUU
JPYTUX COOBITHI, TO OHU Ha3BIBAIOTCS HE3ABUCUMBIMU 8 CO80KYnHOcmuU. Ecnu mosBieHne oHOTO U3
COOBITHI BIUSIET HA BOBMOXKHOCTB TIOSIBJICHUS APYTOTO, OHU HA3BIBAIOTCS 3A6UCUMBIMIUL.

Heckonbko coObITHI B JTAHHOM OMBITE 00Pa3yIOT noIHYI0 epynny codblmuii, €CU B pe3ybTare
OTIBITa 0013aTENBHO MPOU30MIET XOTS ObI 0JJHO U3 HUX. Ecnu coObITH, 00pa3yroliie MoJIHYI0 TPy,
HECOBMECTHBI, TO TMOSBJICHHE OJHOTO U TOJBKO OJHOTO M3 HUX SIBISETCS TOCTOBEPHBIM COOBITHEM.
JIBa  HECOBMECTHBIX  COOBITHS, OOpa3ylIllue TMOJHYI0  TPYyNIy  COOBITHH,  SBISIOTCS

npomueoOnoOL0HCHbIMU.
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Knaccuueckoe onpedenenue gepoamuocmu coovimus
CymiecTByeT MpOCTON CHOCOO ONpeNeNeHrsT BEpPOSITHOCTH COOBITHS, OCHOBaHHBIM Ha
PaBHOBO3MOXKHOCTH JFOOOTO U3 KOHEYHOTO YHCIIa MCXO/IOB OTIBITA.
ITycts mpoBoauTcsa ombIT ¢ /! mcxomamu, KOTOphIE MOKHO IIPEICTABUTH B BHJE IOJHOM TPYIIIEI
HECOBMECTHBIX PABHOBO3MOJKHBIX COOBITMH. Takue HCXOIbl Ha3bIBAOTCA CAVUAAMU, UWIAHCAMU,

anemenmapuvimu cobuimusamu, (/). Cam onbIT HazpIBaeTCA Kraccuueckum. IIpo TaKkoil OIBIT TOBOPSIT,

YTO OH CBOAMTCS K CXEME CIIy4aeB.

Coyuait (V' maswiBaeTcs Grnaconpusmuvivm uny GAA20NPUAMCIMEYIOWUM COOBITHIO A, €CITH OH TIPHBOINT
K HACTYIUICHHIO COOBITUSA A.

Beposmnocmuio cobbimus A Ha3bIBaeTCS MaTeMaTH4ecKas OlIEHKAa BO3MOXHOCTH IMOSIBIICHHS 3TOTO
COOBITHSA B pe3yJIbTAaTE OMBITA.

BeposiTHOCTh cOOBITHSI 4 paBHAa OTHOILIEHHUIO 4YHCIA, OJArOMPHUATCTBYIOLUIMX COOBITHIO A HCXOJIOB
OMbITa K OOIIeMy YHCIy MOMAapHO HECOBMECTHBIX HMCXOJIOB OIBITA, OOpa3yHOMIMX IOJHYIO TPYIITY

COOBITUM.

P(A) :.r: 0

®opmymna (1) sBAsIETCS K1accuyeckol ¢opmynou onpeneaeHus BEpOSTHOCTH COOBITHS.
O4eBUIHO, 4YTO BEPOSAMHOCMb OO0CMOBEPHO20 COObIMUs PABHA €IUHUIE, a 6epOoAmMHOCHIb
HEeBO3MOJICHO20_— paBHA HYIO. TakuM o0pa3oM, 3HaAYeHHE BEPOSTHOCTU IOOOTO COOBITHUS — €CTh
MOJIOKUTEIHHOE YUCII0, 3aKITIOYEHHOE MEX/Ty HYJIEM U €TUHUTICH.
0 =P(A) =1 ()
[ToHsiTHe BEpOSITHOCTH MO3BOJISIET 1aTh HOBBIE OINpeIeeHHs ISl pa3HbIX BUJOB COOBITHH. A
UMEHHO, COOBITHE B Ha3bIBACTCS He3d8UCUMbBIM OT COOBITHS A, €CIIK BEPOATHOCTh COOBITHS B He
3aBHCHT OT TOTO, POU30IILIO COOBITHE A WK He mpon3onuio. CoObITHE B Ha3bIBaeTCS 3aBUCUMBIM OT
coObITHS 4, €clii BEPOATHOCTb COOBITHS B 3aBUCUT OT TOT0, MPOU30LLIO WJIK HE MPOU30LILIO COOBITHE
A.
Teopemvl yMHOMCEHUA U CTI0HCEHUA 8EPOAMHOCHIEN
CoObiTust A U B Ha3bIBAIOTCS pagHbiMU, €CIU OCYIIECTBICHUE COOBITHS A BJIEUET 3a
coboit ocymecTBiaeHue coObITust B 1 Ha060poT.
Cymmoti nByX coObITU A 1 B Ha3biBatoT coObiTHe C=A+B, cocTosIee B MOSBICHUN COOBITUS A, WIIH
coObITUA B, nu 000ux 3TUX cOOBITUH. [lo-apyromy, mosiBieHne XoTs Obl 0HOTO cOObITHS. Teopema
1 (cnoscenus eeposmuocmeti). BeposiTHOCTb CYMMBI IByX HECOBMECTHBIX COOBITUI paBHA CyMMeE
BEPOSITHOCTEH ITHX COOBITHH.
P(A+B)=P(A)+ P(B)_

Cneocmeue 1: Ecin coObITHA A,y goney A

» 00pa3yroT MOJHYIO TPYIIy HECOBMECTHBIX COOBITHIA,
TO CyMMa MX BEpOSITHOCTEH paBHA €INHULIE:
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N p(4) =1

Teopema 2. BeposiTHOCTb NOSIBIEHUS XOTS OBl OJTHOTO U3 JIBYX COBMECTHBIX COOBITHII paBHa

CyMMe€ BEpPOSITHOCTEH 3TUX COOBITHI 0€3 BEpPOITHOCTH UX COBMECTHOTO MOSBICHHUS:

P(A+ B) =P(A)+ P(B)- P(AB)

Teopema 3. (Ymnoorcenus seposmuocmeti). BEepoITHOCTh TPOU3BEICHUS IBYX COOBITHIA (COBMECTHOTO

TIOSIBJICHUS STUX COOBITHIA) paBHA MPOU3BEACHUIO BEPOSTHOCTH OJTHOTO U3 HUX HA YCIOBHYIO
BEPOSATHOCTH JIPYTOT0, BEIYMCIEHHYIO MIPU YCIOBUH, YTO IIEPBOE COOBITHE YK€ HACTYIHIIO.
P(AB) =P(A)P(B/ A) =P(A)P,(B)
Takke MOKHO 3amucaTh:
P(AB) =P(A)P(B/ 4) =P(B)P(A/B) =P(B)P,(4)

DR/ —p o
Ecnu coObITHs HE3aBUCHMBIE, TO PLB/A) =F|A) , 1 TeOpeMa YMHOKEHUS BEPOSITHOCTEN

MPUHUMAET BUJI;
P(AB) =P(A)P(B)
Ecnu B pe3ysibTaTe UCIBITAHUS MOKET NOSABUTHCA /7 cOOBITHIA, HE3aBHCHMBIX B COBOKYIIHOCTH,
TO 8epPOSMHOCIb NOSABIEHUS XOMsL Obl 00HO20 U3 HUX PaBHA
P(A)=1-q.49,...q9,.

3)1er coObITHE A 0003HAYACT HACTYIUICHUC XOTHA ObI OJHOI'0O M3 COOBITHI A" C BECPOATHOCTAMU

nactyrienus /7, a 4 =1-p _ BEPOSITHOCTb IIPOTHBONONOKHBIX coGbrruit 1> <A2-----,

Tema 12. IlepBooOpa3Hasi 1 HHTErpaJl

Tema 12.1. IlepBooOpa3Has u HHTerpa.

Ilepsoobpasnas. Ilpasuna naxoocoenus nepgooopasnvix. Tabnuya unmezpanos
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Ymems: HaxouTh HEONPEIEIEHHBIE HHTETPAJIbl PA3IUYHBIMU METOJAMU

3names: onpeseneHe NepBoOOPa3HOI; MpaBHiia HAX0XKIEHUS IEpBOOOPa3HBIX,
olpeziesieHue HEONPEIeIIEHHOI0 UHTETpajla U €ro CBOMCTBA, TA0IMIly UHTETPAJIOB, METO/IbI
HaXO0X/ICHUS UHTETPAIOB.

OyHKIHS £7(X) yaspiBaercs nepeoobpasHoll gyukyuerl GyHKIHA SX) pa orpeske L b1,
€CJIH B JIF000H TOUYKE 3TOr0 OTPEe3Ka BEPHO PABEHCTBO:

F'(x)=f(x)

Hano otmeTuts, 4To nepBooOpa3HbIX AJs OJHON U TOH ke (PYHKIUH MOXKET ObITh OECKOHEUHO
MHOTO. OHHM OyayT OTIMYATBCA JPYr OT Jpyra Ha HEKOTOPOE MOCTOAHHOE YHCIO, T.€.
Fl(x)=Fx)+C,

Heonpedenennvin unmezpanom pysxipa -/ () HaspBaetcs COBOKYIHOCTH MepBOOGPA3HBIX
(GyHKIUH, KOTOpPbIE ONPEIEIEHbI COOTHOIIEHUEM:

F(x)+ C.
3anuCBIBaIOT: ,[/ (x)dx =F(x) + Ci:mecs r — 3HaK HHTErpasa, ACO MOABIHTETpaIbHAS
¢byskuwms, f(x)dx — HOOBIHTETPATIHLHOE BBIPAKEHHE.

Brruncienue HCOMPCACIICHHOI'O HHTCIrpaJia oT 3aJIaHHOM (I)YHKI_II/II/I Ha3bIBaACTCsA
UHmezcpupoeaHuem.

Cesoiicmea HeonpeoeneHHbIX UHMEZPanoe

1. IIpousBoiHAsE OT HEOMIPEECICHHOTO HHTETPpaIa paBHA MOABIHTETPATBHON (DYHKITHH.

(frodax) =(Fe + 0y =70
2. IuddepeHnnan oT HEOMPEACICHHOIO HHTErpaia paBeH MOABIHTEPAIIbHOMY BBIPAKCHHIO.
d Jff’(.\’)dx) =¥y

3. Heonpenenenusiii uuTerpai ot nuddepeHnnana HeKoTopoi GyHKIMHU paBeH 3TON (QYHKINH
C TOYHOCTBIO JI0 IOCTOSTHHOTO CJIaraeMoro.

[cJF(.Y) =F(x)+ C;
4. aTerpan oT CyMMBbI WM Pa3HOCTH IBYX M 0ojee (yHKIMHA paBeH CyMME UM Pa3HOCTH
UHTErpajioB OT 3TUX (QyHKIMH

['(u + V- wdx = J'mlx + ['1 ddx - ['wa'.r:
5. IIoCTOSAHHBII MHOXKUTEIb MOYKHO BBIHOCUTD 33 3HAK MHTETpalia

J'C‘ f(x)dx =C -‘[/‘(,\’)dx;

Ne WuTerpan 3HaYeHHE No WNurerpan 3HaueHue
J. dx arcsinx + C =
1 dx x+C 11 Vfl - x° =- arccosx + C
n+l s

. X 3 dx 1 x-a .

2 Jx"dx +C.n #- 1 12 s = In +C
n+1 x“ - a° 2a |x+a

I ) dx .
3 J’I II]‘.\"_ #*+C! 13 J“? In|x +Vx2 xa|+C

X VX *a
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L
(&2 . T
4 14 fﬁ arcsin— + C
Nat - ox” a
L 1
" A 1 A N
<l e +C Ji arcltg —+C
5 J ' ' 15 a? +x? a “a
1 | |
6 J‘sin xdx cosx+C 16 = "~ dx Injrg = ‘ +C
- sin x
: - T | - — 1
cos xdx sinx +C I dx Infte| = += ||+ C
! f o 17 COs X “l2 4
| . ‘
— gx +C rexdx - In|cos x|+ C
8 J ooz % 8 18 Jue
COS X
| -, : =
9 J‘i: dx - ctgx + C 19 J‘(‘fg_\"d.\" In[sin x| + C
S1n- X
dx arctgy + C = dx 1 X
T _ —_— In|— +C
10 "rl + x? =- arcctgx + C 20 fx(a - x) a |la- x

Tabnuiia HTETpaIOB
MeTOJIBI HaAXO0KACHUA UHTErpajion

Cnocod moacTaHOBKH (3aMeHbI NepeMeHHbIX).

Eciu TpeGyercs Haiitu  uHTerpan [/ (X)dX | HO COKHO OTHICKATH MEPBOOOPA3HYIO, TO

HMHOT/A C IIOMOIIBIO 3aMEHBI v dx =q (1)dl MoXKHO HOTYUYNTH:

[/ (ydx = [/ (g(2)g (1)dt

HNHTerpUpoBaHue M0 YaCTIAM.
BcenomuuM Gopmyity mpou3BOAHOMN NMPOU3BEACHUS:
(uv) =u'v +uv’
r7e u u v — HeKoTopbie pyHkmu ot x. B muddepennmansuoit hopme:

d(uv) =vdu + udv

[TpouHTErpHpOBaAB, MOTydaeM: fduv) = [vdu + fudv g g coorercsun ¢ NPUBEICHHBIMU
BBIIIIC CBOWCTBAMHU HEOMPEICIICHHOTO HHTErpaa;

uv = fvdu + fudv ITH Judv =uv - fvdu :

[Tomyuunu Gopmyny HHTETPUPOBAHHS IO YACTAM, KOTOPAs MO3BOJIIET HAXOJIUTh MHTETPAbl
MHOTHUX 3JIEMEHTAPHBIX (QYHKIIHI.

[Ipr wcmonp30BaHMM METO/AA 1O YacTAM 3a u Oepercs Takas (QYHKIOWS, KOTOpas IIpH
Qg QepeHIMPOBaHUH YIPOLIAETCs, a 32 dV — Ta 4acTh MOABIHTEIPAIBHOTO BBIPAXKEHUs, MHTErpall OT
KOTOPOH M3BECTEH WJIM MOKET OBITh Haii/ieH.

BOJ'II)HIYIO 4aCTb MHTCIrpajIoB, BBIYHUCIACMBIX 110 YaCTAM, MOXKHO paS6I/ITB Ha TPpU I'pyIIIIbI:

(v . — . I ) o yarcesin xdx
1. FIHTerpats! BHIA JT(.\ Yarctgxdx ’ J'P(x)cuc.ctg,xc[.x ’ V|"l (x)In ,w/x’ J'P(,\)'ll(,bln Xl ,

[P(x)arccosxdx | e p(x) — muorounen. JUit UX BBIMHUCIIEHHS CIELYeT 3a U NPUHUMATh OIHY M3
BBINIICYKA3aHHBIX QYHKIUH, a dv = P(x)dx.
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2. VlnTerpans! Buaa JP (e dx JPCosinaxdx , JP(x)cosaxdx , T1e P(X) — MHOTOMIICH, a a —

HEKOTOpOE YKCIIO0. [t MX BBIYKMCIICHUS CIeAyeT npusaTh u =P(x), a dv = e“dx, dv = sinaxdx, dv =
cosaxdx.

Kak BugHO, nocnegoBaTebHOE IPUMEHEHUE (POPMYIIbI HHTETPUPOBAHUS 110 YACTSM MTO3BOJISET
MOCTENIEHHO YIPOCTUTH (PYHKIIUIO M TPUBECTH UHTETPAJ K TAOIUIHOMY.

AR e T o i AP ”
3. Unrerpainsl Buaa Je® cosbxdx - fe™ sinbxdx pne gy p HEKOTOPBIE YKCIIa. DTH HHTETPAIbI

BBIYUCIIAIOTCA ABYKPATHBIM MHTCTPHUPOBAHUCM I10 YACTAM.

Koumponvnvie 6onpocwi
1. ITepBoobpazHasi.
2. IlpaBwmiia HaX0X/I€HUSI IEPBOOOPA3HBIX.
3. OnpeneneHne HEONPEAECIEHHOIO UHTErpaa.
4. CBoiicTBa HEOMPEICICHHOTO HHTErpaa.
5. MeToibl MHTErPpUPOBAHUSI.

Tema 12.2. OnpeneneHHbI HHTErpaJa  ero NpuMeHeHHe

Buiyucnenue onpedenennvix unmezpanos ¢ nomowvio popmynst Heromona-Jleiibnuya.
Haxoorcoenue nnowaoeti ghueyp.

Ymemwb: BBIUMCIATH ONpENENCHHbIE HMHTErpajbl ¢ ToMolbio ¢opMynbsl Heiorona-JleitOnuna,
BBIUUCJIATH TUIOIA/Ib KPUBOJIMHEHHOHN Tpaneuuu, GUuryp, orpaHi4eHHBIX 3a/1aHHBIMU JIMHUSIMU.

3nams: aNTOPUTM BBIYMCIICHUS OINpEAENICHHBIX HHTErpajioB ¢ Momoulbio (opmynsl HeroToHa-
JIeliOHMII, METOIbl BBIYMCICHHS OIPENEICHHBIX WHTETPAJIOB AalTOPUTM BBIYMCICHUS ILJIOMIACH

¢buryp.

Tycrs dynxmus 7 () onpenenena na orpeske [<-#1 . Paso6pem orpesox [4-”] nan
MPOU3BOJIBHBIX YACTEH TOUKAMHU ¢ =X <X <Xp <. <X <X; <. <X, =bh . Ha xaxmom

13 YaCTUYHBIX OTPE3KOB BHIOEPEM MPOU3BOJILHO 110 OJJHOU TOUKE: ¢ €la, %] , €2 € [x,%x,] ,

, BN 101
. A y
.f((‘.n))_______._ _______ -
y=f(x) \
e
fle),
a e >/ X
C, X, C, g
Puc. 1
Beemem obosHauenms: N1 =N - @ A =x, -y A, =b-ox,
o :Z_f'(c, )Ar,-
i

CocTaBum cyMMy:
S(X) ua orpeske [4-P1

, KOTOpast Ha3bIBACTCS UHMESPANbHOU CYMMOU PYHKITUH
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I'eomempuueckuii cmvicn o: Kaxxnoe ciaraeMoe HHTETpalbHON CyMMBI IPEACTABIISET COOO0M
TLIONIA b MPSIMOYTOIBHAKA C OCHOBaHHeM “MYi u BpicoToii / (€;) | OKPHITOro ITPHXOBKOH Ha
PHUCYHKE.

O6o3nauum uepe3 = max( x), i =1, 2, , 1 — JNIMHY HauOOJBIIETO YaCTHYHOTO OTPE3Ka.
Benmnuuny wHOTIa Ha3bIBAIOT nApamempom pazoueHus.

PaCCMOTpI/IM nponece, rnmpu KOTOpoOM YUCJIIO TOUCK pa36I/I€HI/I$I HCOTPaHNYCHHO BO3PaCTACT
TaKUM o6pa30M, 9TO BCJINYHHA CTPEMHUTCA K HYJIHO.

ECIIH CyIIECTBYeT Npe/es HHTerpaabHOil cyMmmbl :/1.1_‘?}] U, TO OH Ha3bIBACTCS OnpeodeleHHbIM

unmeepanom Ot QyHKIHUH /) Ha otpeske |9 =01 y o6osnauaercs

= I:ff( xX)dx

a

B sroMm ciyuae dyskius (%) HaspiBaercs unmezpupyemoti na ompeske L4 b1 Yueno a
HA3bIBAETCS HUIICHUM NPEOeLoM UHMEe2PUPOSAHUsL, & YUCIO b — 6epXHUM NpedeoM UHMESPUPOSAHUSL.

Ecnu Takoii mpejen CyIecTByeT, TO OH HE 3aBHCUT OT IEPBOHAYAIBHOIO pa3OMeHHs OTpe3Ka
[a.b] u BeIGOpa TOUEK ci. V3 onpeenienus ONpeaeeHHOro HHTErpaa CleAyeT, 4To €ro BeJHYMHA
3aBHCHT TOJIBKO OT BUAA (PyHKIHU S(X) g or uncen a u b. Crenosarensuo, ecu 3agausl -/ () u
TpeJIeibl HHTEMPUPOBAHUS, TO HHTETPAJI OIPEAEIIACTCS OTHO3HAYHO U MPEICTABISIET CO00M HEKOTOPOE
YHCIIO.

.Ily

y =<

Puc. 2

Teomempuueckuii cmvien onpedenennozo unmezpana: Ecmu 7/ (Y) >0 ya orpeske [4-21 10
b
ONPEACIICHHBIN UHTETpal J' / (x)dx TEOMETPUYECKH MPEACTABISIET COOOM IIIOIIAb KPUBOJIMHEHHOM

o

Tparnewuu — GUrypsl, orpannuennoit maansamu ¥ —/ (X)X =a x =b » =0

b
‘ S =- _|'f(x)dx
Bemn /() <0 ya orpeske [4-21 | 10 a .
Puc. 3
Ceoiicmea onpedenennozo unmezpana
h a
J‘f(,\')dx =- ‘|’If'(x)d..r
1. « b ;
| j'(x)dx =0
2. a ;
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b c b
\'_f'(x)dx = f(x)dx + |‘A)"(x)d.\‘
3. Ecmu €€ I"’[’l, TO @ a ¢ ;
b T b b
,\1[]'('“) + glx)dx :‘|‘_f'(x)dx + g(x)dx
4, a

(4

o a

;
b

?/gf(x)dx =k _|‘_f'(y\')dx

o

5.

, T1e k — TpOU3BOJIBHOE YHUCIIO.

®opmya Heorona-Jleiionnna

Ecnu dpynkuus S(x) HETpepbIBHA Ha OTpe3ke L 0]y byHKIHS (X)) gpnsercs ee
MepBOOOPA3HOI HAa 3TOM OTpPE3KE, TO UMEET MeCTO hopmyna Hvromona-Jletibnuya

I_|]"f'(x)dx =F(x) Z =F(p)- Fla)

b

TO €CTh ONPE/IECICHHBIA HHTErPaJl PaBeH Pa3HOCTH 3HAYECHUH MepBOOOpa3HON MPU BEPXHEM U HUKHEM
Mpezesiax UHTErpUPOBaHUS

3ameHa nepeMeHHBIX B ONpe/ieIeHHOM HHTerpaJe

b
J"_ f(x)edx
[Tycth 3aaH uHTErpan «

,te 7 (X) _ yenpepuisras dynkius na otpeske [ 4- 21
BBeieM HOBYIO IIEPEMEHHYIO B COOTBeTCTBHH ¢ dopmyinoit ¥ =)  Torna ecmmn:

1) Pla) =a, () =b.
2) ¥ y ¢'(1) HenpepbIBHBI Ha oTpeske |- 1 ;

3) fg@) orpeenena Ha orpeske 4> /1
TO

h e
[/ (x)dx = [fTg)]g (1)dt

Ora dhopMyIia Ha3bIBACTCS hOpMYIOL 3aMeHbl NEPEMEHHOU 8 ONPedesieHHOM uHmezpaie.

Samevyanue. Econ IIpH BBIYUCIICHUHN HCOIIPEACICHHOTO HHTErpaJia C IOMOIIBIO 3aMCHBI

IIEPEMEHHOM CIIEyET OT HOBOM IIEPEMEHHOM { BO3BPAILATHCS K CTAPOX IIEPEMEHHOM X, TO IIPU
BBIYHCIICHUH OMpCaACIICHHOTO HUHTCrpaia 3TOI'0

ACJIaTh HCHYXHO, T.K.
Vi /3
[flelg' (Hdt =Flg0)]] =FIlg(M]- Flg(e)]l =F(b) - F(a)

(24

HNHTerpupoBanue mo 4acrsm.

Ecmu gynkmun ¥ =4#(X) i v =v(X) genpepsiBHbI Ha oTpeske |- b1, a taroke HEeNPEPbIBHbBI
Ha 9TOM OTpE3Ke UX MIPOU3BOAHBIE, TO CIpaBeINBa GopMyIa:

b
- fvdu.
a

KOTOpast Ha3bIBAETCS POPMYIOU UHMESPUPOBANUS NO YACMAM 8 ONpedeslenHOM UHmezpaie.

b b
fudv :uv‘
o e

7
Taxxe ITPU BBIYUCJIICHUHN ONPCACICHHOIO HHTCTpaia UCIIOJIB3YIOTCA CIICAYIOIINC ITpaBUIa:
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”J‘,f‘(-\”)d-\” =0 (j"_/'(x)d,.\" 221/'(.\')4[{

Ecimu /) _ peuernas, To -« , €CJIM HEeYeTHas1, ~ ¢ (

I'eomeTpryecKkue NpUI0KEeHHs ONpeIeIeHHOT0 HHTErpaJa.
Ilnowaow nnockoii ghuzypot.

1) ITno1maas KpUBOIUHEHOM Tpanelyy, orpaHuueHHol kpusoit V' =/ (X)  npameivu ¥ =0 u
b
P S Z‘[f'(x)dx
x =b y orpeskom |- 21 pprancisercs mo gopmyie p

(113

Ecu rpauk pacrionoxken Hiwke ocu Ox, T.e. -/ () <0, To miomans nmeer 3uax
pacrmiojiokes Boime ocu Ox, T.e. 7 (X) >0, TO mIOIIaab HMEET 3HaK “+”,
yA

, ecnu rpaduk

)
Q

|
S

Taxum 00pa3om, JUIst HAXOXKISCHUS CyMMapHOI IIIOMIAN UCTIOIB3YeTCs GopMyIia

b

§i= Jff(x)dx

o

2) [Inomanp GUrypsl, OrpaHHYEHHOH KPUBBIME - | =hH(xX) 4 Y2 =f() (f (¥ =7 (\)) "
npameivu X =@ u X =b  paxomurcs no popmyie

b 3
S = [ £,00- fix)dx
X

3) Eci kpuBas 3a/1aHa lapameTpudeckumu ypasHermsavu ~ — X 1 V =V 16 nromans
KPUBOJIMHEWHO Tpariein, OrpaHHYEHHON 3TOM KPUBOIA, mpsMbiMi X = 1 X =b u oTpe3KoM

[
5= ﬁ-’(t).\"(t)dl
[a.D], BBIpa)kaeTcst popmMyIioit ] ,TIIe ©1 W f2 ONPENEISIOTCS U3 YPaBHEHHUH
a=x(t,yub =x(1,).
Koumponvnvie 6onpocwl
1. Onpenenenue onpeaeaeHHOro HHTErpaa.
2. CBoiicTBa OMpeIeIeHHOT0 HHTEerpaa.
5. BeIducieHne onpeelIeHHbIX HHTETPATIOB ¢ MoMoIIbio Gopmyinsl Herorona-JleiOHuIIa.
4. MeTo/1bl HaXOXKACHHSI OMPEICTICHHBIX HHTETPAJIOB.
5.0mnpenenenre KPUBOJIMHEHMHON TpameIuu.
6. AJTOpUTM HaXO0XKJIEHUS TUIOMIAaU GUTYPBI, OTPaHUYCHHOHN 3aJaHHBIMU JIMHUSMHU.
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Tema 13 .U3MepeHusi B reomeTpuu.

Tema 13.1. O0bem u ero nzmepenne. Unrerpansnas ¢gopmysa oobema.

Tlonamue obvema u ezo ceoticmea. Mnmeepanonas popmyna oovema. Dopmynvl
obvema Kyba, npsamoy20ibH020 napaiieienuneod, Npusmol, YUIUHOPA.
Dopmynvl 06vema nupamuosl u Konyca. Popmynvl niowaou noeepxHocmel YuIuHopa u KoHyca.
Dopmynvl 006vema wapa u nIowaou cghepboi.

Ymemo: BBIYHCISITE 00EM MHOTOTPAHHUKOB U 00BEM IlIapa; BEIYUCIIATH TUIOMIA/Ib
MMOBEPXHOCTEH IIWIMH/PA U KOHYCa U CHEpEHI.
3nams: OHSATHE 00BbEMA U €0 CBOMCTBA, MHTETpalibHas hopMyna o0bema, popmyssl oObema Ky0a,
MPSIMOYTOJIBHOTO TIapaJuIeNen e /1a, IPU3MbI, IIIIUHAPA, GOopMYIIbl 00beMa MUPaMUIBI U KOHYCA,
(dbopMyIIBI TUTOMIAIN TTOBEPXHOCTEH MMIIMHAPA ¥ KOHYca, GopMyIibl 00beMa Iiapa u Iuiomaan chepsbl.

Tena paBuHoBenukue. [IpocTpaHCTBO, 3aHUMAaEMO€ KaKMM-HUOYIb TEJIOM, WU BMECTUMOCTD
3TOTO TeJia Ha3. ero o0beMOM. MoryT OBITh Takue Teja, KOTOPhIE MMEIOT OJIMHAKOBBIM 00BHEM, HO
Pa3IMYHBIN BU, TaK YTO XOTSI OHU U 3aHMMAIOT OJJMHAKOBOE IMPOCTPAHCTBO, HO HEJb3S BIOXKHUTH OHO
TEJO B JPYroe Tak, YT00bl OHU COBMECTHIINCH. Bo3bMeM Harmp. IBe MpsiMble TPEeyToibHbIe Ipu3Mbl AB

u EF (puc.1.), KOTOpbIX OCHOBaHHUS U BHICOTHI PABHBI,
il \
(. - -

M
Puc.1
Puc.2.
MBI MOKE€M TIPUCTABUTH ITH MPHU3MBI OJIHY K JIPYro¥ Tak, uTo oOpazyercs oxHa mpuzma MN (puc.2.),
KOTOpPO OCHOBaHHE TO K€ CaMO€, a BbICOTa BJBOE OOJBINE; MOXEM TaKXKe COCTaBUTh M3 HUX
napautenenunes KL; oobem mapannenenunena. OyaeT, 0O4eBUIHO, paBeH 00beMy mpu3mbl MN, Tak
Kak 00a 3T Tella COCTOST U3 OJHUX U TeX K€ MPHU3M; HO MapaieNienune1, KOHEYHO, HE MOXKET
COBMECTHTBCS C pu3Moi. Tena, mMeromniie paBHbIil 00beM, Ha3. paBHOBEITUKUMH.
Eounuya onsa usmepenus 06vemos.

N3meputh 00beM Kakoro-HuOy b Tena,  3HA4YUT HaWTH, CKOJIBKO Pa3 B HEM MOXKET
MIOMECTUTbCA ~ JAPYroe Teno, 00beM  KOTOPOIro NPUHUMAETCS 3a CUHHUILY. Takoil eauHULIEN
CIIy)KHUT  Ky0, KOTOPOTO Kax/j10e pedpo = JIMHEHHOU eTMHUIIe, HaIp., CakKCHH, ApIIUHY U T. ITOJ.
Takum  oOpa3zoM, ompeaeIuTh 00BbEM HJIIM BMECTUMOCTHh KOMHATBI 3HAYUT y3HATbh, CKOJIBKO
MMOMECTUTCS B HEHl KyOMYeckux cax.,  KyoO. apul. 1 T. nof. Jyig 3Toro Hajo Obl OCTaBUTH B
KOMHATe OJIHY KyO. Ca’k. WJIM OJIUH KyO. aplil. psiIoM € 3TOM eTMHUILIEH TOCTaBUTh APYTOi TaKoi
KyO, TOTOM TpPEeTUH U T. 1., II0OKa BCSI KOMHaTa He HanonHutcsa. Ho Takoe usmepenue OyaeT u

HCYHO6HO, 1 BE€CbMa MPOAOJDKUTCIIBHO; MbI ITOKAXKEM ceﬁqac, KaKuM 06p3,30M MOKHO HU3BMECPATH
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00BbEMBI TeJl, He ITOMeNIas B HUX KyO. Mep.

Ceoticmeo 06vemos:

1. PaBHbIE Tena UMEIOT paBHbIE OOBEMBI.

2. Ecnu Te10 COCTaBIIEHO U3 HECKOJIBKHUX Tell, TO €r0 00beM PaBeH CyMMe 0ObEMOB ITHX TeJ.

Obvem npamoy201bH020 napanienenuneod.

Wrak, urod onpenenuts 00beM NPSIMOYTOJLHOTO Mapaiesenuriesia, Ha0 U3MEpUTh OJHOU U
TOM XK€ TMHEWHOW eMHUIIeH Tpu pedpa ero, BEIXOJAIINE U3 OOIIel BEpIIMHBL, U MOJYYSHHbIE YHCIIA
MIEPEMHOXXHTh; IPOU3BEICHUE ITOKAXKET, CKOJBKO COJIEPKUTCA B TMap-IA€ COOTBETCTBYIOIIUX
KyOMYecKHX eIUHMII. B mpsMoyroibHOM mapauiesenuieae Tpu pedpa, uaylue U3 OJHOW BEpIIMHBI,
Ha3bIBAETCS U3MEPEHUSAMHU 3TOr0 MapajuleenuIesia; Mo3ToMy IpeabIayIlee IpaBuio 00 oNpeeneHun
o0beMa KOpoUe BBIPAXKAIOT TaK: 00bEM MPSMOYTOJILHOTO Mapajliesienunea NPou3BEICHUIO TPEX ero
W3MEPEHUI.

MoXHO cKa3aThb TakXke, 4TO O0BEM MPSAMOYTOJBHOIO Napaiefenurnesa MpPOU3BEICHUIO

IIomazaun €ro OCHOBaHUs Ha BBICOTY.

E

t'l

Cnedcmeue 1. OOBeM MPSIMOYTOJIBLHOTO NapajiesienuIe/a paBeH MPOU3BEISHHIO TUIOad OCHOBAHUS
Ha BBICOTY.

V=Sh,
rae S — IIomaab OCHOBAHMS, /1 — BBICOTA MapauIeIenuIeaa.
Cneocmeue 2.00beM mpsiMOil IIPU3MBlL, OCHOBAaHHEM KOTOPOW SIBISETCS IPSIMOYTOJIbHBII

TPEYroJbHUK, PAaBEH IIPOU3BEICHUIO IOl OCHOBAHUS Ha BBICOTY.
V =85c h
Obvem nupamuowl.
Beskag nupamuaa cocraBiseT 1/3 mpu3Mbl TOroO K€ OCHOBAHHUS U TOH k€ BBICOTBI. YTOOBI IPOBEPUTH
3TO, BO3bMEM SILIMK A, UMEIOIIMNA BUJ Ipu3Msbl (puc.3.), u nupamuny B, BHyTpu NmycTyr0; OCHOBaHUE
e€ Takoe ke, Kak y IPU3Mbl, U BBICOTA TaKas ’K€; HACBIIJIEM B HEE MECKY UM HaJbeM

BOJIBI (IJIs1 9TOTO, PasyMeeTcs, €€ Hal0 OOCPHYTh BEPIIMHOM BHU3) TaK, YTOOBI HAIIOJIHUTh  €€;
IIOTOM BBUIBEM 3Ty BOJY B IIPU3MY; 3aTEM OIISATh HAIIOJHUM MUPAMUAY U OISITh  BBUIBEM; MBI
YBHUJIUM, YTO HAJO0 TPU pa3a NEpeUTh BOAY U3 MHUPAMUIbI B MPHU3MY - U TOT'/Ia TOJIBKO IpU3Ma

HanoiHuTcs. [loatoMy obvem nupamuovi=1/3 npoussedenuss niowaou eé 0CHO8ANUs HA GbLICOM).

I :15 -h
3

Obvem yceuennoli nupamuosl, BHICOTa KOTOPOU paBHA /i, a TUIOIIAIU OCHOBaHHUM paBHBI S U

S, BeuncIsiercst o hopmyiie

I e
v :Sir(S +85,+45-5))
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Puc.3.
Obvem yununopa.
[umuHap MOKHO CUMTATh 3a MPH3MY, Y KOTOPOHl B OCHOBAaHHH HE MHOTOYTOJBHHK, a KPYT;
CJICZIOBATEIILHO, 00BEM ITWIIMHAPA ONPEICIACTCS TOYHO TaK )K€, KaKk U 00beM MPHU3MBI; T.€. 00beM =

MIPOU3BEACHUIO TUIOIIAAN OCHOBAHHS Ha BBICOTY.
V=S -k
Obvem Kkouyca.
KoHyc MOXXHO cuMTaTh 3a TMPaBWIBHYIO MUPaMUAy, y KOTOPOHl B OCHOBAaHWHU KpyT, a HE
MHOTOYTOJIHHUK; TIOATOMY 00BhEM KOHYCa ONpeeNseTcs Tak ke, Kak 1 00beM MUpaMUIbl; T.e. 00beM =

OIHOM TPETHU NPOU3BCACHUA IINIOAAN OCHOBAHUA Ha BBICOTY.
|

V =—58":h
3
O6vem yceuenHo20 KoHyca, BHICOTa KOTOPOii paBHa /1, a IIOIIAIM OCHOBAHMH paBHEL © U S
BBIYHCIISIETCS IO (hOpMYyJIe
W N -
V=—h(§+S +,S5-5))
3

Obvem wapa.

[ToBepxHOCTh HIapa MOKHO CUUTAaTh COCTOSALIEH M3 YpPE3BbIYAHO OOJIBIIOTO KOJUYECTBA
BeChbMa MaJbIX IUIOCKUX (UTYp, HAmp. TPEYrOJbHUKOB; €CIM MBICICHHO COCIWHUM BEPIIMHBI ATHUX
TPEYTOJIbBHUKOB C LEHTPOM Iapa, TO IOJy4MM MHOXECTBO IUPaMHUZ, KOTOpPBIE BCE BMECTE H
COCTaBJISIIOT 00BEM IIapa; BCE ATH MHpaM. UMEIOT OJHY BBICOTY, UMEHHO paJuyc Iapa, a OCHOBAHUS
UX COCTaBISIOT MOBEpXHOCTh miapa. Ho 4yToObl HailTh oObeM NUpaMuabl, JOJDKHO IUIOINAAb e
OCHOBAHHUSI YMHOXXUTh Ha 1/3 BBICOTHI; ClIeOBAaTENbHO, Mbl HailleM cymMMy 00BEMOB BCeX MUpPaAMUJ,
M 00beM 11apa, eciIM YMHOXKUM CyMMY BCEX OCHOBaHMH MIJIM MTOBEPXHOCTH L1apa, Ha TPETh paauyca.
Hrak, 06beM 11apa = MOBEPXHOCTH LI1apa, yMHO)KEHHON Ha TPETh pajuyca.

Konmponvnuvie 6onpocwi

1. ITonsiTHEe 0OBEMa U €T0 CBOICTBA.

2. UnterpanbHas hopmysia oobema.

3. ®opmyiiel 06beMa KyOa, IPSMOYTOJIEHOTO Mapajiesienune a, pu3Mbl, HIUIHHIPA.
4. ®opmynbl o0beMa TUpaMUAbl U KOHYCA.

5. @opMyuibl IUIOLAAU IOBEPXHOCTEN LIWIMHPA U KOHYCA.

6. ®opmysel 00beMa I1apa U TUIoaan chepol.

IMoxo6ue Ten (1ONMOJHUTEIBLHBIN MaTepHUaJ)
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Jlea mena nooooOHbl, €CIN OJHO U3 HUX MOXKET OBITh MOIYYEHO U3 APYroro MyTEM YBEIUYEHUS
(WM yMEHbILIEHUS) BCEX €ro JIMHEHHBIX pa3MepOB B OJTHOM M TOM € OTHOIIEHUU. ABTOMOOWIIb U €ro
MoJieTh — MoA00HbBIe Tena. JlBa Tenma (Purypbl) 3epKalibHO TMOJOOHBI, €CIH OJHO W3 HUX TOJ00HO
3epKaJIbHOMY OTpa)keHHIo Apyroro. Hampumep, kaptuna u e€ ¢oTOHEraTUB 3epKajIbHO MOJOOHBI IPYyT
ApyTy.

B 1momo0HBIX U 3epKajIbHO MOAOOHBIX (UTYypaX BCE COOTBETCTBEHHBIC YIIIBI (JIMHEHHBIC
JIByTPAHHBIE) PABHBL.

B nono0HBIX Teax MHOTOTpaHHBIE M TEJIECHBIE YTIIBI PABHBI; B 3pKaIBHO IMO00HBIX TeIax
OHHU 3€pKaJIbHO PaBHBI.

Ecu  o0sa mempasopa (06e mpeyzonvHble  nupamuovl) HUMEIOT  COOTBETCTBEHHO
MIPOMOPLHOHANIbHBIE pEOpa (MM COOTBETCTBEHHO MOJA00HbBIE IPaHu), TO OHU MOJOOHBI WIIH 3epKabHO
nono0HBl. Hampumep, ecnu rpaHd mepBOi MHUpamuIbl BIBOE OOJBIIE, YeM y BTOPOM, TO BBICOTHI,
anodemsbl, paguyc OMMCAHHOTO Kpyra MepBOM MUpaMHIIbI Takke BABOE OOJbIIE, YeM y BTOpOH. JTa
TeopeMa He MMeeT MecTa JIJIsl MHOTOTPAaHHHUKOB ¢ OOJIBIIMM YMCIIOM TpaHeld. [Ipeamnonoxum, 4To Mbl
coequHWIN Bce pEOpa KyOa B ero BepIIMHAX MOCPEICTBOM HIAPHUPOB; TOT/Ia MBI MOXKEM H3MEHUTh
(bopmy 3TO PUTYpBI, HE pacTATHBas €€ CTEPKHHM, U MOIyYUTh U3 HAYaJIbHOTO Ky0a rmapasuiesenumne].

e npasunvHvie npusmbl unU NUPAMUObl C OJWHAKOBBIM UYHCJIOM TpaHell MOJ00HBI, €CiH
panuychl UX OCHOBaHMH NPOMOPLMOHANIBHBI MX BBICOTAM. J[Ba KpyTibIX IHMIMHIpAa WM KOHYycCa
MOI00HBI, €CITU PaJNyChl UX OCHOBAaHUI MPOMOPIIMOHAIBHBI UX BHICOTAM.

Ecnu 06a u 6onee men noooOHwl, TO TIIOUIAIN BCEX COOTBETCTBYIONIMX TIOCKUX M KPUBBIX
MOBEPXHOCTEH ATHX TeJl MPOMOPIIMOHATBLHBI KBaIpaTaM JIFOOBIX COOTBETCTBYIOIUX OTPE3KOB.

Ecnu 0sa u 6onree men nooobuwl, TO UX 00BEMEI, a TAKKe 00BEMBI JIFOOBIX UX
COOTBETCTBYIOIIMX YACTEH, MPOMOPIHUOHATBLHBI Ky0aM JIF0OBIX COOTBETCTBYIOIINUX OTPE3KOB.

ITp u M e p. YHamka auamerpom 8 cM u BbicoTol 10 cm BMemaet 0.5 nutpa Boasl. Kakux pazmepon
J0JDKHA OBITH TOJJO0HAS Yalllka, BMenaromas 4 Jutpa BoabI?

Pem e nue . [lockonpky yamku — MOJOOHBIE HUJIMHAPHI, TO OTHONIEHHE MX OOBEMOB PaBHO
OTHOIIICHHIO KYOOB COOTBETCTBYIOIINX OTPE3KOB ( B HAIIEM CIlydae — BBICOT W JHAMETPOB YaIleK ).
CrnenoBaTenbHO, BRICOTA /1 HOBOH YallIKM HaXOJUTCS U3 OTHOIIECHUS:

(h/10)°=4/05, toecte " =8 -10°, oteyna k=20 cm;
AHATOTMYHO, 1714 IHaMeTpa ¢ TOTyEHM:

(d/8)°=4/05, toecte d° =8-8°. omeyma d=16cmr.
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Tema 14. JjieMeHTbI TEOPUH BEPOATHOCTEH U MATEMATHYECKONH CTATUCTHKH
(mpoaosxeHue)

Tema 14.1. JInckpeTrHbie cry4aiiHble BeJMYHHBI

Tlonamue ouckpemuou ciyuaiHou 8eludUnbl. 3aKOH pacnpeoenenusi OUCKPemHOU CIY4atiHoU
genuyunbl. Beposimnocms ouckpemmotl ciyyatinou eauyunvl. Xapakxmepucmuku OUCKpemHo
CAYYAUHOU 8eTUYUHDBL

Ymemb HaxoqUTh BEPOATHOCTD TUCKPETHOMN CITydaifHOM BelU4MHBI 10 (hopMmyie bepHymu, HaXouTh
€€ XapaKTEPUCTUKH.
3uamy:onpenencHue AMCKPETHOM CilyuyaliHON BEJTMUUHBI,3aKOH €€ PAcIpee/ICHHs] U XapaKTePUCTH KU

3akon pacnpedenenus ciyuauHol eIUUUHbL
Cnyuatinou éenuyunoti (c.B) X Ha3pIBaeTCA BEIUUYHMHA, KOTOPAsi B pe3yJIbTaTe OINbITa MOXKET
IIPUHUMATh TO WM MHOE 3HAYEHUE, IPUYEM 3apaHEe U3BECTHO KAKOE UMEHHO.
CrydJaiinbple BeIMYMHBI MOXKHO Pa3/IeNTh Ha JIBE KATETOPHH: JUCKPETHBIE U HETIPEPHIBHEIE.
JIucKkpeTHO CiTy4JaitHOM BEJIMUYMHOM (J1.C.B.) HA3bIBACTCS TaKas BEIUYMHA, KOTOpas B
pe3ynbTaTe ONbITa MOKET IPUHUMATh ONpE/IeICHHbIe 3HAUYCHHUS C ONPE/ICIICHHON BEPOSITHOCTHIO,
00pasyromye c4eTHOE MHOXKECTBO (MHOKECTBO, SJIEMEHTHI KOTOPOTO MOTYT OBITh 3aHYMEPOBAHBI).

Psaoom pacnpedenenus n.c.B. X Ha3pIBaeTCs TaOIUIA COOTBETCTBUS 3HAUCHUM

CIIy4allHOM BEJIMYMHBI U UX BEPOATHOCTEM.

x; X X o x

2 o 24 s b,

p =P(X =x); ¥ p, =I
3xmech i= .

bunomunanvusiii 3axkon pacnpeoenenusa CiydaiiHas BeuunHa X UIMEET OUHOMUATbHOE
pacnpeodeneHue, €CI OHA O3HAYAET KOJIMYECTBO MOSIBIIEHUN COOBITUS 4 B 1 HE3aBUCUMBIX OIBITaX.
BeposTHOCTh KaxkI0T0 3HAYEHUS STOH CIy4YailHON BEeTMYMHBI MOXKHO HaiTu 1o gopmyne bepuymmu.

PCX =k) =P (k) =Cp"qg™*, k =0,1,2,...
Yucnogvie xapaxmepucmuku OUCKpemHbIX CAYUAUHBIX 6eTUYUH
Mamemamuueckoe odxcuoanue 0.c.8.

IIpu pemeHun MHOTMX 3a4ad ObIBaeT JOCTATOYHBIM 3HAHME HECKOJIBKUX YHCIOBBIX
XapaKTepUCTUK CIIy4yalHOW BeMWMYMHBL. OAHOM M3 TAaKWX BAXKHEHIIMX YHCIOBBIX XapaKTEPHUCTHK
SABIISICTCA Mamemamuyeckoe oxcuoanue, KOTOpoe NPUOIMKEHHO paBHO CpeJHEMY 3HAUYEHUIO

CIIy4aifHOH BEJIMYUHBI, BOKPYT KOTOPOT0 TPYNIUPYIOTCS BCe €€ ocTajbHble 3HaUeHUsl. Tak, HalpuMmep,
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MIPU U3YUYEHHUH PACIpEeIeNIeHNsI HEKOTOPOTO0 SKOHOMHUYECKOT0 ToKa3aTels paboTsl JanHoro CMY
IIPEXkJIE€ BCEr0 HHTEPECYIOTCS €r0 CPEHUM 3HAYCHHUEM.

Mamemamuyeckum odxcudanuem TUCKPETHOU CITydaillHON BETMYMHBI Ha3bIBACTCS CyMMa

MPOM3BEICHUI BCEX BO3MOXHBIX 3HAUEHUH CIIy4aiiHOIN BEIMYMHBI HA UX BEPOATHOCTHU:
M(X)=xp +x,p, +..+x D, :E.X, p.
1=l
Jlucnepcus u cpednee keadpamuieckoe OMKIOHEHUE

Ha mpaxTtuke dwacto TpeOyeTcs OIEHHTHh paccesHUE BO3MOXKHBIX 3HAYEHUM Ciy4aiHOM
BEJIMYMHBI BOKPYT €€ cpelHero 3HaueHus. Hampumep, B apTHIIepyun BaXKHO 3HATh, HACKOJIBKO KYyYHO
JSATYT CHApSABl BOJIM3H 1€, KOTOpas JOJHKHA OBITh IOpaXkeHa.
Jucnepcueii (pacceusanuem) TUCKPETHON CITy4alHOMN BEIMYMHBI HA3bIBACTCS MAaTEMaTHUYECKOE
OKUJIaHHE KBaJApaTa OTKJIOHCHUS CIyYailHON BEIHMUYMHBI OT €€ MAaTEMATHUECKOTO OKUIAHMS.

D(X) =M| X - M(x)*
JIy1st BEIUMCTIEHUST TUCTIEPCUU YaCcTO OBIBAET Y00HO TOJIb30BAThCS CIEAYIONIEH TEOPEMO:
Teopema. Jlucniepcusi paBHA pa3HOCTU MEXy MaTeMaTHUYECKUM OKHJIaHUEM KBaJparta CIIydaiHO!
BEJIMUYMHBI X U KBaJPaTOM €€ MaTeMaTHUeCKOTrO OKUaHHUs:
D(X) =M(X*)- M(X)"

Cpednum keadpamuyeckum OmKIOHeHUeM CITyJaitHON BeTMYUHBI X Ha3bIBacTCA KBAAPATHBIN

KOPEHb U3 IUCTIEPCUU:

(X)) = D(X)

Tema 14.2. OcHOBHBIE MOHATHA MATEMATHYECKOH CTATUCTHKHU

Onpeodenenue mamemamuyecxkou cmamucmuku. [lonsimue eeHepanvbHol COBOKYRHOCMIUL.
Bapuayuonnwvui pso. @ynxyuu pacnpedenenus. [Ipedocmasnenue oanuwix (mabauybl,
ouazpammol, epaghuKu, NOJUSOH, 2UCMOSPAMMA)

Ymems: IpeICTaBIATh JaHHBIE CTATUCTUYECKOTO pacrpeieieHus

3Huamsb: OCHOBHBIE TIOHATHUS MATEMATUYECKON CTaTHCTUKU

Mamemamuueckas cmamucmuka — pa3lell MaTeMaTHKH, B KOTOPOM H3y4YalOTCS METOABI cOopa,
CHCTEMAaTH3allud M OOpa0OTKM pe3yJbTaTOB HAONIOJCHUNA MAaCCOBBIX CIIyYalHBIX SIBJICHUN LIS
BBISIBJICHUS! CYILIECTBYIOLINX 3aKOHOMEPHOCTEH.

__Ilpeomemom mamemamuueckou cmamucmuxku SBISCTCS H3yUYCHHE CIy4alHbIX BEIMYMH (WM
CIIy4aifHbIX COOBITHIA, TPOLIECCOB) MO pe3yJIbTaTaM HaOIIOJCHUM.

I'enepanvholl co80KYNHOCHbIO HA3BIBAETCS — COBOKYITHOCTh BCEX TOJUICKAIINX U3YYECHHUIO 00BEKTOB
WX BO3MOXHBIX PE3YJIbTATOB BCCX MBICIIMMBIX Ha6HIOH€HHfI, MMPONU3BOAUMBIX B HCHU3MCHHBIX
YCJIOBHSIX HaJl OTHUM OOBEKTOM. 3a4acTyr0 TPOBOIUTH CIUIOMIHOE 00CIIE0BAHKE, KOTa U3YYar0TCs

BCE OOBEKTHI, TPYIHO WM AOPOTrO, a MHOTAA U HEBO3MOXHO. B 3THX cilyyasX HamIydlIdM CIIOCOOOM
103



o0cCIIeIOBaHMs SBISIETCSI BEIOOPOYHOE HAOIIOICHNE: BRIOMPAIOT M3 TeHEPaIhbHON COBOKYITHOCTH YacThb
ee 00BEKTOB («BBIOOPKY») U MOABEPTAIOT €€ U3yUCHHUIO.

Buvibopounoii  cosokynnocmslo  (6b100pKoll) HA3BIBAIOT COBOKYIHOCTh OOBEKTOB, OTOOpPAHHBIX
CllydaiiHBIM  00pa3oM W3 TeHEpallbHOW COBOKYNHOCTH. bojee cTporo: BbIOOpKa — 3TO
MOCJIEA0BATENbHOCTh X1, X2, ... X» HE3aBUCHUMBIX OAMHAKOBO PACHPEACICHHBIX CIy4alHBIX BEIWYMH,
pacrpesielieHne KaxJI0M M3 KOTOPHIX COBMAJaeT C paclpelelieHueM TIeHepaIbHON CiydyaitHON
BEJIMYHUHBI.

UYucno o0beKTOB (HaOMIOJEHMI) B COBOKYIIHOCTH, I€HEpajIbHOW WJIM BBHIOOPOYHOM, HA3bIBAETCS €€
0b6vemom; 0003HAYAETCS COOTBETCTBEHHO uepe3 N u n. KoHKpeTHbIE 3HaYeHUS BBIOOPKH, ITOTyYEeHHBIC
B pe3yJibTaTe HaOM0AeHNH (UCTIBITaHN), HAa3bIBAIOT peanusayuell 6b100pKu 1 0003HAYAIOT
CTPOYHBIMHU OYKBAMH X1, X2 ...Xn.

MeToa CTaTUCTHYECKOTO HMCCIECIOBAHMUS, COCTOSIIUI B TOM, YTO HAa OCHOBE M3YyYEHHs BBHIOOPOUHOU
COBOKYITHOCTH JIEJIAeTCsI 3aKIIIOYCHUE O BCEHl TeHEPaIhbHON COBOKYITHOCTH, HA3BIBACTCS 68b100POUHBIM.
Paznunuator BEIOOpKH C BO3BpallleHHEM (ITOBTOPHBIE) U 6e3 Bo3BpalleHus (OecroBTOpHbIe). B nepBom
cllyyae OTOOpaHHBI OOBEKT BO3BPALIAECTCS B TEHEPAIbHYIO COBOKYITHOCTH TEpel H3BJICUCHHEM
CIIEYIONIETO; BO BTOPOM — HE Bo3Bpamaercs. Ha mpakThke damie HCIoib3yeTcs OecrioBTOpHAs

BBIOOpKA.

Cmamucmuyeckoe pacnpedeieHue blOOPKU

Ilyctp mn3ywaercs HekoTopass ciydaiiHas BenuuumHa X. C 3TOH I1enbl0 Haj CiydyaiiHOM
BEJIMYMHON X MPOU3BOAMUTCS PsIJI HE3aBUCHMBIX OMNBITOB (HaOMI0/IeHHi). B Kax/1oM U3 3TUX ONBITOB
BeIMYMHA X NPUHUMAET TO WM MHOE 3HadeHue. IlycTh OoHa mpuHsna m1 pa3 3Ha4EHHUE X1, M2 pa3 —
3HAYCHUE X2, ...,Mk pa3 — 3HAUCHUE X«. [Ipu 3TOM n1 + n2 +...+ nk = n— 00beM BEIOOPKH.

3HAYEHUS X1, X2 ... X« Ha3bIBAIOTCA 8ApUAHMAMU CITy4allHON BEJINYUHBI X.

Best COBOKYNMHOCTh 3HAUeHWH CIy4ailHOW BEMMYMHBI X TPEJCTaBIseT cO0OW TEepBUYHBIN
CTaTUCTHYECKUNA MaTepuan, KOTOPBIM TOJICKHUT HajdbHEWIel o0paboTKe, NPEXIe BCEro —
YIOPSI0YEHHUIO.

Omnepanusi pacmoyioKEHUs] 3HAYEHWH CIIydailHON BeNWYMHBI (TMPU3HAKA) MO0 HEyObIBAaHHUIO
Ha3bIBAETCS PAHICUPOBAHUEM CTATUCTUYECKUX JAHHBIX.

[TonmyuenHast TakuM 00pa30M MOCIEIOBATEIBHOCTD X1, X2 ...Xn 3HAUCHUH CITyYailHON BEJIMYHHBI
X (toe x1 na ... X, ) HA3bIBACTCS 8APUAYUOHHBIM PIOOM.

Uwncna ni, MOKa3bIBAIOIINE, CKOJBKO pa3 BCTPEYAIOTCS BapHAHTHI Xi B psAle HAOIOJICHUM,
Ha3bIBAIOTCS YACMOMAMU, @ OTHOIIICHUE UX K 00beMy BBIOOPKH — omHocumenvHoimu yacmomamu (Wi

_ "
w, =— Y
), T.e. f ﬂ,rae“—zlen:'-
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Cmamucmuyeckum pacnpeoenenuem 6blOopKy WIA CMAMUCMuYeckum psaooM Ha3bIBalOT
nepedYeHb BAPUAHT Xi BAPHALIMOHHOTO PSAAa M COOTBETCTBYIOLIMX UM YaCTOT /i MJIM OTHOCHTEILHBIX
yactot Wi,

3anuchIBaeTCs CTAaTHCTHYSCKOE pacipeaciicCHue B BUIC Ta6J'II/II_II>I. HepBaﬂ CTpOKa COACPIKUT

BAapHWaHTEI, a BTOpas — UX YaCTOTHI A (I/IJ'II/I OTHOCHUTCIIBHBIC '-IaCTOTBI).

Omnupuyeckas gyukyus pacnpeoenenus

OnHuM U3 croco0oB 00pabOTKU BAPHALMOHHOTO PsAJa SBJSETCS MOCTPOSHUE AIMITUPHYECKON

(GYHKIHU pactpeeTICHHS.
o o o =
Omnupuyeckoii (CTATUCTUICCKON) (hyHKYUell pacnpedenenus Ha3bIBACTCS PYHKIIHS # (x],

ompeiesIomas IS KaKIOr0  3HAYEHHS X OTHOCHTENBHYIO  4YacTOTy  COOBITHS
{X <x}F"(x) =p™{X <x}

JUis HaX0X/I€HUS 3HAYEHUI SMIIUPUUEcKON QYHKIMH Y00HO M0JIb30BaThcs (popMynoin

F.*(x) = ?;—x

3

r]ie 7 — 00BEM BBIOOPKH, /1x — YUCIIO HAOIFOACHUN, MEHBIIINAX X (X = R).

3MHI/IpI/I‘-IeCKa}I (I)yHKI_II/ISI O6J'I8.,Z[8.CT CJIeAyromumMu CBOMCTBaMH:

3HavYeHus SMIUPUYECKON (PYHKIUHU MPUHAIIEKHUT oTpe3Ky [0,1].

2.F%(x) _ HeyObIBaroIas GyHKIIHS.

& ey
3. Ecim *i — HauMeHbluas — BapuaHta, a Yk - HamOonbmas, 1O I (x)=0 pH

xs x4 F(x,)= Lhpn X = X,

Tonueon u cucmozpamma

CraTucTrueckoe pacnpesiesiecHne u3o0pakaercss rpagudecku (il HATJSIIHOCTH) B BHJIEC TaK
Ha3bIBAEMBIX NOIUCOHA T 2UCTNOSDAMMDL.
Juckpemnoe pacnpedenenue npusnaxa X

[TonuroH, kKak MpaBUIIO, CIYKUT JJIsE U300paKeHUs TUCKPETHOTO (T.€. BAPUAHTHI OTIMYAIOTCS
Ha TIOCTOSHHYIO BEJIHMYHMHY) CTAaTUCTHYECKOTO psiaa. [lonueonom uyacmom HA3BIBAIOT JIOMaHYIO,
OTPE3KH KOTOPOW COCAUHSIOT TOUKH C KOOpAUHATAMU (X1,711), (X2,12), ..., (Xk1K);

Tonueonom omuocumenvHblx wacmom HA3BIBAIOT JIOMaHYI0, OTPEC3KH KOTOpOfI COCOUHAIOT

TOYKH C KOOpAMHATAMU (X1,W1), (X2,W2), ..., (Wk,pk), THE Xi - BADUAHTHI BEIOOPKH,
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BapuaHTh! Xxi OTK/IabIBalOTCS HA OCH a0CLIMCC, a YaCTOTHI ¥, COOTBETCTBEHHO, OTHOCUTEIIbHbBIE
4acTOThl — Ha OCU OpAMHAT. I[0JMrOH OTHOCUTENBHBIX YacTOT SBJISETCS CTATUCTUYECKUM aHAJIOIOM
MHOT'OYT'OJIbHUKA paclpeaeIeHus.

Henpepuvienoe pacnpedenenue npuznaxa X
Jlyis HempepbIBHO paclpeielIeHHOro IMpHu3Haka (T.. BapUAHTBl MOTYT OTJIMYAThCSl OAMH OT
JPYroro Ha CKOJIb YTOJHO Mallyl0 BEJIMYMHY) MOKHO IOCTPOMUTH MOJMIOH YacTOT, B3SB CEPEAMHBI
MHTEPBAJIOB B KaU€CTBE 3HAYECHUH X1, X2,....,.Xx. bojee ynmoTpeburenbHa Tak Ha3bIBaeMasi THCTOIpaMMa.
T'ucmoepammou yacmom Ha3bIBAIOT CTYNEHYATYIO (PUTYPY, COCTOSIILYIO U3 MPSMOYTOJIEHUKOB,
O
OCHOBAHHUSIMU KOTOPBIX CIIy’KaT YaCTUYHbIE HHTEPBAJIbI JUIMHBI /1, @ BBICOTHI paBHbI OTHOLIEHUIO 7 —
IUIOTHOCTh YacTOTHI.

s
h=Lt=mn

[1omaae 4aCTUYHOrO i-ro NPSAMOYIOJbHUKA paBHA & f — CyMMe 4acTOT BapMaHT,

MIONABIIUH B I-i UHTEPBAJ.
OueBUIHO, MJIOIAIb TUCTOIPAMMBI YaCTOT paBHA CyMME BCEX 4aCTOT, T.€. 00beMy BHIOOPKH.
T'ucmozepamma omnocumenbHuiX Yacmom Ha3bIBAIOT CTYNEHYATYIO (GUTYPY, COCTOSAILYIO U3
IPSIMOYTOJIBHUKOB, OCHOBAaHUSIMU KOTOPBIX CITy’KaT YaCTUYHbIE MHTEPBAJIbI JJIMHBI /1, @ BBICOTHI PaBHbI
i

OTHOIICHUIO & — IIJIOTHOCTH OTHOCHUTCIIBbHBIX YaCTOT.

W
h—L=mn

IImomanps 4aCTUYHOTO I-TO MPSIMOYTOJIbHMKA paBHA h ! — cyMMe 4acTOT BapHaHT
3

MOIABIINH B I-il UHTEPBAJL.
OueBnHO, IUIOIIAJb TMCTOTPAMMBI OTHOCHUTEJIIBHBIX YacTOT  paBHa CyMME BCeEX

OTHOCHUTCIJIbHBIX 4aCTOT, T.C. CAMHUIIC.

3aganueNel.  Iloctpouth nOIUTrOH 4acToT IO JAHHOMY DPAacHpeleNieHHI0  BBIOOPKH:
Pemenne.
xi|1 |4 |5 7 OtmetuMm Ha ocu abcuucc  BapuaHThl Xi, @ HA OCM  OpJAUHAT —

ni|20 (10 |14 | 6

COOTBETCTBYIOIINE UM YaCTOThI , GOCAMHHB TOUKH ( %™ ) oTpe3kaMu

NpsAMBIX, ITOJTYYUM HCKOMBIM IIOJINTOH YacTOT.
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L 4

3ananue Ne2. [TocTpouTh rUCTOrpaMMy YacTOT MO JAHHOMY pacIpeleIeHHI0 BBIOOpKHU 00beMa

n=100:

Homep UacTH9HbIA HHTEPEAT CvnMa 9acTOT BAPHAHT IlnoTHOCTE 9aCTOTH
HHTEPEATA HHTEPBATA
i Xy = Xjpq T, L
h
1 1-5 10 2.5
2 59 20 3
3 9-13 30 12.5
4 13-17 12 3
5 17-21 g 2

Pewenue. Tloctponm Ha ocu abcuyce 3a1aHHble MHTEpBabl JJIMHBL h=4. [IpoBenem Hax sTumMu
HMHTEpBaJlaMU OTPE3KH, NapajljiesIbHble OCH a0CLNUCC U HaXOASIIUECS OT HEE Ha PACCTOSIHUSIX, PaBHBIX

COOTBETCTBYIOIIMM IUIOTHOCTSAM 4acToT. Hanpumep, Hax untepsanom (1,5) moctpoum
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OTpe30ok, mapajyienbHbli 0CH a0CIUCC, Ha PACCTOSTHUH
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I'mcrorpamma yacToT n300pa)xkeHa Ha puc.

Konmponvruvle 6onpocwi
1. IIpencraBieHue JaHHBIX, TeHEPAIbHAS COBOKYITHOCTh, BHIOOPKA, CpeHEe
apudMeTHIecKoe, MearuaHa.

YpaBHeHusi U HepaBeHCTBA ( JOMOJIHUTENbHBIA MaTEpHa)

PaBHOCH/IbHBIE YPABHEHHS] M HEPABEHCTBA.
Pagnocunvnvie ypagnenus.

ypaBHeHVIﬂ , AMeLine ogHO N ToOXe MHOXeCTBO KOpHeVI , Ha3blBatOTCA PaBHOCUJ1bHbIMN.

Hanpumep, ypaBaenust 4x-3=2x+3 u 2x=6 paBHOCUJIbHBI, TaK KaK KaK10€ U3 HUX UMEET
TOJIBKO OJTUH KOpeHb X=3. YpaBHeHUS (Xx-2)(x+5)=0 1  y’ + 3x - 10 =()TaKKe paBHOCUJIbHBI, TaK KaK

OHH HMCIOT OJIHH ¥ T¢ XKe KOpHH V1 =222 =~5  Vpaphenus 2x=4 u 3x” =12 He PaBHOCHIIBHBI, TAK
KaK IepBOE UMEET KOPEHb X=2, a BTOPOE — KOpHU x, =2,x, =-2. M3 onpenenenus paBHOCUIBHOCTH
ypaBHEHUH ClIeyeT, 4TO J1Ba YpaBHEHUS PaBHOCWIIBHBI, €CIHM KaKIblii KOPEHb MEPBOrO ypaBHEHUS
SIBJIIETCS KOPHEM BTOPOTO YpPaBHEHHS M, HA00OPOT, KaXKJblii KOPEHb BTOPOIO YpPaBHEHUS SIBJISIETCS
KOpHEM IepPBOT0 YpaBHEHUS. YpasHeHus, He umeroujue KOpHel, MaKice Cuumarom pasHoCUIbHbIMU.

N3 xypca 7 kimacca BbI 3HaeTe, YTO MOKHO CJIENIaTh CICIYIOITUE IPeo0pa3oBaHus YpaBHEHUH:

JIr0botl unen ypasHeHus MOICHO NEPEHOCUMDb U3 OOHOU YACIU 8 OPY2YI0, USMEHUB €20 3HAK Ha
NPOMUBONONONCHBLU.

Obe uacmu ypasHenuss MOJCHO YMHONICUMb UTU PA30eIUMb HA 0OOHO U MO Jice YUCIO0, He PAGHOe
HYTIO.
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[Ipn »THX mnpeoOpa3oBaHUAX HCXOAHOE YpaBHEHHE 3aMEHsIeTCsl Ha pPaBHOCWIBHOE €My
ypaBHEHUE. 3aMETUM, YTO €CJIM HEKOTOPOE BBIPA)KEHUE B JIEBOW YaCTH WMJIM NPaBOM 4aCTU ypaBHEHMS
3aMEHUTH TOXKJIECTBEHHO PaBHbIM €My BBIPRKEHHEM, TO TMOJIYYUTCS YypaBHEHHUE, PaBHOCHIIBHOE
ucxonnomy. OHaKO He MpH JH000M NMpeoOpa30BaHNN YPaBHEHUE 3aMEHSETCSI Ha PaBHOCUIIBHOE.

Hanpumep, nipu Bo3BeIeHUH B KBaIpaT 00EUX YacTell ypaBHEHUS VX =x - 2 TI0Jdyd4aeTcs
ypaBuenne ¥ =(x - 2)" | He paBHOCHJIBHOE HCXOJHOMY: TIEPBOE YPABHEHHUE UMEET TOIBKO OJIHH
KOpeHb x=4, a BTOpoe — JaBa KOpHS X, —=4.x, =1. B 3TOM cily4ae BTOpOE ypaBHCHHE Ha3bIBAIOT
CJIEICTBUEM IIEPBOTIO YPaBHEHUS.

Ecnu npu nepexooe om o0nozo ypagueHnus K Opy2omy nomepu KOpHeU He NpOoucxooum, mo
6mMopoe ypasHeHue Ha3vbleaiom Ccreocmseuem nepeoco ypasHenus. HMuaue, eciu 6ce KOpHU Nepeo2o
VpasHeHUs ABNAIOMCA KOPHAMU 8MOPO20 YPAGHEHUS, MO 8MOPOe YPAGHEHUE HA3bIBACMC S Cle0Cmeuem
nepeozo ypasHeHus.

W3 aToro onpeneneHus U oNpeAeaeHus paBHOCWIBHOCTH YPABHEHUM CIEYET, YTO:

1. ecnu aBa ypaBHEHMsI paBHOCHJIBHBL, TO KKJO€ U3 HUX SIBJIAETCS CIEJICTBUEM JAPYroOro;

2. ecly KaXI0€ U3 IBYX YPaBHEHUMU ABJIACTCS CIECICTBUEM APYroro, TO 3TU yPaBHEHUS

PaBHOCHJIBHBI.
IIpu pemieHuM ypaBHEHUH INIABHOE — HE IOTEPSTh KOPHHU, & HAJIU4ME ITOCTOPOHHUX KOPHEH MOXHO
YCTQHOBUTH NpoBepkol. [103ToOMy Ba)xxHO cieauTh 3a TeM, 4TOOBbI IpU MPEeoOpa30OBAHUU ypaBHEHMUS
KaX/10€ CJeIyolee YpaBHEHHE ObLIO CIIEACTBUEM NPEIBITYIIETO.
2x o x+1 _ -

Ipumep: Pemmuth ypaBaeHue x- 2 x- 1  (x- D(x- 2).
VMHOXHUB 00€ 4aCTH ypaBHEHMs Ha OOIIMI 3HAMEHATENL BCEX TPEX Apobel, T.e. Ha (X = D(x - 2)
nonyuaem 2X(x = D= (x+D(x-2) =4 grypna x? - x- 2=0,x, =2,x, =-1,
IIposepka.
1) IIpu x=2 3HameHaTenu ABYX ApoOel ypaBHEHUS paBHbI HyJ10. [loaTOMy X=2 He sBIsSETCS KOpHEM

JaHHOTI'O YPAaBHCHUA.

2
2) Ilpu x=-1 neBas yacThb ypaBHEHMsI paBHa — IIpaBas 4acTh paBHA

3

W[

Otser: x=-1.
3aMeTuM, UTO ISl IPOBEPKU KOPHS x=-1 TOCTaTOYHO YBUIETH, YTO 3HAMEHATeNu ApoOell ypaBHEHUS
pu x= -1 He paBHBI HYJIO (€ClIM, KOHEUHO, MIPH PEIICHUN YpaBHEHUS HE TOMYIIEHBI omuOKn). [Ipu

2x x+1 _ 4
peleHun  3a1adyu u3  ypaBHeHus x- 2 x-1 (x- D(x- 2) nmomyueHo ypaBHEHHUE
2x(x- D - (x+1)(x- 2) =4, KOTOpO€e SIBJISETCA CIIEICTBUEM YpaBHEHUSA
_\_2_12 - :f: ~ ];_\__ 2) .Kopens ¥t =2 ypapnenus 2V~ D= (x+D(x - 2) =4 yo gpngeres
2x x+1 4

KOpHEM YpaBHCHHA — . Ero Ha3zpeiBaroT NOCMOPOHHUM KOPHEM.

x-2 x-1 (x-Dx-2)

TIlocmoponnue Kopuu MoO2ym NOAYYUMbCA NPU VMHONCEHUU 0beux uacmeli YpasHeHus Ha
6blpAJICEHUE, codepofcawee HEU36eCmHoe.

Tlomeps kopHetl modicem npouzoumu npu OefleHur 0deux 4acmeti YPaeHeHUus Ha 6blPAXNCeHUe,
Codepofcamee HeUseeCcmHoe.

I/ITaK, IIpu pCUHICHUH YPABHCHUA MOXKHO J€JIaTh TOJIBKO TaKHE HpeO6pa3OBaHI/I5I, IIpHU KOTOPBIX
HE MPOUCXOJIUT MOTepU KOpHEW. Eciu mpu 3TOM moiy4aroTcs ypaBHEHHUS - CIEICTBHS JaHHOTO, TO
HEOoOX0MMa MPOBEpKa HalICHHBIX KOPHEH.

Paenocunvnuie Héepaeéencmea.

PaBHocnibpHOCTE HCPaBCHCTB C HCEHU3BCCTHBIM OIPEACTIACTCA aHaJIOTM4YHO. HepaBeHCTBa,
HUMECIOIIUE OAHO U TO XK€ MHOXECTBO peIHeHI/Iﬁ, HAa3bIBAKOT pA6HOCUIbHbIMU.
dx~ 3

N >
[Ipumep: Pemiuth HEPAaBEHCTBO v~ + |
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Tak kak *~ *1>0 npu Beex meifcTBUTENLHBIX 3HAUEHUSX X, TO, YMHOXKHUB HEPABeHCTBO Ha ¥ * 1
HOJTy9aeM HEPABEHCTBO Sy - 3 >y~ + 1, PABHOCHIBHOE JaHHOMY. Pelast 5T0 HEpaBEeHCTBO, MOy9aeM
x?-5x+4<0,(x- D(x-4)<0 , OTKyJa l<x<4,

Pemenue cuctem ABYX JHMHEHHbIX ypaBHe}mﬁ C ABYMS IEPEMEHHBIMU.

Pewenue cucmem ypasuenuii c nomowwro hopmynvt Kpamepa.
Onpedenumensy smopozo nopsioxa. Popmyna Kpamepa.

VpaBHeHHME ¢ IByMs INIEPEMEHHBIMH X M y 3amuceiBaotrca B Buae J(x.V) =0 rge f —
BBIP@KEHHE C TIEPEMEHHBIMHU X U Y. PellleHreM Takoro ypaBHEHHs Ha3bIBAETCS YIIOPSIOUYEHHAs TIapa
uncen (X, ), ), IpH TOACTAHOBKE KOTOPHIX B JJAHHOE YPaBHEHHUE MOIyYaeTCss BEPHOE YUCIOBOE
paBeHcTBO [ (x,.V,) =0.

Cucrema ypaBHEHHIA ¢ IByMs TIEPEMEHHBIMHU X M y B OOIIIEM BHJIE 3aIIMChIBACTCS TaK:

[ £, vy =O
s v v-3 — O

PemennemM cucteMbl ypaBHEHHH Ha3bIBAeTCS YHOPSAIOYEHHAs Mapa YHCelN, SBIISIOMIASCS pelIeHueM
KaX/JI0TO W3 YpaBHEHWH, BXOJAIIMX B CcHCTeMy. JIBe CHCTeMbl YpaBHEHUH Ha3bIBaIOTCA
PaBHOCHIIBHBIMH, €CJTH MHOYKECTBA PEUICHUH 3TUX CUCTEM COBIIAAIOT.

Onpeoenumens 6mopoz2o0 nops0ka PaBeH IPOU3BEICHUIO 3JIEMEHTOB, PACIOJOXKEHHBIX Ha
[JIABHOW JIMAaroHajld MHHYC MPOU3BEICHUE 3JEMEHTOB, DACHOJOXKEHHBIX Ha JIOMOJHHUTEIbHOM
nuaroHanu. s 0003HaueHHs ONpPEeNUTeNsl UCIONIb3YIOTCS BEPTUKAIbHBIE YEPTOUKHM M MPOIUCHAS
oyksa . T.e.

a, b

A =det(4) =

=a,b, - ayb

a, Iy

N, CXCMaTHYCCKH

"+"mpsiMoe mpou3BeIeHNE (rmaBHas AMAroHasb)

"—" kocoe mpousBeieHUE (AOMOTHUTENbHAS TUarOHAaIIb )

- e
~ o [ er, x =+ Fa, 22 =0
Cucrema IByX JIMHEMHBIX YpPaBHEHUH C IBYMS IEPEMEHHBIMU | cr. ~ + #». +- — .. IIPH
YCJIOBHH, YTO OIPEAEIIUTENb CUCTEMBI OTIUYHBINA OT HyJIS, UMEET €AMHCTBEHHOE PELIEHNE, KOTOPOe
c, b a, ¢,
c, b, Ax a, ¢, Ay
HaxoauTcss mo (QopMmyram X =———— =——;V =———— =—— 3TH PAaBEHCTBAa HAa3bIBAIOTCS
a, b, A a, b A
a, b, a, b,
dbopmyamu Kpamepa.

Eciy e onpe/ieuTeNb PaBeH HyJlio, TO CHCTEMA SBJIAETCS, TH00 HeCOBMECTHOI (Kora
Ax #0.A0 #0160 meonpenenennoii (korga A =AY =0 B nocnenneM ciyuae cucteMa CBOIUTCS
K OJIHOMy ypaBHeHI/IIO, a prroe ABJISICTCS CIICACTBUEM 3TOI'O ypaBHeHI/Iﬂ.

Pemrenue cucreM Tpex JIMHEIHHBIX YPABHEHUIA ¢ TpeMsl epeMeHHbIMH.

Pewenue cucmem ypasuenuii c nomowwro hopmynvt Kpamepa.
Onpedenumens mpemwvezo nopsioxa. Popmyna Kpamepa.
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apy dp dps
IlycTh naHa KBaJpaTHas MaTpHIA TPEThEro nopsaka A =| ds; dry oy

A3y d3p d3y

Onpedenumenv mpemve2o nopsaoka PaBEH IMPOM3BENECHHMIO DJIEMEHTOB, PACIIOIOKEHHBIX Ha

[JaBHOM JMaroHamd IUIOC JBa IIPOM3BENEHMS DJIEMEHTOB, OTBEYAIOIIUX TPEYrONLHHUKAM C

OCHOBAHUSMH, IApAUIENbLHBIMA  TIABHOW  [MArOHAlM, MHHYC IIPOU3BENEHUE  DJIEMEHTOB,

PACIIOJIOKEHHBIX HA JIONOJHHUTENLHOM [JUAroHajid W MUHYC JBa IPOM3BEICHUS OJIEMEHTOB,
OTBEYAIOLINX TPEYTOJBHUKAM ¢ OCHOBAHUSMM, MapaIeIbHBIMU JOIOJHUTEILHON JHAarOHAIIH.

411, iy S

dy| Gy G,

dy a3, d

3| T Aaalyy F 5003y F a3y Uy = O350y = ) Ay, = d)Hds dy

-
el )

s
L

FeOMeTpI/ILIeCKI/I 3TO BBIIIAAWT TaK:

Eod

"+" "n_n

Cucrembl THHEHBIX YPABHCHHI.
Cucmema nuHetiHbIX ypasHeHUll UMEET BU/I:

ayx tapx, ... +a,x, =b,
@y ¥ gy Forn ¥ty X, =hy,

(1)

aml’\‘l + amlxl t...t amnxn :bm‘
3nech aj — K03(PUIMEHTHI MPU HEU3BECTHBIX, bi — CBOOOTHBIC YICHBI, a Xj — HEU3BECTHBIC.
Ecnu Bce cBOOOMHBIE UICHBI PaBHBI HYIIO, TO CUCTEMa Ha3bIBACTCS OOHOPOOHOU, €CIH K€, XOTS Obl
OJIHO U3 HUX OTJIUYHO OT HYJISI, TO HEOOHOPOOHOLI.

Hcnonb3ys moHsTHE TPOU3BEICHUS MAaTPULL, MOXKHO nepenucats cuctemy (1) B Buae: AX = B,

dyp dyy . dyy,
T Cl')l (t')') (/1'7”
rme A =|"2 22 2 — MaTpulla, COCTOAMas M3 KO3()(PUIMEHTOB NPH HEM3BECTHBIX
a. .. a a

m2 o Mmn

cucteMsl (1), koTopasi Ha3bIBACTCS Mampuyeu cucmemul,

ml

X, h
X, b,
X: =1l B = =1l — BCKTOp-CTOH6HBI, COCTAaBJICHHBIC COOTBCTCTBCHHO N3 HCU3BCCTHLBIX X; U
b

U3 CBOOOIHBIX YJIECHOB bi.
YropsinoueHHass COBOKYITHOCTh 7 BEIICCTBEHHBIX YHCceN (C1, C2,..., Cn) HA3BIBACTCS peuleHuem
cucmemut (1), ecinu B pe3yJIbTaTe MOJCTAHOBKH 3TUX YUCE]I BMECTO COOTBETCTBYIOIIMX MEPEMEHHBIX
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X1, X2,..., Xn K&XKJI0C YPABHCHHUEC CUCTCMBI 06paTI/ITC$[ B apI/I(I)MCTI/I‘-ICCKOG TOXACCTBO, APYTMMU CIIOBAMU,

€
¢ .
eciu cymiectByet Bekrop C= | 2 | takoi, uto AC  B.

(jil

a) dp a, | b

|y Ay ... Gy, | b,

Marpuna A =| == - < |, oOpa3zoBaHHas MMyTeM IPUITMCHIBAHMS CIIpaBa K
ey 9 a, |b

ml "2 mn | m
Matpuiie 4 cTonliia CBOOOIHBIX YWICHOB, HA3BIBACTCS PACULUPEHHOU MAMPUyel CUCTEeMbL.

Cucrema (1), umerommast Xotst Obl OJJHO pELICHHUE, HA3bIBACTCSI COBMECHHOLU, UMEIOIIAsl TOJIBKO
OJIHO pelIeHUEe onpeodeneHHOU, UMeroIIasi 0oyiee OJIHOTO PEUICHUs HeonpeoeneHHOU, He UMeoIas HU
OJIHOTO PELICHUS] HeCO8MECMHOII.

Pewums cucmemy (1) — 3T0 3HAUUT yKa3aTh BCE MHOKECTBO €€ PELICHUI MM JTOKa3aTh ee
HECOBMECTHOCTb.

Ecnu nag cucremoii (1) BEITOTHUTH KaKUE-IMOO U3 CIEIYIONINX PeoOpa3oBaHuUii:

1) moMmeHSTh MecTaMu ypaBHEHUS;

2) yMHOXHTbH 00€ 4acTH JI000r0 ypaBHEHHS CUCTEMBI Ha JIF000€ HE paBHOE HYIIIO YHCIIO;

3) npubaBUTH K 0OEUM YACTSIM OJJHOTO U3 YPaBHEHHM CHCTEMBbI COOTBETCTBYIOIINE YaCTU APYTrOro

ypaBHEHHS, YMHOKEHHBIE Ha JII000€ ACHCTBUTEIHHOE YUCIIO,

To cuctema (1) mepexoauT B paBHOCWIBHYIO €il cucteMy. IlepeuncieHHbie BbIlIe MpeoOpa3oBaHUs
HA3BIBAIOTCS  2IeMEHMAPHLIMU — Npeobpazosanusmu  cucmemsl. B pe3ynpTaTe 3IeMEHTapHBIX
Mpeo0pa3oBaHUi MOXKET CIYYUTHCS, YTO B CHCTEME IMOSIBUTCS YypaBHEHHE, Bce KOI(PPUIMEHTHI
KOTOpOTro paBHbI HyJ10. Toraa, eciau 1 cBOOOIHBIN YIEH 3TOr0 YpaBHEHHs PaBeH HYIIO, TO ypaBHEHUE
CTPaBEIMBO TIPH JIFOOBIX X1, X2, ..., Xn U, CJIEIOBATEIBHO, €T0 MOKHO OTOpOCHTh. Eciu e cBOOOIHBIIH
YJIeH HEe PaBEeH HYJO, TO 3TO YPaBHEHUE HE yJIOBIETBOPSCTCS HUKAKUMH 3HAYCHUSIMHU HEH3BECTHBIX,
CJIEZIOBAaTENbHO, TMOJYYEHHAsh CHUCTEMa SIBJISIETCS HECOBMECTHOH. Torma HeCcoBMECTHa M MCXOAHAs
cucrema.

Teopema Kponexepa-Kanennu. (Jleononvo Kpomnexep (1823-1891) nemeykuii mamemamux)
CHcTeMa JTMHEHHBIX YPABHCHMII COBMECTHA TOIZA M TOJBKO TOTAA, KOraa paHrm marpui A u A
COBMAJIAIOT.

PaccMOTpuM cuCTeMbl JTHUHEHHBIX YpaBHEHHH, B KOTOPBIX YMCJIO YPAaBHEHUH PaBHO YHUCITY

HCU3BCCTHBIX

2)
Takue cucTeMbl pemaroTcst OTHUM H3 CIEeIYIOIUX COCO00B:
1) memooom Kpamepa,
2) memooom I'aycca, Nia Memooom UCKIIOUEHUsl HeU3BECTIHbLX;
3) mampuynviM MemoooMm.

Metoa Kpamepa.
(labpuenv Kpamep (1704 — 1752) wesetiyapckuii mamemamux)

JlaHHBI MeTOJ MPUMEHHM TOJBKO B Ciydae, ecnu cuctema mmeer Bun (4). Kpome storo,

HE00X0IUMO, IYTOOBI ONPEACITUTEIIb MATPHIIBI CHCTEMBI He paBHsuICS 0.
det A O;

Teopema. Eciiu onpenennTenis MaTPHUIIBI CHCTEMBI (4) OTIIMYEH OT HYJIS, TO 3Ta CUCTEMa UMEET

€JIMHCTBEHHOE pENICHHEe, KOTOPOe HaXxoAuTes 1Mo gpopmysam Kpamepa:
A

/
xXi= A,
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riae = det 4, a; — onpeeIUTE b MATPHUIIBI, TIOJTYyYaeMOM U3 MATPHIIBI CUCTEMBI 3aMEHOM CTOJIONA |
CTOJIOIIOM CBOOOIHBIX YJIEHOB bj

ay .. ay,y boay, .ooa,
=[R2t ve- Gz by a5,y .. Ay,
a,, - (}’”!._ 1 [)n a;{j’+l -- Uy,
Tak, Hanpumep, TUIst CHUCTEMBI u3 Tpex ypaBHEHUH
dy dpp dp by ap, ap; ay by oap ap apn b
A H Wi b, a;, ai Ay by Qs Ay Asy Dy
A, A, Ay
xi= A, = A, p= A

PanuoHa/IbHbIEe 1 MPPALMOHAJILHBIE YPABHEHHUS.

OcHoBHbIE NPpUEeMbl UX peuleHUst (PA3I0NHCeHUe HaA MHONICUMENU, 66€0eHIUe HOBIX HeU3BECTIHDIX,
nOOCMAano8Ka, epaguieckuti memoo). MzoopasiceHue Ha KOOPOUHAMHOU NIOCKOCIU MHONCECM8d
peulenutl ypagHeHull 1 HepageHCmes ¢ O8YMsl NePeMEHHbLIMU U UX CUCTEM.

®ynxupsa puga l(Y) =agx, +ax, - I+a,x, - 2+..+a, - x+a,

IZle n — HaTypalbHOE, -, ,d;,....d, — HEKOTOPbIE IEHCTBUTEIbHBIE YNCIIA, HA3bIBACTCS LIETION
panoHaibHON QyHKIUEH.

VYpaHenne Buma /’(x) =0, tnd’(x) —menas  parnuoHaNbHAS (PYHKINS, HA3BIBACTCS EITBIM
paIMoHaIbHBIM YpaBHEHUEM.

AW, AW, B0 _,
o) O,  0,x

YpaBHeHue BUaa

rne 1 (x), P (x) .. .F.(x) Q(x) 0, (x) .0, (X) — qenple panydoHaIbHbIE (YHKIHH,
HA3bIBAETCS PallMOHATLHBIM YPABHEHUEM.
P(x)

Pewenue payuonanvnozo ypasnenus O(x) =0 20 P(x) 4y OX)  — ynocounenvi(Q(x) 0),
ceooumcs K pewienuto ypasnenus 17(x) = (0 u nposepke moeo, ymo KOpHU YO0BIeMBOPAION YCIA0BUIO
0 (x)0.

OcHogHbie Memoovl peuletuss pAYUOHANbHBIX YPAGHEHUII.

1) Ilpocreitmme: pemaroTcss MyTéM OOBIYHBIX YNPOUICHWH — TMpHUBEJCHHE K OO0IeMy

2
3HaMEHATEIIO, IPUBEACHHE TIOIOOHBIX YJICHOB U Tak nanee. KBagparaeie ypaBHeHus ax” + bx + ¢ =0
- b b - dac

peIIar0TCs IO BBIBCACHHOU HAMU (bopMyﬂe X, = P

) ) e
X, +X, =—, XX, =

Taxske ucronb3yercs reopeMa Buera: a a

2) DI'pynnupoBka: MmyTéM TpYyNIHMPOBKH CJlaraeMblX, NPUMEHEHHUs (HopMys COKpaméHHOTO
YMHOXEHHS IPUBECTH (€CIIU yIacTcs) ypaBHEHUE K BUY, KOTJIa CJIEBA 3alIMUCAHO IPOU3BEIACHHE
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HECKOJIBKMX COMHOXKHTEJIEH, a CIIpaBa — HOJIb. 3aTEM IIPUPABHUBAEM K HYJIFO KaXKJIbII U3
COMHOKHUTEIIEH.

3) IloncraHoBka: HIEM B YpaBHEHUH HEKOTOpOE TOBTOPSIOIIEECS BbIpaXKEHHE, KOTOpPOE
0003HaYMM HOBOM IEPEMEHHON, T€M CaMbIM YIpOLIas BUJA ypaBHEHHA. B HEKOTOPHIX cCliryyasx
OYEBHJIHO YTO YJ00HO 0003HaunTh. Hanpumep, ypaBHeHHE

x*+x-5 3x 2
+— +4 =0, BHER D ey
x (x" +x-3) JIETKO PEIIaeTCs ¢ TOMOIIBIO TOACTAHOBKH v ,
3
noixy4JaeM t+—+4=0

1

Wma: 21/ (x2 —4x +10) — x>+ 4x = 6. 3/1ech MOXKHO C/I€JIaTh MOJACTAHOBKY x> 4=t Torma
21/(t+10)-t=6wur.n.

B Oosee ClOXKHBIX cydyasx MOACTaHOBKA BUIHA JIUIIb MTOCIIE HECKOJIBKUX MPE0Opa30BaHUM.
Hanpuwmep, nano ypaBHeHue

(x> +2x)* — (x +1)* = 55.

Ileperucas ero uHade, a UMeHHO (x° + 2x)” — (x> + 2x + 1) = 55, cpasy YBHANM MOACTAHOBKY X"
+ 2x=t.

Nmeem t2—t—56=0, ti =—7, 2= 8. OcTanock pemunThb x> +2x=-7 ux>+2x =8.

B psane npyrux ciaydaeB yo0HYIO IMOACTAaHOBKY JKeJIaTeIbLHO 3HATH “3apanee”. Hampumep

1) YpaBHenue (X + a)' +(x+b)* =c ceomures K OMKBaJpaTHOMY, €CIIU CAETaTh
MOJCTAHOBKY

x=t—(a+b)/2.

2) CumMMmerpuueckoe ypasHeHHue (BO3BpaTHOE) aox' + aix' + ...+ aix +a =0
(k03¢ HUIHEHTHI YJICHOB, PABHOCTOAIINX OT KOHIIOB, PABHBI) PEIIAETCS C TOMOIIBIO TIOJICTAHOBKH X +
1 /x =t, ecau n —uéTHOE; €CIM N — HEYETHOE, TO YPAaBHEHUE UMEET KOpeHb X = — 1.

3) VYpasHenne Buga (x +a)(x +b)(x + ¢)(x + d) =1 cBoguTCcs K KBagpaTHOMY, €CITU
a+tb=c+d ur.nm

4) Tloabop: NpU pelICHUH YPABHEHHH BBICIIMX CTENEHEN PAllMOHAIBHbBIE KOPHU YPABHEHHS anX

+ an- 1xn*1 + ...+ aix +ao= 0 umem B BUae p / q, Tae p — ACTUTENb Ao,  — JCTUTEIIb an,
p ¥ q B3auMHO npocThl, p Z,q N.

5) “HckyccTBO”, T.€. pemaTh NMpuMep HECTaHapTHO, MPUIyMaTh “‘CBOM METOI”, JOTaaaThCs
YTO-TO MPUOABUTH U OTHATH, BBIJICIIUTD IMOJHBIM KBAJpaT, HA YTO-TO Pa3ACIUTh U YMHOXKHUTD U T.1I.

6) YpaBHEHH ¢ MOJYJIEM: IIPH PEIICHUN YPAaBHEHUHN C MOJYJIEM HCIIONb3YETCsl OMpeiesieHnue
MOJyJIs U METOJ UHTepBanoB. HanoMHuM, uTO g e e

PanuoHanbHbIe HEPABEHCTBA.

[TycTh (x) ynucnoBas GyHKIHS OJHOTO WJIM HECKOJIBKUX MEPEMEHHBIX (apryMeHTOB). PemuTh

HEPaBEHCTBO

-1

(x)<0 ((x)>0) &)

3TO 3HAYUT HANTH Bce 3HAYEHUs aprymMeHTa (apryMeHTOB) (YHKUUHM , NPU KOTOPBIX

HepaBeHCTBO (1) crpaBennuBo. MHOXECTBO BCeX 3HAUEHUM apryMeHTa (apryMeHTOB) QYHKIMH , IPU

KOTOpPBIX HEpaBeHCTBO (1) crpaBeuInBO, HA3bIBAETCS MHOXKECTBOM PEILICHUH HEPABEHCTBA WIIM IIPOCTO
pelIeHneM HEpPaBEeHCTBA.

MHO0K€eCTBO pelLIeHUH HECTPOTO HEPABEHCTBA

x) 0 (x) 0 (2) npencrasnser coboil 00bEAMHEHNE MHOXKECTBA PELICHUM
HepaBeHcTBa (1) ¥ MHOXecTBa
peuienuit ypaBaenus (x) = 0.

JIBa HEpaBEHCTBA CUUTAIOTCS SKBUBAJIEHTHBIMU, €CJIM MHOYKECTBA MX PELICHUI COBIAIAIOT.

[To MHOKECTBOM JIOITyCTUMBIX 3HAaYEHUH HEU3BECTHBIX, BXO/SIIMX B HEPABEHCTBO,
MMOHUMAIOT 00JIaCTh OnpeaeneHus] GYHKIHH (X).

Hepasencta Bunma (1) mmu (2), cocraBiieHHBIE NIl Pa3IUYHBIX (YHKIUU i(X), MOTYT OBITH
CBEJICHbl B CHUCTEMY HEpaBEHCTB. PemuTh cucTeMy HEpaBEHCTB 3TO 3HAYUT HAWTH MHOXKECTBO BCEX
3HAYEHUU AapryMeHTOB (QYHKUMHU i(X), MPH KOTOPBIX CIIPABEUIMBbI BCE HEPABEHCTBA CHUCTEMBbI
OJTHOBPEMEHHO.
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["oBOpAT, UTO CHCTEMbI HEPABEHCTB YKBUBAJICHTHBI, €CJIU MHOXKECTBA X PELICHHM
COBIIA/IAIOT.
CBoiicTBa pPABHOCWJIbHBIX HEPABEHCTB.
[Ipu pemeHNH HEpPaBEHCTB HCIOJIB3YIOT CBOWCTBA pPaBHOCWIBHOCTH. HepaBeHCTBa ¢  OIHOM
MIEPEeMEHHOI Ha3bIBAIOTCSI PABHOCHILHBIMH, €CJIM MHOKECTBA UX PEIICHUU COBMAIAIOT.

Hamnpumep, HepaBencTBa 3x > 6 u X — 2 > 0 UMEIOT OJJMHAKOBBIC MHOXECTBA PEIICHUH X [2;
+ ]. OTu HepaBEHCTBa — PaBHOCUIIbHBIE.

Hepaserctsa X > 0 1 x” > 0 — HepaBHOCHIIbHBIC, TAK KAK PEIICHHE IIEPBOTO HEPABEHCTBA €CTh
MHO)kecTBO X [0; + ], a pemieHne BTOPOro HEpPAaBEHCTBA €CTh MHOXeCTBO X [- ; 0] [0; + ]. Dtn
MHO’KECTBA HE COBIAJIAIOT.

[Ipn permieHHM HEPABEHCTB BBIMOJHSAIOTCS TOJIBKO TaKWe MpPeoOpa3oBaHUs, MPU KOTOPBIX
MoJTydaroTcs 0osiee MpOCThie PABHOCWIIbHBIE HEPABEHCTBA. JTH MPeoOpa3oBaHHsS BO3MOXHBI MpPHU
BBITIOJIHEHHUH CJICYIOUINX CBOWCTB PaBHOCHIIBHBIX HEPABEHCTB!

Cgoiicto 1. Ecnu k 0o0eum yacTsM HEpaBeHCTBA MPUOABUTH OJHO U TO K€ YHCIO WIH OJHO U
TO € BBIpAXECHHE, KOTOPOE HMMEET CMBICI TpPU BCEX 3HAYEHUSAX MEPEMEHHOH, TO MOIyYUM
HEPaBEHCTBO, PABHOCWJIBHOE TaHHOMY.

Hano. P(x) > Q(x) — HepaBeHCTBO, T(X) — BBIpakeHHE, KOTOPOE HMMEET CMBICI MPU BCEX
NEHCTBUTENBHBIX 3HAYCHUAX X, X R.

Hoxkazats. HepaBenctsa P(x) > Q(x) u P(x) + T(x) > Q(x) + T(x) — paBHOCHUIIbHBIE.
JlokazarenbcTBO. a) [lycTh mpu X = a HepaBeHCTBO P(a) > Q(a) — BepHOE YMCIIOBOE PABEHCTBO, T.€. X
=a — OJIHO U3 penieHnu HepaBeHcTBa P(x) > Q(x), T(a) — 3nauenue T(x) mpu x =a.

ITo cBoiictBy umcioBbiXx HepaBeHcTB P(a) + T(a) > Q(a) + T(a) — BepHOe dYHMCIIOBOE
HEPaBEHCTBO.

CrnenoBaTenpHO, X = a — OJJHO U3 pemieHui HepaBeHCcTBa P(x) + T(x) > Q(x) + T(x). [ToaTomy,
€CITM X =a €CThb pelIeHHe MEepBOr0 HEPaBEHCTBA, TO 3TO 3HAUEHHE €CTh TAaKXKE pEIIEHHE BTOPOTO
HEpaBEHCTBA.

6) [lycts X = b — ogHO U3 pemennii HepaBeHcTBa P(x) + T(x) > Q(x) + T(x), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHOe unciioBoe HepaBeHCTBO. [10 cBOMCTBY uncIoBbIX HepaBeHCTB P(b) > Q(b) — Toxe
BEPHOE YHCIIOBOE HepaBeHCTBO. CreioBaTenbHo, X = b — pemeHue HepaBeHcTBa P(x) > Q(x).

Tak xkak MHOXecCTBa pemeHnid HepaBeHcTBa P(X) > Q(x) m P(x) + T(x) > > Q(x) + T(x)
COBIIAJAOT, TO 3TH HEPABEHCTBA PAaBHOCUJIbHEIE.

CaotictBo 2. Ecnu B HepaBeHCTBe J1I000€ ciiaraeMoe, KOTOpO€ HMMEET CMBICH Mpu BeX X R,
MEPEeHECTH W3 OJHO YacTH B JPYTyH C TPOTHUBOIOJIOKHBIM 3HAKOM, TO IOJyYUM HEpPaBEHCTBO,
PaBHOCHUIILHO TAHHOMY.

Hano. P(x) + T(x) > Q(x) — HepaBeHCTBO, T(x) — ciaraemMoe, KOTOpOE UMEET CMBICII ITPH BCEX
x R.

Hoxkasats. HepaBenctsa P(x) + T(x) > Q(x) u P(x) > Q(x) — T(x) — paBHOCHJIbHBIE.
JlokazarenbcTBo. [1o cBOlicTBY 1 MOXHO K 00euM yacTsaM HepaBeHcTBa P(X) + T(x) > Q(X) mpubaBUThH
cinaraemoe (-T(x)), Tak Kak 3TO cjaraéMoe MMEET CMBICJ NpH Bcex X R; momyuum paBHOCHIIBHOE

HEPaBEHCTBO:
P(x) + T(x) — T(x) > Q(x) — T(x), orctoga P(x) > Q(x) — T(x).

CaoiictBo 3. Ecim 00e yacTi HepaBeHCTBA YMHOXHUTD Ha OJJHO M TO YK€ TOJIOKUTENIFHOE YHCIIO0 WK Ha
OIHO U TO € BBIPAXKECHHE, IOJOKHUTEIFHOE MPU BCEX 3HAYCHHUSAX MEPEMEHHOH, TO MOIYyYUM
HEPaBEHCTBO, PABHOCHIIBHOE JJAHHOMY .

Hano. P(x) > Q(x) — mHepaBeHcTBO (1),
T(x)>0,x R,
P(x) T(x) > Q(x) T(x) — HepaBeHCTBO (2).
Hoxka3ats. HepaBenctsa (1) u (2) paBHOCUIIbHBIE.
HoxkazatensctBo. Ilycts npu x = a P(a) > Q(a) — BepHOE 4KCIOBOE HEPABEHCTBO, T.€. X = a — OJIHO U3
pelieHnu nepBoro HepaBeHcTBa. T(a) — 3Hauenue T(x) mpu x =a T(a) > 0.

ITo cBotictBy umcioBeix HepaBeHCTB P(a) T(a) > Q(a) T(a) — Toxke BepHOE YHCIOBOE
HEpaBEHCTBO, T.€. X = a —OJHO M3 pPELICHUH MepBOro HepaBeHcTBA. ClieJOBATEIbHO, €CIH X= a —
pelleHre MepPBOro HEPaBeHCTBA, TO X = a — TAKXKE PEIICHHE BTOPOTO HEPAaBEHCTRA.
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[Tycts npu x = b HepaBenctBo P(b) T(b) > Q(b) T(b) — BepHOE UKCIOBOE HEPABEHCTBO, T.€. X =
b — 071HO U3 pelIeHNu BTOPOTro HEPABEHCTBA.
[To cBolicTBy uncnoBbix HepaBeHCTB P(b) > Q(b) — Toxke BepHOE YMCIIOBOE HEPABEHCTBO, TaK
kak T(b) > 0. CnenoBarensHo, X = b — 0/IHO U3 pELICHUH NIEPBOTO HEPABESHCTBA.
[TockonbKy MHOXECTBa pEIIEHHH NEPBOIO M BTOPOrO HEPABEHCTB COBMANAIOT, TO OHU
PaBHOCHJIBHBIE.
CaotictBo 4. Ecn 06e yacTu HEpaBeHCTBA YMHOXKUTh Ha OJIHO U TO € OTPULIATEIIHHOE YHCIIO
WIM Ha OJHO U TO K€ BBIPAXKEHUE, OTPULATEIILHOE MPU BCEX 3HAYEHMSIX NEPEMEHHOW, U U3MEHUTh
3HAaK HEpAaBEHCTBA Ha MPOTHUBOIIOJIOKHBIH, TO MOJIYyYHM HEPABEHCTBO, PABHOCUIIBHOE TAHHOMY.
OTO CBOMCTBO JI0OKA3bIBAETCS AHAJIOTUYHO 3 CBOMCTBY.

AulredpanyecKue HepaBeHCTBA.
JIMHEWHBIMH (CTPOTHMH M HECTPOTHMH) HA3bIBAIOTCS HEPABEHCTBA BUA
ax+b>0,ax+b<0,ax +b0,ax +b 0, a 0, pemieHUSIMI KOTOPHIX OYIyT:

mpu a>0

XG5 hx(-s-)x -5 )x(-5-]

npua<0
X (-5-0x (-5 )x(-5-Lx[-; )-
KBanpaTHbIMU (CTPOTUMH M HECTPOTMMH) HAa3bIBAIOTCS HEPABEHCTBA BUJIA
ax” +bx+¢>0, ax’ +bx +¢ <0,
ax® +bx + ¢ 0, ax’ +bx + ¢ 0,
rae a, b, c  HEKOTOphIe AeWcTBUTENbHBIC unciauna 0.
KBapaTHOE HEPaBEHCTBO ax” + bx + ¢ > 0 B 3aBHCHMOCTH OT 3HAYCHHH CBOMX KOO(MHIMEHTOB a, b i
C UMEET pelleHus:
mpua>0uD=b’-4ac 0
-h+aD
X (-5) C o5
mpua>0uD<0 x moboe ACHCTBUTEIBLHOE YHCIIO;
npua<OuD 0
x ()
npua<0uD<0
X = (T. e. pelIeHUN HET).
Pemrenyie HepaBeHCTBa ax” + bx + ¢ < () CBOAMTCS K PELICHHIO PACCMOTPEHHOTO HEPABEHCTBA, €CITH
00e yacTH HepaBEHCTBAa YMHOXXUTH Ha (-1).
MeToa MHTEPBAJIOB.
[Tyctb Pa(X) MHOTOUICH N-i CTENEHU C JEHCTBUTEIHHBIME KOd((DHUIIMEHTaMH, a C1, C2, , Ci

BCE JIEHCTBUTENIbHBIE KOPHU MHOTO4JIeHa ¢ KpaTHOCTAMH ki, k2, , ki COOTBETCTBEHHO, IpUUeM ci > C2

> > ¢i. MHorousieH Pn(X) MOKHO NpeACTaBUTh B BUJIE
Pa(x)=(x-c1) “(x-c2)?  (x—c)" Qu(x), 3)

rae MHorowieH Qm(X) AEMCTBUTENBHBIX KOPHEH HE UMEET U JIMOO0 MOJIOKHUTENICH, MO0 OTpHUIlaTeNIeH
npu Beex X R. Tonoxxum 11 onpeneneHHoOCTH, 4To Qm(x) > 0. Torma mpu X > ¢1 BC€ COMHOXKHUTEH B
paznoxxenun (3) momoxxkutenbHbl U Pa(x) > 0. Eciim ¢1 kopeHp HedeTHOM kpaTtHocTH (K1 HE4eTHOe), TO
npu X (C2; C1) BCE COMHOXMTENU B pas3fokeHUH (3), 3a UCKIIOUEHHEM MEepBOT0, MOJOXKUTEIbHBI U
Pn(x)<0. B 3TOM ciyyae roBopsT, YTO MHOrOwIeH Pn(X) MEHsET 3HaK Mpu Mepexoie yepe3 KOPEeHb Ci.
Ecnu ke c1 kopeHb yeTHOH kpaTHOCTH (K1 ueTHOe), TO Bce COMHOXKHTENHU (B TOM YUCIIE U NEPBBIN) MPH
X (c2; ¢1) MONOXUTENBHBI U, cliefoBaTenbHO, Pu(x) > 0 mpu x (c2; c1). B aTom ciydae roBopAr, 4To
MHoOTrouIeH Pn(X) He MEeHseT 3HaK MpH Mepexo/ie yepe3 KOPEHs Ci.

AHaJIOTUYHBIM CIIOCOOOM, MCTIONB3Ys pasiokenue (3), HeTpyIHO YOeauTCs, 4TO TIPH Mepexoie
4yepe3 KOpeHb c2 MHOrowIeH Pn(X) MeHseT 3HaK, eciu k> HeueTHoe, M He MEHsIeT 3Haka, eciu k2 4eTHoe.
PaccMoTpeHHOE CBOWMCTBO MHOTOUWIEHOB MCIOJIB3YETCS [UIsl PELICHHWsT HEPAaBEHCTB METOAOM
uHTEpBaJIOB. /111 TOro 4ToOBl HATH BCE pelIeHus
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Pa(x) > 0, 4)

JOCTaTOYHO 3HATh BCE NCHCTBUTENBbHBIE KOPHU MHOTOWIEHA Pr(X) UX KpaTHOCTHU U 3HaK
MHorowieHa Pn(X) B Ipon3BOJIbHO BEIOPaHHON TOUKE, HE COBIAIAIONIEH ¢ KOpPHEM MHOTOUIEHA.

HepagencrBa ¢ mapamerpamu.

HepaBencTBa ¢ mapamerpamu SBISIOTCS HanOojee TPYIHBIMH 33JadyaMH Kypca 3JIEMEHTapHOM
MaTeMaTHKU. DTO OOBSCHAETCS TEM, YTO MX pEIIeHHs CleQyeT IMOoJydyaTh IPU BCEX IOMYCTUMBIX
3HAYEHUSIX BXOJAILIUX B HUX [1apaMETPOB.

Cucrembl palliOHATbHBIX HEPABEHCTB.

[Tycth Hamo HAaWTH YUCIOBBIE 3HAYEHHUS X, IPU KOTOPBIX MPEBPALIAIOTCS B BEPHBIE UUCIIOBBIE
HEPABEHCTBA OJHOBPEMEHHO HECKOJIBKO pallMOHAJIbHBIX HEPABEHCTB. B Takux cilydasx roBOpAT, YTO
HaJ0 PELIUTh CUCTEMY PallMOHAIBHBIX HEPABEHCTB C OJJHUM HEU3BECTHBIM X.

YroObl pemuTh CUCTEMY PALMOHAIBHBIX HEPABEHCTB, HAJ0 HANTH BCe PEIICHUS KaXkJ0ro

HCPABCHCTBA CHUCTCMBI. Torna o6ma;1 qaCTb BCEX HaﬁﬂeHHHX peH_IeHI/Iﬁ n 6y,I[CT PECICHUCM CUCTCMBI.

I'paduueckoe penieHne HepaBeHCTB.
HepaBeHcTBa ¢ 0JJHOH WK IBYMsI TIEPEMEHHBIMU MO>KHO pEIaTh rpaduIecKH.
HepaBeHcTBO c omHOI mepemMeHON MOXHO 3amucaTh Tak: f(x) > g(x), rme f(x) m g(x) —
BBIPAKEHUS, COJIEpIKaIINe TIEPEMEHHYO.
[Toctpoum B o1HO#M cucteMe KoopauHart rpaguku pyHkmuity = f(x) u  y = g(x).
Pemienne HepaBeHCTBAa €CTh MHOMKECTBO 3HAYCHHUH IMEPEMEHOW X, MPH KOTOPHIX rpaduk (GyHKUIUIH
y=g(x), Tak Kak f(x)>g(x).OTo nokazaHo Ha pucyHkax | u 2.

A

y —
Pemenne HepaBeHCTBa ¢ ABYMs nepeMeHHBIMA| f(X,y)>0 ¢CTh MHOXECTBO TOYCK IUIOCKOCTH,

KOOpPJIUHATHI KOTOPBIX YAOBIETBOPSIOT STOMY HEPABEHCTBY. }gﬁ/
A y _-’_V

Y =1lx}
y ¢ \

A
/

// X
|
|
a

v

Yy =g[x

//

v

HppauuoHnajbHble ypABHEHHUS.

VYpaBHeHuUe, cojiepKalliee NePeMEHHY0 0] 3HAKOM KOPHS, Ha3bIBACTCS UPPAUUOHAIbHBIM.

Pemenne nppalinoHaqIbHOrO YpaBHEHHsI OCHOBAHO Ha MpeoOpa30oBaHUM €ro K paliiOHaIbHOMY
YPaBHEHHIO, YTO JOCTHTAeTCs BO3BEACHHEM OOEMX €ro 4yacrtedl B OJHY M Ty K€ CTeleHb (MHOTIa
HECKOJILKO pa3).

[Tpu Bo3BeneHMH 00EWX YacTel MPPAlMOHAIBHOTO YPABHEHHUS B UETHYIO CTEIEHB IOJIydaeTcs
YPaBHEHHUE, SBJIAIOLIEECS CIEJCTBUEM UCXOHOTO. Y PaBHEHUIO-CIICACTBUIO yIOBJIETBOPSIOT BCE KOPHU
HCXOJHOI0 YpaBHEHUS, HO MOTYT IMOSIBUTHCS M KOPHM, KOTOPBIE HE SIBISAIOTCS KOPHAMU HCXOJHOIO
YpaBHEHHUS («IIOCTOPOHHHUE» KOPHM). UTOOBI BBIABUTH «IIOCTOPOHHHE» KOPHM, BCE HAWJEHHbIE KOPHU
YPaBHEHUSA-CIIEJCTBUS IPOBEPSIIOT MOJCTAHOBKOM B MCXOJHOE YpaBHEHHE U «IIOCTOPOHHME» KOPHU
0TOpachIBaIOT.

HcxonHoe MppaluOHAIBHOE YPAaBHEHUE PAaBHOCHIBHO CMEIIAHHOW CHUCTEME, COCTOSLIEH W3
YPaBHEHUS-CJIE/ICTBUS U OTPAHUYECHH, ONpeIesIIeMbIX 00JaCThIO JOMYCTUMBIX 3HAYCHH
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nepeMeHHoil. B aToMm ciyyae «IOCTOpOHHHME» KOPHH HE OyIyT BXOJIWUTH B 00JIACTh JOMYCTUMBIX
3HAYCHUH TIEPEMEHHON U MPOBEPATH UX MOJICTAHOBKOM B HCXOJHOE ypaBHEHHE HE TpeOyeTcs.
[Tpu Bo3BeaeHNH 00X YacTel UPPAllMOHAIBHOTO YPAaBHEHUS B HEUETHYIO CTETIEHb MOIyYaeTcs

ypaBHEHHE, PAaBHOCHIIBHOE NCXOTHOMY.

HppanunoHajbHbIe HEPABEHCTBA € OJHOM NEPEeMEHHOM.

PemieHne wMppanMoOHAIBHOIO HEPABEHCTBA C OJHOM IIEPEMEHHOM CBOJUTCA K PELICHUIO
PaBHOCHIIBHOM €My CHCTEMBI PallMOHAJIbHBIX HEPABEHCTB MM COBOKYITHOCTH CHCTEM PAallMOHAJIBHBIX
HEPAaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS MPU HAJOXKEHUU OIPAaHUYEHHUM Ha MEPEeMEHHYIO U BO3BEACHUU 00EHUX

4aCTEH HEPABEHCTBA B OJHY U TY K€ CTEIICHb.

IToka3zaTeabHble U TPUTOHOMETPUYECCKHUE YPABHCHHUS U HEPABCHCTBA.

OcHogHnble npuemsl Ux peweHus (PaznoxiceHue Ha MHONCUMenU, 66e0eHue HO8blX HeU38ECHUYIX,
noocmanos8Ka, epaguueckuti memoo). Mcnonvzosamnue ceoticms u epaghuxos hyHKyuil npu peuteHuu
HepaseHcms. Memoo unmepsanos.

Ilokazamenvuvie ypagnenus u HepageHcmaa.
Pewenne noxazamenvnvix ypagrnenui 4acTo CBOAUTCS K PEIICHUIO YPABHEHUS
&' =a’,
rae ¢ > 0.a #1,X - geusBecTHOE. ITO YpaBHEHUE PEIIACTCSI C MOMOIIBIO CBOMCTBA CTEIEHH: CTEIIECHH C
omHaKoBEIM ocHoBaHueM “ = 0-¢ #1 papupr TopKO TOT/IA, KOTIA PABHBI X MOKA3ATEIH.
Pemenue nokasamenvuvix Hepaserncme 4acTo CBOJUTCSA K PEIICHUIO HEPABEHCTBA
a*>a" WM g* <a’.

OTH HepaBeHCTBa pEIIAIOTCS C IOMOIIBI0 CBOWCTBAa BO3pacTaHWUs WJIM YObIBaHUS
MoKa3zaTenbHOW (YHKIUMU: s Bo3pacraomeid (GyHKIuU OonblieMy 3HaueHUI0 (QyHKIUU
COOTBETCTBYET OOJIblllee 3HAUEHUE apryMeHTa, a AJisi yObIBaroueil (yHKIMH OONbIIEMYy 3HAUYEHUIO
(YHKIIUM COOTBETCTBYET MEHbIIIEE 3HAYCHHE apTyMEHTA.

Tpuzonomempuueckue ypagHeHus u HePaAGeHCmaeda.
1. YpaBHeHuUs1, CBOASIIMECS K KBaIPaTHBIM.
2. YpaBHeHHsI asinx+hcosx =c,
3. YpaBHEeHHs, pelIaeMble pa3ioKEHUEM JIEBOM YaCTH HA MHOKUTEIIH.

IIpumeHeHre MaTEMATHYECKUX METOI0B /IJIl PelIeHUsI CoAepPKATEeIbHbIX 32124
U3 Pa3jIMYHbIX 00J1aCTeil HAYKH M MPAKTUKH (I0NOJHUTEIbHBII MaTepuaJ)

Ilpumenenue mamemamuiecKux Memooos Oisl peuleHus: CO0epHCamenbHblX 3a0a4 U3
PaziudnbIX obnacmell HayKu u npakmuku. Mumepnpemayus pe3yivmama, yuem peaibHblx
02paHuyeHul.

Pewums mamemamuueckyro 3a0ayy — 3T0 3HAUNT HAUTH TAKyIO IOCIIEIOBATEILHOCTh OOIINX
MIOJIOKEHUI MAaTEeMaTHKH, IIPUMEHSISI KOTOPBIE K YCIOBUAM 33/1a4H MOJIy4aeM TO, YTO TpeOyeTcst HalTH
— OTBET.

OCHOBHBIMU ~ MemOoOaMU — peuleHus MeKCmogblX 3a0ay SBISIOTCS apu(PMETHYECKHH U
anreOpandecKuii METO, a TaK e KOMOMHUPOBAHHBIH.

Pewums 3a0auy apugmemuueckum memooom — 3HAYUT HAUTH OTBET HA TPEOOBAHWE 3aTauu
MOCPEJICTBOM BBINOJIHEHUs] apU(PMETHUECKUX ACUCTBUM HajJ JaHHBIMHM B 3ajade yuciaamu. OpHy U
TyXKe 3a7]adqy MOXXHO PEIINTh pa3IHdHbIMU apudmMeTrnaeckumu criocodamu. OHU OTIUYAIOTCS APYT OT
JIpyTra JJOTUKOW PaCCy X IECHUI B IPOLIECCE PEIICHUS 3a]a4u.

Pewums 3a0auy ancebpauueckum memooom — 3HAUUT HAWTU OTBET Ha TpeOOBaHME 3aJauu
ITyTE€M COCTABIICHHS U PEIICHUS] YPAaBHEHHUS WIIM CUCTEMBI YPaBHECHUIA.
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Texcmosbie 3a0auu aneedpauyeckum MemoooM peuarom no ciedyruel cxeme:

1) BBILAETAIOT BETUYMHBL, O KOTOPBIX UAET pe4b B TEKCTE 33J]a4l, U YCTaHABJIMBAIOT 3aBUCUMOCTD
MEXK1y HUMH;

2) BBOJAT MepeMeHHbIe (0003Ha4Yal0T OYKBaMU HEU3BECTHBIC BEIMYHHBI);

3) ¢ mOMOUIbIO BBEJICHHBIX MEPEMEHHBIX U JAHHBIX 33/1a4U COCTABJISIOT YpaBHEHHE U CUCTEMY
YPaBHEHUH;

4) pemaroT MOJIy4eHHOE YpaBHEHHUE UJIH CUCTEMY;

5) TpOBEpSIOT HalIEHHBIE 3HAUEHUS 110 YCIOBUIO 3aJ]a4l U 3alIMCBIBAIOT OTBET.

Kombunuposannwlii METO[T pEIlICHUs BKITIOYAET KaK apu(MeTHIECKUH, TaK U aredpandecKuit
CHIOCOOBI peIICHMS.

B HavalbHON MHIKOJIE 3a1aud Oelsim no KOIudecmey Oeicmeutl TPU PEIICHUU Ha MPOCThIC U
COCTAaBHBIC. 3a11aq1/1, B KOTOPBIX JIs1 OTBETAa HAa BOIIPOC HYXXHO BBIIIOJHUTH TOJIBKO OIHO HeﬁCTBHe,
Ha3bIBAIOT npocmeimu. By 11 0TBeTa Ha BOMPOC 3aaud HY)KHO BBIITOJHUTH JIBA U Oojiee IeHCTBUiA,
TO TaKHE 3aJIa4¥ HA3bIBAIOT COCMAGHBIMU.

CocraBHy0 33124y, T€K )K€ KaK ¥ MPOCTYI0, MOXKHO PEIINTh, UCTIONb3Ys PA3IMIHBIC CIIOCOODI.

3aodaua. Peibak novimai 10 pei6. U3 Hux 3 nemia, 4 okyHs, ocTajbHbIe — OTyKH. CKOJIBKO ITyK MOMMaT

pb10aK?
IIpakmuueckuil cnocoo

's'e'd's’e’'e’ee'e’e

O603Ha9nM KaXxayro pei0y kpyrom. Hapucyem 10 kpyroB u 0603Ha4nM MOMMaHHBIX PHIO.

J JI J O O O O

Jlnist oTBETa Ha BOIIPOC 3a/1a4M MOKHO HE BBIOJHATH apu(METHYECKUE NEHCTBUS, TaK KaK
KOJINYECTBO MOMMAaHHBIX IIyK COOTBETCTBYET HE 0003HAYEHHBIM KPyTraM — UX TPH.

Apugpmemuueckuii cnocoo.

1) 3+4=7(p) — moliMaHHBIE PHIOHI,
2) 10— 7 = 3(p) — noiiMmaHHbBIC
uIyku. Anredpandeckuii cnocooO.

[Tycth x — moliMaHHbIE TYKH. TOra KOJIUYECTBO BCEX PHIO MOKHO 3alKCaTh BhIpaKeHUEM: 3 +
4 + x. Ilo ycnoBurO 3a7a4u W3BECTHO, YTO pbibak moiiman Bcero 10 pwi6. 3nauut: 3 + 4 + x = 10.
PemmB 310 ypaBHEHUE, MOTyYUM X = 3 U TEM CaMbIM OTBETHM Ha BOIIPOC 33]1a4H.

I'paguuecxuii cnocoo.

Jenu OKYHHU IyKH
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DTOT CHoCo0, TaK e KaK W MPAKTHUECKHUH, TTO3BOJISIT OTBETUTh HA BOIIPOC 3a/1a4U, HE BBITIOJTHSIS
apupMETHIECKUX JICHCTBUH.

B maTematike o0IEenpuHATO ClIeAyIolIee AeJIeHHE polecca peIeH s 3a/1a4:

1) ananu3 Tekcra 3ajaud, cXeMaTU4ecKas 3aIicCh 3a1a4u, UCCIE0BaHNE 3a/]auH;
2) mowmCK croco0a penieHus 3a/1a4u U COCTABJICHUE TUTaHA PEIICHUS;

3) ocyIecTBiIeHNEe HaliJICHHOTO TUIaHa;

4) aHanM3 HAWJICHHOTO PEIICHUS 3a]1a4H, TIPOBEPKa.

Memoowbl noucka peuienus 3a0a4u MON*CHO HA36AMb Cledyioujue:

1)  Amnanus: a) Korza B pacCyXJI€HUSIX JIBUTAIOTCS OT UCKOMBIX K IaHHBIM 3a/1a4yy; 0) KOorja 1enoe
pacwICHSIOT Ha YacTH;

2) Cunres:

a) KOTJa JBUTAIOTCS OT JaHHBIX 33]1a4U K HCKOMBIM;

0) Koraa 3JeMEHThI O0BEIHHSIOT B IIENI0C;

3) llepedopmynupoBka 3amaun (4eTKO (HOPMYITHPOBATH MPOMEKYTOUHBIE 3aJaHHsI, BOSHUKAIOIIIKE TTO
XOJly MOMCKA PEUICHHUS);

4) WHayKTUBHBIN METOJ pelIeHHs 3a/1a4l: Ha OCHOBE TOUHOTO YepTeka YCMOTPETh CBOICTBA
(burypsl, cienaTh BBIBOIBI U JIOKA3aTh UX;

5) Ilpumenenue aHanoruu (BCIIOMHHUTH aHAJIOTHUHYIO 3a71a4y);

6)  llporHo3upoBaHue — MpeABUACHUE TEX PE3YIHTATOB, K KOTOPHIM MOKET MIPUBECTH

MOUCK. Paccmompum 60oiee noopooHo npoyecc peuterus 3a0adu.:
3anaua Ha aBwkeHue. JIogka mpoluia Mo TeYEHUI0 PEKU PACCTOSHHUE MEXKIY ABYMs MPUCTAHIMU 3a 6
4, a oOpatHO — 3a 84. 3a CKOJBKO BPEMEHH MPOWAET PACCTOSHHUE MEXAY MPUCTAHSIMU IUIOT,
MYLIEHHBIN 110 TEYEHUIO PEKH?

Ananuz 3adauu. B 3amaye peub uaer o AByX oOBekTax: Jioaka W mioT. Jlogka umeer
COOCTBEHHYIO CKOPOCTh, a IJIOT M PeKa, M0 KOTOPOU IUIBIBYT JIOAKA W IUIOT, UMEET OMpPEEICHHYIO
CKOpOCTh TeueHHsl. IMEHHO MOATOMY JIOJKA COBEPINAET MyTh MO TCUCHHWIO PEKHU 32 MCHBIIEE BpPEMs
(64), yem mpoTtuB TeueHus (84). Ho »Tu ckopoctu B 3ajaue He JaHBI, TaK K€ KaKk HEU3BECTHO U
paccrosiHue MKy npuctansmMu. OgHako TpeOyeTcsi HAWTHU HE 3TU HEM3BECTHBIE, a BPEMs, 32 KOTOPOE
IJIOT MPOIUIBIBET 3TO PACCTOSTHUE.

Cxemamuueckas 3anucy.

A [ E— ot
nogra

[Touck cnocoba perrenus 3ana4n. Hy>KHO HaiiTH BpeMs, 3a KOTOPOE IUIOT MPOIUIBIBET PACCTOSHUE
Mexay npuctaHsmMu A u B. Jlng Toro, 4toObl HAWTH 3TO BpeMms, HAAO 3HATHh paccTosiHue AB u
CKOpOCTh TeueHHs pekr. O0a OHM HEU3BECTHBI, TOITOMY 0003HaUMM paccTosiHue 4B OykBoi S (kM),a
CKOpPOCTh TEYEHHUS a KM/4.YTOOBI CBS3aTh 3TW HEW3BECTHBIE C JAHHBIMH 3aJaud, HYKHO 3HATh
COOCTBEHHYIO CKOpOCTh JIoaku. OHa TOXXe HEW3BECTHA, IMOJIOKMM, OHa paBHa J km/4. Orcrona
BO3ZHUKACT IUIAH pEIICHUs, 3aKIIOYAIOIIUIicS B TOM, 4YTOOBI COCTaBUTh CHUCTEMY YpPaBHEHHM
OTHOCHUTEJILHO BBEICHHBIX HEU3BECTHBIX.

OcyuecTBienue pemienus 3ana4un. [lycts paccrosiue paBHO S (KM), CKOPOCTh TEUEHUSI PEKH a

KM/‘I, coOCTBeHHas CKOpPOCTB JIOJAKHU VKM/‘I, a UCKOMOC BPEM ABWIKCHUSA IJIOTA PABHO X Y.
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Torma cKOpoOCTh JIOAKM IO TEYCHHIO peKH paBHa (V+a) xkM/4. 3a 64 jonka, was C 3TOU
CKOpOCTbI0, Mpolia pacctosHue B S (km). CnenoBarensHo, 6 (V' + a) = S (1). [IpotuB Teuenus sta
JI0JIKa MJIET CO CKOPOCThIO (V — a) KM/4 M TaHHBIN ITyTh OHA MPOXOIUT 3a 8 4, mo3tomy 8(V—a) =S
(2). TlmoT, mIBIBS CO CKOPOCTBIO TEUECHHMsI PEKM a KM/4, TPOIUIBUI paccTosiHue S (kM) 3a X 4,

cienoBarensHo, ax = S (3).

[TonydyeHnHble ypaBHEHHUsI 00pa3ylOT CUCTEMY YpaBHEHHI OTHOCUTENbHO HEHM3BECTHBIX a, X, S, V. Tak
Kak TpeOyeTcsi HaWTH JIUIIb X, TO OCTAIbHBIE HEU3BECTHBIC MOCTAPAEMCS UCKITFOUHTD.

Jig sToro u3 ypaBuenuii (1) u (2) naiitnem: V+a=, V —a=. Bbruuras u3 nepBoro ypaBHeHUs
BTOpOE, nostyuuM: 2a = — . Otcrona a = . [loacraBum HaiiieHHOe BbIpaXkeHHE B ypaBHeHHE (3): X = .
Otkyna x=48 .

IIpoBepka pemieHus. Mbl HallUIM, YTO IUIOT MPOIUIBIBET PACCTOSHHE MEXKIY MPHUCTaHSAMH 3a 48 d.
CrnenoBaTenbHO, €r0 CKOPOCThb, paBHAasi CKOPOCTU TEUEHUs PEKU, paBHA . CKOPOCTh K€ JIOAKU IO
TEUEHUIO PEKU paBHA KM/4, a MPOTUB TedeHHs] KM/d4. [[ist Toro, 4ToObl yOeIUThCS B MPABHIBHOCTH
pelIeHus, J0CTaTOYHO MPOBEPUTH, OyIyT JIU paBHBI COOCTBEHHBIE CKOPOCTH JIOJIKH, HANICHHBIC TBYMS
crocobamu: + u — . [Ipou3Bens BEIYUCICHHUS], TOJIYYUM BEPHOE PABEHCTBO: = . 3HAYMT, 3a/laya pelieHa
IIPaBUIILHO.

OTBeT: IJIOT NPOIUIBIBET PACCTOSIHUE MEXKy ITPUCTAaHIMU 3a 48 4acoB.

Ananu3 peuieHus. Mbl CBEJM pElIeHUE ATOM 3a/1aud K PEIICHUI0 CUCTEMBI TPEX YPaBHEHUU C
4eThIphMs Hen3BecTHhIMU. OJTHAKO HAaWTH HaJ0 ObUIO OHO Hen3BecTHOE. [109TOMY BO3HHKAET MBICIIb,
YTO JAaHHOE PelIeHHEe He caMoe yIayHoe, XOTs U MpocToe. MOKHO MPEeASIOKUTh APYTroe pelieHue.

3Hasi, 4TO JOJKa MpoIuiplia paccrossHue AB mo TeueHuto pexku 3a 64, a mpoTuB — 3a &4,
HaiizeMm, 4To B 14 JozKa, WAS MO TEYEHHIO PEKH IMPOXOIUT YacTh 3TOTO PACCTOSHHUSA, a MPOTUB
TedeHHd. Toraa pazHOCTh MEXy HUMU — U = €CTh yJIBO€HHAas 4acTb paccTosiHus AB, npomsiBaemast
miotoM 3a l4u. 3Haumt. [lmor 3a lu mporubiBeT 4acTh paccrosHusi AB, ciemoBarenbHO, Bce
paccrosinue AB oH mporisiBeT 3a 48 4.

[Ipu TakoM pernieHMHM HaM HE MOHAJOOUIIOCh COCTABIIATH CUCTEMY ypaBHeHHH. OmHAKO 3TO
pellIeHre CIoXKHee MPUBEICHHOTO BhIIIe (He BCAKUN JJOTaaeTcsi HAalTH pa3HOCTh CKOPOCTEN JIOJKHU T10
TEUEHUIO M MPOTHB Te€UeHUs peku). Ho ecnu BbI Tak M HE CMOIJIM pa3o0paThCs C PELICHUEM JaHHOU
3a/1a4uM, WIM K€ Y Bac IPOCTO HET HA 3TO BpeMs, a Ha HOCY €IlE Ky4ya KOHTPOJIbHBIX, TO Bbl MOYKETE
3aKa3aTh PELICHHE KOHTPOJIbHBIX padOT Ha ClIeUaIbHBIX OMpIKax.
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