L]
MHUHHUCTEPCTBO OBPA3OBAHUSA U HAYKHU PO
OI'BOY BO «bpsHCckuUii rocy1apCTBEHHBIN TEXHUYECKUI
yHuBepcute™(bI'TY)

[Tonutexundeckuit koyutek (ITK BI'TY)

YTBEPXJIAIO Pexrop
a2 N
OOKYMEHT rnoanncAH ®dI'bOY BO BITY
SNEKTPOHHOW NOAMUCHIO
CepTudukat: 00DF212636081B4F2FEC2C849AFF43F 11D O.H. e JIOHUH
Bnapeneu: ®enonnH Oner Hukonaesuny
OevictButeneH: ¢ 27.07.2023 go 19.10.2024
L y «28» 05. 2024 r.

MeTtoanyeckne peKOMEHAAUMHU AJIs1 IPOBEACHUS MPAKTHYECKUX
pador
1o y4yeOHOU AUCIUTIIINHE
EH.01 Marematuka

CnennanbHOCTB: 15.02.14 OcHamenue cpeacTBaMu
ABTOMATHU3AIUM TEXHOJIOTHYECKHX
NPOLECCOB M MPOU3BOJCTB (110

0TPACJISAIM)

YpoBeHb 00pa30BaHus BBITYCKHHUKA: CpeaHee mpodeccrnonambHoe
obpazopanue (CI1O)

[Iporpamma noAroToOBKU

CHEIUANNCTA CPEIHETO 3BeHA

(IIICC3): bazoBas

[TpucBanBaemas KkBanuuKays: TexHuk

dopma oOydeHHUs: Ounas

Cpok nonyuenust CITIO no IIIICC3: 3 roma 10 mecsines
VYpoBeHb 00pa3zoBaHus,
HEOOXOIUMBIN ISl MpUEMa Ha

oOyuenue no ITIICC3: OCHOBHOE 00111ee 00pa3oBaHue
['on npuema Ha oOyueHue Ha 1-i 2024
Kypc:

bpsiack 2024



Mertoauyeckne peKOMEHJAIUKM JJIsl TPOBEACHUS MPaKTHUYECKHUX paboT 1o
yueonoi mucnumimHe EH.01 Marematuka mis  cnenuansHoctd  15.02.14
«OcHalieHue CpejCcTBaMH aBTOMATHU3AIlMU TEXHOJOTHYECKUX IMPOIECCOB U
MPOU3BOJICTB (IO OTpacisaM)», MpeAHA3HAUYeHbl ISl 3aKperyieHus 3HaHUW 10
u3ydyaeMoMy matepuany U (OpPMUPOBAHUIO YMEHUM, a TakKe IS MPOBEPKHU
YCBOGHUSI TEOPETUUECKOTO MaTepuajia M YMEHHMM peliath  pas3iMyHbIe

MAaTCMATHYCCKHUC 3a1a4H.

Pa3paboTanu:

[Ipenonasarens [IK BI'TY W.I1. TTapd&nona

MeTtonuueckas pa3paboTka paccCMOTpeHa 0J100peHa MPeAMETHOM KOMHUCCHEH

«MaremMaTnuecKux 1 OOIIHUX €CTeCTBEHHO HAYYHBIX AUCITATIIINH)

ITpotokos Ne 7 oT «28» 05. 2024 r.

[Ipencenarens JILA JlazapeBa



O0s1acTh IPUMEHEHUS METOAUYECKUX YKAZAHUM

Meroaudeckue ykazaHus JJisl BEITOJIHEHUS TPAKTUYECKUX PaOOT SIBISIOTCS
YaCThIO TPUMEPHOI OCHOBHOM MpodeccroHaibHON 00pa3oBaTEILHON MTPOTPaMMBbl
B coorBerctBUM ¢ PI'OC mo cnenmansHoctn CIIO 15.02.14 «OcHauenue
CpeaCcTBAMM ABTOMATHU3AIUU TEXHOJOTHYECKHMX IMPOLECCOB M IPOU3BOACTB

(o orpacasam)».
1.2. Llenb 1 nnaHupyeMmble pe3yibTaTbl OCBOEHUS AUCLUTIIUHBI:

Koo Ymenusn 3nanus

1K,

OK

OK 1 BrinonnsaTs onepanuu Hazg OCHOBBI MATEMaTUYECKOTO

OK 2 MaTpULIaMU U peliaTh CUCTEMBI | aHallW3a, TMHEWHOM anreOpsl U
JIMHENHBIX YPABHCHUN AHAIMTUYECKOW T€OMETPUU
Pewmars 3anaun, ucnons3ys OcHoBBI U PepeHInATBHOTO U
YpaBHEHUS NPSIMBIX U KPUBBIX MHTErpajgbHOr0 UCUUCIECHUS
BTOPOTO MOPsIIKa Ha OCHOBBI TEOPUH KOMIUIEKCHBIX
IJIOCKOCTH quCcen

[TpuMeHSITh METOTBI
nuddepeHIanTbHOro U
UHTETrPajIbHOTO UCUUCTICHUS
Pemates quddepennnansubie
ypaBHEHUS

[Tonp30BaTHCS MOHATUSAMHA
TEOPUH KOMIUICKCHBIX YHCEIT

1.3. PekomeHAyemMoe KOnmM4yecTBO YacoB Ha OCBOeHUue pabouen

nporpaMmmbl y4eO6HOU AUCLUNNUHDI:

MakcumaribHom y4yebHon Harpy3ku obyyatoweroca 70 yacos, B TOM YuUcne:
obasaTenbHOM ayauTtopHon yyebHoun Harpysku obyyatolerocqa 64 yaca;
npakTnyeckne pabotsl 30 yacos
camocTosaTenbHon paboTebl obyyatoLeroca 4 yaca.



NMEPEYEHb NMPAKTUYECKUX PABOT

[lencTBusa ¢ KOMMNNeKCHbIMM Yicrnamm B anrebpanyeckon goopme

2 [lencTema ¢ KOMMNEKCHbIMW YCNnamMn B TPUroHOMeTpudeckon doopme

3 OremMeHTbl BEKTOpHOM anrebpbl BelumcneHne npegenos

4 NccnepnoBaHue pyHKUMM Ha HenpepbiBHOCTb. Knaccudukaunsa Touek
paspbiBa

5 HaxoxxgeHne npon3BogHbIX CIOXHbBIX PYHKLUWINA

6 | YpaBHeHne KacaTenbHOW N HopmMmanu

7 [MonHoe nccnegosaHue pyHKUMK. [locTpoeHnerpadguka

8 BbluncneHne nepsoobpasHon 1 onpeaeneHHblX nHTerpanos. dusnyeckoe n
reoMeTpuyecKoe NpunoXeHne NHTerpanos

9 AvdppepeHumnpoBaHne yHKUUN ABYX NepemMeHHbIX. iccnegoBaHve pyHKUMM
ABYX NepeMeHHbIX Ha 3KCTPEMYM

10 | BeluucneHne OBOWHbLIX MHTErpanoB. [NpakTnyeckoenpMMmeHeHne 4BONHbIX
WHTErpanos.

11 WccnegosaHue psagoB Ha CXOAUMOCTb

12 | PeweHve anddepeHumanbHbiX ypaBHeHU

13 | HdewnctBus ¢ matpmuamm

14 | BbluncneHve onpegenurenen matpuy,

15 | HaxoxgeHue obpaTHOn MaTpuLbl. PelleHne NnpocTenmx MaTpuYHbIX
ypaBHEHUN

16 | PelwieHue cncrtem nmHenHblx ypaBHeHnn no dpopmynam Kpamepa n c

NOMOLLIbIO 0BpaTHON MaTpuLbl




17

PelwleHne cucTteM NIMHENHbIX YpaBHEHU MeTOA0M [faycca




18

OnemeHTbl BEKTOPHOW anredpsbl

19

CocTaBneHve ypaBHEHUS NPSMOW Ha NIOCKOCTU. Yron Mexay npsimbIMu

20

CocTaBrneHue ypaBHEHUI KpUBbIX BTOPOro nopsiaka (OKpY>KHOCTH,

annunca, runepbonsl, napadonsbl)

IIpakTuyeckasi padbora Ne 1 mo reme
«/leficTBHS CKOMILUIEKCHBIMHU YU CJIAMM B ajiredpandeckoii popme»




Ieab: HAYYUTH BBIMOIHATH JCHCTBUS ¢ KOMIICKCHBIMH YHCIIAMU B
anredpandeckon Gpopme
Bpems BbinonHeHUsA 90 MUHYT

MaTtepunanbHoe obecneyeHue
1.TeopeTnyeckne ceegeHnsd

2.3apaHve

3.Jinct A4

4 Kanbkynsropebl

NMopsaAaok BbINOMIHEHMA PaboThbI
1.3yunTb 3agaHue

2. N13yunTb TeopeTnyeckue ceeaeHuns

3. BbInonHuTb 1 ohopmnTb paboTty

4 .MNokasaTb pesynbTaThl NpenogasaTerto
[JdomaluHee 3aaaHue

1.MoarotoBnTL OTBETHLI HA KOHTPOJIbHbBIE BOMNPOCHI

Teopernveckue cBeeHUA

z a ip
Omnpenesnenne. KoMIIeKCHbIM YMCJIOM ZHA3BIBAETCS BBIPAKEHUE ,

rac an b— I[CﬁCTBHTGJIBHBIC quciia, [ — MHAMas CANHHIIA, KOTOPasd OIIPCACIIACTCA

COOTHOIIeHHeM:i > 1; i+ 1.

[Ipu »TOM YKCIIO @ HA3bIBACTCS AeHCTBUTENBLHON YacThI0 uncia z (a = Rez), a
b- maumoi yacTeio (b = Imz).

Ecau a =Rez =0, To uncio z OyAeT YUCTO MHUMBIM, eciiil b = Imz = (), To

YUCJO z OyJIeT NeHCTBUTEIBHBIM.

z aib a ib
Oﬂpe)]eJIeHI/Ie. Yucma u = Ha3bIBAKOTCIA KOMILJIEKCHO —
COleﬂ)KeHHbIMI/I.
z a bz a ib
Oﬂpe)Ie.JIeHI/Ie. I[Ba KOMIIJICKCHBIX YHUCJIA 1 1 1 N 2 2 2 HA3BIBAKOTCIA

PaBHBIMH, €CJIH COOTBETCTBEHHO PaBHBI UX JICHCTBUTEIbHBIC U MHUMBIC YaCTH:

ar ax; b1 by
OHpeIle.HeHI/Ie. KomiuiekcHoe yuciio PaBHO HYJIO, €CJIM COOTBCTCTBCHHO pPAaBHBLI
HYJIIO JICHCTBUTEIbHAS 1 MHMMAs YacCTH.

ab 0.



JleiicTBMSI HAI KOMILVIEKCHBIMM YHMCJIAMH B ajredopanyeckoii gopme.

OcCHOBHBIE IEUCTBUA C KOMIUIEKCHBIMU YMCJIAMU BBITEKAIOT U3 JIEUCTBUN

C MHOI'O4YJICHaMMU.

CioxeHue M BLIYMTAHUE

PaccmoTpum 1Ba KOMIUIEKCHBIX YHCIIA, 3aJaHHBIX B 00IIeM BHjIeZ1 =ai+ibi;

22=a2+ib2,Tor,uaz=z1 + 22=(a1+ib1 )(a2+ib2 )=(a1 t ar )+i (b1 +bo )=a +ib

MosHO cpopMyIUpPOBATH MPABUIIO CIOKEHUS U BBIYUTAHUS KOMIUIEKCHBIX YHCEN:
OpU  CIIOKEHUM  (BBIYMTAHWUM)  KOMIUIEKCHBIX  YHCEI  COOTBETCTBEHHO

CKJIaAbIBAOTCA (BBI‘H/ITaIOTCH) 150,¢ I[CﬁCTBHTeHBHBIG U MHUMBIC 4aCTH.

YMHOXKeHue

z=z1Z>=(ai+1b1)(ax+ibz) =ai1a>+Haibx+ibiax+i*bib=a+ib
z=z1Z>=(a1a2-b1b2)+ 1 (aib2tbiaz)

( T.e. MOXHO TOBOPUTb, YTO TIEPEMHOXKAIOTCS KOMIUJIEKCHBICUHCIA KaK
MHOTOWJIEHBI, YYUTBIBAs, 4TO 12 = -1). 3HAUUT,4YTOOBI MIEPEMHOKUTH /1B
KOMIUIEKCHBIX YUCJIa HEOOXOIUMO MEPEMHOXKUTh UX KaK MHOTOUYJICHBI, yUUTHIBAS,

aroi’ = -1.

[enenne

[Ipu BBITIOTHEHUH JIEJICHUS KOMIUIEKCHBIX YUCEN MOJIb3YIOTCSI HCKYCCTBEHHBIM
npPUEMOM: YUCITUTENh W 3HAMEHATENh IPOOU YMHOXKAIOT Ha YMCII0, KOMITJIEKCHO
- COMPSHKEHHOE 3HAMEHATEIIO APOOH, U TTOCTYIAIOT JIajiee TaK, KaK v Mpu
YMHOXXEHUU KOMIUICKCHBIX YHCET.

IHpumep.
z1= 5-1;
7>=-2+31;
z 5 (5 i) *(2 3i) 10 2 15 3i° 13 13i
230 (23)*( 2 3i) 4 9;° 13 o

3aaHus NpaKTH4ecKoi padoThI
7 7 z Z1 2,21 22
1.JlaHbI KOMIUIEKCHBIE YMCIIA BBIYUCIUTD Y | 2 . Z

l.z1 5 i z 1 3i 16.z1 5 i 21 2i
2.z1 3 4i; z 1 17.21 3 i z 5 2i



z z

3.z11 54 21 4§ 18.z1 1 53 2 1 3i
4.z1 1 3i; V) 7 i 19.z15 4,z 1 3i
S.o1 1 g b3 7 3i 20.z1 1 3 %) 2 5i
6.z1 1 i V) 5 4i 21.z1 3 4 z 2 i
7.z1 3 4i; b5) 2 22.z1 5 2i b3 2 i
8.z10; zo T 4i 23.z1 7 2i; V) 5 3i
9.z1 6 5i; ) 1 24.z1 7 3i; F5) 1 4i
10.z1 1 53 z2 2 5i 25.z1 2 3i; b3 5 4i
11.z1 5 75 z 1 3i 26.z1 3 2i; z 65
12.z1 3 2 z 17 27.z1 1 T7i; z2 4 5i
13.z1 5 2i 2 21 28.z1 4 5i; z 12
14.z1 1 54 z 2 3i 29.z1 1 3i; V53 6 5i
z z
15.z1 1 4 212 30.z1 3 2 2 4 3

2. BHITIOJTHUTH ACHCTBUS HaJl KOMIUICKCHBIMU YHCIIAMU B aJireOpandeckoi hopme

1 4 2

1 2i
ninzny <5 s
201 3)
1 i3
»n1222) -
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KOHTpOHLHLIe BOITPOCHI

1. Yro Takoe KOMIUIEKCHOE YHCIIO: IEUCTBUTENIbHAS YACTh YMCIIA, MHAMAs
4acTh ynciua?

Yro Takoe MHUMAas eauHULA?

Kakue unciia Ha3bIBatOTCS CONPS)KEHHBIMU ?

Kak npeactaBuTh KOMIUIEKCHOE YHCIIO Tpaduuecku?

Yto Takoe MoayJIb yncia?

Yro Takoe aprymMeHT unciua’?

CKOJIbKO MOKET ObITh MOJIyJIEH U apIYMEHTOB Y KOMIUIEKCHOTO Ynciia?
Kak HaiiTn aprymeHT yucna?

Kak HaliTu cymMmy, pa3HOCTb, IPOU3BEICHUE, YACTHOE KOMIUIEKCHBIX YHCEI

i A

IIpakTnueckas padora Ne 2 o reme
«/lefiCTBUA HAl KOMILUICKCHBIMHU YUCJIAMHU B TPUTOHOMETPUYECKOU popme»
Llesb: HAYYUTh BBINOJIHATH IEUCTBUS C KOMIUIEKCHBIMM YHCIIAMU B
TPUTOHOMETPHUUECKOU (popme

Bpemsa BbINONIHEeHUs 90 MUHYT

MaTtepunanbHoe obecnevyeHue
1.TeopeTnyeckne ceegeHns
2.3agaHue

3.JluctA4

4.KanbKkynaropsl

NMopsanok BbINONMHEeHUs1 pabdoThl
1.3yuntb 3agaHne

2. N3yunTb TeopeTnyecKkne ceeaeHuns
3. BbIinonHuTb 1 odopmuTb paboTty
4.MokasaTb pe3ynbTaTthl NpenogasaTesnto
[JomallHee 3agaHue



1.MoAroToBUTL OTBETLI HA KOHTPOIbHbIE
Bonpockl TeopeTnyeckme cBeneHUs

I'eomeTpuveckoe n300pakeHne KOMILJIEKCHBIX YK CeJl.

[ToHsATHE KOMIUIEKCHOTO YMCJIa UMEET TCOMCTPHUUICCKOC NCTOJIIKOBAHHUC.
MHO0X€CTBO KOMILIEKCHBIX YHCEII SIBISICTCS PaCcInpCHUCM MHOKCCTBA
I[eflCTBHTCHBHLIX YHUCCI 3a CUYCT BKIIKOUYCHUA MHOXXCCTBA MHUMBIX YHUCCII.
KommiekcHbIe ynciia BKIIFOYaloT B ¢e0s1 Bce MHOKECTBA YHCCJI, KOTOPLIC
HN3yYaJIUChb paHCC. Tak HaTypaJbHBIC, LCJIBIC, PAlIMOHAJIBHBIC, HPPAIXMOHAJIbHBIC,
I[eﬁCTBHTCHBHLIe qucia ABJIAIOTCA, BOO6IH€ roBops, 4aCTHbIMHU CIy4YasiMHU
KOMIIJICKCHBIX YHCCII.

Ecnu mo0oe 1eiCTBUTENIHOE YHCIIO MOKET OBITh T€OMETPUUYECKH MPEJCTABICHO
B BH/JIC TOYKH HA YHCIIOBOU NPSMOM, TO KOMIIJIEKCHOE YHUCIIO IIPEACTABIIACTCA
TOYKOM Ha IJIOCKOCTH, KOOPAUHATAMHU KOTOPO OYAYyT COOTBETCTBEHHO
JNENUCTBUTEIbHAS U MHUMAas YaCTH KOMIUIEKCHOTO yncia. [Ipu atom
TOpPU30HTaJIbHAS OCh OYET ABIATHCS AEMCTBUTEIBLHON YHCIOBON OCBIO, A
BEPTUKAJIbHASA - MHUMOU OCBIO.

A(a, b)

Taxum o6pazom, Ha ocu OX pacrmonararoTcs IeMCTBUTENbHbBIE YHCIIA, a HA OCU
OY — 4KiCTO MHUMBIE.
C moMoIIbI0 MOJJOOHOTO TEOMETPUUECKOTO MPECTABICHUS MOXKHO

MPE/ICTABIIATH YMCJIa B TaK HA3bIBAEMOW TPUTOHOMETpHUUECKOU (hopme.

Tpuronomerpuueckasi gpopma uucja.

. ar cos; br sin
N3 reomeTpuyueckux cooOpakeHUi BUAHO, YTO . Torma

KOMIIJIICKCHOC YHCJIO MOKHO IIPCACTABUTL B BUJIC!:

za ib rcos irsinr(cos isin )

Takas gopma 3anucu Ha3bIBa€TCsl TPUTOHOMETPUUYECKOil popmoii 3anucu

KOMIIJICKCHOTI'0 YHucCJIAa.



HpI/I 9TOM BCJIMYKMHA 7 HA3bIBACTCA MOAYJIEM KOMILIICKCHOI'O YHCJIa, a YI'OJl

HAKJIOHA - apryMEeHTOM KOMINJICKCHOTO YK CJIa.

|Z|; Argz |
M3 reomeTprUeCKHX COOOpaKCHUI BUIHO:
r |a ib |a2\/ b’ ;Arg z arctg

OIICBI/II[HO, 9TO KOMINICKCHO — COIMPSAKCHHBIC Y CJIa UMCIOT OJJMHAKOBBIC MOJYJINU

H IIPOTHUBOITIOJOKHBIC apI'YMCHTHI.

72| [ Argz Arg=

JleficTBUS ¢ KOMIUIEKCHBIMU YHCJIAMH B TPUTOHOMETPUYECKOU popMme.

z
ziri(cos 1ising) | z2r2(cos 2isinz). YMHOKEHHE

z z rr (cos( ) isin( ))
1 2 12 12 12
B ciiyyae KOMIUIEKCHO — COTPSDKEHHBIX YUCE:
zz (a ib)a ib) & bk} |
o n .
z _— (cos(12) isin(1 2))

zr
llenenne > >

Bo3Benenue B cTeneHnb

N3 OIICpali YMHOKCHHUA KOMIIJICKCHBIX YHUCCII CJIICAYCT, YTO

z? zz r*(cos2 isin2)

B o6miem cinydae nmomydum:

z" r"(cosn isinn)

T7ie 71 — IeJI0€ MOJIOKUTEIHFHOE YUCIIO.
Ot0 BeIpaXkeHue Ha3zbiBaeTcs opmysioit Myaspa. (AGpaxam e Myasp (1667 —
1754) — aHrnuiickuii MaTeMaTHK).

H3BieueHne KOPHA U3 KOMILUICKCHOI'O YMCJIa

&, ﬂ[r(cos isin ) (cos isin )
Bo3Bojs B cTENIEHB, MOJIYYHUM:

"(cos n isinn ) r(cos isin)



r

Otcroma: * r ; n2k k Z.

ﬂ\/:ﬂr(coq/ isin ) ﬂ\/_rcos 2 k i sin 2 k

n n

Takxum 00pa3oM, KOpeHb 77 —0H CTENEHU U3 KOMIUIEKCHOI'O YHCIIa UMEET 71

pPa3JIMYHbBIX 3HAYCHUI.3aJaHUs I PAKTHYECKO padoThI

3aI[aHl/le. BBIHOJ'IHHTB HeﬁCTBHﬂ C IaHHBIMHU KOMIIJICKCHBIMU :
1) Z1+72; Z1-72; Z1-72, Z1:72

1. z; = 8(cos55° +sin55°), z, = 2(cos5° + sin 59),
2. z; = 5(cos 48° + 5in48°), z, = 2(cos 12° + sin 129),

z; = 3(cos 70° + sin 70°), z, = 2(cos20° + sin 20°),

z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos5° + sin5°),

z; = 7(cos 255° + 5in 255°), z, = 2(cos15° + sin 159),
z; = 9(cos 168° +5in 168°), z, = 2(cos 12° + sin 12°),
8. z; = 6(cos40° + sin40°), z, = 2(cos20° + sin 20°),

9. z; = 3(cos40° + 5in40°), z, = 2(cos5° + sin59),

N oo ow

10. z; = 10(cos 75° +sin 75°), z, = 2(cos 15° + sin 15°),



11.
12,
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24,
25.
26.
27,
28.
29.
30.

2 .BrImmosuTh HCﬁCTBHH HaJd KOMIIJICKCHBIMHU 4YUCJIaMHU B

z; = 9(cos 123° 4 5in 123°), z, = 2(cos 12° + sin 129),
2y = 5(cos 160° + s5in 160°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 235° +5in235%), 2z, = 2(cos5° + sin5°),

z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 159),

z; = 2(cos 258° + sin 258°), z, = 2(cos12° + sin 129),
2z, = 7(cos 115° 4 sin 115°), z, = 2(cos 20° + sin 20°),
z; = 14(cos310° +sin310°), z, = 2(cos5° + sin5°),
z; = 8(cos 45" + sin45%), z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° + 5in213°), 2z, = 2(cos 12° + sin 12°),
z; = 9(cos 70° + sin 70°), z, = 2(cos 20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin5%),

zy = 6(cos300° +sin300°), z, = 2(cos15° + sin 15°),
zy = 3(cos 33°% +5in33%), z, = 2(cos12° + sin 12°),

z; = 5(cos 250° + sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos85° + 5in85%), z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin 165°), 2z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° +5in48°), z, = 2(cos 12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos 175° +5in175°), 2z, = 2(cos5° + sin 59),

z; = 16(cos120° + sin 120°), z, = 2(cos 15° + sin 15°),

TPUTOHOMETPUUYECKON (hopme.

L1121 1
1 i
21222, L 16
2 2
1 J3i°
31323, ——
1 i

05 0,5/3i"
-

0,53 0,5

4,144,

w



10,20,30.
3 4/3i°
3.BBINOTHATH AEUCTBUA HAJ KOMIUIEKCHBIMU YHCIIAMU B TPUTOHOMETPUUYECKOMN

dbopwme:

g ;
1)\ /1 2)z°;



z 1
lzy 1iz ‘/3_1-; 6. 3i,2 2 2i
2.z21 1 i,z 304 7.z 1 3i,z2 2 2i;
zl i,z 1 N3
<
3., , 2 2 8.z 13zm g
zl i,z 1 ﬁl, z f3i,z 1 ‘/ii;
4. 22 9. : 22
\/_ z J3i,z ‘Gi;
5.z1 1 3i,z2 2 2i; 10. | , 202

KonTpoJibHBIE BONIPOCHI

Yro Takoe TpuroHomeTpuyeckas popmMa 3arucu KOMIUIEKCHOTO uncia?
Kak nepeBecTH 4nciio B TPUTOHOMETPUIECKYIO (popmy?

Kax HaiiTu npou3Be/ieHHne, YaCTHOE YUCET B TPUTOHOMETpUUeckoil hopme?
Kaxk HaifTi BO3BECTH YHUCIIO B TPUTOHOMETPUUECKON (DOpME B LENIYIO
CTENEHB?

5. Kak Ha'Tu KOpEHb N-HOM CTENEHU U3 YHCIIA B TPUTOHOMETPUYECKOU

dbopme?

L=

MNMpakTu4yeckas paborta Ne 3
Tema « BoruuciieHue npeaeaony
He.]'lb: HaY4IUTHCA BBIYUCIATH IPCACIIbI, pACKPBIBATH HCOIIPCACICHHOCTHU.
Bpemsa BbINOsfIHEHUs 90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTnyeckne ceegeHns

2.3apaHne

3JInct A4

4.Kanbkynaropsl

NMopsaaok BbINONHEHUA paboThbl
1.3yuntb 3agaHne

2. VI3yunTb TeopeTuyeckme ceegeHus

3. BbInonHuTb 1 ohopmnTsb padboTty
4.MokasaTb pe3ynbTaTtbl NpenogaBaTesnto
[JdomaluHee 3aaaHue

1.MMoarotoBnTL OTBETHLI HA KOHTPOJSIbHbBIE BOMNPOCHI
Xoa paéoTbl



TeopeTnveckue MoJI0KeHU s
HepeMeHHaﬂ " IIPCACII — 3TO OCHOBHBIC ITIOHATHA MAaTCMATHYCCKOI'O aHaJIn3a.

JIOCTaTOYHO HAIOMHUTB, YTO KJIFOUEBBIM CJIOBOM B OINPECICHUSIX TaKUX
M3BECTHBIX CO IIKOJIBI TOHSATUM KaK MPOU3BOAHAS U UHTETPa SBJSETCS CIOBO
npesen.

IIpenen pyHKUMH B TOYKE.

y f(x)

A ++

D
o
Q
o
_1
x

[Tycts dynknus f(x) onpeneneHa B HEKOTOPOI OKPECTHOCTH TOUKH X = a (T.€. B
camMoi TOYKe X = a PYHKITUS MOKET ObITh M HE OIIPEIeIICHA)

Onpenenenue. Yncno A Ha3piBaeTcsa npeaesoM Qynkuuu f(x) nmpu x a, ecinu
115 Tro0oro >0 cymiecTByeT Takoe ynuciio >0, 9To s BeeX X Takux, 4To 0 <X - a
< BepHO HepaBeHCTBO f(x) - A <.

To xe onpeneneHne MOXeT ObITh 3aMKUCAHO B IPYTOM BHUJIE:
Ecmma- <x<a+ ,X a, To BepHO HEpaBeHCTBO A - <f(x) <A +.

lim f(x )= A
3anuck npejesna QyHKIUU B TOUKE:  x_.a
lim f(x)=A
Omnpenenenne. Eciu f(x) A1 npu X a TOJIBKO IIpH X<a, TO x> a-0 -

Ha3bIBaeTcs mpeaeaom Qynkiuu f(x) B Touke X = a cjaeBa, a ecinu f(x) Az npu x

lim £ ( x )= Az
a TONBKO TIPH X>a, TO s at0 HasbIBaeTcs nmpeaeaom Gyukiuu f(x) B
TOYKE X = a cIpaBa.
y ,




Az

[IpuBeneHHOE BHINIEC OMPECICHHE OTHOCUTCS K ciydaro, Korna ¢yHkius f(x)
HE OIPENEIICHA B CAMOM TOYKE X = a, HO OIpPEJEJIeHa B HEKOTOPOM CKOJIb YTOJHO
MaJIOM OKPECTHOCTHU 3TOU TOYKH.

[Ipenensl A1 1 A2 Ha3bIBAlOTCS TAK)KE OAHOCTOPOHHUMM MNpeaeJaMu QyHKIUU
f(x) B Touke x = a. Taxxe roBopsT, 4To A — KOHeYHbIH npeaea QyHkiuu f(x).
IIpenes pyHKIUHM PU CTPEMJICHHH aPTyYMEHTAa K 0€CKOHEYHOCTH.

Onpenenenue. Ynucino A HazpiBaeTcs mpeaeaom ¢yHkiuu f(X) mpu X , eciu
st ro6oro wucna >0 cymiecTByeTr Takoe yucio M>0, yto mns Bcex X, X >M
BBITIOJIHSACTCSI HEPABEHCTBO

|A-f (x)|<¢

[Ipu sTom mpeanonaraercs, uro (Qyskuus f(x) ompeneneHa B OKPECTHOCTH
OECKOHEYHOCTH.

imf(x)=A.
3alnChIBAIOT:  x AHAJTOTUYHO MOXXHO ONPEACIUTH MPEIEIIbl
limf( x)=A
Xrtoo JUTs IF000T0 X>M U
lim f(x )= A
— U 1r000ro X<M.

OcHoOBHBIE TeopeMbl 0 Npeaeaax.
lim C=C
Teopema 1. ,_, , Tine C = const.
Cnepytolupme TeopeMbI CrpaBeavebl NPY NPeAnoNoXeHnn, 4to GyHKUmM f(x) 1 g(X) UMeroT KoHeYHble npeaebl
npuxa.
lim (f(x)xg( x))=lim f( x)xlim g( x)
TeOpeMa 2. X —a X—a X—a

lim[f(x)g(x)=limf(x)limg(x)
Teopema 3. ,_, x—a  x—a

lim C-f( x )=C-lim f( x)
CaencrBue. ,_., ‘o a



lim f(X) =|)i(r2af(X)

x—ag(x) limg(x) limg (x)#0
Teopema 4. x—a MpU  x—a
Iimf(x)=A
Teopema 5.Ecau f(x)>0 6bausu mouku x =au x_a , mo A>0.

AHanoruyHo omnpejaensercsa 3Hak npexaena npu f(x) <0, f(x) 0, f(x) O.

lim g ( x )=lim u (x )= A
Teopema 6.Eciu g(x) f(x) u(x) 66ausu mouxu x = a u X —a Xx—a ,

lim=A
mou x-a

Onpenenenue. Oynkuus f(X) Ha3pIBaeTCS OrpaHNYeHHON BOJIM3HM TOYKU X = a,
€CJIM CYIIECTBYeT Takoe uucio M>0, uro f(x) <M BOmm3u Touku x = a. Teopema
7.Ecnu ¢hynkyus f(x) umeem koneuHwlll npeden npu X d, mo OHa 02PaHuyeHa 01U3U
mouku x = a.becKkoHe4YHO Manble hyHKUUN.

Omnpenenenune. Oyukius f(x) Ha3pIBaeTCs 0€CKOHEYHO MAJIOM MPU X a, TJIE a

lim f( x)=0

MOJXET OBITh YHMCJIOM WJIA OJTHOW W3 BEIMYWH , + WIIU - , €CIH x—a )

CroiicTBa 0€CKOHEYHO MAJIBIX (PYHKIIUIA:

1) Cymma pUKCHPOBAHHOTO YKciia OECKOHEYHO MabIX (YHKUIUN MPHU X a TOXKE
OeckoHEYHO Majas GyHKIIHS MPH X a.

2) IlpousBenenue puKCHPOBAHHOTO YKcIa OECKOHEUHO MaTBIX (DYHKITUN TIPH X a
TOXKEe 0ECKOHEUHO MaJiast (PYHKITUS TIPH X a.

3) IlpousBenenue 6ecKOHEYHO MaIOW (PYHKIIUM HA (PYHKIIMIO, OTPAHUUYEHHYIO
BOJIM3M TOUKH X = a SIBJIAETCS OECKOHEUHO MaJIoN (yHKIIMEH MpH X a.

4) YacTtHOe OT meneHuss OECKOHEYHO Majlor PyHKITMU Ha QYHKITUIO, IPECIT
KOTOPOH HE paBeH HYJIIO €CTh BeTWYNHA OECKOHEYHO Mastasl.

beckoneuHo 00JibIINe (PYHKIUM U UX CBA3D € 0€CKOHEYHO MAJIbIMU.

Onpenenenne. PyHKIMS Ha3bIBaeTCS 0€CKOHEYHO 00/1bIIOH MPYU X a, [I€ a —

limf(x)=A

YHCJIO WJIH OJHA U3 BEJIMYHH , + UJIN - , €CJIH WJIH a , TIe A — 9ucio

OJHA U3 BEJIMYUH , + UJINA - .
CBs13b 0€CKOHEYHO OOJIBIINX M OECKOHEUHO MaNBIX (PYHKITUH OCYIIECTBISETCS

B COOTBETCTBHUU CO CJIEAYIONIEH TEOPEMOM.

Teopema.Ecau f(x) 0 npux a (ecnu x ) u He obpawaemcsi 8 HOb, MO

1
Y= f(x)—=



lim g5 x
Ipumep. Haiitu ipenen  x-osin7 x

Tak Kak tg5x ~ 5x 1 sin7x ~ 7x npu x 0, To, 3aMeHNB GYHKLMN SKBMBANEHTHbIMMU BECKOHEYHO MasibIMU, NONYYUM:
lim_199 X =|jm2X =3

x=08iNn7x x—ofl X 7
3

lim—X
Ipumep. Haiitu npegen - 1708 X
X X
2 lim———— =lim= =lim 2 x=0
. 21( 1 XH01_COSX x —0 x —0
2sin _
Tax kak 1 — cosx = 2~2\2 ) mpux 0,10 2

lim _{9X_ =lim_X=co

. 2
IIpumep. Haiitu npegen  x-osinx™ o X

Ecnu u - GeckoHeYHO Malible TIpH X a, IpuueM - OeCKOHEeuHO Majasi Ooiiee
BBICOKOTO TIOPSJIKA, YEM , TO = + - OECKOHEUHO Masas,

DKBHUBAJICHTHAA . 9T0 MOXHO Ad0Ka3aThb CJ'IGI[y}OH_[I/IM paBeHCTBOM
limY =lim 1+8 =1

x—ald x— a( a
Toraa roBopsIT, 4TO - IJIaBHas YacTh OeckoHeuHo Manon Gyukun . [Ipumep.

OyHKIUA x% +X — 6ECKOHEUHO Masas npu x 0, X — r1aBHas 4acTh

aToM pyHKIHIH. YTOOBI TTOKa3aTh 3TO, 3AMUIIIEM =x?, =xToraa

lim X2 =0, lim X+X=lim ( x+1)=1
x—0 X x—0 X x —0

HeKOTOpble 3aMedaTeJIbHbIC IIPEACIIbI.

lim P(x)

IlepBbIii 3aMevaTeTbHBI TpPeTet. x- Q(x) , rae P(x) = ax" + aix™' +...+an,
Q(x) =box™ + biXm-1 +...+bm - MHOrOUJIEHBI.

X"(a +81 +_ +80 ) a+2 + +8n
P(x)= o X X n 0o X Xn
QUX) x"(b +b1 4+ 4bm)=Xrm p ybi 4 tbm
0 X X" 0 X X"

a +24 42

lim —0—% —x = °

vom b +PT 4+ bm bo

0 X Xm



- Plx a
im="=¢{0, mpu n<mg, =, Mpu n=my,i,;.;,

Hroro: X—%® Q(X ) {bo
limSin X =1
Bropoii 3amMeuyaTeJbHBIN Npegea. x—-o X

1

. N im (1+ )X =g
Tpernii 3aMeuyaTebHbIN Npegea. x -\ X
Yacto ecnu HEMOCPEACTBEHHOE HAX0XKICHHE Mpeiesia Kakol — Tu60 QyHKIMH
MPEICTABIISICTCS CIIOKHBIM, TO MOYKHO ITyTeM TMpeoOpa3oBaHus PyHKITUU
CBECTH 33J]a4y K HAXO0KJICHHUIO 3aMeYaTeIbHbIX MPEIEIOB.
KpomMme Tpex, n3noKeHHBIX BBIIIE, MPEEIOB MOXKHO 3alKicaTh
CJIEIyIOLIUE TI0JIE3HbIE HA TPAKTUKE COOTHOLIEHUS:

X m
. + . - - (1+x )" -
lim M1_Xl =1; ||ma 1 =lna; lim qu
X X—>0 X X—;O X

x -0
IIpumep. Haiitu npenen.
lim 9MX =|im mX =m
x—0SiNNXx-0nNx N

IIpumep. Haiitn npenen.

lim 19X=tgXo =|jm _SiN(X=X0) =|jm SiN(X=X0) ; |im 1 =1._1 = 1

Yo X X —Xox—x 0 ( X=Xo )COS XCOS X0 x—x X— Xo x— xo COS X COS Xo COS2 X COS2 X
0

0 0

IIpumep. Haiitu npenen.

- _2sin( 1 /4-x)
lim Sin X=COS X = |im 2 = lim Sin(m/4-x) =—_1

xomnlh  T-4X  x_mi4 m-4 X xomit 2 \/2( ml-x) 2 \2
IMpumep. Haiitu npenen.

lim ©98X = ty=mi2-x; Yoeml2-y )i f=lim COSUT27Y) fimsiny = 1

xor2 TT=2X -0 2y 0 Y o
HpI/IMep. HaiTtn npepen.



X+3 y+4 4

3
+3 x-1+4 " y4 4”7 i)
w1 ) =Eeteededsina. (y ) e ()i (1y 7
Az=¢ Y=lim (14 ) 2= (M. (141 )7)'=e®

lim X2°-6 x+8

-+
Hpumep. Halitu ipegen x—-2x 8 x 12.

I[J'IH HaxXOXACHUS 3TOI0 Ipeaciia pas3jio’KuM Ha MHOXKHUTCIIN YACIUTCIIb U

3HaMEHaTelb TAaHHOU JIpOOH.

x2—6x+8=0; x2—8x +12=0;
D=36-32=4; D=64-48=16;

x1=(6+2)2=4 x1=(8+4)2=6;

x2=(06-2)2=2; x2=(8—4)2=2;

im(X=2)(x=4 ) =|ijmX=4=2=1
Torma x—2(x-2)(x-6) x-2x-6 4 2

iim T -\ T=x o8

IIpumep. Halitu nipenen. x—o X*-x JIOMHOKHM YUCIIUTEID U
3HAMEHATEIb Ipodu Ha CONPSIKEHHOE BBIPAKCHUE:
1+ X+ 1+x=x° 2x
lim =lim
2 2
x—-0 X ( x—1 )(\/1+x +x2+\/1—x +x2) x—0 X(X —1)(\/1+ X+X +\/1—x+x ) =
2 =1

= —1-(1+1).
IMpumep. Haiitu npenen.

Iimm={x2 -5 x +6=( x-2)( x-3 )}=lim (X=2)(x=3) =32 -1

xo3 X9 -3(x-3)(x+3)  3+3 6
im X =6 X’+11 x-6

IIpumep. Haittu ipenen  «- X°=3 x+2
PaznoxuM dyuciuTens 1 3HaMEHATENIb HA MHOKHUTEIH.

x2=3x+2=x-01)x-2)

X3—6x2+ 1Ix—6=Kx—-1(x-2)(x—3), T.K.
X —6x*+11x—6 x-1



X3 —XoX2—5x+ 6

-5x2+ 11x
- 5% + 5x

6x - 6

0
X2-5x+6=(x-2)(x—-3)

lim (X—1)( X2 )(x=3)=-2
(x=1)(x-2)

x —1

Torna

IIpumep. Haiitu npenen.

6x -6

. . 2at2h 2h .
- 2 i 2 sin cos —-—2sin (a+h .
lim S1N> (a+2h )-2 sin(a+h)+sin a —lim 2 2 ( )=Iim 2 sin(a+h)(cosh -1) =
noh osing hzy oM roh 2
é . . o - Ny ) )
2limsin (a*h)}m "2~ -5sin a-(~1/2)=-sin a
h— 0n—04 (h/2)
3aaHus NPpaKTHYECKOH padoThI
1.HaiiTn yka3aHHbIe npeaeJibl.
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. 2x*-7x+4 omeem: Hem po 1247 - x*| omeem: Hem
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lm lim .
2.13. ™ zxz—’*’ﬂi omeem : 0 3 g5 29k g omeem: 12

o Bt H17x-2 19 . e T, omeem: Hem
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56, " 3xt +2x-
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L i ECr Sl 58 =dx +2x-5

5.7.
3 4 4
oo 220 =350 +od 3x* —Tx45
59,7 2+7x+1 | 510, *edx’ -3 +2
Txi+6xt - 27 e 4-3x—2x°
5.11. = 2x" +6x+1 512, == 3x*+5x \
- 7-3x hnBX4+?x3_1
5,13, o RaiSatieh 514, ™= 3x° —5x+1
3x+7 2x* —3x+1
515, ™= 2-3x+4x° 516. ™ Tx+5
10x-7 9xt - 3x°
5.17. "7 3% + 227 +1 518, e l+2x+3x"
fien Gt 3x* +5x
5.19, "o x’ =4z =% 590, ™ 2xt-3x-7
2yt =543 oxd — 3
521, "= 3x" = 2x" +3 599 tedx’ £3z-6
3x+1 . 2— x—3x°
523, "o x" =55 +4x 5904 e x -16
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5.25. 1% 2x°=3x 526, ™ X +4x
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527, "= x’ =3x" —4x 598 e +2x° 45
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6. HaiiTu ykazaHHbIe npe/ieJibl
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firn A Zx —ofr+4 omezem:ziL5 G FRs B
65 =1 3x2—4x+1 66 x—>2 F_m omeem Z—\jé
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6.9. ¥ 2x*-Tx-15 6.10. ==  x* +8x+15
]J_m-ux+2— 2 m'i—x—m'7+x 1
6.11. =0 il =] omeem: 2 6.12. x—rﬂ Ix omeem. = 7
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lﬂlgL}f__ﬂ omeem: -8 lim JE__”G omeem: -2
623" 3nix 5 .24  NOxEL= 24
- x* =27 ]J_mfxl'll+3x2—1 3
¥—3 i . Yoy 3 2 -
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795, wh x4 OrBer 65/2 7.26;.'{_}“9 3x+5 OTBeT: e-1/3
. (1+2x]"‘ mn[ Ix ]
7.27. 734250 Oppere 7.287"\ 32 OTBeT: €23
]Ji'ﬂ( A ]3_% [4—2x]x+‘
=l o — ] 2 r—owl 1 — 21 0O L3R
7.29. Otser: ¢~ 7.30. TBCT. €

8. HaijiTu yka3zaHHbIe npeesbl




8.1."

8.3."

8.5.

8.7.

8.9.

8.11.

8.13.

8.15.

8.17.

8.19.

8.21.

8.23.

8.25.

8.27.

L]

~L5

x+7 Otgert: 0

( x+1] 'I
2x=1/ | Orger: 0

i [5x+ 8]1
N OTBeT:

=

[‘\_7'

OrtBeT:

]jﬂl ( I+3 ]?Hﬂl
evex=4) | Orser: 0

OrtBeT:

[ X—ﬂ ]2?’
== 31+ | Orger: 0

Otser: 0

Otsert: 0

OrtBeT:

OrtBeT:

K=

i [3;:—1]3"
= 2x+5) | Orger:

3= x] i Otser: 0

8.2.

8.4.

8.6.

8.8.

8.10.

8.12.

8.14.

8.16.

8.18.

8.20.

8.22.

8.24.

8.28.

lirn
K= x—]_

]

r—

s
¥——o x+

Je

x+1

]
EF—-mh Sy —

i x+1
e T S|

[2x+1 ¥

. (2x+1]""
K=oml Bx— ]

] OTtBeT:

—_ | —

]3?(—]'
OtBeT: 0

]E:HJI
1 OtBeT: 0

i
Ortsert: 0

OtBeT: 0

i

ol
==\ T5+ 4 Orger: 0

32|r

]jm[x-l_
Kl Ay —

5] ‘ OtBeT: 0

J&.

i [3}:

¥—r—u

2x

L
SRR ¥

3 Ox+
x+4]

]X -1
x+6 OTBeT:

OrtBer:

k13

OrtBerT:

Otsert: 0

OrtBeT:

. (4+3x]"|
8.26. ™\ 3+x ) | Orper:




2k

; [3+x]‘ [x+5]3
8.29. **\#1=4/ | Orger: 0 8.30. ™™v4x= 2/ [ Orser: 0
9.HaiiTn yKazaHHbIe npeaeJibl
Haiitu nipenensl.

k — nopsiokosvlil HoMep 8 dcypHae

1), im$N3X - 2) fim ’“‘2, 3)lim 19 (ket3 x) 1

J

J

=0 (k¥2) x 10 8in 5 4o 5 x
lim 1+K x, 5)limsinkx-sin5x 6 ) lim OS2 X-Cos Kkx
4) X—>00 ( X ) x—0 kx ) x —0 X

KoHTpoJsbHbIe BONIPOCHI

1. JlaiiTe onpeneneHus npeaena GyHKIIHH B TOUKE.
2. Kakwue Tunsl Heonpe1eaIeHHOCTE BaM U3BECTHBI?
0

3. Kak u36aBuThCS 0 HEOMPEIETIEHHOCTH 0o ?

(=0}

4.Yemy paBHO 3HaueHUE Tpeenia QyHKIMK MPU HEOTPEICTICHHOCTH ?

O o

5.Yemy paBHO 3HaUeHHE npeeia GYHKIUN PHU HEONPEACICHHOCTH ?
6. 3anucarh 3amMevaTeNIbHbIC TPEICbI.

IIpakTuueckas padora Ne 4 o reme

Tema «MccaegoBanmne pyHkunu Ha HenpepbiBHOCTh. Kilaccugukanus Touex
paspbiBa»

Ieab: Hay4YUTHCS BBIUYUCIATH UCCIEIOBATh (DYHKIIMIO HA HEMTPEPHIBHOCTD,

KJIacCU(UIIMPOBATH TOUYKHU Pa3pbIBa .

Teopernyeckue mMoJI0KeHUs
HenpepbiBHOCTH GyHKIMU U €€ Pa3pbIBbI.

Onpenenenune. dynkius f(X), onpeaeneHHas B OKPECTHOCTH HEKOTOPOM TOYKH Xo,
Ha3bIBACTCS HeNMPEPBLIBHOM B TOUKE Xo, €CJIM Mpeiesl GYHKIMY U ee 3HAaUCHUE B

3TOM TOYKE PABHBI, T.€.
lim £ ( x )=F ( xo)

X—X0



lim £ ( x )=f (lim x)
Tot xe pakT MOXKHO 3alMCaTh UHAYE:  x—x o xo %0

Onpenenenue. Ecnu pynkuus f(x) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOUKH
X0, HO HE SBIJISIETCS HENPEpPhIBHOW B CaMOil TOYKE Xo, TO OHA Ha3bIBAETCA
pa3pbIBHOI (QyHKIIMEH, a TOUKa Xo — TOUKOW pa3phiBa.

[Tpumep HenpepbIBHOM (PYHKITUU:

yh /

1L -
0 [x0- XoXot+ X

f(xo0)+
f(X0)
f(X0)-

[Ipumep pa3pbIBHON QyHKUIHUU:

f(xo0)+
f(X0)
f(x0)-

/]

CaoiicTBa HeNpepbIBHBIX (PYHKIHIA.

ﬁ X

1) Cymma, pa3HOCTh U IPOU3BEACHHE HEMPEPHIBHBIX B TOUKE X0 PYHKIIUN —
ecTh QYHKIIMSA, HETIPEPHIBHAS B TOUYKE Xo.

fF(x)

. g (x)
2) YacTtHOe ABYX HENPEPHIBHBIX PYHKIMN — €CTh HEPECPHIBHAS

GbyHKUUS IPU YCIIOBUH, YTO g(X) HE paBHA HYJIO B TOUKE Xo.

3) Cynepno3uiusi HempepbIBHBIX (PYHKIUI — €CTh HEMpEpbIBHAS

GbyHKIUSA. DTO CBOMCTBO MOXKET OBITh 3aITMCAHO CIIEAYIOITUM 00pa3oM:



Ecmu u = f(x), v = g(x) — HenpepbIBHbIE QYHKIIMU B TOUYKE X = Xo, TO PYHKIUSA V
= g(f(x)) — Toxe HenpepbIBHAS (QYHKIIHS B 3TON TOUKE.
Touxku paspsiBa U MX KiaaccupuKalus.

PaccMmoTpum HekoTopyio QyHkiuio f(X), HENMPEPHIBHYIO B OKPECTHOCTH TOYKU
X0, 32 HUCKIIFOYCHHEM MOXKET OBITb caMoOil 3ToW Touku. W3 ompeneneHus: TOYKA
paspbiBa GYHKIIUU CIEIYET, YTO X = Xo SIBJISETCS TOYKON pa3pbiBa, eciid (QyHKIIHS
HE OIIpeJieJIeHa B OTOU TOUYKE, WU HE SBISAECTCA B HEW HEIPEPBIBHOM.

Crnenyer OTMETUTh TaKXe, YTO HEMPEPHIBHOCTh (PYHKIIUU MOXKET OBIThH
onHOcTOpOoHHEN. [TosicHNM 3TO crnenyromumM 00pazoM.

5 lim f(x)=f(x )
Ecnu onHocTOpOoHHUM TIpeien (CM. BBIIIIE) P o, TO QyHKIUS

Ha3bIBAETCS HEMPEPBIBHOM CIIPaBA. .

5 lim f(x)=f(x )
Ecnu ogHOCcTOpOHHUI Tipenen (CM. BBILIE) x—x-0 o, TO (QYHKIUSA

Ha3bIBAETCS HEMPEPHIBHOM CIIEBa.
Onpenenenue. Touka Xo Ha3pIBaeTCs TOUKOI paspbiBa ¢pyHkuuu f(x), ecnu f(x)
HE OIpPEJIEJICHAa B TOYKE X 0 WJIM HE SIBIISIETCS HENIPEPBIBHOM B 3TOM TOUKE.
Omnpenenenune. Touka Xo Ha3pIBa€TCA TOYKOM pa3pbiBa 1- ro poaa, ecnu B 3TOM
Touke (pyHKUUA f(X) nMeeT KOHEeUHbIe, HO HE paBHbIE APYT APYTY JIEBBIN U MpPaBbIid
peebl.
lim f(x)#lim f(x)

X — x 0+0 x— x0—0
JIyist BBITIOJTHEHUST YCJIOBHM 3TOTO OIpeAesieHus He TpeOyeTcsi, 4YToObl (PyHKIUs
ObuIa oIpesesieHa B TOUKE X = Xo, JIOCTATOYHO TOTO, YTO OHA OMpe/ielieHa cieBa U
CIpasa OT Hee.

W3 onpeneneHuss MOXKHO CHENaTh BBIBOJ, YTO B TOYKE paspeiBa | — ro poxaa
GyHKUIHUS MOXET HMETh TOJbKO KOHEYHBIA CKadoK. B HEKOTOpBIX YaCTHBIX
Cy4dasix TOYKY pa3pbiBa | — ro poja €lie MHOTJa Ha3bIBAIOT YCTPAHMMOM TOUYKOM
pa3phiBa, HO MOAPOOHEE 00 ITOM MTOTOBOPUM HIDKE.



Omnpenenenune. Touka Xo HA3bIBAETCS TOYKOM pa3pbiBa 2 — ro pojaa, €ciid B 3TOU
Touke QyHKIus f(X) HE UMeeT XOTsI ObI OJTHOTO U3 OJTHOCTOPOHHUX TMPEAEIIOB WIIN
XO0TsI ObI OJTWH U3 HUX OCCKOHEUCH.

Ipumep. Oynkuus Jupuxne (Jupuxne Ilerep 'yctaB(1805-1859) — nemeuxuii

MaTeMaTHK, 4ieH- koppecnonaeHt [letepoyprckoit AH 1837r)

f (x)=¢{1, x—payuoHanbHoOe YUCI0} i ¢ ¢,

HE SIBJISIETCSI HETIPEPHIBHOM B JIIO00M TOYKE Xo.

1

Ipumep. Oynkuus f(x) = «x UMeEET B TOUKe Xo = () TOUKY pa3pbiBa 2 — r0
limf(x)=+c; lim f(x)=—
poaa, T.K. x— o+0 X —0-0
B
-10 -5 5 10
sin x

[pumep.f(x)= *
®OyHKIHs HEe ornpeienieHa B ToUke X = (), HO UMeeT B Hell KOHEUHBIN TIpeIe

lim f( x )=1

x —0

, T.€. B Touke X = () pyHKIMs UMeeT TOUKy pa3psiBa 1 — ro poga. 1o

- yCTpaHMMas ToYKa paspbliBa, T.K. €CIM JOONPEAENNUTb GYHKLMIO:
X

sinx
fFx)=¢—, mpux#0 j6i¢

paduK 3To GyHKUMM:



20

Mpuvep.f) = K- {1, 10U X044,

Ota yHKIMS Takke 0003Havaercs sign(x) — 3Hak X. B Touke x = 0 pyHKIMS HE
omnpezeneHa. T.K. J€BbIM U MpaBblil Npeeibl PYHKIUHU pa3InyHbl, TO TOYKA
paspbiBa — 1 —ro poga. Ecnu noonpeaenuts  GyHKIUIO B TOUke X = 0, IOJIOKUB
f(0) = 1, To pyHkus OyaeT HempepbIBHA CIpaBa, eciiu nmonoxuTh f(0) =-1, To

¢byHKuMs OyAeT HepEepbIBHOM ClIeBa, €ClIU MONOKUTh f(X) paBHOE KakoMy- 1100
4HCITy, OTIMYHOMY OT 1 min —1, To pyHKIuMs He Oy1eT HenpepbIBHA HU CJIEBA, HU
CrpaBa, HO BO BCEX CIIy4asiX TeM He MeHee OyJeT uMeTh B Touke X = 0 pa3pbiB 1 —
ro poaa. B atom nmpumepe Touka paspbiBa 1 — ro poja He SIBISIETCS yCTPAHUMOM.

Takum 06pa3zom, 11t TOro, YTOOBI TOUKA pa3phiBa 1 — ro poaa Obuia
YCTPAaHUMOM, HEOOXOJUMO, YTOOBI OJTHOCTOPOHHUE MpEEIibl ClipaBa U cieBa
ObLIIM KOHEYHBI U paBHBIL, a (GYHKIMS ObLIa OBl B 3TOM TOUKE HE ONpeIeIIeHa.

IIpumep. UccnenoBars Ha HENPEPHIBHOCTD (PYHKIUIO U ONPEEIUTH TUI TOYEK

pa3pbiBa, €CJIIM OHU €CThb.

f(X)=¢ {x+4,x<=14 {x*+2,-1sxs1¢ ¢ ¢ ¢



lim f(x)=3 Ilim f(x)=3
x—-1-0 x—1-0
lim f(x)=3 Ilim f(x)=2

x—=1+0 x— 140

B TOYKE X = -1 (yHKIMS HEMIPEPHIBHA B TOUKeE X = | Touka paspsiBa 1 — 10

pona

NI

N

IIpumep. MccrnenoBaTh Ha HEMPEPHIBHOCTh (DYHKIIMIO U OMIPEIETUThH TUI TOUEK

Ppa3pbiBa, €CJIU OHU CCThb.
f(X {COSX X_O(,{X2+1 0O<x<1 ¢, é.6.¢

lim f(x)=1 lim f(x)=2
x—0-0 x—1-0
lim f(x)=1 lim f(x)=1

x—0+0 x— 140

B Touke X = 0 ¢yHKIMS HENpPEPbIBHA, B TOUKE X = 1 Touka pa3pbiBa 1 —ro pona

)




4.4.10. T ab/mmia 9% PHEATEHTHEIX 0ECK DHEYHO MATBIX.

SOECh MEL C MOMOL[BES paccMoTpeHHEE B4.4.7 npegencs cocTaBHM TabIHUY SKEHBATEHTHLE
Eld dyurnui o BLImHNeM CIeVECIHE HS HHY BLHpa®eHHd 00 DIABHLE dacTedl (0HH DoTUEpEHYTEL).

DHEHEBANEHTHGCTE TpHX—30

Tnaenas gacte mpu x—0

1 sinx ~x 1. sinx =xtoix)

2 1-cosx ~xf2 2 1l-cosx =xz£+o(x2):>cos x= ]—x2f2+0(x2)
Itgx~x 3 tgx =xtolx)

4 arcsinx ~x 4 arcsin x =x+oix)

3 arctzx ~x 3. arcte x =xtolx)

fd-l-xlnae-1-x 6. d-1=xln atoix)=a" = 1+ x ln atolx)

e' —1 =xtolx) 1= " = 1+ x +olx)

T logs (14+x) ~x logee; In{l+4x) ~x T logs (IHx) =x logeetolx); In( 1+x) =x+o(x)
2 (1+x)*-1 ~ ax 2 (1+x)*- 1 =axtolx)= (T+a)=1 + a xtofx)
9 shx~x 9. shx =x+o(x)

10. chx - 1~ x2 10, chx - 1=x¥2+o()= chx =1 +x%2+g %22

Hpumep. Haiitu npenen

lim {99 X

x-08in7x

Tak Kak tg5x ~ 5x 1 sin7x ~ 7x npu x 0, To, 3aMeHNB GYHKLMWN SKBUBAIEHTHbIMU BECKOHEYHO MasibiIMU, MONYYUM:

lim_{99 X =|jmdX =3
x=0Sin7 X x—>O7X 7

3
lim—%*_
Ipumep. Haiitu npenen 4o 1-C0S X
2
2X X

Tak xkak 1 — cosx =

IIpumep. Haiitu npenen

2sin

2"2(2 ) mpux 0,T0

lim—2>_ =lim>% =lim 2 x=0
x—01-C0S X x_0 X —0

2

lim _t9X_ =lim_X=co .

x—0 X2

x—0 Sin x2



3aaHus NpaKkTH4ecKoi padoThI

BaHaHne 1.Haiitu IMpCaciibl, UCIIOJIB3Y 9KBUBAJICHTHBIC OCCKOHEYHO

MaJsibie QYHKIIHH.

ik In(1+32")| omeem: -2

2.1. =0 x*—5x"

- sin 7 omeem: ‘
2.3, =0 igix 2

arctghbx
2.5, B0 277 32

sin S5x o)
57 9 arcigix omeem: ~ 2
’9 omeem:. 3
cos3x —cos
711, =0 5 2 omeem : -2
. arcig3x 3
lirn . =
5 13 P in(1+2n)| Omeem: 2
) ij o o)
omeem: ~ 2

2.15. %% an 2%

sin{ x +2)

omeem—_42
2.17 3%, k8
- 164
219 **ig(x—4] omeem: 48
- n(1+4x%)
791.%0 2% omeem: 2

- sin 3x 3
5 53 Hi(l42x)| Omeem: ~2

sx
i E__L )
2250 tg2s] OO 2

arcein o . )
- meem:
w0 fg3x 22, 3
; 1
i & -1 ~ omeem:
2.4, ™0 x* 4273 9
. 3
arcsin 3;: omeem:
2.6. 7" Zx 2
i In{1+3x)| omeem:.
2.8. =" = 2x )
. osmilx—3)
21013;1_133 xj e omeem: 1
9
. l-cozéx| omeem:
2.12. 70 44 )
- 4
iy, 2Esindx - omeem:
2.14, ™" tg5x s
1
e fg(x+2)] omeem: -
2.16. 7% 2 -4 .
; 1
iy 2AESI0 2 omeem:
2.18. ™0 tgdx ,
: cosEx—cos-ﬂhi
lirn )
2.20.?{—}0 3x2 I omeem: 2
5
arcigdx| omeem:

222, ™" tgix 2

firn arcsin 2
224 " &% | omeem: 2
I : 4
o (1+4x}\ omeem:
2.26. ¥0 0 o Px 2



sin{ x— 3} . igix+5
—— omeem:—1 MHM

¥ i_ K 2 _
22777 & =27 27 228577 x5 =25

o 1= cos8x o {1+ 5xf 5
2.297° 2x' omeem: 1 2307 sin3x | omeem: 3

3aganme 2. MccnenoBarh 1aHHble (YHKIHUHA HA HEMPEPHIBHOCTh U IOCTPOUTH MX
rpauku.

f(x)=¢{x+4,x<-1, ¢{x2+2,—15xs1 ,oedd f(x)=g,{x+1,x$0¢',{(x+1 )2,05xs2¢',g,g,g,

2.1. 2.2.

2
F)=e 2 x0T ~1<xst 6664 f(0=e{-xxs06{~(x-1)",0<x<2¢.¢.¢.¢

2.3. 2.4 .
F=ed-20ek1),xs=16 {0+ 1) ~1<x<06.6. F(X)=e{-xxS06{X*,0<x<26,6.¢.¢
2.6.
2.5.
f(X)=¢{x=3,x<0¢ {x+1,0sx<4¢ ¢ ¢.¢,
2.7 fX)= {1 x$1.{2%,1<x836 6.0 ¢ 2.8.
JR— f (x)=(;{2x3,x50(;{x,0<x51(;u,(;
2.9. 1=t 1%, %$0{0,0<x$24 6.6, 2.10.

f (X)=¢{cosx,x5"2L{O,H2<x<ﬂ¢au

o f(X)= ¢ {sinx,x<0 {x,08x<2; 6.4 2.12.



23.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2.27.

2.29

fX)=¢ {x=1,%S04{X2.0<X<2; 60,4

fx)= {=x.X<04 {*+1,08%<2;. .6,

fix)=¢ {x=1,x<0; {sinx,08x<1m; 6.6, ¢,

)= {1.x06{2.0<x<2¢.6.6¢

fX)= {3x+4 x$=1{-2,~1<X<2; 6 6.6

fx)=4 {(x=1,x<1 6 P42,18X82.6.6.6,

fx)=4 {x x<=24 {=x+1,-25x815.6.6.¢,

fx)= {0.xS=16{*1,1<x<2.6.6.¢

AX)=f2,x<1{1-x,~15x814.6.0.6

2,14, f(x)={xH1,x<0:{x*-1,08x<14,4. 4.6,

2.18. fX)= {-x#1,x<=1{¥+1,-1$x$2; 4. .0

2.20.  fx)zp{xr2xs=24 {0 -2<x166.00

2.22.  fX)=ifxxs1{(x-2),1<x<34. .6

2.24. Xz x<=14{x-1,-15x83;, .66

2.26.  f(X)=4{x+3, xS0 {-x*+4,0x<26.6.¢,

2.28. f(x)=4{~1,x<0;{cosx,0sx<m .0 s,

230, f(X)=6{-x xS0 {x° 0<x$2; 4.6,



3ananme 3. UccnenoBarh nannpie GyHKIIUHA HAa HEMIPEPHIBHOCTH B
yKa3aHHBIX TOYKAX
1
3.1, f(x)=2"% 41, x4=3, xp=4
1

32. f(x)=5" -1, x1=3, xo=4

fx)= X1 x=2,x =3

3.3. X-2 L 2
f(X )_ X;s, X1=—2 , X2=—3
34 Xx+3

3.7, f(x)=2"°+1, x1=5, x2=4

1

3.8. f(x)=5* %1, x1=3, x=4

1

3.9. f(x)=6"°+3,x=3, x2=4

1

310 f(X)=75_X+1, X1=5,X2=4

f(x)= x-3 x

—_—

3.11. X +4 1 2

f(x)= X x=3,x =2
312 X—2 1 2

2
3.13. f(x)=5"7, x1=3, xp=4
314, f(x)=4 "3, xq=1, xp=2

3.15. f(x)=2"% -1, x1=0, xp=1



3.16. f(x)=8% 21, x1=2, x2=3



3.17. f(x)=5""+1, x1=2, x2=3

3.18. x—4 1 2
f(x)= _2X , x=1,x=2
3.19. X2—1 1 2
=z
f =2 +1, :—2’ x =—1
3.20. ®) . ]
3
321, F(x)=4"2+2, x1=2, x=3
_2 1
f(x)=3*""-2, x=-1,x =0
4.22. () ;X=X
3
323 f(x)=5%"+1, x1=-5, xo=-4
- 4
304 f(x)= )ix—'|=2 , X1=—2, Xxo=—1
- 4
395 f(x)= )iX—-l:3 , X1==3, x2=-2
X +5
396 f(x)=%— 3, x1=3, x2=4

3.27. f(x)=3""+1, x1=1, xp=2
, X=-5,x

3.28. x+5 2

3.29. f(x)=6 4%, x1=3, xp=4

3.30. x—2

KonTpoabHbIE BONPOCHI
1.Kakue BenmMuMHbI Ha3bIBAIOT OECKOHEYHO MaJIbIMU OJHOTO MOPSAKA MaJOCTH?

2. Kakue BeTnuuHbI HA3bIBAIOT YKBUBAJICHTHBIMM OECKOHEYHO MAJILIMHA ?



3. Kakast pyHKIMS Ha3bIBA€TCSl HEMIPEPHIBHON B TOUKE?
4.CKOJBKO U3BECTHO BaM TOYEK pa3pbiBa (PYHKIUHU, KaKue?

IIpakTnueckas padora Ne S mo reme
Tema «HaxoxaeHue npou3BOIHON CJI0KHON (PYHKIIUHA »

Leab: HAyYUTHCA HAXOIUTh IPOU3BOAHBIC ATIEMEHTAPHBIX U CIOKHBIX (PYHKIUH.
BpeMﬂ BbINOJIHEHUA 90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTnyeckne ceegeHns

2.3agaHue

3.JIuct A4

4.Kanbkynaropsl

NMopsaaok BbiNONHEHUA paboThbl
1.3yuntb 3agaHne

2. N3yunTb TeopeTnyeckue ceeneHuns

3. BbInonHuTtb 1 ohopmnTb paboTy
4.MokasaTb pe3ynbTaTthl NpenogasaTento
domalwHee 3agaHue

1.MoaroToBnUTb OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
Xoa padoTbl

KpaTkue TeopeTnuecKkue cBeIeHMsI.
Ilpouseoonan ghynkuyuu, ee 2eomempuyueckuii u uzuueckuii CMbICI1.

Onpenenenue.llpousBoaHoii GpyHKIMH f(x) B TOYKE X = Xo HA3BIBACTCS MPEACI

OTHOINICHUS TIpUpaIeHuss PYHKIIMN B ATOM TOUYKE K MPUPAIICHUIO apTyMEHTa, ECIIH

OH CYIIECTBYET.

f'(x)= lim f(x+Ax)-f(x)
x>0 Ax

\

f(xo) ff(xo0+ x) D D i




Af

tgB= -
[TycTs f(x) omnpeneneHa Ha HEKOTOPOM MTpoMexkyTKe (a, b). Torma Ax

TaHTEeHC yIJIa HaKkjIoHa cekymieit MP k rpaduky dbyHKIUM.

lim Af =f (x0 )=tga
Ax—0 AX =K — reOMeTPUYeCKHUIl CMbICJI POU3BOHOM

r7ie - yroJ HaKJIOHA KacaTelbHOU K rpaduky GyHKIUU f(x) B TOUKe (Xo, f(X0)).
K —yrnoBoii koappuimeHT KacaTeabHOM.

Yron MCIKAY KPpUBBIMH MOKCT OBITH OIIPCACIICH KaK YI'OJI MCKIY KaCaTCIbHBIMU,

MIPOBEJICHHBIMU K 3TUM KPUBBIM B KaKO#- MO0 TOUKE.
YpaBHeHHUe KacaTeJbHON K KpuBoi y- yo=f (X0 )( X—Xo0)

y-y=—_—1 (xx)

YpaBHeHUe HOPMAJIM K KPUBOil 0 f(xo) 0

dakTruyecku npou3BoAHas GyHKIIUU MTOKA3bIBACT KaK U3MEHSAETCS (DYHKIIHS TpU
M3MEHEHUH nepeMeHHON. DU3nYeCKuii CMbIC MPOU3BOAHON PpyHkumuf(t), rae t
- Bpems, a f(t)- 3akoH nBKeHUS (M3MEHEHUSI KOOPJINHAT) — MCHOGCHH A
cKopocmbs 0sudicenusn. CoOOTBETCTBEHHO, BTOPasi MPOU3BOIHAS (DYHKITMH- CKOPOCTh
U3MEHEHUS CKOPOCTH, T.€. yckopernue.OcnoeHnuvle npasuna oughpepenyuposanus.

O6o03HaunM f(x) = u, g(x) = v- Gyakuuu, TudPepeHupyemMbie B TOUKE X.
Duv)=uv

2)(uv)=uv+tuv
(U uv-vu
3) V)= % ,ecita v 0
IIpou3BoaAHbIE OCHOBHbIX 3JIEMEHTAPHBIX (DYHKIMH.

1)C =0; 9) (sin x)' =CO0S X

I

2)(x™) = mx™"; 10) (cos x)=-sin x
- 1 1

3) (Vx) =2vx 11) (t9x) =cos’



11 N
4) (X ) X 12) (ctgx)=- sinx
. 1
5 (¢ )’=9X 13) (arcsin x ) =V1-x°
1
6) (& )’=ax Ina 14) (arccos x) == V1-x°
1 1
7) (In x )'=x 15) (arctgx )= 14x°
] .1
) (loga x )= <Ina 16) (arcctgx ) =- 14x 2

Ilpouszeoonasn cnoxcnoii pynkyuu.

Ilycmo y = f(x),; u = g(x), npuuem obracmv 3HayeHUl QYHKYUU U 6X00Um 8
obnacms onpeodenerus GyHKyuuf.

Tozoa y=f'(u)u

Jozapugpmuueckoe ougghepenyuposanue.

PaccmoTpum dyHKIHIO y=|n|X|=6{|nXl npu X>06666 .

1 1 C(=x) A

Torma(Inx)= x ,Tk. (nx) =;; (In(=x)= x =X
)
(Inlf (x)]) =
Y4uThIBas MOJYYEHHBIN pe3yIbTaT, MOKHO 3aIMCaTh f(x)
f(x)

OtHomenne f(x)  Ha3bIBaeTCs JJorapupmMmuueckoii Npou3BoOaHONH QYHKITUN
f(x).

Crioco6 norapudpmuueckoro nudgepeHuMpPoOBaAHUNA COCTOUT B TOM, YTO CHadasa
HAXOJAT JIOTapU(PMHUUECKYIO MPOU3BOAHYIO (DYHKIMHM, a 3aTeM MPOU3BOAHYIO
camoil pyHKIMHU 10 popmyiie

f(x)=(n[f ( x)])-F ( x)

Crnioco06 norapudmuyeckoro auddepeHupoBatus ya100HO MPUMEHSTD JIs
HaXO0XKJICHUS TPOU3BOIHBIX CIIOKHBIX, 0COOCHHO MOKa3aTeIbHBIX (QYHKITHH, IS



KOTOPBIX HETIOCPEACTBEHHOE BBIYUCICHUE IPOU3BOJHOM C UCIIOIB30BAHUEM
npaBui 1udepeHIpoOBaHUs IPEACTABISAETCS TPYIOCMKUM.
Ilpouszeoonan noxazamenvno- cmenennou oynkyuu. OyHKUMs Ha3bIBACTCS

IIOKAa3aTeJIbHOM, €CIIM HE3aBUCUMAasl IIEPEMEHHAs BXOAMT B MIOKA3aTelb CTENEHH, U
CTENEHHOM, €CIM NIEpEMEHHAs SBJIAETCSI OCHOBAaHHUEM. Eciin ke 1 OCHOBaHHE U
MOKa3aTeNlb CTENEHH 3aBUCAT OT IEPEMEHHOM, TO Takast pyHKIUsA OyaeT
IIOKA3aTEJIbHO — CTEIICHHOM.

[Tycts u = f(x) (f(x)>0)u v = g(x) — GyHKIIMH, UMEIOIINE MPONU3BOIHBIC B
TOYKE X.
Haiinem mpousBoaHy0 GyHKIMU y = u'. JlorapupMupysi, mosyqum:

Iny = vinu

Yy u
=v In u+v
y ety

(L
y=u \vytvinu

W) =vu"" u'+u’ V' Inu

Ilpumep. Haiitu npou3BOIHYIO (QYHKIIHH f(x)=(x*+3 x)* < *

o U=X2+3 X, V=X COS X ;
[To mosryueHHo# BbIle (HOpMYIIe MOTydaeM:

[Tpou3BoHBIE ATHX QYHKIMIA: U =2 X+3 ; V =coS X—X sin X ;
OKOHYATENILHO:

f'( x)=x cos x-( X* +3 x )¥ ©° *1.(2 x +3 )+( x?+3 x Y * (cos x—x sin x )In ( X*+3 x)

1
. , = cBsx
IIpumep. Haitn npousBOIHYIO  dymxumm y=c08 x sin x+ 2 .CHauaia
i 1 5
npeoGpasyem ganHyio Gyskmuo: Y- 25" 2 xt,c08" X
y= 12cos2 x+1 2 cos x (-sin x )=cos2 x-sin X coS X .
2 2 Ilpumep.Haiith  1pOU3BOAHYIO

x et

byHKITIH X2 +1



(2 xe" 2% 2 e )( X +1)-(2 X )¥° 7

2 el 42 36 of +2 xel +2 x o =2 %3 of

y="2 7 = 7
(x +1) (x +1)
2 xe* 2 (X +1+

2) (241

3ananue 1.Hantu npousBognbie pyHKIMI

B1 Y=x>-5x*+11, Y=x’ctgx
y=arctgx Y=:%75

x A

Y=e- *2 Inx, Y=(cosx —1)* *

B2 Y=2x-x?+1, Y=x’tgx

artgx —
Y=4x, Y=\/X—3

X
Y=Inx+1,Y=(sinx-2)* *

B3 Y=7x*+3x-2, Y=xarctgx
Y= X+3 Y= —1 =
Inx (2 x+11)

Y=sin® (4 %+ £ -1)
2

Y=(5 x+4)* ¥

B4 Y=-3x>+5x*-81, Y=2xsinx
X o
Y=sinx ,Y=\/4 x*-3
X 3 x
Y=cos—x+ 1,Y=(tgx -3)

B5 Y=7x%-3x%+32 Y=x3 arcsinx

y=—_ 2 Y= cosx
(3 -6x)  3x
Y=In (x-x*-6)

Y=(cosx+4)"

B6 Y=-x>+3x3-11, Y=3x°ctgx

B16 Y=x>-5x*+1, Y=x’ctgx
Y= arctgx Y= 3555

X \
Y=e-*Inx, Y=(x-1)**

B17 Y=2x>-x*+17, Y=x"tgx

Y= m4x , Y=\3 x2-3

X 2
Y=Inx+1 , Y=(In x +8)
B18 Y=7x>+3x2-2, Y=xarctgx

Y= X+ Y:—1

5

Inx (2 x+11)

Y=sin® (4 x*+ X -1)
2

Y=(In x-2)* ¥

B19Y=-3x3+5x*-81, Y=2xsinx
X
Y=—sinx Y=V* -3
X 5 x
Y=cos—+ 1, Y=(In x +9)

B20 Y=7x5-3x%+3,Y=x3 arcsinx

Y= 2 Y= cosx

(3 -6x)  3x
Y=In (x-x*-6)
Y=(tg x+2)*

B21 Y=-x’+3x>-11,Y=3x°ctgx



arccosx
.Y =25 x-3

3x

Y

Y=¢3*%1In2x

Y=(7 x +6)? ¥

B7 Y=3x*-6x"+19, Y=x’sinx
Y= m3xﬁ/3 2 x3-6

Y=e- % Inx, Y=(3 x+1)° ¥
B8 Y=-4X°+9X?-12, Y=x’tgx
y= areclox Xox V=5 3 x+6

Y=2-*2Inx, Y=(sin x-4)"

B9 Y=5x*-2x3+65,Y=x?arcsinx
5
Y=(6 xX—4)3 , Y=\/5 xX*-5

Y=3%%In,Y=(cos x +1)*
B10 Y=-2x%-3x?+19, Y=x?ctgx
_arctgx |

3 X3+5

X
Y=¢e%* Inx,Y=(3 x-1)*

B11 Y=8x*-6X°+1,Y=2x3arccosx

Y= tgx , Y= ﬁg
5x (6 x-5)

Y=4"%Inx,Y=(9 x +3)* ¥
B12 Y=3X?+11x3-87,Y=3x>ctgx

Y= COSX, Y= _—35
2x (4 x+9)
Y=5° % Inx, Y=(cos x-2)* *

B13 Y=x’+9X?-51, Y=x?arcsinx

arccosx

Y= _y=\s x-3
3 x

Y=¢®%In2x

Y=(tg x-6)* *

B22 Y=3x*-6x%+1, Y=x3sinx
Y_ 3x, Y= N° 2 x3-6

Y=e- " Inx,Y=(tg x+3)° *
B23 YV=-4X°+9X%12,Y=x’tgx

Y= arcet X6x_,Y_=\/3 3 x+6

Y=2-*Inx, Y=(cos x +3)° ¥

B24 Y=5x*-2x3+65, Y=x2arcsinx
5
Y=(6 x—4)s , Y=\/5 X*-5

Y=32*% Inx, Y=(sin x +2)® ¥

B25 Y=-2x%-3x?+1, Y=x’ctgx
Y= 20X y=y5erE

X \

Y=e?* Inx, Y=(sin x-1)* ¥

B26 Y=8x*-6X°+1, Y=2x3arccosx

Y= tgx ,Y: ﬁg
5x (6 x-5)

Y=4 Inx ,Y=(sin x +5)* ¥
B27 Y=3X?+11x%-87, Y=3xctgx

y=00SX y=__ =3
2 X (4 x+9)
Y=5°* |nx,Y=(sin x-2)% *

B28 Y=x*+9X?-51, Y=x2arcsinx



X

T
Y=cosx ,Y=\/8 X-3

X 43
Y=e?* Inx ,Y=(8 x-2)" Y=cosx , Y=\/8 x-3

Y=€?* |nx,Y=(cos x +6)° *

B14 Y=3x"-9X+11, Y=5xtgx  B29 Y=3x"-9X>+11, Y=5x’tgx

2 X 57T 2 X 57T
Y=arcsinx , Y=\/ 2x -6 Y=arcsinx , Y=\/2 X -6
Y=€®"% Inx,Y=(tg x-3)* * Y=6®"% Inx,Y=(sin x +2)* *

B15 Y=x°-8X?+16, Y=4x’ctgx B30 Y=x"-8X*+16, Y=4x’ctgx

y=actgx y= 9 y=actgx y=__9
3 x (2 x-15) 3 x (2 x-15)
Y=6%%Inx,Y=(In x +2)° * Y=6* Inx,Y=(sin x-6)° *

2.Haiitu npou3BoiHbie (DYHKIUU.

a — MOPSIAKOBBIA HOMEP B JKYpHaJe

a 2a 2 3 a

1.y=ax?- X Ay, Boax+a 2. y= \/(ax —-3ax+5) - (x +a) ™

3.y =tg°( x +a )-arccos ax 2 4. y =arcsin® ax-loga( x-a)

5.y=a “ctgax’ 6.y= ct92 ax-arctg\/ X

__— ax’-3 ax+5a lg (ax’-2 ax+3 a)
Ly — :
e’ 8.y= arccty’ ax

KouTpoJsbHbIe BONpochI

1.ChopmynupoBTh OnpeaesieHne MPOu3BOIHOMN, TpaBmiIa TudepeHIMpOBaHNS.
2.3HaTh Ta0JIUIly TTPOU3BOIHBIX dJIEMEHTAPHBIX (QYHKIIUM.

3.ChopmyaupoBaTh NPaBUIO HAXOXKICHUS POU3BOTHOMN CIIOKHON (DYHKIIHH.

IIpakTuyeckas padora Ne 7 mo reme«UccienoBanust GQyHKIIUU M OCTPOEHHE
rpagpuka»



Heab: HAyuYuTHCA UCCAEAOBATH (PYHKITUIO U IO Pe3yJIbTaTaM HUCCIIeTOBAHUS

CTpOUTH TpaduK.

Bpemsa BbINOsfIHEHUs 90 MUHYT

MaTtepunanbHoe obecnevyeHue

1.TeopeTnyeckne ceegeHns

2.3apgaHuve

3.Jluct A4

4.KanbKkynaropsl

NMopsanok BbINONMHEHUsA paboThbl

1.3yunTb 3agaHue

2. N3yunTb TeopeTnyeckne ceeaeHuns

3. BbIinonHuTbL 1 odopMuTb paboTy

4.MokasaTb pe3ynbTaTthl NpenogasaTesnto

[domalwHee 3agaHue

1.MoaroToBnUTb OTBETHI HA KOHTPOJIbHbIE BOMPOCHI
TeopeTuyeckme cBegeHuUs.

Cxema uccneoosanusn Qynkyuil

1) O6macthb cymiecTBOBaHUS (DYHKIIUH.
DTO MOHATHE BKJIIOYAET B ce0S M 00J1aCTh 3HAYCHUH U 00JIaCTh OTPEICIICHHS
byHKIIH.

2) Touxwu paspsiBa. (Ecnu oHn umerorcs).

3) WHurepBanbl Bo3pacTaHus U yObIBAHHUSL.

4) Touku MakCUMyMa U MUHUMYyMa.

5) MakcumalibHO€ 1 MUHUMAJIbHOE 3HaUeHuEe (DYHKIIMU HA €€ 001acTh

OTIPEJICIICHHUS.
6) OG6nacTu BBITYKIOCTH U BOTHYTOCTH.
7) Touku neperuba.(Ecinu onn umerorcs).

8) AcumnToThl.(Ecau oHn umeroTcs).

9) [MocTpoeHue rpadmka.

X3

y=—7—
IIpumep. UccnenoBarb GpyHKIHIO X~ 4 noctpouts ee rpaduk.
Haxoaum obnacts cymectBoBanus GyHKIuH. O4EBUIHO, UTO 00ACHbIO
onpedenenus GyHKImA sBisiercs oonacts (- ;-1) (-1; 1) (1; ).

B cBow ouepenb, BUOHO, 4YTO mpsiMble X = 1, X = -1 gBusArOTCA
BEPMUKAIbHBIMU ACUMNIMOMAMU KPUBOM.
Obnacmvio 3Haveruti TaHHOW (DYHKITUY SIBISICTCS UHTEpBAT (- ; ).

Toukamu paspviéa GYHKIIUU SABJSIIOTCS TOUKH X = 1, X = -1.
Haxonum kpumuueckue mouxu.



Haitnem HpOI/I3B0)1Hy}O byHKIMH
(x2—1)—2x-x3 3x*-3x-2x" 3%

V= (x 17 (x21)2_ =(X—212_)
Kputnueckne Toukn: X =0; X =- V3 ;x= V3 ix=-1;x=1.

Haxogum mpoMexyTKu eospacmanusi W Yowieanus GyHKUuU. Jns sToro
OTIpEJIEINISIEM 3HAKH MPOU3BOIHON (PYHKIIMU HA IPOMEKYTKAX.

- <x<- N3 ,y>0, pyHkuusa Bo3pactaer - V3 <x<-1l, y <0, byHkms
yOBIBaeT

-1 <x<0, y <0, byHKus yOsiBacT 0 <x<1, y <0, byskmms
yOBIBaeT

1 <x< 43 , y <0, ¢yHkuus yOsiBaer V3 <x< , y>0, ¢yHKuus
BO3pacraer

BuHo, 4TO TOYKA X = - \/ 3 SIBIIICTCS] TOYKOHM Makcumyma, a TOUKa X = \/5
SIBISIETCSL TOUKOM MuHumyma. 3Ha4eHNs PYHKLUH B OTUX TOUKAX paBHBI

COOTBETCTBEHHO 3 \/3 2u-3 3 /2.

Haiinem BTOpYyIO MPOU3BOAHYIO QYHKIIUU

y= L6130 xX(-1) = (Ax-6x)(x*-2x%+1)-(x*-3 X )4 -4 x)
(x*-1)* (x*-1)*
4 X'-8 X°+4 X°-6 X° +12 X°-6 x-4 X +4 X°+12 x°-12 x° —
(=1

2x°+4x°-6x _ 2x(x42xX°-3) _2x(£43)(X-1) _2 x (44+3)
(-1) (2-1)* (1) (x>-1)°

OHpGJIGJ'II/IM BBIITYKJIOCTh U BOTHYTOCTb KpI/IBOI/I Ha ITPOMECIKYTKaXx.

- <x<- \/ 3 ,y <0, kpuBas BbIIyKJas - V3 <x<-I, y <0, kpuBas
BBITTyKJIast

-1 <x<0, y>0,kpuBas Borayrass 0 <x<1, y < 0, KpuBas BbIyKJas
1 <x< V3 , y>0, xpuBas BOrHyTas V3 <x< , y>0, xpuBas

BOTHYyTas

Haxonum npomexyTku gozpacmanus M yovieanus GyHkuun. st 3Toro
OTIpeJIeIsieM 3HAKH MPOU3BOTHON (PYHKIIMU HA IPOMEKYTKAX.

- <x<- N3 ,y>0, pynkuus Bo3pacraer - V3 <x<-1l, y <0, pyHKUIHS
yOBIBaeT

-1 <x<0, y <0, pyHKIMs yObIBacT 0 <x<1, y <0, byHKIMSA
yObIBaeT _

1 <x< 43 , y <0, ¢yHkuusg yosBaer V3 <x< , y>0, ¢dyHKuus

BO3pacTaeT



BunHO, 4To TOuka X = - V3 SBISETCS TOUKOM MAKCUMyMd, a TOUKA X = \/5
ABIIAECTCS TOUKON Munumyma. 3HadyeHus: GyHKIMH B 3TUX TOYKAX PABHBI

COOTBETCTBEHHO 3 V3 /2u-3 3 /2.
[Tpo BepTHKaNbHBIE acumnmomyl ObLIO YK€ CKa3aHO BbIlIe. Tenepb HaleM

X_=lim 11 =1;

X —® X2_1 X 1_ XZ
HAKJIOHHblIE acumnmomasl.
3 3 3

k =lim

X X X X
b lim X lim.
x 2 x 2
x 1 X 1
1
Iim _X_ lim X 0
2
XX 1 ) 1
1 Xx2

Htoro, ypaBHEHHE HAKIIOHHOW ACUMIITOTHI — Yy = X.

Ctpoum epagux GyHKIMU:

I

/_\ ]
3apanue 1.MccienoBarh GyHKIHIO 110 IIPEAIOKESHHONW CXEME U IIOCTPOUTH
ee rpaduk:

1. Haiitu oGnacth onpeaeneHus: GyHKIUU.

2. UccimenoBaTh Ha YETHOCTHh M HEYETHOCTb.

3. MccmenoBath Ha NEPUOIUYHOCTD.

4. HaiiTu cTalMOHApHBIE U KPUTHYECKUE TOUYKHU MIEPBOTO pPOJa.

5. HaliTu mpoMeXyTKU BO3pacTaHus U yObIBaHUS (PYHKIIUHU, IKCTPEMYM.



6. HaiitTu cTanumoHapHble 1 KPpUTUYECKUE TOUKU BTOPOTO PO/JIa.

7. HaliTu mpOMEKyTKHM BBIYKJIOCTH (DYHKIIMH, TOUKU Neperuoa.

8. Haiitu acumMnToThl (BEpTHKAIbHBIE, TOPU30HTAIbHBIEC, HAKIIOHHBIE).

9. Haiitu Touku nepecedeHus rpaduka GyHKIIUHA C OCIMU KOOPIMHAT.

10.Haiiti 1OmOJIHUTEIbHBIE TOYKU.

11. ITo pe3ynbpTaTaM ucciieIOBaHUs TOCTPOUTH rpaduK QYHKIUU.

Bl.a) y = x2(2-X)2; 6) y = x¥*-2 x-8

X +1

B2.a)y=x\ 1-x ; 0) y=
X*+2 x-8

x+3
B3.a)y=x-arctgx; 0)y=
x> =3 x-10

x—1

8 £ +3 x-10
B4.a)y = 4-x; O)y=  x+3
.

BSa)y= 1=X; 6)y=

X2 -4 x-12

x+3

x3-12x3x3-12x3
B16. a) y= -9x+1;

X2 x?
G)y=Xt*+1x*+1

11;.: '21 -3 1
3 +-X E.‘L +-X
B17. a)y= -2x-1;
x*  x3
0)y=
Ixa-xr-axgolys_x2-3x 4l
X X -3 433X -X*-3X 43
B18.a) y=
v o
xX:-3
; 0)y=
e s o ¥
B19. a)y= +9x;
xX*-1
0)y= 3645
_ 5 _1 4
B20.a) y=x"-20x; 0)y=I- ,
X



X2
B6.a) y=_"2;

1+ x

X+4 x-12
x-3

X
B7.a)y = xe+465

X+2
XZ
- G)y= X+x=20
BS. a) Y =e4,; )y X=2
B23.
X
B9.a)y = x+1; 0)y= B24.
xX* -2 x-15
x+4
B10. a) y =2x-x2; 6)y= B25
x> +2 x-15
x—1
X% -3x%% +4
Bl1l1. a)y= ; B26.
5 —2x
R !
0) y=
B12. a)y= B27.
x3
—x% +3x% -2 XI-1
;  O)y=
B13. a)y= B28.
x3i-12x+6 X
; B)y= x+4
Bl4. a)y= B29.
¥24oxT4+ 24y + 12
x:

0)y=

Gy= X *x20 By

+18

6x

B21. a)y=x>+15x*x-250 6)y=

a)y= %2 1 O)y= %

a) y=x2-4X ;

a) y = 3x-Xs;

a)y = 2/3x>-2x=1;

a)y=2x X ;

a)y =2x2-8;

a)y = x4-8x213 ;

3
a)y= 4=y 5

X, = 1
—>—

X +9

0)y=3x+ f’( +5
xX*-2 x-8
O)y= "
X
0) y=- y2
1-x2
O)y= «x
6)y=
o)y= —2
X -1
X2 +3 x-10
0)y= X:;















6)y=



X2 -2 x—8
B15. a)y= B30. a) y = x\V4-x; 6)y= x+3

KoHTpoJsibHBIE BOIPOCHI:

1.Yto Takoe obnacth onpeaencHus QyHKiuu?

2.Kakue (pyHKIIMY Ha3bIBAIOTCS YETHBIMU , HEYETHBIMU, 00IIer0 BUa?
3.Buael TOUeK pa3phiBa.

4.Yrto Takoe Hy U QYyHKIMU?

5.Kak onpenenuTs NPOMEKYTKH BBITYKIOCTH?

6.Bunel acHMIITOT.

Tema «PelleHune cuctem riuHeMHbIX ypaBHEHUN Mo
dopmynam Kpamepa n metogom lNayccar

U,e.ﬂb:Hay‘-IVITbCFI BbIMUCIIATb onpeaesintesini BToOporo U Tpetbero nopdaanka

MaTtepuanbHoe obecneyeHune
1.TeopeTnyeckne ceegeHns

2.3agaHue

3JInuct A4

4.Kanbkynaropsl

NMopsaaok BbiNONHEHUA paboThbl
1.3yuntb 3agaHne

2. N3yunTb TeopeTnyeckne ceeneHuns

3. BbInonHuTb 1 ohopmnTb paboTy
4.MokasaTb pe3ynbTaTthl NpenogasaTento
domalwHee 3agaHue

1.MoaroToBnUTb OTBETHI HA KOHTPOSIbHbIE BOMPOCHI
Xopa paboTbl

TeopeTnyeckue ceefieHUA



IIpakTuueckas padora Ne 8 mo reme

Tema «BbluuciieHue nepBoo0pasHoil M onpeaeJeHHbIX MHTErPaJIoB.
DusnyecKoe U reoMeTpu4YecKoe NPUJI0KeHUe HHTErpPajaoB»

HCJIBZ IMPOBCPHUTHL YMCHHUC BBIYMCICHHA OIIPCACIICHHBIX HHTCTPAJIOB,

HaXO0>KIEHUE TUIOIIAACH.

Bpems BbinonHeHus 90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTunyeckne ceegeHns

2.3apgaHue

3.Jlnct A4

4.KanbKkynaropsbl

NMopsapok BbINOSNIHEHUs paboThl
1.3yuntb 3agaHne

2. 3yunTb TeopeTnyeckne ceeaeHmns

3. BbinonHuTb 1 odopmuTb paboTty
4.NokasaTb pe3ynbTaThl NpenogasaTento
[JomalwHee 3agaHue

1.MoaroToBnTb OTBETHI HA KOHTPOJTbHbIE BOMPOCHI
Teoperuueckue cBeieHUs

Onpeoenennstii unmezpa.

[TycTh Ha oTpe3ke [a, b] 3anana HenpepbiBHas pyHKUuUs f(X).

0| axibx

O603HauM m 1 M HauMeHblIee U HauOoJIbIIee 3HAaUCHUE (PYHKIIUU Ha
oTpe3ke [a, b]



Pa3obneM oTpe3ok [a, b] Ha yacTu (He 00s3aTENBHO OJIMHAKOBHIE) N
TOYKAMH. X0<X1<X2< ... <Xn

Torma xi—Xo= X1, X2—X1= X2,...,Xn—Xnl = Xn}

Ha kak7ioM 13 MOJTy4YeHHBIX OTPE3KOB HailJieM HauMEHbIIee U HauboJIbIlee

3HaYeHue (PYHKIIUHU.

[x0, x1]  mi, M1; [x1, X2] me, Mz; ... [Xn1, Xa] Mn, Mh.

CocTaBUM CyMMBI:

n

Sm;xin = mi1 X1 +me X2+ ... tMn Xo=1i1

n

SMixin=Mixi+M2x2+ ... +MnXa =i

S . . . S - .
CyMMa ~ Ha3bIBAaeTCS HHKHEl MHTErpajbHOI CyMMOii, a cyMMa  — BepxHei
MHTErPaJbHON CyMMON.

S S S S
Txk.m Mi,To n n amb-a) n M(b-—a)
BHyTpu kaxa0ro orpe3ka BbIOEpeM HEKOTOPYIO TOUKY .
X0<1<Xl1, X< <X2, ..., Xn-1< <Xn.

Haiinem 3HaueHns GyHKIMHM B TUX TOYKAX U COCTAaBUM BBIpa)Ke€HHE, KOTOPOE
Ha3bIBACTCS MHTErpPaibHOI cymmoit 11 pynkuun f(x) Ha oTpeske [a, b].

SCi)xi
So=1f(1) x1 +f(2) x2 + ... + {(n) Xo =i1 Torga
MOXHO 3anucath: mi: Xi f( i) xi Mi xi

mi xf(i)xM; xi
CnenoBaTenabHO, i 1 i1 i

S QSn Sn

['eomeTpuyecKkn OSTO TPEACTABISICTCA CICAYIOIUM 00pa3oM: rpaduk
byukiuu f(x) orpaHudYeH CBepXy OINMCAHHOW JIOMaHOW JIMHHMEH, a CHU3y —
BIIMCAHHOU JIOMaHOM.

O6o3HauMM max Xi — HauOONBIIUK OTPE30K pa30oueHus, a min Xi —
HauMmeHbui. Ecnu max xi 0, TO 4ucio OTpEe3KOB pa3OueHusi orpe3ka [a, b]
CTPEMHUTCS K OECKOHEUHOCTH.

S . fC)x lim . f( )x S

max x; 0

Ecw ", , TO i



Omnpenenenue: Ecnu npu mr00bIxX pa3doueHUsIX oTpe3ka [a, b] Takux, 9To max Xi

Suf (i) xi

(0 ¥ TPOU3BOJIHLHOM BBIOOPE TOUYEK i MHTETpAJbHAS CyMMa i
CTPEMHTCS K TIPENIeTy S, KOTOPBIA HA3bIBACTCS OMPEACICHHBIM HHTETPAIoM OT f(X)

Ha OTpe3ke [a, b].

b
f(x)dx.
O0o3Ha4YeHMUE : .
a — HIODKHMIM TIpenien, b — BepXHUi mpefen, X — mepeMeHHasi HHTerpUpoBaHus, [a, b]
— OTPE30K UHTETPUPOBAHMSL.

Omnpenenenne: Ecmu s byukuu f(x) cymecTByeTr mnpeaen

b
lim " f()x f(x)dx,
max x; 0 i i

[a, b].

TO ()yHKLMS HA3IBACTCS HHTErPHPYeMoii Ha 0Tpe3ke

b
lim , mx f(x)dx
Taxe BEpHBI YTBEPKIACHUS: ™ i O P

il a
b
lim , M x f(x)dx
max x; 0 i i
il a

Teopema: Eciu dynkuus f(x) HempeppiBHa Ha OTpe3ke [a, b], TO oHa
WHTErpUpyeMa Ha 3TOM OTpPE3Ke.

CBOWCTBA ONPENEIEHHOI0 UHTErpaa.

b b

Af (x)dx A f(x)dx;
). a

b b b

(fi @) f2()dx fi (x)dx fo (x)dx

a a a
a

f(x)dx 0
‘ b
f(x)dx (x)dx
4) Ecnu f(x) (x) Ha oTpe3ke [a, b] a<b, T0. a
5) Ay npou3BOIBHBIX YKCEN a, b, ¢ ClipaBesIMBO PaBEHCTBO:

; (x)dx c f(x)dx b f(x)dx

PasyMeeTcs, 3TO paBEHCTBO BbINOJIHAETCS, €CAU CYLLeCcTByeT Ka)K,D,bIVI n3 BXO4AWNX B HEr0 MHTErpaioB.



b a

f (x)dxf (x)dx
6

a b

Buviuucnenue onpeodenennozo unmezpana.

;z (x)dx
HYCTB B HHTErpalle « HWKHUIA Npegen a = const, a BepXHWUi1 Npeaen b 4To ecam usmMeHseTcs

U3MEHSIETCSL. OquI/II{HO, BEPXHUN Npenen, To USMEHAETCA U

3HAYCHHUC MHTCIpalia.

X

f(o)dt
O6o3Hayum = @O(x). Haitnem npousBoHyto pyHKIuu D(X) 1o
MIEPEMEHHOMY BEpPXHEMY TMpeJeny X.

= "f(D)dt f(x) dx

AHaJOTUYHYI0 TEOpEMYy MOXKHO J0Ka3aTh I cliydas [EpEeMEHHOTO
HIDKHETO Tpeerna.

Teopema: JIns Bcskoit ¢pynkumum f(X), HempepbIBHOW Ha oTpe3ke [a, b],
CYLIECTBYeT Ha O3TOM OTpe3ke TmepBooOpa3Has, a 3HAYWUT, CYLIECTBYET
HEOIPEACICHHBIN UHTErPAJL.

Teopema: (Teopema HrtoTona — JleiiOnuma)

Ecin ¢ynkmus F(x) — kakas- nubo mnepBooOpas3Has OT HENpepbhIBHON
dbynkuuu f(x), TO

Jb‘(x)dx F(b) F(a)

a

ATO BBIpaXXEHHME U3BECTHO 01 Ha3BaHuEM (opmyiel HetoToHa — Jleitbnma.
b

Nuoraa npumenstot obo3Hayenue F(b) — F(a) = F(x). .
®opmyna Heiorona — JleitOHuna mnpencTaBisieT co0OM OOmMM TMOAXO0M K
HaxX0XKJICHUIO OMPEIEICHHBIX HHTETPAJIOB.

Uto kacaeTcss MPUEMOB BBIYHMCIICHHUS ONPEIEICHHBIX HWHTETPaioB, TO OHU
IIPAKTUYECKM HUYEM HE OTJIMYAIOTCA OT BCEX TEX IMPUEMOB U METOJOB, KOTOPBIE
OBLIM pacCMOTPEHBI BHIIIE MPU HAXOXKIEHUU HEOTPEICTICHHBIX HHTETPAJIOB.

To4HO Tak kK€ MPUMEHSIIOTCSI METO/Ibl TOACTAHOBKH (3aMEHbI IEPEMEHHOM ),
METOJ/I MHTETPUPOBAHUS TI0 YACTSM, T€ K€ MPUEMbI HAXOXKICHHS TIEPBOOOPA3ZHBIX
JUTS  TPUTOHOMETPUYECKUX, HPPAMOHANBHBIX W TPAHCICHACHTHBIX (YHKIIUM.
Oc0OEHHOCTBIO SIBISIETCS TOJBKO TO, YTO MPU MPUMEHEHUHU 3TUX MPUEMOB HAJZIO
pacIpoCTpaHsITh NPEeoOpa30BaHKUE HE TOJBKO Ha MOJIBIHTErPAIbHYIO (DYHKIHIO, HO
W Ha OpeAeibl UHTETPUPOBAHUS. 3aMEHsIsS IEPEMEHHYIO UHTETPUPOBAHUS, HE

3a0BITh U3MEHUTH COOTBETCTBEHHO MpCaciibl UHTCTPUPOBAHUA.



3amena nepemeHHblX.

b
f(x)dx
[TycTh 3aman unTErpai. , rae f(x) — HempepbiBHAS (PYHKIUS HA OTPE3KeE [a,
b].
BBenem HOBYIO MEpEMEHHYIO B COOTBETCTBUU € (hopmysioit X =  (t).
Torpa ecnu
D()=a, ()=b

2) (t) m (t) HempepbIBHBI HA OTpe3Ke [, |
3) f( (t)) onpenenena Ha oTpeske [, |, TO

Jfx)dx fL(O] (@t

JTO) @dt FT.(1)] | F1OI O] F(b) Fla)

Torna
IIpumep.
1\/ 3 X sint; 1 /2 2 _1 /2
1'% de;/ 2 Isin £ cos tdtcos tdt 2 (1 cos2f)dt
0 0 0 0
1 | /2 1
— t —sin2t | — —sin —_
2 2 o 4 4 4

[Tpu 3ameHe HepeMEeHHON B ONpPENEICHHOM HHTErpaie ciaeayeT MOMHUTh O
TOM, 4TO BBOJAMMAs (YHKUHS (B PACCMOTPEHHOM MpUMEpPE 3TO (PYHKIMUS Sin)
JOJDKHA OBITh HETpEphbIBHA HA OTPE3Ke MHTErpupoBaHMs. B mpoTuBHOM cityudae
dbopmanibHOE TpUMEHEHUE (POPMYIIbI TPUBOAMT K adcypay.

IIpumep.
udx X | ) IIPYFOﬁ CTOPOHBI, €CJIM IIPUMCHHUTH TPUT'OHOMCTPHUYCCKYIO
0
IIOJICTAaHOBKY,
dx dx dx tgx t o_dt_o
2 2 2 2 | 2
0 osin  x cos x gcos x(1 tg x) ot

T.e. nBa crnocoba HaXOXIEHUS MHTErpaja JaloT pa3iMyHbIe PE3yJbTaThl. JTO
IPOU30IIIIO M3-3a TOTO, YTO HE ObUI yUTEH TOT (DaKT, YTO BBEJACHHAS IIEPEMEHHAS
tgX MMeeT Ha OTpEe3Ke MHTErpUpOBaHUs pa3pbiB (B Touke X = /2). Ilostomy B
JAHHOM Clly4yae Takas MOJCTaHOBKAa HempuMmeHuma. lIpu 3ameHe mnepeMeHHOH B
ONPEJEIICHHOM MHTErpajie CcleIyeT BHHUMATEIbHO CJEAUTHh 3a BBINOJIHEHUEM
NIEPEYUCIICHHBIX BBIILIE YCIOBUIA.

I/IHTerHpOBaHI/Ie o 9acCTHM.



Ecnu dynkuuu u = (x) 1 v = (X) HeNpepbIBHBI HAa OTpe3ke [a, b], a Takxke
HEMPEPBIBHBI Ha JTOM OTPE3KE WX MPOM3BOAHBIC, TO CIpaBeymBa (opmysa

HHTCI'PUPOBAHHUA 110 YAaCTAM:
b b

udv uv |b vdu.

a a a

BeiBon 31Ol dopmysibl  aOCOMIOTHO AaHAJIOTHYEH BBIBOAY (POpPMYyIIbI
UHTETPUPOBAHUS IO YaCTAM JJsi HEOMPEICIEHHOTO HWHTErpaja, KOTOpBIM Obul
BeChbMa MOJPOOHO PACCMOTPEH BBIIIE, TOATOMY 3/1€Ch MPUBOJIUTH €TI0 HET CMBICTIA.

[Imomans KpPUBOJIMHEWHOW TpaneluWHd, OTPAHMYCHHOW HENPEPBIBHONW KPHUBOU
y=f(x), IByMs ONpSIMBIMU X=a U X=b U OCbIO a0CIUCC, BHIYUCIIAECTCS C MOMOIIBIO
OIpEeIeTICHHOT0 HHTETpasia mo Gpopmysam:

2

Y"ﬁX)'V

8= /(<) . B, S = A)= 5 =ax
- A 8 5
) Y~ s- oo
: gret——r—m— LT
Sofire
' AL I - I

fix)=0=>x=c . 0 g

o '

§=5+8,= ]‘f(x)ﬂ"'

X
Ilpumep 4: Beraucaute miomanas GUrypbl, OTpaHUUCHHON TUHUSAMH y=- 2 _,,,s

>

OCSIMU KOODAMHAT U NPSAMON Xx=2.

Pewmenue: [ToctponmaaHHble JIMHUN



Y=0

Haiinem Touku nepeceuenus rpaduka GyHkuuu ¢ ocso OX: y=
X

22 x+3 ,

- X%-2x+3=0 , Xi=1,  Xo=-3

S=j1 (_XZ '2X+3)dx'j2(_)(2 —2x+3)dx=(—L3—X2 +3X)(',|1 —(—)(_3—)(2 +3X)g,|2=<',
0 1 3 0o 3 |1
= 1143-(-E-446)+(-1-1+3)=8+2:8 =12 =4(1e.00)
3 3 3 333

3anaHus NpakTH4ecKo padoThIBbIYNCINTD ONPEACICHHBIN HHTErPal

1.
2, a)2 3 dx 2 s .
a) 3x 2xdx 0 cos’ L x a) 4x 3x dx
1 2 1
2 3 4
by Ot byl x)*dx b) \/dL
1. 6 1. » 21. ¢ x 3
3 -
a) ' x dx a),cos Lxdx a)9 2 cos3x dx
2 0 3 0
/6 6dlx 4 X 2 ¥
b)  cos’ 2x by(1 2)dx by(1 2)*dx

2.6 12. 1 22.



2

a) 3cos xdx
-
2

X
by(1 2)*dx
3.7

3
a) 7 dx
0o COS X
4 8
d
na 3~
4,

1

a)’ 4> 2xdx

1

3dx

a) 4cos 2x dx

0
5
b) 9x/Tdx 6.1

a) 6sin2xdx

2
2

b) (3 2x) dx 7.

dx

a)
0 COS2 X
1 dx

b)

35 3x

a)2 X X 3dx

2
by e** 3 dx
. 1

a)’ 3x* 2xdx

2
/2

b) 3sin xdx
13. 12

a)3sin L xdx
0 2

0
b)(1 2x)* dx
14.

a) 36c¢cos
2x dx

0
3 2dx

15. Bg=)*

2

6
a) cos xdx

0
3

(A 2x)dx
16. )z( )

.- 36
a) dx

2
0cos” 2x

3
b)y(3 x*)dx
17. )2(

ol

a) 2 sin x dx

0
4

b) (x> 1dx
18. )o( )

3
a) sin xdx
0

3
b)y (7 2x)*dx
19. o

iV
a) 108sin 6x dx
0

1

b) (7 5x)dx
23.

3
4
a) —dx
0COS 2x
1
b) (4> 6x)dx
24. ,

a)’ 5x* 6x dx

1
9

S
b)
25. 1 8x Sdx
2
a) —3r—dx
sin X

6
0

b) (x> 3x%)
26. >

3
a) 2sin x dx
0

X 2
27. ) (5=

a)3 3x 4w dx

1
/8

b) cos 4x dx
-z
28. .

a)’ 2x° 2xdx
2
/6 4dx

b)  cos’ 2x
29.
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10.

a)2 P 2

dx

1
1

b) 5 dx
. 0

dx

2 3

a) x xdx

/3

b)  3sin 3xdx
20.

15. o
Sinede—
\
16. /zz/coszx
1
dx
17. 1/29‘/1 2x
V4 dx

18 3T ax

61 Inx gy
19.,
N

dx

2
201 xVl In x

3.

3 dx
1. .¢12en
5 (x* 2)dx
12. ¢ e

¥t 31

13.—wp—*

G
a) 2 sin 3x dx

22 1\/4 X
1x3 dx
23 0\/16x4
1'% dx

24 o3l sy

"6cos 3x

25. 0@/ {1 sin 3x)’
dx

26.504/% 3
5 x’dx
27. 1\/31(x3 1)

2 dx
28 0 (2x 1)

1
x3\/4
29.0

5x* dx

sin xdx

30. 12 z/éoszx

5 dx

axt(x 1)
2dx

22, x4
9 ¥ x2

23 7X 3% 4dx

X0



xdx

3 dx 1 xdx 6
- -—
icz x 1) 14.0x 3x 2 24.3‘53
]y5 dy 10 (X2 3)dx
T Y o
5. 7 15,50 * Y
23x2 2x 3 Ny oodx
3 dx Y —
6 » XX 16. 1 x x
2 xdx 3 x' dx
3 —
7 vy (x 1) 17'% X
5 dx 3 dx
I 8% !
4 dx o xdx
9, 3(x D)(x 2) 19'Ixs 1
Ny 2
' (2x 3)dx Ton'a gy
10. 0 (x 3)} 20. o X x1
4.
2 6x°dx
V3
a) 5
a) S KPdx xS
0
4 —
b), 2 x’dx b) ~/2 cos xdx
11 1.11 o
a) dx ! ) dx
L ENE) a) ——
e
- V3
2 COS Xxdx >
p) —— b) x7/25 337 dx
12 o 3 sinx 1120
0 i i /
X 3 4
- = a) x’A4  5x" dx
a)1/3 \%1 3x )0
2x 1dx
2y Tar b)
1.3 b)l * 113 1 x3
Y ay 6x*3x* 1%dx
a)3/4‘j3 4x ? )
2 x“dx
b
114 75w
b)  xdx

6x” 16 6

30.,

4
a) 3xxt Tdx
22

2
b) 2sin xdx

1.210
1 dx

a —
)1/2\gf1 2x

2

122 , 8 7sinx

)‘12 xdx
a) —=
| \/4 X

e

b) dx

X./
123 1 Y1 Inx
0 dx
a
)14x2 9
3

by Nox 17 dx
124,




1.5 b)

05 sinx2

43 dx

2
a); 4 x” 1
3

16 b) xM x* dx
0
)3 dx
Y W25 3

/6
___cos3x

b T s d
1.7 )o é\/(1 sin3x)5 g

) Ydx

2
b) 3cos 2xdx

0

1.8

a)‘3ln’x dx
x
1

xX’dx

b -
1.9 )o N8 Tx3
U ax

x In(x 1)dx
21
0
x2 ex/2 dx

22

/2

X €coS xdx

23 o

/2

¥ sin xdx
24

a)' 2x 1 4 Xadx

0
2
,  xdx

b); ——~

115 o~ 9 2x

1/2
xdx

a) ’
0\/1 X2
. V=
\/x dx
b) \/x_l
1.16 .

a) & 1*edx

0
174

dx
by T ax,
117
) ° _dx
a —
3/4V4x 3
4 10xdx

1.18 hdas vy

a)' 4xs 17 xadx

0
1

b)x’e” 'dx
1.19

/6
cos3x

D I sz Y

b 32xdx
)

e 2

\x In xdx
1
1

arctg \/ x?ix
0

X
(x 2)cos 2dx
0

/8

2 .
x° sin 4xdx
0

b)' x’ 4dx
1.27

8
a) Vx o ldx

3

2 xdx

1.28 b)oxz 13
10xdx

a)04'/(16 X2 )

3
b) sin 3x —_
2 2
129

3

(3 x)e'dx
2

1

arcsin(1 xX)dx

1/2

‘\J‘I-3

arctg  ldx
1 X

0

xIn(l  x)dx

1



1/2

arccos 2xdx

25 1,
2 (x 1)In xdx
26
0
xe & dx
27 1/2
2
28 ¢ &
2/3
- dx
29 ;s
2
n x
Y dx
210 ,

2

x> In xdx

1

“(x Dln xdx

1
2

arctg (2x 3)dx

3/2
/2

(x 3)sin xdx
0

In2
xe *dx

0
0

(x 2)e™ '3 dx

3

3
e ¥ cos xdx

0
92x 3e“dx

1
0

(x 1)e?™ dx

1
1/2

arccos 2xdx
12

1
xarctgxdx

0
2

In(3x 2)dx

1

3aganus npakTudeckoil padorsiHaiiTu mnomans Gurypsl, orpaHH4eHHON

TAHHBIMU JIUHUAMU
3amanue 1

1‘y8x x, 7

1,11,2 1 OCBIO 0X

212227 5 L y20.x=0

3x 4

3,1323.7 1 ocbio OX

4.1424.y° 4xux’ 4y

y 5x x,

5,15,25. u ocbro OX

6,16,26. y¥ vy x=-1,x=0

7,17,27.  yx* 6x 8 g ockio OX

8,1828. yx¥ myx2

9 19 29 Yy x2 dx 5 U ocsro OX

10,20,30. y = 6x—3x2 v ocbto OX

3amanue 2



y

L1217 22 gy 20221220y =x wy 2 ¥
6 2y 2
303237 % Ly x70 414247 Y N w20 x=1
4
1 —
515257 T x=e,y=0 6,1626.7  x=1y=x-17.1727.

v x oy 1x x=0,x=1 8,1828.yx x=2 9,19,29.
% cosx,XZO,X=2n,y=010,20,3O.y=\/x,y=2,X=O3az[aHI/Ie3
L1112l x—y+3=0,x+y—-1=0,y=0
2,12222x -3y +6=0,y=0ux=3

2
31303, 7 % X3

4,1424. x—y+2=0,y=0,x=—-1,x=2

ny=3x-1

5,1525. y 2=4x,x =1 u ocpio OX

6,1636. © T uy=-3x

7,1737. x—y+3=0,x+y—-1=0,y=0

8,18,28. x’=3yny=x
9,19,29. x—y-2=0,x+y+1=0,y=0

10,20,30. y > =9x, x = 3 u ocbro OX
KOHTpOHLHLIe BOITPOCHI

1.Yrto Ha3bIBAIOT ONpeneeHHBIM HHTETpasioM GyHKIHH f(x)?

2.B 4eM cOCTOUT reOMETPUUYECKHUI CMBICI ONPEEICHHOI0 UHTErpaa’?
3.ChopmynupyiiTe HEOOXOIUMOE yCIOBUE HHTErPUPYEMOCTH PYHKIMU f(X) HA
oTpeske [a,b].

4.Chopmynupyiite HEOOXOUMOE U JOCTATOUHOE YCIOBUS
uHTerpupyemoctr ¢yHKIuH f(x) Ha oTpeske [a, b].

5.3anummuTe CBOMCTBA ONPEACIIEHHOIO HHTErpaa.

63anumute popmyny Horotona-JleliGuua.

7Pacckaxute 00 OCHOBHBIX METOJIaX MHTETPUPOBAHUS

OIIPEJEIICHHOI0 HHTETpaIa.

8.Ut0 Takoe KpuBOJIMHEWHAS Tpaneuus?

9.®opmyna Herotona-JleiiOuuiia

10.I'pacduku 351eMEHTApHBIX (PYHKIIHIA.

11.Paznuynble BUJIbI INIOCKUX (DUTYP U CIOCOOBI BBIYMCIEHUS UX IJIOMIAIEH.



IIpakTuyeckas padora 9 mo reme
«Haxoxnenue yacTHbIX Npou3BoAHbIX. [loaubiil nuddepenunamny

[lenb: mpoBepUTh YMEHHUE HAXOJIUTh U CTPOUTH 00JIaCTh ONIPEICIICHUS

CJIOJKHOM (1)YHKLII/II/I, HaxoanTh 4aCTHBIC IIPOU3BOJHBIC.

Bpems BbinonHeHus 90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTunyeckne ceegeHns

2.3apgaHue

3.Jlnct A4

4.KanbKkynaropsbl

NMopsapok BbINOSNIHEHUs paboThl
1.3yuntb 3agaHne

2. 3yunTb TeopeTnyeckne ceeaeHmns

3. BbinonHuTb 1 odopmuTb paboTty
4.NokasaTb pe3ynbTaThl NpenogasaTento
[JomalwHee 3agaHue

1.MoaroToBnTb OTBETHI HA KOHTPOJTbHbIE BOMPOCHI
TeopeTnyeckue csegeHuUs

Xoxa paéoTbl

Onpenesienne PyHKUNH ABYX MePeMEeHHBIX

Ecnu xax ol nape ( X;y) 3Ha4€HHI ABYX HE3aBUCUMBIX JIPYT OT Apyra
IIEPEMEHHBIX BEJIMYUH X U Y U3 HEKOTOPOI0 MHOXeCTBAa D COOTBETCTBYET
€IMHCTBEHHOE 3HAYCHHE BEJIMUUHBI, TO TOBOPST, UTO Z €CTh (PYHKITHS
JIBYX HE3aBUCHUMBIX IEPEMEHHBIX X U Y, ONIPEICIICHHAas: HAa MHOXecTBe D.
O6o3nauvaercs: z=f(x;y) wim z=z(X;y).

Hampumep, S=ab, S=S(a;b)- dbynkuuu neyx nepemennnix; V=abc, V=V(a,b.c) —
(GYHKIMS TpeX MEePEeMEHHBIX;

Crnoco0bl1 3a1aHus yHKUIMA HECKOJIbKUX NePeMeHHbIX

Yrto0OsI 3a1aTh PYHKINIO ABYX (TPEeX) MEPEMEHHBIX, HY)KHO YKa3aTh CIIOCO0, C

MOMOIIBIO KOTOPOTO JJIsi K&KI0M maphl (TPOMKM) 3HaYEHUN apryMEHTOB MOKHO

HalTU COOTBETCTRYIOIEE 3HaUeHue PpyHkiuu. Hanbonee yacto pyHkuums
3aJ1aeTCsl AHAJIMTUYECKHU - 3TO SIBHOE 3a/laHue (QYHKIUHU UM HESIBHOE 3aJlaHUE

YacTHble NPOU3BOIHbIE NIEPBOT0 NMOPSIAKA



[Tycts QyHkius nByx mnepeMeHHbiXx z = f(X, y) ompeneneHa B HEKOTOPOH
OKpecTHOCTH Toukn M(X, y) eBkiauaoBa mnpoctpaHcTtBa E2. UYacthHas
npousBoaHas QyHkIMU z = f(X, y) MO aprymMeHTy X sIBIsI€TCS OOBIKHOBEHHOMU
MPOU3BOJAHON (PYHKITMU OJHOW MEPEMEHHON X MpU (PUKCUPOBAHHOM 3HAYCHUU
nepeMeHHOM y U 0003HayaeTcst Kak

dz df
51 a? z.:.-: f:e

AHaNOrHYHBIM 00pa3oM ompefensercss YyacTHas npousBogHas ¢yHKiuu f(X, y)
10 TIEpeMEHHOM y B Touke M, o603HayaeMas Kak
dz af -

o oa v N

OyHKIMS, UMEIOIAasl YaCTHbIC MTPOU3BOAHbBIC, Ha3bIBaeTCA MU PepeHIInpyEMOi.

CoBepIIEHHO AaHAJIOTMYHO ONPENENSIOTCS YacTHbIE MNPOU3BOJHBIE (DYHKIIMIA
Tpex u Ooisiee mnepeMeHHbIX. YacTHas Npou3BOAHAs (QYHKIMH HECKOJIBKHX
NEPEMEHHBIX XapaKTEPU3YET CKOPOCTh €€ M3MEHEHHUS IO JaHHON KOOpAUHATe
npu (GUKCUPOBAHHBIX 3HAUCHUSAX JAPYTUX KOOPIUHAT.

3
Ipumep: £ = 2 yaxtdy-i_ (GYHKIUS ABYX IMEPEMEHHBIX.

i Vg
MHor1a UCIoJib3yIoT 3aKch Jxy)=2x'y +3r+ 3y -7 Tawxe BCTPEYAIOTCS
3aJ1aHus, TJI€ BMECTO OYKBBI & HCIOIB3yeTCs OyKBa L.
Haiitu  yacTHble NpPOU3BOAHBIE MNEPBOr0 W  BTOPOr0  MNOpsiAKa

CHauasa HaiiieM 4acTHbIE IPOU3BOAHBIE MEPBOro nopsiaka. Mx ase.

O0o03HauYeHHud:
B &=

f f oo

a4 =z
z:‘:‘ WU &% — gyacTHas IpOU3BOAHAA I10 «KUKC» ~ ¥ MU 'E.h"? — 4daCTHas IIPpONU3BOJHAsA

MO0 KHUI'PCK»

f
Haunewm ¢ z:ﬁ‘. Korna MbI HAX0IUMM YaCTHYIO IPOU3BOJAHYIO IO «MKC», TO

nmepeMeHHast .:I"?C‘II/ITaeTCH KOHCTAHTOM (IIOCTOSIHHLIM ‘II/ICJIOM).
i1 2] i3

2 =20 + 3 45y - = 27 N 3N+ (5 - (T =
4]
=2y 224342 +0-0=4dn’ +125°

KOMMCHTapI/II/I K BBIIIOJTHCHHBIM HeﬁCTBHHMl



(1) IlepBoe, uTo MBI Ji€sIa€M MPU HAXOKICHUU YaCTHON TIPOU3BOIHON —
3aKJII0YaeM BCK (DYHKIIUIO B CKOOKH O] IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) Ucnons3yeM npasuia qudPepeHIIPOBaHNS @Iv)=u'ty’ (Cu)=Cy
Jlst mpocToro mpuMepa, Kak 3ToT, 00a MpaBuja BIOJHE MOXXHO MTPUMEHUTH Ha
oxHOM mare. O6paTHTe BHIMAHHE Ha [IEPBOE CIAraeMoe: TaK KaK .; cauTaercs
KOHCTAHTOM, a JIIO0YI0 KOHCTAHTY MOKHO BHIHECTH 32 3HAK NMPOU3BOHOI,
TO .}’3 MBI BBIHOCUM 3a CKOOKHU. TO ecTh B JaHHOW cUTyallMu.¥ HUYEM HE Jy4yllle
00BIYHOTO YHcTa. Termeps MOCMOTPUM Ha TPETHE CllaraeMoe B)Y 37ech, HA000POT,
BBIHOCHTB Hedero. Tak Kak .F KOHCTAHTa, TO 5¥ — roxe KOHCTaHTa, 1
B 3TOM CMBICJIE OHA HUYEM HE JIyYIlIe MTOCJIETHErO CIAaraéMoro — «CEMEPKNY.

s Bat -l
(3) Ucmnosib3yeM TaOJUYHBIC IPOU3BOJIHBIC CY =0y (5" =mx""
EI‘
(4) Temeps “». Korma Mbl HAX0AMM YACTHYIO IPOM3BOIHYIO M0 «HTPEK»,

TO IepeMeHHas & CUMTAaeTCss KOHCTAHTOM (II0CTOSIHHBIM YHCJIOM).

(1 i2)
t 1.3 4 t P LIy t t
zy= (207" +3x +0y =T, =22 7), + (37 ), +50), - (1), =

=228 P 045 1-0=6x"y" +5

. f
(1) Hcnomezyem Tte ke mnpaBwia audhepeHIupoBaHus wrv)=u'ty
S o ] 2
,(CH) =Cy' B IIEPBOM  ClIaraéMOM  BBIHOCHM KOHCTaHTy X~ 3a  3HaK

. 4
TIPOM3BOJIHOMN, BO BTOPOM CJIaraéMOM HHYETO BHIHECTH HENb3s TOCKOJIBKY 3K —
y>K€ KOHCTAHTA.

(2) Ucnonb3yem TabAMUIYy MPOU3BOAHBIM 3JIEMEHTAPHBIX (PYHKLIUM.
Mpic/ieHHO TOMeHsieM B TalJiMie Bce «MKCbD> Ha «Urpekm». B
ik AN R o |
YaCTHOCTH, UCIIOJIb3yeMble HaMU (DOPMYJIbI BBITJISAAT TaK: (CY=0u(y") =ny
Nrak, yacTHbIe NPOU3BOAHBIE IEPBOTO MOPSIAKA HANICHBI

HOI[BGIIGM HUTOI', YCM KC OTIINYACTCA HAXOXKACHHUC YaCTHBIX IIPOU3BOAHBIX OT

HaXO0XIACHUS «OOBITHBIX IMPONU3BOJHBIX (I)YHKHI/II/I O,HHOﬁ HCpCMGHHOﬁ:

f

E.:':’, nepeMeHHast ..}?

1) Koraa Mmbl HAX0AMM YaCTHYIO IPOU3BOAHYIO

CUNTAETCH KOHCTAHTOM.
I
£ X
2) Koraa Mbl HAX0AMM YaCTHYIO IPOU3BOAHYIO ~¥, IepeMeHHast

CYUMTAETCH KOHCTAHTOM.

3) HpaBuiaa w Tadauua NPOM3BOAHBIX 3JIEMEHTAPHBIX (QYHKUIUH
CpaBelJIMBbLI M NPUMEHUMBI J1JIsi J1I000ii nmepemMennoii (X, ¥ au6o xakoii-
HUOYAb APYIroi), 0 KOTOpPoH Beaercs 1 depenunposanue.

[ITar BrOopoit. Haxonum 4acTHbIE MPOU3BOIHBIE BTOPOTO nopsiaka. Mx
YETBIpE.



O003HaYECHHUA:;

fY

~

Swwnmm Art - BTOpas MIPOU3BOTHAS 110 CUKCY»
&z

1 —p

“Wum N — BTOpas MPOM3BOIHAS o KUTPEK»

".'“'” . 3

“¥ oy OXdY — cMewanHas MPOU3BOIHAS «HKC o UTPEK»

&'z
Y

-

< wm YOX — cMewannas NPOU3BOJHAS «UTPEK T10 UKC»

B noHsiTMM BTOPOM NMPOU3BOAHOM HET HUYErO CJHOKHOTO. ['0OBOpS mMpOCThIM
A3bIKOM, BTOPas IPOU3BOAHAS — 3TO MPOU3BOJAHAA OT NEPBOil NPOU3BOIHOM.

YacTHble HpOI/ISBOJIHBIC HepBOFO nopsaka:
2 =4xf +12x°
z,= 63y +5

CHauaia HaulJem CMEIIaHHbIC IIPOU3BOIHEIE:
2 = (2))), = (4zy’ +12x), = 42(y"), + (12x°), = 4x- 3" + 0= 122"

Kak Bugute, BC€ mpocTo: OepeM 4acTHYIO NPOU3BOIHYIO £ :: 51

T depeHInpyeM ee €llie pa3, HO B JAHHOM CIIy4ae — YK€ [0 «UTPEK».

AHaJIOTU4HO:
2y =2,y = (62 45 = 6 () +(5) =6y 2x+0=12"

B npakTuyecKknx nmpuMepax MOKHO OPHMEHTHPOBATBLCS Ha Cieayloliee
PaBEHCTBO:
Iy = Iy

Takum o0OpazoM, yepe3 CMEIIaHHbIE MPOU3BOJIHBIE BTOPOTO MOPSAKAa OYEHb
yAO0OHO MpOBEPUTh, a MPABWIBHO JIM Mbl HAIIM YacCTHbIE IPOU3BOJHBIE
MIEPBOIO MOpPSJIKA.

Haxoaum BTOpY1O MPOU3BOJIHYIO IO «UKCH.

r_ 3
Huxakux n3obperenuii, oepem “x ~ 4@} +12x u qudepeHupyem e€ mo «MKC»
elie pas:

2 = (2 = (dry’ +1200) =4y (DL +12(0°), =4y 141238 = 4y 4 367
AHaJIOTUYHO:

2! = (LY, = (65} +9), =62 ("), +(3), = 62" 2p+0=124y

f f
=

CHCI[YGT OTMCTHUTH, YTO HpI/I HaXO0XKXICHUU Ei’:‘.’:’, L Hy)KHO HpOHBI/ITB

HOOBBINICHHOEC BHHUMAHHUE, TAaK KaK HHKAKUX LIy,l'[CCHBIX paBeHCTB JIsL UX

MPOBEPKH HE CYLIECTBYET.




[Ipumepsl  HAXOXAEHUS  YaCTHBIX  IPOU3BOAHBIX  IEPBOTO  IOPsJIKA.
Ipumep 1. z = z° — 2zy + 2y°.

Pemenue. luddepennmpyem dbynkuuto z = f(x, y) cHavana mo X, monaras y
(UKCHPOBAHHON BEIMYMHOWN, TMOTOM TOBTOPSEM 3Ty K€ MPOIEAypy, MEHSSA
posn x u y. [lomygaem

iz iz

E=2I'2y~ a—_iyeﬂrt

iz ¥ gz T
Opmucp 2. 3 = arctgay, 5= {io 5 = i

IIpumep 3. u = ye¥* + In(z? — 2y + z).

Il

Pemenue. YacTHble Mpou3BOIHBIE 3TON QYHKIHUU TPEX MEPEMEHHBIX
BBIPAXAIOTCS CIEAYIOMUMU (HOPMYITIaMU:

HaXOI[I/IM JaCTHBIC IIPOU3BOJHBIC BTOPOI'0 IMOPAAKaA. Hx YCThIPC.

O0o03Hauenud:
r_q ‘o

e f A

S A — BTOpas IIPOU3BO/THAS 15(0) KHUKC»
&z

- -5

“wWum SV — BTOpas MIPOU3BOIHAS o «UTPEK»
Fz

“Wumm Y — cMewannas TPOU3BOIHAS «HUKC o UTPEK»

-~
&z
#

-

<0 YOX — cMewanas NPOU3BOJHAS «UTPEK T10 UKCH»

B nonstuun BTOpOﬁ HpOHBBOIIHOP'I HCT HHUYCTO CJIOXXHOIO. FOBOpH IMIPOCTBIM
SA3BIKOM, BTOPasi MPOU3BOJIHAN — 3TO MPOU3BOAHANA OT HepBOﬁ l'lpOPI?.BOI[HOﬁ.

YacTtHblie POU3BOTHBIE MEepBOro nopsiJiKa:
f

2 =dxy +12%°

X

"
z,=6x"y" +5

)U

Chayana HailieM CMENIaHHbIE IPOU3BOIHbBIC:
2 = (), = (4zy’ +12x), = 42(y"), + (12x°), = dx- 3" +0 = 122"
f

z:‘:‘I/I

Kaxk BuauTe, BCE mpocTo: GepeM 4acTHYIO IIPOU3BOIHYIO
muddepeHIupyeM ee ele pa3, HO B JaHHOM CITydae — yKe M0 «UTPEK».

AHAJIOTUYHO:

2= () = (65 49, = 65 () + (5) = 6y - 2x+0=121y"



B npakTHyecKMX NpHMMepax MOKHO OPUEHTHPOBATHCS HA CJeAylollee
PABEHCTBO:

ERJJZEJW

Takum oOpa3om, yepe3 cCMelIaHHbIE MPOU3BOAHBIE BTOPOTO MOPSAKA OYEHD
yA0OHO MpOBEPUTh, a MPABWIBHO JIM Mbl HAIIM YacCTHbIE IPOU3BOJHBIE
MIEPBOIO MOpPSJIKA.

Haxoaum BTOpYIO MPOU3BOIHYIO MO «UKCH.

r_ 3
Huxakux n3obperenuii, oepem <x ~ 4;{)} +12x u qudepeHupyem e€ mo «MKC»
elle pas:

2t =2 = (dry +120) =4y () +12(07) =4y’ 1412 3% = 4y + 364

b

AHAIOTUYHO:

2! = (), = (62 +5), = 62° (), +(5), = 62°- 2y + 0 =124y

it i
zZ
CnezlyeT OTMCTHUTD, YTO IIPU HAXOKIACHUHU ~ &%, M HY>KHO

IIPOABUTD HOBLIMNICHHOC BHUMAHHWC, TdK KAK HUKAKHNX YYACCHBIX PABCHCTB JIA

Z

UX MPOBEPKU HE CYIIECTBYET.

Anzopumm uccneoosanusn pynkuyuu 08yx nepemennvix na Ikcmpemym OyHKIms
z = f(x,y) iMeeT MakcuMYM B Touke Mo(Xo;yo), eciu f(Xo;y0) > f(X;y) ansa Bcex
TOYEK (X;y), TOCTATOYHO OJU3KUX K TOUYKE (X0;Y0) U OTIMYHBIX OT He€. DyHKIHUS Z
= f(x,y) iMeeT MUHUMYM B To4uKke Mo(Xo;yo0), ecnu f(Xo;yo) < f(X;y) m1s Bcex Touek
(X;y), TOCTaTOYHO OMU3KUX K TOUYKE (X0;y0) M OTIIMYHBIX OT He€. MakcuMyM u
MUHAMYM (DYHKIIMH Ha3bIBAIOTCS IKCTpemyMmamu ¢pyHkiuu. Mccinenosanue
GbyHKUIMU IBYX MEPEMEHHBIX Ha SKCTPEMYM MTPOBOJIAT IO CIETYIONICH cxeMme.

1. HaxonsT yacTHble NPOU3BOHEIE dz/dx v dz/dy.
2. Pemarot cucremy ypaBHEHMI:

225
o
85 s
&

1 TaKUM 06p.':130M HaxoJAT KPUTUYCCKUC TOUKH (1)YHKIII/II/I
3. H&XOI[SIT YaCTHBIC ITPOU3BOIHBLIC BTOPOTO IIOPAAKA:

Fz z Az
ot oxdy v

4. BeIUMCIAIOT 3HAUCHUS dTUX YaCTHBIX IMPON3BOAHLIX BTOPOI'O MOpsAAKA B K&)I(I[Oﬁ

U3 HAZICHHBIX B 1.2 KPUTHYECKUX TOUKax M(Xo;yo).


http://math.semestr.ru/math/derivatives.php

2 2 2
SERII
ox 4 Sy . e 4

5. JlenaroT BBIBOJ O HAJIMYUU SKCTPEMYMOB:

a) ecitu AC — B2 >0 u 4 < 0, o B Touke M umeercs

makcumyMm; 0) ecit AC — B2 >0 u 4 > 0, To B Touke M

uMeercsi MUHUMYM; B) eciu AC — B2 <0, To 3kcTpeMyMa HeT;

r) eciiu AC — B2 =0, TO BOIIPOC 0 HATMYUU SKCTPEMYMA OCTAETCS OTKPBITHIM;

IIpumepsl ucciienoBanus GyHKUMHA IBYX IEPEMEHHBIX HA IKCTPEMYM.
IIpumep Nel. UccnenoBarh Ha SKCTpEMyM (PYHKIIUIO

z=x° +3xy 2 _15¢-12 ¥.

Pemenue.

1) Halinem 4yacTHbIE IPOU3BOIHBIE:

oz
—=3x* +3y’ -15,
ox

0z
—=6xy—12y,
oy

2) TOTJ1a CUCTEMa JUI OTBICKAHUS CTAallMOHAPHBIX TOUYCK UMECT BU
2
12 +y -5=0

xy-2=0
PemuB cucreMy, MOJy4rM YEThIPE CTAIMOHAPHBIE TOUKH:
Pi(1,2), P2(2,1), P3(-1,-2), Ps(-2,-1). Halinem npousBoaHbIC 2-TO MTOPSIKA
2
0"z FA FA
Y cocTaBUM TUCKpUMUHAHT AAB-C: 7151 KaXX101 CTallMOHAPHOW TOYKH.
1) dns Ttouku Pi(1,2) A=36-144<0, B P1(1,2) sxcTpeMyMma HeT.
2) Hns touxu P2(-1,-2), A =144 — 36 >0, A>0, B P2(2,1)dbynkus
UMEET MUHUMYM, Zmin = -28
3) Hns Touxu P3(-1,-2), A = 36-144 <0, B P3(-1,-2) skcTpemyma Her.
4) Jlnsa touku Pa(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) byHKIIMa UMeeT
MAaKCUMYM Zmax=28

IMpumep Ne2. Haiitu HauOosbliiee M1 HAMMEHBIIIee 3HaYeHUS QYHKIUU Z = X2 +
4xy — y2 — 6X — 2y B TpE€YTrOJIbHUKE, OTPAHUYEHHOM OCSIMH KOOPJWHAT U MPSMOU
2x+3y—-6=0.

Pemenue.

Haiinem kpuTHueckue TOYKHU JOKAJIBHOIO SKCTpEMyMa BHYTPH YKa3aHHOM

00JacTH ¥ 3HAYEeHMsI TaHHOM QyHKIUU Z = f(X,y) B 3TUX Toukax. Tak



&
@=Ex+tly—ﬁ_ =4x-2y-2

KaK Ox ﬁ_}‘ , TO CUCTeMa JIJIsI OTBICKaHHS
KPUTUYECKUX TOUYEK UMEET BH/]L

X+2y-3-=0 x=1

2x-y-1=0 1y =1
Touka Po(1;1) Haxogutcst BHyTpu obnactu, mpudem z(Po) = -4. Vccnenyem
dbyukiuio z Ha rpanuie oonactu. Ha otpeske OA4 umeem : y=0, z = {(x;0) win
a10=x — 6x, rneX € M3 o =2x-6; ¢°1(3)=0; @:1(3)=£(3;0)=-9.
Ha otpeske OB umeem: x=0. z=f(0:y) wim z=g:(y)=-y>-2y,

rae yc [0;2]: gi (y) = _2y = 2: g:‘! (_1) = 0, -1¢ [0;2] Ha otpe3ke

==
—2_Zyz=f|lx2—-x
ABHMeeM}t 312 3 W

19 , 38
g g;(x)——;x +6x-8 IE[O;,?)] gg(x)——;x+6

e
27
=)
FER

(2?) f(ri_zu) ut
&3l 19 19°19 19

Haiinem 3nauenus pynkuuu z B roukax O, 4 u B. z(0) = (0,0) = 0; z(A) =
f(3;0) =-9, z(B) = (0;2) = -8.
27 20

J00), j02). fB0). fGoi). )

CpaBHUBast 3HaYEHUS 19 19
MPUXOJUM K BBEIBOAY:
HauOosbiiee 3HaueHue zmax=0 B T. O(0,0);

HanMeHbIee 3HaueHne zmin=-9 B 1. A(3,0).

('i_u_ 2r it o 2
H-r_;r:?—iyJ-: rﬁ =1 +yz)e’ - T2 - 29+ 2’
du 8! s 1
E_yﬁ : - 2y+z

3aaHus NpaKkTH4ecKo padoThI

1. Haiitu 1 mocTpouTh 00JaCTh ONPEACIICHUS CIOKHON (DYHKIIMH.
2. BbIuuCAUTH NPOU3BOJIHYIO CIOKHON (DYHKIIUH.

B1 1.z=arcsin(1-x*-y?) X
B161.2=In



2.a) 2=W»eyx , X=¢e, y=1

6) u=x>-y*+3z%,
x=1/2,y=1/2,z=1/2 B2 1.z=In(y-Inx)
2.a)z=Vihn ¥, x=1, y=2
B)u=3x?/2-
V212+27% x=2/3,y=2,2=2/3

B3 1.z= Tnx+Iny
J Xy

y=1

B)u=x>/2-y*/2+82° x=2,y=2,2=3/2

B4 1.z=\\ y-x+2
2.a)z=sin1/xe’ ,x=1/2,y=1

6)u=3/2x>+3y2-
27°, x=2,y=1/3,2=3/2

B5 1.z=arcsin %2

y

X yz
Bu= y - x+\/_y

B6 1.z=arcos(2x-y)
_ ¥ —o
2.a)z=arccos x ey, X=2,y=1

N 2 —=3 P 2

6)u=\2x*- "2 -6v27°,
x=1,y=2/3,z=1/\N6 B7 1.Z=\In (2-x- y),

2.a)z=tg1/x.ex ,x=1/1,y=0

6)us 2 Vx + y+y.arctgz,x=1,y=1/3,z=1/6

2a)z=x' 1,

2.2)z=(x+ Y2y ¥

6)u=x\y-(z+y)N x, x=1,y=1,z=-2

B17 1.z=Iny-Incosx
2.a)z= xsiny+x?%, x=3,y=T1/2

6)u=" xy — \a-22,x=1 ,y=1,z=0

B18. 1.z=Insinx= y

. u
2.a)z=arcsin ~y - Inv, u=0, v=1

6)u=(x>+y*+z%)¥?, x=0,y=-

3,z=4 B19. 1.z=In(y*/4-x?/9-1)
2.2)z=InVxe+ ot 11y, x=y=1/2

6)u=2/x+3/2y-\6/ 4
z x=2/3,y=3/2,z=1/2

B20. 1.z=arcsin x

2.a)z=InyY x ,x=1,y=3/5

6)u=3/x+4/y-1/N6%,x=1,y=2,z=1/\6

B21. 1.z=1+V1-(x-y )

2.a)z=cos(1/y)-1N xy,
X=T1/2, y=2/11

6)u=xV y-yz?,x=2,y=1,z=-1
B22. 1.z=In(x*+y)

2.a)z=ex Vxo- y2, X=1,y=0

y

O)u=sin—z , x=2,y=T1,2=1



X

B8 1.2=In
2.28)z=0C+ Yy -,

B)u=x y-(zty) x, x=1,y=1,z=-2

V

B9. 1.z=Iny-Incosx
2.a)z= xsiny+x?, x=3,y=T1/2

O)u= xy-— >, x=1,y=1,z=0
) \/X)/ \/4—2 y

B10. 1.z=Insinx-y

2.a)z=arcsin Y - Inv, u=0, v=1
v

6)u=(x*+y?+z?)*?, x=0,y=-3,z=4
B11. 1.z=In(y%/4-x?/9-1)

2.a)z=|n\jW +1/y,x=y=1/\/7

6)u=2/x+3/2y:/6771_z
X=2/3,y=3/2,z=1/2
y

B12. 1.z=arcsin x
2.a)z=|n3</7 x=1,y=3/5
6)u=3/x+4/y—1Q Bx,x=1,y=2,z=1/ \/B

B13. 1.2=1+\ 1-(x- y

2.a)z=cos(1/y)-1/xy, x=1/2, y=2/1

6)u=x\/7-y22,x=2,y=1 z=-1

B14. 1.z=In(x+y)

B23.1.2=1-x+ 1-y

R
2.a)z=yIn(x*-y?), x=2,y=1

6)u=x>/16+y?/9-

z%/8,x=2,y=1/2,2=1/3

B241.7=\In (2-x- y),
2.a)z=tg1/x. x ,x=1/m,y=0
¥
e

6)uy, 2 \7x_+y+y.arctgz, x=1,y=1/3,z=1/

\6

B25 1.z=arcos(2x-y)

2.a)z=arccos ¥ +e¢7y, x=2,y=1
X

3
6)u=v2xa- V2 -6\222, x=1,y=2/3,z=1/\6

X
B26 1.z=arcsin y
2.a)z=arcg(x>-y?)+1/ Xy

Xy
B)u=y - x+\y
B271 'szlw
2.a)z=sin1/xe’ x=11/2,y=1
6)u=3/2x*+3y2-22,
x=2,y=1/3,z=3/2
B28 1.z=V Inx +Iny

y_1_,x=e, y=1
2.a)z=X xy

6)u=x>/2-y*2+82° x=2,y=2,z=3/2
B2 9.z=In(y-Inx)



2.2)z=es \/7-_yz x=1,y=0
Y 2

6)u=sin xz, x=2,y=11,z=1 B)u=3x"/2-

y212+27% x=2/3,y=2,2=2/3

B30 1.z=arcsin(1-x*-y?)

2.a) z= x_yln-y, x=1, y=2
X

B15. 1.z=T=¢+ =7
A

2.z=yIn(x*-y?), x=2,y=1 —
yinGe-y’) Y 2.a) Z=\/lnx'i,x=e, y=1

u=x%16+y*/9-2/8,x=2,y=1/2,z=1/3
6) u=x*-
y2+322 x=1/2,y=1/2,2=1/2

3ananue 1.HaiiTn yacTHbIe NPOU3BOHbIE BTOPOI0 MOPSAKA
B1z=x2y2-4x-5y B16z=x3-ys-3xy
B2 z=y2-x2+Xxy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x2+y2+xy-3x-0y

B4 z=y\/7-y2-x+6y B19. z=xy*(1-x-y)

B5 z=exr(x+y?) B20. z=x’+y>-15xy
B6 z=x’-y>-3xy B21. z=3-2x%-xy-y?
B7 z=0,5xy+(47-x-y)(x/3+y/4) B22. z=y*-xy-2

B8 z=x?+y?*+xy-3x-6y
B9 z=xy*(1-x-y)

B10 z=x’+y>-15xy
B11z=x?+y*+xy-4x-5y
B12 z=y?-x*+xy-2x-6y

B13 z=xy(1-x-y)

B23.z=x%+2xy-y*+4x
B24z=2x%+2xy-y*/2-4x
B25z=x?+xy-2

B26. z=y’-2xy-x’+4y+1
B27. z=1-2xy+2x°

B28. z=4x+2y+4x’+y*+6



B14 z=y x-y*-y+6y

B15z=ex(x+Yy?)

B29 z=x’+2xy-10

B30. z=x*+2xy-y*-4x

3ananue 2.UccienoBarhb 32a1aHHY 10 QYHKIHUIO HA IKCTPEMYM

B1. z=12+2xy-x?

B2.z=5x%-3xy+y*+4

B3.z=4x?+9y%-4x-6y+3

B4.z=x?-2xy-y*+4x+1
B5.z=y?+2xy-x*-4y
B6.z=x%+3y%+x-y
B7.z=x%y
B8.z=4-2x?-y?
B9.z=x?/2-xy
B10.z=1+xy?
B11.z=4-2y*+x°
B12.z=y*+2xy-x>-4y
B13.z=x%-xy

B14.z=xy(4-x-y)

B15.z=x%+2xy-y*-4x

KoHTpoJibHBIE BONIPOCHI:

1.ChopmynupoBarsb ornpeaeneHne GyHKIMHU ¢ TByMs IE€PEMEHHBIMU.

B16.z=x%+2xy-10
B17.z=4x+2y+4x*+y*+6
B18.z=1-2xy+2x?
B19.z=x2+2xy-y*+2x+2y
B20.z=y%-2xy-x*+4y+1
B21.z=x?+xy-2
B22.z=2x%+2xy-y?/2-4x
B23.z=x?+2xy-y?+4x
B24.z=3-2x*-xy-y*
B25.z=y>-xy-2
B26.z=x+y*+xy-4x-5y
B27.z=y?-x*+xy-2X-6y
B28.z=x%+y?+xy-3x-6y

B29.z=x>-y*-3xy

B30.z= x>+y>-15xy



2.Uto Ha3bIBaeTCs 001acThiO onpeeneHus GyHKIUN

HECKOJIBKHX NIEPEMEHHBIX ?

3.CdhopmynupoBaTh IPaBUIIO HAXOXKICHUS TPOU3BOHON (DYHKIUU

HECKOJIBbKHUX NEPEMEHHBIX.

4.Yto Takoe nmoyiHbIi AuddepeHuan QyHKIUU HECKOIbKUX EPEMEHHBIX ?
5.ChopMyaupoBaTh anrOpUTM HaAXOXKACHHUS IKCTpeMyMa (PYHKITUU

HCCKOJIBKUX IICPEMCHHBIX

IIpakTtuueckas padora Ne 10 mo reme
Tema «BbluuciieHne IBOMHBIX HHTETPAJIOB)

He.]'lb: IMPOBCPHUTHL YMCHHEC BLIYUCIIATD HBOﬁHBIC HHTCTpAJIbI B ICKAPTOBBIX

KOOpAHHAaTax

Bpemsi BbINONHeHUs 90 MUHYT

MaTtepunanbHoe obecneyeHue
1.TeopeTnyeckne ceegeHnsd

2.3apaHne

3.Jinct A4

4.KanbKkynaropsl

NMopsaAaok BbINOMIHEHUA PaboThbI
1.3yuntb 3agaHne

2. N13yunTb TeopeTnyeckue ceeneHuns

3. BbInonHuTb 1 ohopmnTsb paboTty

4 MNokasaTb pe3ynbTaThl NpenogasaTerto
[JdomaluHee 3agaHue

1.MoarotoBnTL OTBETHLI HA KOHTPOSIbHBIE BOMPOCHI

Teopernveckunii MaTepuas

[TycTh B HEKOTOPOW OIpaHUYCHHOW 3aMKHYTOM 00J1acTH D  mockoctn XOy
z=f ( P) Pe
3aJlaHa HeIpepbIBHASI ynkumns , TI€ TOYKa D S’ P§306BCMSBTy
J yrem
00J1aCTh MPOU3BOJIBHBIM 00Pa30M Ha n HaCTUYHBIX TIOCKKX A9ECK 1 2 n
, AMEIOIIHE IUIOIAIH /:[)\31 ASy ..., ASy . B ka0l Takoii sueiike BEIOEPEM 110
o o ] IALRY]
OHOM TIPOU3BONBHOM TOUKE 1 2 n U BbIYMCIIMM 3HaYeHUs QyHkimu f( P)
BO B3STHIX TOUKax. COCTaBUM TakK HAa3bIBAEMYIO UHMe2PaAlbHYI0 cyMmy QYHKIUN

no odmact

Zn f(Pi) ASi=f (P1) AS1+f ( P2) AS2+.. .+f (Pn) ASh
=1 : (1)



f(P)

/lgotinvim unmeepanom ot QyHKIUU 1o 00acTu D Ha3bIBaeTCs Mpeen

MHTErpajgbHON cyMMsbl (1) mpu cTpemileHHH K HYJI0O HAaMOOJBIIEr0 U3 JUaMETPOB
BCEX SlUEEK JAaHHOI'O pa3OMEeHHUs:

[[t(Pyds= 1im an(Pi)ASi
D max d (S;)—0 i=1 (2)

OCHOBHBIC CBOMCTBA HBOﬁHOFO HHTCI'pajia

1. I[BOfIHOfI HHTCTpAI 110 obmactu D or anrebpanyeckon CcyMMbl  GYHKUMI  paBeH
anrebpanyeckon cyMmme ABOMHbIX MHTErPasioB OT caraemMbix GyHKLUMIA MO 3TOM e obnactu:

[T+ (Pt P)as=[t1(Pyasef[f2  (p)as
D D D .

k

2. TloCTOAHHBIN MHOKHUTEIh  MOYHO BBIHECTH 34 3HAK JIBOMHOIO MHTETpaja:

[kt P)as=k [[£(P)ds
D D

3. O6iacTh MHTETPUPOBAHUS IBOWHOTO WHTETPajia MOKHO pa30UTh HAa YaCTH,
DTO ecDTL €CJIM 00J1acThb D COCTOMT M3 JIBYX HENEpeceKaroluxcsi o0macTei

A dS=[ f( P) dS +[[f(P) dS

D
D D1 2

IHpumepsi
3 Pl

1
. J. ax I 2dy
3aganme 1: BolUuCIUTh MOBTOPHBIM UHTETPAT 1 2 X

Pemienue: BeruncnuM cHavana BHYTPEHHUM MHTETPAII [0 IEPEMEHHOM y , CUUTAS X
ITIOCTOSTHHBIM:

3 X 2+4 3 x2 +4 3 x2+4

J.dXJ- 12dy=” 12 dj/dX:j 12.[ dj/dx=

1 2

1 2 X 11X 2
3 2 3

1 1
=_[1 [ [y ) 2+4]d>E=J.1 [XZ (x* +4—2))] dx=

I (s
_ 2 2
=I(1+2 X %)dx= x- =3- -(1-2)=3



H(x+ y) dxdy

3ananue 2: BolunuciauTh JBOWHON MHTETpal D no obmactu D ,
OrpaHMYECHHOM mpsMbiME~ X=2 | X=6 =1 y y=4

Pemenue: OOnactb D SBJSCTCS MPOCTOM OTHOCHUTEIBHO oceii  Ox y Oy
(puc. 1), moaToMy JyIsl BEIYUCIICHUSI HHTETpajia MOKHO MCTOJIb30BaTh

b d

Il I

f(x y)dxdy= dx f(x,y)dy
THQ0YI0 u3 bopmyn D : UIn
g b
f(x y)dxdy=dy f(x,y)dx
D ¢  a . CHayana BBIYHMCIINM JBOMHON MHTErpall
¢ 4
(xty)dxdy= dx  x+y)dy

no rmnepBoi dopmyre: D 2 1 . Bpruncnus

BHYTPEHHUW WHTErpaja o MEPEMEHHOM y [pPU NOCTOSHHOM X ,
HaxoauM

JA(x+y)dy= xy+y24=(4x+8)— x+1 =3 x+15,

1 [ 2 | ( 2 ) 2 . [TogcTaBuB 3TO BBIPaKEHUE BO
6
15, 3xX 15
BHEIIHUH MHTErPaAJI, TIOIYYUM JZ (3 Xt 2 )dx=[ 2+ 2 X]z6 =78 .
Tenepp  BBIUMCIUM  JIBOMHOU HHTErpall IO BTOpol  dopmyie
] ‘e
(x+y)dxdy= dy (x+y)adx
D 2 . Hangem BHYTPECHHUU WHTErpa:
6
[(x+y)de= X axy 5=(18+6 y )-(2+2 y )=4 y +16
2 [2 2 . Jlamee Haugem  BHEIIHUH
4
2 4
4 x+1 =12y +1 7
WHTETPAIL: '[1( x416) dy=[2 416y ] : 8 , TO €CTh MTOJYYHJIN TOT K€ OTBET.




puc. 1



Teopernueckuii cBeIeHUs

[lnomane  MIOCKOM 00JACTH D B IPSMOYTOJBHBIX KOOPIMHATAX
BBIYHUCIISIETCS 110 (popMyIie

S=[[ dxdy
D ; (1)
a B TIOJIIPHBIX KOOpAWHATAX — 1Mo (popmyrie
S= f f rdrd ¢
D 2)

: (06’[)6 [WIMHIPHYECKOTO Tejla, OTPAaHUYCHHOTO CBEPXY MOBEPXHOCTHIO
z=f(Xx,y
, CHH3y O0JaCTbIO z=0 u  cOOKy MOpsSMOW IUIMHAPUIECKON

HIOBEPXHOCTHIO, BeIpe3aroliel Ha miockoctd X0y (z=0)  oGmacte D (puc. 1),
BBIYHUCIIsIETCS 110 (popMyIie

V=szxdy 5
¢D 3

Z
z fxy

\ — >
Ipumepsl X 'y y

3ananue: Berauciute 00beM TENT; TIOBEPXHOCTSAMHU

- - 2
z=2x+1 | x=0 | y=4  pucy=.1x" .
Pemenme: TCJIO, OTI'PaHUYICHHOC 3aJaHHBIMHA ITOBCPXHOCTAMHU, ITPCACTABIIACT

co00i1 BepTUKAIbHBIN MapabOINYECKUl IUITUHIP, PACTIONOKEHHBINA B IEPBOM



oktante. CBepxy TEJIO0 OrPAaHUYEHO  IUIOCKOCTHIO z=2 x+1 , cOOKy

napaboJIMIeCKuM WJIUHIPOM FXZ W wiockocTasmMu  x=0 U Y=4 . Haiinem

TOYKU TEPECEUCHHS MapaloJIbl y=x2 U TIpsSIMOu y=4 . y=¥iiii . Takum

00pa3oM, MOJIyYUM OJIHY TOUKY [E€pECeUEHUS M(2;4) .
3HaueHue x=-2 HE pacCMaTpPUBAEM, TaK KaK LIMJIMHIP PACIOJIOKEH B

nepBoM okTaHTe. O0sacTe D 3aluIIeEM B BUJIE CUCTEMBI HEPABEHCTB 0=x<2

U XZSyS4 .

CornacHo gopmyie (3), nonyuum

2 2 2
V= zdxdy= dx T @x+1)dy= [2xytyledx= (8 x+4-2 x> - Jdx=13 1
X ) 3 (xy0. en.)

D 0 2 0 X 0

3aganme 1. Beruncnuth uaTerpai no odnactu D, orpaHnyeHHOM

YKa3aHHBIMU JIMHUSIMH.

B1H

D

y? cosxy dxdy

D: x=0, y=N/2y=x/2
g 2] 3V sin X dxdy
2
D
D: x=0, y=N4T7773; y=2x/3
B3ﬂ(3x2y2+4xy)dxdy:
D
D : x=1 y=—\/;; y=x2
B 4[[ (27 x® y? +12 xy )dxdy
D

B 16'” yz‘os%dx dy

D

D:x=0, y=\/7/2; y=x/2
B17[[(18 2 y2 432 x° y )alxdy

D
D : x=1 ,y=—\/x; y=x
-

3

B18 [[(9 X% y* +2 xy )dxdy
D

D:x=1:y=\r; y=—x°

B 19 [[(18 % % +8 xy )dx dy
D



Dox=1, y ==\ x; y=x?
B5ﬂyzsin )_(Mz dx dy

D

D: x=0, y=Nr; y=X

B 6 [[4 )7 sin 2 xy dx dy
D

D: x=0, y=NZ T y=2X
B 7 [[4 )7 sinxy dx dy
D

D: x=0, y=\f?/2; y=X

B8 [[ (49 x? )2 +28 xy )dx dy

D
D : x=1 ,y=—\/x; y=x
5

2

B9 [[(9 x* y? +48 x° y* )dxdy
D

D: x=1 ,y=Vx; y=-x*
=Xy

B10 ff y2 e4 dxdy
D

D: x=0, y=2; y=X

B11[[(36 x? y? +96 x° y* )dx dy
D

D:x=1, y=73 x; y=-x°

Dx=1,y=\°x; y=—x2
- Xy

B20[] \* e+ dxdy
D

D: x=0, y=4; y=2X

B 21ﬂ(27 X2 y? +12 xy )dxdy

D

D

tx=1, y=—¢x; y=x
B22ﬂ(9x2y2+8xy)dxdy
D

D

x=1, y=\73 X; y=—x3

B 23 [ )2 cosxy dxdy

D

D: x=0, y=\/_rr ; Y=X

B 24 [[(18 x% y? +32 x° y* )dxdy

D
D : x=1 ,y=\/x; y=-x
3= 2
B 25 [[ (18 x* 2 +32 x* y* )dxdy
D

D:x=1,y = x; y=x

- xy

B26J[ \* ez dxdy
D



D: x=0, y=1; y=x/2

B12ffy23|n 2 dx dy B 27 [[ y? cosxy dxdy

D
D

_ D:x=0, y=N17; y=2
D:x=0,y=\/n;y=x/2 XU, VRN, y=eX

B13[[ (12 x? y?+16 x* y* )dxdy B 28 (18 x* y? +24 xy )dx dy
DD: x=1; y ==\ x; y=x
DD:x=1,y=-\x;, y=x° 5 3
- Xy
B 29 [[ (9 x* y* +12 xy )dxd
B14J] 7 o0 dxdy Jtes/ w12y youay
D

D

D: x=0, y=2; y=x/2 D:x=1y =\/_X; y:.x2

B15ffyzcos 2 dxdy B 30 [ y? cosxy dxdy

D
D

—_— D:x=0, y=Nm/4 ;y=X
D: x=0, y=\/2 M, Yy=2X

3anava 2. VI3MeHUTh NOPSAIOK UHTETPUPOBAHUS.

1 0 0 0 10 J2 0
dyf dx dyf dx dy f dx  dyf dx
> v o ¥ g
2.1. 2y 1 ¥ . 2.2. y 1 y
Loy T2 2y 1y 2 2y
dy fdx dy fdx dy f dx dy fdx

23.0 0 1 0 . 2.4.0 0 1 0



1 0 0 0 ]/\/_ 2 arcsiny 1 arccos y
dx fdy dx fdy dy  fdxdy fdx
e
2.5. ] 2;/27 1 x 2.6. ¢ 0 /1 2 0
1 2y 0 J 1 0 e Iny
dy fdx dy fdx dy fdx dy fdx
e
27.2 o 10 .2.8.° ¥ 1 1
1 J# 0 x2 3V 0 0 0
dx fdy dx fdy dx  fdydx fdy
2.9. 2J_ 0 1 0 2.10. 2 J; J_3 \/4)7 2
1 1 e 1 L3y 2 2y
dc f dy dcx f dy dy f dx dy fdx
2110 1 I Inx 2.12.0 o 10
4/ sin y 2/ cosy 1 0 0 0
dy fdxdy f dx. dx fdy dx f
2.13. o 0 4/ 0 2.14. 2 2x 1 3/;
1y e 1 1 0 2 0
dy f dx dy fdx dy [ dx dy f
215. 0 o U iy 216.0 Y, A
o & 0 e 2 2y
dy f de dy f dx dy fdx dy fdx
2.17.0 1 25" 218.0 o 10
NE) 0 2 1 0 0 0
dx fdy dx fdy dy fdx dy f
219.0 Y% Sole g0 Lo

dy

dx



1 y e 1
dy f dx dy fdx
221.0 o I Iy
4/ sin x 2/ COS X
dx fdydx f dy
223. 0 o PO
2
1 x 2 2x
de [ dy dx fdy
225.0 o 1 0 . 2.26.
1 0 2 0
J
dx fdy dx dy
227.0 A
1oy 2y
dy [ dx dy dx
229 0 0 1 0
3anaya 3. BeluuciuTh.
12x2y2 16x°y? dxdy;
D
3.1.D:x Ly x?,y x.ﬁgc

2y2 96x3y3 dxdy;
) 7
33.D:x Ly °x,y x°.27x
2y? 48x %y’ dvdy;
D

Y.

35.D:x Ly x*,y

dx fdy dx fdy
222 0 0 1 0
1 0 0 0
d fdx dy fdx
i
2 2y 1 y
V3 2 4¢x 2
dx fdy dx fdy
0 0 3 0
1 X J_Z \/ﬁ
dx fdy dx Sfdy
228 0 0 1 0
L 2 2x
dx fdy dx fdy
230 0 0 1 0
9y y 48x°y? dxdy;
D
32.D:x L,y ?c/,_y X%, 18x

2y2 32x3y3dxdy;

D
34.D:x Ly x’,y 3x.igx
2y? 32x %y dvdy;

D

36.D:x 1,y 3x\,/; X



18x2y2 32x%y? dxdy; 27)62)/2 48x°y? dxdy;

D D
37.D:x 1,yx3,y x.\/_ 38D:x 1,y ‘/;,y X
dxy 3x*y? dxdy; 12xy 9x 2y % dxdy;

D D
39.D:x 1,y x?,y \/; 3.10.D :x 1, \[ x,y x.
8xy 9x %y ? dxdy; 24xy 18x %y ? dxdy;
D D
311.D:x 1,y 3x*,/; X 3.12.D:x 1,y x°’ , Y J:c
12xy 27x y2 dxdy; 8xy 18x7%y°? dxdy;
D D
3.13.D:x 1, y xz,y 3x.‘/_ 3.14.D : x 1, B[Sx,y X2
4xy 7 xzy ? dxdy: Axy 9x*y? dxdy;
315.D:x 1, y x>, y ‘/:c 3.16.D : x 1, ‘[ X,y X
24xy 48x° y° dxdy; 6xy 24x°y > dxdy;
D D
37.D:x 1, y x°, \/:c 308.D:x 1, ‘fx,y X%
4xy 16x ° y3 dxdy; 4xy 16x ° y3 dxdy;
D D

309.D:x 1, y 3‘/_x,y X’ 3200D:x 1, yx° .,y J;



44xy 16x°y° dxdy;

e

321. D:x 1,y xz,y X.

xy 4x >y > dxdy;

D

323, D:x L,y x°, y */;

292 2544
6xy —xy dxdy;,

D 3

325. D:x 1,y xz,y \/;

22 5044
3xy —Xxy dxdy;

D 3
327. D:x 1,y 33f,y X

54x%y? 150x Yy dxdy;

D

329. D:x 1,y xz,y 3\/;.

3aiaHus NpaKTH4ecKO padoThI

4xy 176x >y dxdy;

D

322.D:x 1,y Sx‘,/; X,

4xy 176x >y dxdy;

D

324.D:x 1, y \(t y X,

22 44
9xy 25xy dXdy;

D

326.D:x 1, y ‘{7, y X

22 4 4
9x y 25x y dxdy;

D

328.D:x 1,y x3,y 3x.‘/_

xy 9x°y° dxdy;

D

330.D:x 1, y 3\47, y X

3aganme 1.Haiitu niomans Gurypel, orpaHUuE€HHON TaHHBIMU JTUHUSMU

B1. y?- 2y+x*=0, y*-4y+x*=0
y= X,y =\/.3X

\3
B2.y?- By+x°=0, y*- 8y+x*=0
y= X y :\/_SX

\3
B 3. y?- 8y+x°=0, y* 10y+x*=0

B 16.y%- 4y+x°=0, y*- 8y+x’=0
y= X,y=0

B 17.y% 2y+x°=0, y* 4y+x*=0
y= X, x=0

B 18.y*- 4y+x?=0, y*- 8y+x’-0



:X_ =
y \/,y J’sx

3

B 4.y* 4y+x?=0, y*- 6y+x*=0

y=X, x=0

B 5.y?- By+x%=0, y*- 10y+x*=0

y= X, Xx=0

B 6.y>- 8y+x%=0, y*- 10y+x*=0

x=0y=3x_

B 7.y 4y+x?=0, y* 6y+x*=0

x=0y=3x_

B 8.y?- 2y+x%=0, y* 6y+x°=0

X 0

Y= \3,y=

B 9. y*- 2y+x°=0, y*-10y+x*=0

y= \7’y=\/-3-x

3

B 10.y%- 4y+x?=0, y*-10y+x?=0

y: X_ , y :\/'3X
\3

B 11.y% 4y+x?=0, y>-2y+x*=0

y= X, x=0

B 12.y%- 6y+x°=0, y>-8y+x*=0

y=X, x=0

B 13. y* 4y+x?=0, y*-8y+x*=0

y= X, x=0

B19.  y* 2y+x°=0, y*- 10y+x°=0

y=0y =\3x

B 20. y2- 2y+x2=0, y*-4y+x*=0

y: X_ , y :\/‘3')(
\3

B21. y2- 2y+x?=0, y>-By+x%=

X
y="—-,y=

\3
B 22.y%- 2y+x?=0, y?-8y+x*=0

X —
= -, = 3X
y y J

V3

B 23.y?%- 2y+x?=0, y?- By+x*=0

X 0

y=13,y =

B 24.y?- 2y+x?=0, y?- By+x*=0

y= %,y =0
3

B 25.y% 6y+x°=0, y?-2y+x*=0

y= X, x=0

3X
\/

0

B 26. y*- 4y+x?=0, y*- 2y+x*=0

x=0, y = 3x
\

B27. y>4y+x’=0, y>-8y+x’=0

x=0, y = 3X
\

B 28.y*- 4y+x°=0, y*-8y+x°-0



y= X, x=0

B 14.y>

x=0y=

4y+x =0, y- 8y+x°=0

v

B15y%- 2y+x°=0, y*-6y+x°=0

y= =
\3

X =0

=X ,y=3 x
y y-?/

3

B 29.y%- 4y+x?=0, y*-6y+x*=0

y=-—,y=

(.O<|><

T3x
\/

B 30.y% 6y+x*=0, y*-10y+x°=0

y:_)i,y:
\/

3

3aganue 2.BeraucianTs mwiomanb GUrypsl, orpaHUYeHHON JTUHUSMU B

npﬂMoyroanoﬁ cUcTeME KOOpIUHAT.

l. p= -y=0 vy=0. 2 p?
y=4- 3! y=0 =0 17. X=4y° X=—, X=2
22yza;21+h%3:0- ' ? '
' Yy 1 18. y=Inx, x+y=1 y=1.
3. y-4xi=V y=1, i=1, X , —_
) il. _E_ 19. y=2" y=2x-x7 052
4.8 =4 y=ax 5o V=aresiny 0<y <y x20
5. V=% 3.' =454 51 ) -arccus.a.,}.-'zo; 120
y — 1_ _'1"‘.-‘ . x
6. " ( 4) 16 = y=aresmy; 0<x<—; 20
. y=xtl y= cns::., y=0 . 2
g=s 5= e 50 53 L= arccosy; vy 20, x<0
J == JTAA )T ' ¥ —
.7 - y=tg=; y=43; x 20
941—8:—= dy=x+6 24, 2
o y=e,y=¢;x=3 25,7 =V L, "_L)—Z‘
1, y=20 2y =8 a0 p20 , r=hr=4-y
o7 X=lny; y €7.29; x 20
121—]1161 ‘ —173—3. hg =X +4x; x-y+4=0
Xy =6, 1+ ' 2 2 ,
13. . y=x“:4y=x° ¢=12
11-4 x-y=0; r-4=0 29. 7 T,
14. ’ : p=x“+1 y=3-x"
30.0 ST
15.A+2} =0 a+31 =1
2_.3. . 4
ye=x", X=-—
16. " 3.
3aganue 3

Borunciure 00beMbl TN, OTPaHUYEHHBIX 33JJaHHBIMU TTOBEPXHOCTSIMU
(IOTIOTHUTEIBLHOE 33/IaHKE)

1) z=6 ,

y=x*, y=4,

x=0 ,

z=0 ;



2) z=3-x-y , x=0 , y=xX°+1, y=2 220

3) =4 x+1 sz , x=0 y=4  z=0
4) z=4-x* , xty-4=0 x=0  y=0  z=0

5) z=2=x | y2=9x , y=3x2 , 2=0

KonTpoJibHBbIE BONIPOCHI:
f(x,y)

obnactu D ?
2.JlaliTe onpeiesieHUe JBOMHOTO UHTErpaia.

1.Yto Ha3bIBaeTCAd UHTETPAIBHOM CYyMMOU (PYHKIIMN

3.Ilepeuncnure OCHOBHbIE CBOMCTBA JBOMHOIO MHTETpaa.

4 Kakue ciy4au pacroyio)KeHHsi 00JIacTH D OTHOCUTEIBHO OCEl KOOpJMHAT
BO3HHMKAIOT NpPH BBIYKMCICHUU JABOMHBIX HHTErpasioB? 3amuiiure (opMyIibl
BBIYMCIIEHUS IBOWHBIX UHTETPAJIOB [T KaKJA0TO U3 ITUX CIIy4YaeB.

5.Kakue uHTerpaisl Ha3pIBarOTCS NOBTOPHBIMU WIIM IBYKPaTHBIMU ?

6.11o xakoiif popmyJsie BBIYUCISAETCS TUIOMIAb JTIOCKONW 00JIaCTH B MPSAMOYTOJIBHBIX
KOOpAWHATax?

7. Tlo xako# opmyJsie BEIUUCISAETCS MJIOMIAb TUIOCKONM 00J1IacTH B MOJISIPHBIX
KOOpJMHATax?

8. Ilo kakoit hopmysie HAXOAUTCS OOBEM Tella, OTPAHUYCHHOTO MTOBEPXHOCTSIMU?

IIpakTnyeckas padora Ne 11
Tema «HMcciienoBanne YMCJI0OBBIX PSAIOB HA CXOAUMOCTD)
Hesb: HAyYUTHCS UCCIEN0BATh YUCIOBBIE PAJIBI HA CXOJIUMOCH
Bpems BbInonHeHus 90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTuyeckne ceegeHnNd

2.3apgaHue

3.JinctA 4

4.KanbKkynaropsl

NMopsanok BbINONMHEHUA paboThbl
1.3yuntb 3agaHne

2. N3yunTb TeopeTnyeckue ceeaeHuns

3. BbinonHuTb 1 odopmuTb paboTty
4.NokasaTb pes3ynbTaThl NpenogasaTento
HomawHee 3apaHune

1.MMoarotoBnTL OTBETHLI HA KOHTPOSIbHbIE BOMPOCHI



Teopernveckue cBeeHn

Ui u ... Up ... Un

nl

. . u
Omnpenenenne. CymMma 4jaeHOB OCCKOHEYHON UYMCIIOBOM IOCIICIOBATEIIBHOCTH 1
N7/ B
2 n HAa3bIBACTCA YHUCJI0BBIM PAJA0OM.
uluZ e un e Un
nl
u u ...
[Ipu 5ToM uncma 1+ 2 OyJeM Ha3bIBaTh YWICHAMH Psja, a Un — OOITUM YJICHOM
psana.
Sy w1 ux ... Upli
Onpenenenne. CyMMbI 0, n =1, 2, ... Ha3bIBAIOTCS

YaCTHbBIMH (‘laCTl/l‘lelMl/l) CyMMaMMm pAaaa.

Takum  00pa3oM, BO3MOXXHO paccMaTpuBaTh  IOCIIEIOBATEIFHOCTH
YaCTUYHBIX CyMM psija Si, Sz, ...,Sn, ...

Omnpenenenue. Psin Ha3bIBACTCS CXOASIIIMMCS, €CITH

CXOOUTCA MOCICAOBATCIIbHOCTb €0 YaCTHBIX CYMM. CyMMa CXOaAIIErocs psiaa —

npeaci moCjaca0BaTCIbHOCTH €TO YaCTHBIX CYMM.

lim S, S, S Un .

nl



Omnpenenenune. Eciny 1mociie10BaTenbHOCTh YaCTHBIX CYMM psiia pacXOIUTCs, T.€.
HE UMeEeT Impejaena, WIM HMeeT OECKOHEUHBIM mpenesa, TO psJ Ha3bIBaeTCs

pacxoadamuMcHd 1 €My HC CTaBAT B COOTBCTCTBUC HHUKaKOM CYMMBI.

Ceoiicmea ps0oe.
1) CXoauMoCTh WM PaCXOAUMOCTh PsiJia HE HAPYIITUTCS €CITH U3MEHUTD,

OTOpPOCUTH UK JOOABUTH KOHEUHOE YMCIIO YJICHOB ps/Jia.

u Cu
2) PaccmotpuM 11Ba psna n U » , TIe C — MOCTOSIHHOE YHUCJIO.

u Cu
Teopema.Eciu psio . cxooumces u e2o cymma pasHa S, mo psao . moaice
cxooumces, u e2o cymma pasua CS. (C 0)
u v .
3) PaccmoTpum nBa psna n Y » . CYMMO#M WM Pa3HOCTBIO 3TUX

(u v
pAIOB OyAET HA3BIBATBCS PAA  » » , TJE DJIEMEHTHI IIOJYYCHBI B Pe3yIbTaTe

CJIIOKCHUA (BLI‘II/ITaHI/IH) NCXOJHBIX 3JICMCHTOB C OAMHAKOBBIMH HOMCpPAMH.



u v
Teopema.Eciu psiovt  »u  » CX00AMCSA U UX CYMMbL PABHBL COOMEENMCMBEHHO S U ,

(w v )

mopsao ~ . . Mmoxce cXxooumcs u e2o cymma pasna S + .

(un v ))upvn S

Paznocms 08yx cxoosuuxcs paoos makace 6yoem cxo0aumumcsi psoom.
Cymma cxoosawe2ocs u pacxoosnue2ocs psaoos 6yoem pacxoosamumcst psoom.
O cymme 08YX pacxooauuxcst psr0og 00ue20 YmeeprHcoeHus coelams Hellb3sl.

[Ipn wW3yyeHuM pAIOB pemaloT B OCHOBHOM JIBE€ 33JauM: HCCJIEJAOBAHHME Ha

CXOONMMOCTDb U HAXOKACHUC CYMMEBI pAlia.

1) Eciu psin un CXOJIUTCSI, TO HEOOXOIUMO, YTOOBI OOIIUM WICH Un CTPEMUIICS K
Hysr0. OIHaKo, 3TO YCIOBUE HE SBJISIETCS TIOCTATOYHBIM. MOKHO TOBOPHUTH TOJIHKO
O TOM, YTO €CJIM OOIIUI WIEH HE CTPEMUTCS K HYJIIO, TO PSJI TOYHO PACXOJIUTCS.
A
Hanpumep, Tak Ha3pIBa€MbIil TAPMOHUYECKUN PSAST 1 1 SBISETCS PACXOSIIAMCS,
XOTS €r0 OOIIUH YJieH U CTPEMUTCS K HYJIIO.

123 z
Ipumep. VccaenoBare cXoauMOoCTh psijia 2 5 8 T3n1
lim_7 _lim _1 1o
n3n 1 " 1 3
Haiinem 3n - HCOOXOAMMBIN MPHU3HAK CXOJIUMOCTH HE

BBITIOJIHSIETCS, 3HAYUT PSi] PACXOUTCH.
2) Ecnu psig cxoauTes, TO MOCIeA0BaTEIbHOCTh €r0 YaCTHBIX CYMM OTPaHUYCHA.

OI[HaKO, 9TOT MPHU3HAK TAKXKEC HE ABJIACTCA JOCTATOYHBIM.

Hanpuwmep, psig 1-1+1-1+1-1+ ... +(-1)""'+... pacxoaurcs, T.K. pacXoaurcs
IIOCJIEIOBATENBHOCTD €0 YaCTHBIX CYMM B CHIIY TOT'O, YTO

0, npu uemmnvix n
Sn

1, npu  HedYemmHvlx n
OI[H&KO, IIpHU 5TOM ITOCIACAOBATCIBHOCTD YdCTHBIX CYMM OI'PaHHU4YCHA, T.K.

S 2
] IpH JTIFOOOM 7.

Paowvl c HeompuyamenvHbIMU UTEHAMU.



[Ipy wW3ydyeHMH 3HAKONOCTOSIHHBIX PSAAOB OTIPAHUYMMCS PACCMOTPEHUEM
PSAIOB C HEOTPUIATEIbHBIMU WIEHAMH, T.K. IPU IPOCTOM YMHOXEHHUHM HA —1 u3

9THUX PAA0B MOXKHO ITOJIYUYHUTDH pAAbI C OTPUIATCIIbHBIMU YJICHAMM.

u
Teopema./[1s1 cxooumocmu psioa » ¢ HEOMPUYAMETbHBIMU YUTNeHAMU He0DX0OUMO

U 00CMamo4Ho, Yumoobwl Yacmmvle CyMmol psoa ObLiu 02PAHUYEHbL.

HpI/I?)HaK CPAaBHCHUA PANOB € HCOTPUNATCJIAbHBIMHA YJICHAMMU.

u %
[lycth nanbl ABa pana n M n TPH Un, va 0.

v
Teopema. Eciu u. v» mpu n000M 7, TO U3 CXOAUMOCTH psia . CIEIyeT

u u v
CXOOUMOCTD pf[/:[a n, dHn3 paCXO,Z[I/IMOCTI/I p;[,[[a n CﬂeﬂyeT paCXO,Z[I/IMOCTL p;[,[[a n

1 .
Mpumep. Vccie0BaTh HA CXOAUMOCTb PSJ In3 Inn

1 1 1

TK. Inn_ n, a TapMOHUYECKHI pAlln PACXOIUTCA, TO PACXOIUTCA U Pl
_1
Inn |

IIpumep. VMccnenoBars Ha CXOQUMOCTD PALn1 12

L1

n n n

Tx. n2 2, a pan 2 cxomutcsa ( Kak yObIBaroIiass reoMeTpuyeckas

—

nporpeccust), TO psif-1 n2 TOXKE CXOIUTCH.

Takke UCIoJIb3yeTCA CIEAYIOIMN MPU3HAK CXOIUMOCTH

lim¥n_ h
Teopema.Eciu u, 0, v, 0 ucywecmsyem npeden” Y, , 20e h —uucio,
u v
omauyHoe Oom MY, Mo psovl " U n6€OYM  0QUHAKOBO 6  CMblCHe
CX00UMOCMmU.
Ilpusnax /lanamébepa.

(Kan Jlepon [anambep (1717 — 1783) — ppaniry3ckuii MaTeMaTHK )



u
Ecnu ona pﬂ()a n C NOJIOAHCUMENIBHBIMU YleHaMU cyulecmeayem maxKkoe 4ucio

q<1, umo 0Jis1 6cex 00CMAMOYHO OOJILUUUX N GbINOJIHACNCA HepaeeHcmaeo
u

nl

g, u
u, MOPAO . cXO0Umcs, ecuu dce OJis 6cex O0CMAMOYHO OOTLUIUX N

u

nl

1, u
8bINONHAEMCSL yClo8ue u, MO Psio " PACXOOUMCSL.

Ilpeoenvnwrit npusnax /lanamoepa.
MpepaenbHbI NpU3Hak [lanambepa aBaseTcs caecTBUEM U3 NMPUBEAEHHOIO Bbille NpM3Haka Janambepa.

u
lim _"!
n
Ecnu cywiecmeyem npeoen  Un , mo npu < I psd cxooumcs, a npu > 1 —
pacxooumcs. Ecnu = 1, mo na 6onpoc o cxooumocmu omeemums Helb3si.
n
Hpumep. Onpenenuts CXOAUMOCTD psifa n 1 2 . —
1
n U nl Y 12" a1l In 1
U, — nl ; lim li -1
2n 2n1 w Un 271 n 2n 2 2
BeIBOI: psAx cxonures.
1 11 1
HpnMep. Onpez:enmb CXOJAUMOCTD psiaa I 2! n!
u
] U 1l nl . 1
u, —; 1 ——— ;lim lim - Iim —01

n! (m D! Ty W(n 1)! an 1
BriBox: psx cxonurces.

Ilpusnaxk Kowu. (paouxkanvHulii nPU3HAK)

u
Ecnu onsa pﬂda n C HeOmpuyameabHblMU YieHamu cywecmeyem maxKoe 4ucio
):/” q
6]<1, umo 0isl 6cex 00CMamoyHo OONLUIUX N BbINOJIHACNCS HepaeeHcmeo ~I n

b

u
Mo psi0  » CXOOUMCSl, eClU dHce 018 8Cex 00CMAMOYHO DOLULUX 1 BbINOIHAECSL

),/u , u
HepaseHcmeo ™ . mo pso . pacxoOumcsi.



lim »/ 1y,
CaencrBue. Ecnu cymectByer npegen , Topu <l psg cxonaurcs, a

npu >1 psa pacxogurcs.

m? 1"
S

IIpumep. OnpenennuTs CXOAUMOCTE psifia 1 3n 5.
1

2
imaz im 2" liim 2 = 24
n n3n* 5 n 5 3
2

3 n

BeIBOI: psax cxonures.

IIpumep. OnpenenuTs CXOAUMOCTD PAJa n

— 1
lim{u, lim1 - 1.

n n n

T.e. mpusnak Komm He maeT oTBeTa Ha BONpPOC O cxoauMmocTu psana. [Ipoepum
BBIITOJIHCHUC HGO6XOI[I/IMLIX YCJIOBI/Iﬁ CXOOUMOCTH. Kak 65110 ckazaHo BBIIIC, CCJIIN
PAIl CXOAUTCS, TO OOIIUHN WICH psijia CTPEMUTCS K HYJIIO.

ln

limu, liml — e 0

n n n b

TakKuM 00pa3oM, HEOOXOUMOE YCITOBUE CXOIUMOCTH HE BBITIOTHSICTCS,
3HAYUT, PSAPACXOAUTCSL.

Hnumezpanvnutit npuznax Kowu.
Ecnu (x) — nenpepwisnas nonoxcumenvHas — Qyukyus, yoviearowas Ha

(n)
npomedcymxe [1; ), mo pso (1) + (2) + Wt (m)+ e = 01 u

(x)dx
H€CO60m@€HHbZIZ UHmezcpa OOMH(,ZKO@bl 6 cmblciie CXOOMMOCWZU.



1 1

1
3

1
IIpumep. Psan 2 n cxoauTcsa npu >1 u pacxogutcs 1 T.K.
dx
. . X
COOTBETCTBYIOIIMI HECOOCTBEHHBIN HHTCIPAI | cxomutcsa npu >1 wu

1

al”

HAa3bIBACTCS 0OIErapMOHHYECKHM PSJIOM.

pacxoaurcs 1. Pan

CaencrBue. Eciu f(x) u (x) — HenpepbIBHbIE (DYHKIIMHU HA UHTEpBaJe (a, b] u

b b
im f(x)
lim h, hO, £ (x)dx (x)dx
cao (%) TO MHTETPaNbl |, u, BEyT ce0s OJJMHAKOBO B
CMBICJIE CXOOAUMOCTHU.

3nakonepemennwle paovl. (3Haxouepeoyouuecs paont).
3HaKouYepeAYOUUNCS Pl MOYXKHO 3alUCcaTh B BUAE:

wuy U3 Uy (D" u,
raeun 0, n 1,2.3,. Ipusnak JIeiuonuya.
uu u ou .. (D)"'u
Ecnu y 3nakouepeoyroweeocs paoa |, i ] abcontromuule
u 5 u 0
BEIUUUHDL Ui YOLIBAIOM 1 1y yy ... U 0OWUIL YTIeH CIPEeMUMCSL K HYIO ,

Mo psi0 cX0OUMCHL.

Abcontomuan u ycioeHas cxooumocms psaooa.
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U Psifl, COCTABJIEHHBIN U3 a0COTIOTHBIX BEIMYMH WwieHOB psiaa (1):
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Teopema.l3 cxooumocmu psioa (2) credyem cxooumocms psoa (1).

u
Onpenenenue. Psy . Ha3pIBaeTCs a0COMIOTHO CXOASIIMMCS, €CJTU CXOAUTCS

ul |
paa r .
O‘-ICBI/II[HO, YTO 11 3HAKOIIOCTOAHHBIX pﬂI[OB IIOHATHUA CXOAUMOCTHU U

a0COJIIOTHOM CXOOJUMOCTH COBIIAAAarOT.
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Onpenenenue. Psp » Ha3bIBAETCS YCJIOBHO CXOASIIIUMCS, €CIIA OH CXOJUTCH,
u

a pag o« lf)aLXOI[I/ITCﬂ. Ilpusnaxu /lanamobepa u Kowu ons

3HAKONEPEMEHHBIX PAOOE.

[Iycte  “n - 3HakonepeMenHbid psaa.llpuznak Jlagamoéepa. Ecm cywecrsyer
u

lim|__"!

u
npeaen” ' uy, , Tonpu <l psg » OyZIeT aOCONFOTHO CXOMSIIUMCS, a TIPU
>1 psapn Oyner pacxoasmumcs. I[Ipu =1 npus3Hak He 1aeT 0TBETa O CXOJAUMOCTH

psana.

lim ﬂ\/u_| u

Ipusnak Komm. Ecnu cymectByer npexen 0 ,Toipu <l psn n

OyJzieT abCOMIOTHO CXOAsIMUMCs, a Tipu >1 psig Oyaer pacxoasmumcs. [pu =1

IPU3HAK HE AT OTBETA O CXOJIMMOCTH PsiJa.
Ceoiicmea adCcoOMHO CXO0AUWUXCA PAOOB.

. u
1) Teopema./[1a abcontomuoi cxooumocmu psoa »  Heobxooumo u

00CmMamouHo, 4moowvl €20 MOJNCHO OblLI0 NPedCmasumsv 6 8uUoe PA3HOCMU 08YX
CX00AUUXCA PAO0B C HEOMPUYATNENbHLIMU YTEeHAMU.

CaencrBue. YCIOBHO CXOISALIUNCS PAJL ABJISIETCSA PA3HOCTBIO IBYX PACXOIAIINXCS

PAO0OB C HCOTPULUATCIbHBIMH CTPCMAIIMMUACA K HYJIIO YICHAMMU.

2) B cxondiemcs psje J106asi rpynnupoBKa YICHOB psJia, HE U3MEHSoIIas uxX

nopsaka, COXpaHsacT CXOAUMOCTb U BCIIMYHUHY PsJa.

3) Ecnu psig cxoauTest abCOIIOTHO, TO PsJl, TOJYYEHHBIN U3 HETO JIF000M
MEPECTAaHOBKOM UJIEHOB, TAaK)KE a0COIIOTHO CXOJIUTCSI M UMEET TY K€ CYMMY.

IIepecTaHOBKOM YJIEHOB YCJIOBHO CXOJISILErOCsA PsAa MOXKHO IMOJIYYUTH YCIIOBHO
CXOISIINICS psAll, UMEIOMUK JIOOyI0 Hamepes 3aJaHHyI CyMMYy, H JIaxe
pacXOIAIIMICS P,

4) Teopema.lIpu 110601 epynnuposKe 4ieHo8 abCcolOmHO cX00awe20cs paa (npu
9MOM HUCTIO 2PYNN MOdCem OblMb KAK KOHEYHbIM, MAK U OECKOHeYHbIM U YUCTO
YeHO8 8 epynne Modicem OblMb KaK KOHEUHbIM, MAaK U 6eCKOHeUHbIM) NOIYYaemcs
CXOO0AWULCS PO, CYMMA KOMOPO20 PABHA CYMME UCXOOHO20 PAOd.
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n n

5) Ecou psapl PR /G cXomaTcsi aOCOMOTHO U HUX CYMMBI PaBHBI
COOTBETCTBEHHO SH, TO psij, COCTAaBJICHHBIM U3 BCEX MPOU3BEJACHHUIN BUIA
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i k7777 B3ATBIX B KAKOM YTOJIHO MOPSJIKE, TAKIKE CXOUTCS a0COTIOTHO M €r0 CyMMa paBHa
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S - IPOU3BEACHNUIO CYMM TIEPEMHOKAEMBIX PSIJIOB.
Ecau xe MMPONU3BOANUTDH MIEPEMHOKCHUC YCIIOBHO CXOJAIUXCS PAOOB, TO B

pEe3yJIbTaTe MOKHO MOJIYYNUTh PACXOISIIIUUCS P,

3ajaHus NpaKTHYeCcKO padoThI
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2.MccnenoBaTh Ha CXOUMOCTb, MPUMEHSISI HEOOXOIUMBIN TTPU3HAK CXOIUMOCTH
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3.MccnenoBaTh Ha CXOAMMOCTb, UCTIONB3YS MpU3HaK JlamambOepa
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KOHTpOHLHLIe BOITPOCHI

1. Onpenenenne 4uCIOBOIO pAaA.

2. CBoiicTBa U BUJBI PSJIOB.

n

n



3. OmnpeneneHue CyMMbI psjia.
4. HeoOXxoauMmblIil mpuU3HAK CXOIUMOCTH.
5. IlpuzHaku cpaBHeHUs, mpusHaku [lamambepa u Kormm.

IIpakTuueckas padora Ne 20
Tema «Pewmenue 1uddepeHuuaJabHbIX ypaBHeHuin» Lleb:
POBEPUTH YMEHUE pemath JudpepeHnnanbHble ypaBHEHUS IEPBOTO
MOPSIAKA C PA3/ICICHHBIMU U Pa3AeIISIIOIIMMHUCS IEPEMEHHBIMH.
Bpems BbinonHeHuA 90 MUHYT

MaTtepunanbHoe obecneyeHue
1.TeopeTnyeckne ceegeHns

2.3agaHuve

3.Jnct A4

4.KanbKkynaropsl

NMopsaaok BbINONHEHUA paboThbl
1.3yunTb 3agaHue

2. N3yunTb TeopeTmnyeckne ceeaeHuns

3. BbInonHuTb 1 ohopmnTb padboTty
4.[MokasaTb pe3ynbTaTtbl NpenogasaTesnto
[JdomaluHee 3aaaHue

1.MoarotoBnUTb OTBETHLI HA KOHTPOSIbHbBIE BOMNPOCHI

Teoperuueckuii MmaTepuall

Hugppepenyuanonvim ypasnenuem Ha3bIBACTCS YpaBHEHHE, CBS3BIBAIOIICE
MEXIy COOOW HE3aBUCUMYIO TMEPEMEHHYI0 x , HCKOMYIO (QYHKIUIO y U €€
POU3BOIHBIE WM TU(PEepeHITAbI.

CumBonnyecku qudpepeHnnanbHoe ypaBHEHHUE 3aTUChIBACTCS TaK:

"

F(x,y y)=0 ) F(x,y,y )=0 , F(y,

JuddepeHnnanbHOe ypaBHEHNE HA3bIBAETCS 0ObIKHOGEHHBIM, €CIIA UCKOMAsI

(1)YHKI_[I/I$I 3aBUCHUT OT OJHOI'O HC3aBUCHUMOTI'O IICPCMCHHOI'O.

llopsaoxom nuddepeHInanb-HOTO YpaBHEHUS HA3bIBAE€TCS MOPAJIOK CTaplien

npousBoaHON (Wn nuddepenimana), BXoAAIIe B JaHHOE ypaBHEHUE.

Pewenuem (unu unmeepanom) nudpdepeHinanbHOTO ypaBHEHHS HAa3bIBACTCS

Takasi yHKIMs, KOTOpas 00paIaeT 3TO ypaBHEHUE B TOKIECTBO.

Obwum peuwtenuem (W odbwum unmezpaiom) auddepeHIuaILHOro

YPaBHCHHUSA HA3bIBACTCA TAKOC PCHICHUC, B KOTOPOC BXOAUT CTOJILKO HC3aBUCUMBIX



MIPOU3BOJIBHBIX TOCTOSIHHBIX, KaKOB MOPSIOK ypaBHeHus. Tak, oOiee perieHue
mudepeHnanTbHOTO  ypaBHEHHsSI  MEPBOTO  TOPSIAKA  CONEPXKHUT  OIHY
IIPOU3BOJIBHYIO TTOCTOSIHHYIO.

Yacmuvim  pewenuem IUPPEpPEeHINAIBHOIO YpPaBHEHUS  HAa3bIBACTCS
pellieHre, MOJyYeHHOE M3 OOLIero Mpu pPa3JIMYHBIX YHCIOBBIX 3HAYEHMSIX
IIPOU3BOJIBHBIX ITOCTOSIHHBIX. 3HAYEHUs IPOU3BOJIBHBIX ITOCTOSIHHBIX HaXOZSATCS
IIPU OIPEAEIICHHBIX HaYalbHbIX 3HAYEHUAX apryMeHTa U (PyHKIUH.

Jugppepenyuanvnoin  ypasHenuem — nepeoco  nopsAOKa  Ha3bIBAETCS
ypaBHEHHE, B KOTOPOE BXOIAT MPOM3BOJAHbIC (WK nuddepeHnnanbl) He BbIIIE
MEPBOTO TOPSAJIKA.

Hugdepenyuanouoiv  ypasnenuem ¢ pazdenrarowumucis nepemeHHbiMU

HA3bIBACTCA ypaBHeHI/Ie BHU A
dy
dx =f(x)¢(y)

JIns peneHust ’Toro ypaBHEHHUs HY’)KHO CHadaja pa3JeiauTh IEPEMEHHBIE:

ﬂ=f(x)dx

o(y) ,

a 3aTCM IMPOUHTCIPUPOBATH 00¢ yacTtu IMOJIYUYCHHOI'O paBCHCTBA!

I 9%y ) T

IIpumepsl

I i : dx= yd
3aganne 1: Haiizure o0liee pelcHIe YPaBHEHUS (1+ ya)dx= ydy

xdx=
2
Pemenue: PazfgenuB  nepeMeHHBIE, UMEEM 1 . UnTerpupyem o6e
qacTtu HOJ'Iy‘-IeHHOFO ypaBHeHI/IHZ

ydy X 2 1

jxdx=f 1+ y2 ; 2=2In(1+y)2InC
Tak kak IMPOU3BOJIbHAS IOCTOSAHHAA < voer NPUHUMATb /IH06bIE YNCNOBbIE
3HayeHus, To Ana yaobctea gasbHeNWnX NpeobpasoBaHUi



1
C =InC
BMECTO MBI Hamucaiu 2 . IloreHunpys mocneanee

2 (2

paBeHCTBO, nonyauM X =In [C 1+ y ].
370 1 ecTb oblLLee pelleHne AaHHOIO YPaBHEHUS.

3aganue 2: Haiitn gactHoe  pemrenne  ypasmenms S'tgtdt +ds=0
t="
YAOBJIETBOPSIONIEE HAYAJIBHBIM YCIOBUAM  S=4 TIpU 3
ds
tgtdt+ =0
Pemienue: Pa3nenuB nepeMeHHbIE, UMEEM S . [IpounTterpupyem ode

9aCTH IMOJIYUYCHHOI'O YPAaBHCHHA!

as
thtdt+j s=InC ; -Incos t+In s=In C

Umn  In s=In C +Incost s=Ccost
OTo ofIIee pelnieHne JAaHHOTO YpaBHEHUS. CHM HaXO0XXICHUI

3HAYCHUS MPOU3BOJIBHOM ITOCTOSIHHOMU HOACTAaBUM  3HayeHUs
m _m
- s=4 )
=3 u B BBIp@)KEHHE JJIs 001Iero pemenus: 4=Ccos\ 3 °,
4=C
C=8
1580071 2 ,OTKyJa .

CJIGI[OB&TCHLHO, HCKOMOC YaCTHOC PCIICHHUC, YAOBJICTBOPAIOLICC

YKa3aHHBIM HAYAJIbHBIM YCJIOBUSM, UMEET BUJ s=8 cos t
3aaHus NPaKTHYECKOH padoThI

3apanue 1.Haiitu obmiee pernenue ypaBHeHHI a), 0).

3aganme 2.Haiitu yacTHOE pelieHue YpaBHEHUSI C Pa3IeISIOIIUMHUCS

MIEPEMEHHBIMU
B1.1. a) dx =3 # dy B16.1.a)x* dx =3 y* dy
6)y(1+x) 6)y(1+x)
dx +x (1= y) dy=0 dx +x (1-y ) dy=0
2. v dx=e” *dy ; y=1 npux=0 2. dx=e” *dy; y=1 npux=0
1 3 1 3

B2. 1.8)Vx d y= Vyd x B17.1.a)Vx d y=Vyd x



6)y%dx +( x-2)dy=0

1 1
2. y-2dx=— 2dy, y =2npux =0

B31.a)V xdx =V y dy
6)(1+y?)dx—Vx dy=0
2.(1+ y ) dx=(1-x) dy,
y=3 npux =-2

B4. 1.a)(3 x*-2 x)dx=dy
6) -(2xy+3y)dx +x* dy=0
2.y dx=xdy, y=6 npux=2
B5.1.a)(4 x-3)dx=dy

ax
6) (xy+x) “dy =1

2 x-1 dx
2, = ,y=0

npux=5y +1dy

B6. 1.a)x dx=dy

6) 2(xy+y)dx=x dy
2.(y +1)dx-(1-x)dy=0,
y=1 npux=0
B7.1.a)x* dx =3 y* dy

B)y(1+X)dx +x (1- y ) dy=0
2. y? dx=e~ *dy ; y=1 npux=0
B8.1.a) Ly @V, ¢ *

6)y2dx +( x-2)dy=0

1 1
2. y-2dx=— 2dy, y =2npux =0

B9. 1 a)V xdx =\ y dy

6)ydx +( x-2)dy=0

2. dx=—x12 dy, y =2 npux=0
B18.1.a)Vxdx =\ ydy
6)(1+y?)dx—Vx dy=0

2.(1+ y ) dx=(1-x ) dy,

y=3 npux=-2

B19. 1.a)(3 x¥*-2 x)dx=dy
6) -(2xy+3y)dx +x* dy=0

2.y dx=xdy, y=6 npux=2

B20. 1.a)4 x-3)dx=dy

ax
6) (xy*+x) "~ dy =1

2 x—1 ax
2, =, y=0 npux=5

y+1 dy

B21.1.a)x dx=dy

6) 2(xy+y)dx=x dy2.
(y +1)dx—(1-x)dy=0,

y=1 npux=0
B22.1.a)x* dx =3 y* dy
B)y(1+x)dx +x (1- y ) dy=0

2. y? dx=e” X dy ; y=1

npux=0 B23.1.a) +/x 97~

3 dx
'\/y —— 1

6)ydx +( x-2)dy=0

1 1
2.y-2dx=x 2dy, y=2npux =0



B24.1 .aF/ xax =Vy dy



6)(1+y?)dx-Vx dy=0
2.(1+ y ) dx=(1-x ) dy,
y=3 npux=-2
B10 1.a)(3 x*-2 x)dx=dy

6) -(2xy+3y)dx +x* dy=0
2.y dx=xdy, y=6 npux=2
B11.1.a)(4 x-3)dx=dy

ax
6) (xy+x) " dy =1

2 x—1 ax
2. = , y:O

npux=5y+1dy

B12.1.a)x dx=dy

6) 2(xy+y)dx=x dy2.
(y +1)dx—=(1-x)dy=0,

y=1 npux=0

B13.1.a)x* dx =3 y* dy
B)y(1+X)dx +x (1- y ) dy=0

2.y  dx=e" *dy;

y=1 npux=0
B14.1.a)= x 2 \/3), dx
6)ydx +( x-2)dy=0

1 1
2.y 2dx="x 2dy, y=2npux =0
B15.1 a)v xdx =\ y dy
6)(1+y?)dx—Vx dy=0

2.(1+y ) dx=(1-x) dy,

y=3 npux =-2

6)(1+y?)dx-Vx dy=0
2.(1+y ) dx=(1-x ) dy,
y=3 npux=-2
B25.1.a)(3 xX*-2 x)dx=dy

6) -(2xy+3y)dx +x* dy=0
2.y dx=xdy, y=6 npux=2
B26.1.a)(4 x-3)dx=dy

ax
6) (xy+x) * dy =1

2 x-1  dx
2. =", y=0 npux=5
y+1 ay

B27.1.a)x dx=dy

6) 2(xy+y)dx=x dy2.( y +1)dx—(1-x)dy=0,

y=1 npux=0

B28.1.a)x* dx =3 y* dy
B)y(1+x)dx +x (1-y ) dy=0

2. y* dx=e” *dy ; y=1 npux=0

1 dy= 3 dx
B29. 1.\ x = 'y
6)ydx +( x-2)dy=0
1 1
2.7 2dXx="x 2dy, y=2npux =0
B30.1.a)V xdx =V y dy
6)(1+y?)dx-Vx dy=0

2.(1+y) dx=(1-x) dy,

y=3 npux=-2



KonTpoJibHBbIE BONIPOCHI:

Kakoe ypaBHeHue Ha3bIBaeTCs nudpepeHuaibHbM?

Uro Ha3bIBaeTcs penieHueM AuddepeHnaibsHoro ypaBHeHus ?

Kakoe pemenne nuddepeHuaibHOro ypaBHEHUS Ha3bIBa€TCs 00LIUM?
Kakoe pemenne nupdepeHanibHOro ypaBHeH!sI Ha3bIBA€TCS YaCTHBIM?
Kakue nuddepennmanbHpie ypaBHEHNS HAa3bIBAIOTCS YPABHEHUSMU IIEPBOTO
nopsijaka?

Kakue nuddepennmanbupie ypaBHEHNS HA3bIBAIOTCS YPABHEHUSIMU C
pa3IEAOMUMHUCS [IEPEMEHHBIMU ?

Nh W=

o

MNMpakTu4yeckas padorta Ne 14.
Tema « BbluncneHue onpegenutenen»
Llenb:Hay4nTbCABbIMMCAATL ONpeaeniMTen BTOPOro U TpeTbero nopsaka,
Bpems BbinonHeHUA90 MUHYT

MaTtepuanbHoe obecnedyeHune1.TeopeTnyeckne ceegeHns
2.3agaHue

3JInuct A4

4.Kanbkynaropsl

NMopsaaok BbiNONHEHUA paboThbl

1.3yuntb 3agaHne

2. N3yunTb TeopeTnyeckue ceeneHuns

3. BbInonHuTb 1 ohopmnTb paboTty

4.MokasaTb pe3ynbTaTthl NpenogasaTento
domalwHee 3agaHue

1.MoarotoBnUTL OTBETHLI HA KOHTPOSIbHbBIE BOMNPOCHI
Xopa paboTbl

TeopeTnyeckue ceefieHUA

Onpenenenne.MaTpuueii pazmepa m n, rie m- 4Uciao CTPOK, N- YUCIO
CTOJIOLIOB, Ha3bIBAaeTCsl Ta0JIMLAa YHCEN, PACHOJIOKEHHBIX B OMNPEJEIIEHHOM
nopsike. ODTH 4YMCIa HA3bIBAIOTCA DJIEMEHTaMH MaTpuilbl. MecTo KakJIoro
3JIEMEHTa OJHO3HAYHO OIpENeNsIeTCs HOMEpPOM CTPOKM U cToinOma, Ha
NEepeceYeHNH KOTOPBIX OH HAXOIUTCS. DJIEMEHThl MaTPUILIbI 0003HAYAIOTCS aij, /1€
1- HOMEp CTPOKH, a j- HOMEp CTOJIONA.



A= am1  m3  mn )
Buabl maTpuig
Matpuiia MOXKET COCTOSATh KaK U3 OJHOU CTPOKH, TaK U U3 OJHOTO CTOJIOIIA.
Boo0611e roBopsi, MaTpuiia MOKET COCTOSITh JIaXKe U3 OJTHOTO PJIEMEHTA.
Omnpenenenune.Eciu ynciao cToa0I[0B MaTPHUIIbl PaBHO YUCITY CTPOK (mM=n), TO_
MaTpula Ha3bIBa€TCsI KBAAPATHOM.

Onpeneaenne. Matpuiia Buja:

10 ..
01 ...0

Ha3bIBaCTCSeAMHUYHON MATPHUIIEH.
Onpeneaenue. Ecnu amn = anm, TO MaTpULIa HA3BIBAETCS

( 2 15 )
o 51 3
cumMmerpudeckou. I Ipumep. 6 - CHMMETpUYECKas
(""11
0 0..0
a2

0 0

MatpuiaOnpenenenne.KpangpatHas MaTpuia Buja 0 S

HA3bIBACTCS AMATOHAJIBbHOM MaTPULIEH.

HMeiictBus ¢ maTpuuaMmuCiiokeHne M BbIMUTAHUE MATPUIL] CBOJTUTCS K
COOTBETCTBYIOIIUM OIEpAIUAM HaJ UX deMeHTaMu. CaMbIM TJIaBHBIM CBOMCTBOM
ATUX OIEpaIUil SBJISETCS TO, YTO OHU OHPedeeHbl HOIbKO 011 Mampuy
00UHAaK06020 pazmepa. TakuM 00pa3oM, BO3MOXKHO OIPEICITUTh OTIepaIiuu
CJIOKEHUS Y BBIYUTAHUS MATPHIL;

Cymmoii  (Pa3HOCTBIO) MaTpHI[ SBJISIETCS MATpHUIlA, D3JIEMEHTAaMU KOTOpPOH

ABJIIIOTCS COOTBCTCTBEHHO CyMMa (paBHOCTB) 9JICMCHTOB MCXO/IHBIX MATPHUII.

Cij = aij bjj
C=A+B=B+A.

Onepaunﬂ YMHOKCHUSA (Ile.]IeHl/lH) MaTpuLbl H060ro pasmepa Ha MPOM3BOJIbHOE YMC/IO CBOAMUTCA K
YMHOXEHMUIO (LeIEHNI0) KaXKLOro 3IEMEHTa MaTpULLbl Ha 3TO YMUCIIO.



aat1 da ... dagp

a1 0ap ... Gan
0A=
ag--m 1 -qa,, - aa---mn)
(A+tB)=A B
12 3 1 34
1 R= 15 78
A()= A Allpumep. [lanb MaTpuibl A = (#2 ) b= 2 4],
Haitu 2A + B.
246 3 710
4 8 9
= \6 26 , 2A+B= \ 7 9 10
IIpousBenenuem matpui] A B = C;Ha3biBaeTcsIMaTpulla, 3JIEMEHTBI KOTOPOIt
= a b
Cij=z ik K
MOTYT OBITh BBIYHCIICHBI 110 CICIYIOIIUM (HOPMYIIam: k=1 Us

IIPUBEJICHHOTO ONPEIEIICHNs BUHO, YTO ONEpalsl YMHOXKEHHUSI MaTPULL
OIpeIeNIEHA TOJBKO JJISl MATPULL, YMCJIO CTOJI0LOB NEPBO U3 KOTOPHIX PABHO
4YHCJIYy CTPOK BTOPOM. Onpenenenne. Marpuiy B Ha3biBaroT
TPAHCIOHMPOBAHHOM MaTpuIled A, a nepexon oT A k B

TPAHCIIOHUPOBAHMUEM, ec/iv 3/1eMEHTbI KaX/10# CTPOKM MaTPULLbl A 3aMu1caTh B TOM Xe NOpAJKe B
CcTON6UbI MaTpULbl B.
a a

a a a a
11 12 ... 1n 11 21 . m
a a a a a a
21 22 2n 12 22 v.. M2
a a a a
A= am1  m2 L.om ) ; B=Ar= am  2p L..omn ) ;

JIPYTUMHM CJIOBaMH, bji = ai.

10 3 1 1
. 2
Ipumep. Jlanel MaTpupl A = (2 -4 ) ) ,B= (32) C= 1 ) M UHCIO =
2. Haiitu AtB+ C.
11+2:3+1:
12 1 1 2 1 1 2 9
4

3
! ) ( 2) (03'.11++41'.33’+24.'22) (104)



-2 9 —2 7
C= ; AB+C= + = JIpumep. Haiitn
() |
43
TPOM3BEICHHE MATPHI| A = uB=(2 4 1).AB= (43) (241)=

12 14 11 24 1
4
. 16
(34-22 s 3 (12 3 ) '
1

BA= (24 1)®%) =2 1+4 4+1 3=2+16+3=21.

IIpumep. Haiiti npoussenenue matpuny A= (1 2) ,B= (53 &)

(s )
AB=(12) 5 6 )= (3+10 4+12) = (13 16) |

Oﬂpe)]eJll/ITeJleM BTOPOTo MopAAKa HA3bIBACTCA YHCJIO0, KOTOPOC IMOCTABJICHO B

lar b1

az bz
COOTBETCTBHE TAOIUIBI KO3PPUIUEHTOB

Mo cefyolemy NpaBuy: NPOU3BEAEHUE MO FTaBHOM AMaroHanm 6epercs co 3HaKOM MJIC, Mo ApYyroi
[MaroHaan co 3HAKOM MUHYC.

a
|1 1]
ab

2 2 =ab—ab
[IpyNep: BEIYUCIUTE ONPEAEIUTENL BTOPOTO TOPSIKA

| |=2-2-3-4=4-12=-8
D) 3 2

-2
| |=—1:1-3:(-2)=—-1+6=5

2) !
OnpenesanresieM TpeTbero MOPsiAKAa Ha3bIBa€TCs YUCIIO, KOTOPOE MOCTaBJIEHO B
COOTBETCTBHE TaOJINLIbI KOI()PUIIMEHTOB 1O CIETYIOIIEMY IIPABUITY:



a

b

1

Cc

laz b2 co|=a1 bz cat+az bz ¢1 +asz by c2—a3 b2 c1—a1 bz co—az b1 calignlis ¢, ¢

a3 b3 c3

OT0 omnpezeeHne ONpeaeauTeNs HarsJHO MOXHO MPEICTaBUTh
CJIeTy oM 00pa3oM:

a1 b1 €1
a2 b2 ¢
as bz c3

D10 npaBuiia Ha3bIBAIOT el «IIpaBuiio TpeyroabHIKa»

H[!I/IMC[!BbNMCﬂMTb onpeaenuTesib TPeETbEro nopsaakKa

3 21
|2 4 5|=3:4:3+2:2:1+1-2:5-1:4:1-2:2-3-3:2:5=
1 23

=36+4+10-4-12-30=4

3aaHud I NPoBeleHUs MPAKTHYECKOIl padoThl

1.Bpruncinuts onpeaennuTend BTOPOro mopsaKa:

K1  2+K2 K1 52 0,5
1) A=| ,2)4=| 3 | 9 K64
:| \/ )
K1'k2 5 3k 6 , A (053 V4|
2.BBIYUCIUTD OMPEAECTUTENN TPETHETO NOPAIKA!
-1 3k1 2 3 Ko 4 -5 1 -2 K1'ko
1)A=|2 8 K |, 2) A=| 8 7I§ -2 2|, 3) A=|3 K. -5 |
112 2 -1 8 2K 5
Bapuanm | k1 K2 | Bapuanm | K1 K2 | Bapuan K1 K2
m
1 3 -2 11 41 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2




4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTpoJibHBIE BONIPOCHI:

1. Yro Ha3bIBAETCS ONPEACIUTEIIEM MATPULbI?

2. Kak BBIYMCIUTH ONPEAEIIUTENb BTOPOTO MOpsaKa?

3. Kakue criocoObl BEIUHUCTIEHUS OMPEICTUTEINS TPETHETO MOPsIIKa BaM
W3BECTHBI?

4. Tlepeuucnure CBOKWCTBA ONPEACIUTEIECH.

IIpakTuuyeckas padora Ne 15 -16-17

Tema«Haxoxaenue o0paTHoi MaTpulbl. PeieHne MaTpMYHbIX YPaBHEHUIN»
HCJ]L2 HAaYyYUTBHCA BBIYUCIIATL MUHOPEIL, anre6panquKHe JOITIOJIHCHUA,
ONpCACIUTCIIN YECTBCPTOIO IMMOPAAKOB , HAXOAUTH O6paTHBIC MaTpuIbl ,pC€IIaThb
[IPOCTEUIIINE MATPUYHBIE YPABHEHUS

Bpemsa BbINOsIHEHUS 90 MUHYT

MaTtepunanbHoe obecneyeHue

1.TeopeTuyeckne ceegeHus

2.3apaHne

3.Jinct A4

4 Kanbkynsropbl

NMopsaAaok BbINOMIHEHUA PaboThbI

1.3yunTb 3agaHue

2. NI3yunTb TeopeTnyeckue ceeaeHuns

3. BbInonHuTb 1 ohopmnTb paboTty

4.lNokasaTb pe3ynbTaTthl NpenogasaTento

[JdomaluHee 3agaHue

1.MMoarotoBnTL OTBETHLI HA KOHTPOSIbHBIE BOMPOCHI

Xoxa paéoTbl

Teopernveckue cBeeHU

Cucremoii THHEHHBIX ajredpanyecKuX ypaBHeHU, COAECpKaILEH m ypaBHEHUN

N n HCU3BCCTHBIX, HA3bIBACTCA CUCTCMa BHUaA:




a Xx +ta
1

X +..+a x=b
11 2

12

az1 X1 +ax Xz +...+az n Xnp=b2

am1 X1 +am 2 X2 +... amn Xn=bm

rae uicna ai, i = I,m, j =I,n Ha3pIBatOTCA KO3 DUITMEHTAMH CUCTEMBI, Ynclia bi —

cBOOOIHBIMU uieHaMU. [loanexaT HaX0XKICHHUIO YHCIIa X

3neck A — maTpuiia Ko3QPUIIUEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MaAmMpuyel:
a a a

1 12 ... 1n

a a a
A= 21 2 .. 2n

(am1 am2 ... @m )

0
X1

X
X= 2 —eeKmop—cmon6euu3Heu3eecme/xxj

(5. )
b1
B= 2 -8ekmop-cmosnbeyu3c80600HbIX4IIEHO8 b |

[Tpoussenenue matpuiy A * X ornpenenaeHo, Tak Kak B MaTpHiie A cTOJI0110B
CTOJIBKO €, CKOJIBKO CTPOK B MaTpuile X (7 MITYK).
Pacwupennou matpuiieil CHCTEMBI Ha3bIBA€TCS MATPULIA A CUCTEMBI,

JIOTIOJIHEHHAs CTOJIOLIOM CBOOOHBIX YICHOB

a a
11 12 ... @in b1

a a
= 21 22 ... aon bz

(am1 am2 ... @mn bm)

Pewenuem cucmemvl Ha3bpIBaeTCs 1 3HAUEHUH HEU3BECTHBIX X/ = C1, X2 = C2,
., Xn = Cn , TIpU TIOJICTAHOBKE KOTOPBIX BCE YPaBHEHUSI CUCTEMbI 0OpaIlatoTCs B
BEPHBIMU paBEHCTBA. Bcskoe pelieHrne CHUCTEMBI MOXHO 3amucarb B BHIE
MaTpPHIIBI-CTOJIONA

(")

c= @

Cucrtema ypaBHEHHUI HAa3bIBACTCS COBMECHIHOU , €CTI OHA UMEET XOTs Obl OHO
pEILICHHE, U HeCO8MECMUMOIL, ECTTN OHA HE UMEET HU OJIHOTO PEILCHHUS.

CoBMecTHasi cuUCTEMa HA3bIBACTCS  ONMPeOenéHHOU, €CIId OHa  HUMEET
€IMHCTBEHHOE pEIIECHUE, U HeonpeoeiéHHol, €Clli OHa uMeeT 0oJjiee OJIHOTO
pemienus. B mocienneM ciyyae Kaxaoe e€ perieHrue Ha3bIBaeTCsl Yacmubim



pewernuem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEIICHUN HA3BIBACTCS 00WUM
peuieHuem.

Pewums cucmemy — 370 3HAUUT BBISICHUTH, COBMECTHA OHA UJIM HECOBMECTHA.
Ecnu cucrema coBmecTHa, HallTu €€ o011ee pelieHue.

JIBe cucTeMbl HA3BIBAIOTCS JKEUBAIEHMHbIMY (PABHOCWUIBHBIMHU), €CJIIH OHU
UMEIOT OJHO W TO JKe oOmee pemeHue. J[pyrumu cioBaMu, CHCTEMBI
OKBHUBAJICHTHBI, €CJIH KaXK/I0€ PEIICHUE OHON M3 HUX SBIIACTCS PEIICHUEM JPYTOH,
1 Ha00OpOT.

OKBUBAJICHTHBIC CHCTEMBI TONTYYarOTCS, B YaCTHOCTU, TPH 3IeMEHMAPHbIX
npeobpazosanusix CUCTEMBI TPH YCIOBHH, YTO TPeoOpa30BaHUS BBITIOIHSIIOTCS
JIMIIb HaJ CTPOKAMH MaTPHIIBI.

CucreMa TMHEWHBIX YPAaBHEHUI HA3BIBACTCS 0OHOPOOHOU, €CIIA BCE CBOOOTHBIC
YJICHBI PABHBI HYIIIO:

a1 X1 +aq2 Xo+...+aq n x,=0

am 1 X1+am 2 X2 +... amn Xn=0

OI[HOpOI[Haﬂ CHUCTCMaA BCCraa COBMCCTHA, TaK KaAK X! = X2 = ... = Xn = 0 aBnsgercs
PEIICHUCM CUCTCMBI. IT10 PEIICHUC HA3BIBACTCA H)Jl1€6bliM NI MPUBUATIbHBIM.
(
Ipumep 4.3. Pemuthb cuctemy x'3x?2
1+ 2

A=l 2 -1
PCHIGHI/IC' 1 3 =7 # O’A 1=y 0-1 =7, A= 2 0=14L

[ s | 17|

; I, M
HAYHUT,X1= 7—1 Xo= =2
IIpasuao Kpamepa

TeopeMa.CucmeMa us n ypaeHeHuii C NN HeuseeCcmHbviMu

{a1 1X1+a12x2+...+a1nXn=b1 g,{a21x1 +a22X2+..+82nXn=D2¢ {ervenieeie Lééd

B CJ/lyyae, ecnu onpedenumersis Mampuubl CUCMEeMbI HE PageH Hyr, uMeem
€0UHCMBEHHOE peuleHUe U 3mo peuweHue Haxooumcs rno ¢hopmynam:
xi= , e0e

= detA, ai— onpedeniumernb Mampuukl, Noay4aemMou u3 Mampuubl
cucmemMbl 3aMeHol cmosbua J cmonbyom c80600HbIX YrieHO8 by
CyTb MemodQa lMaycca 3aknioyaeTcs B nocneaoBaTenbHOM
NCKITHOYEHUN HEN3BECTHbIX.

PaccMoTprm cuctemy nmHenHbIX ypaBHEHUN:



{arixi+atoxot.. 4 a1nxn=b1¢ {aa1x1+a2oxat . +@onXn=D2i {ovrvcersceesees oo 6.

Pasgenvum obe 4actn 1-ro ypaBHeEHNS Ha a1 0, 3aTem:
1) YMHOXWM Ha az1 N BblYTEM U3 BTOPOro ypaBHEHUSA
2)YMHOXWM Ha ast1 N BblMTEM U3 TPETLETO YPaBHEHUS

n T.4. lNony4nm:

{xr+droxar...+dinxn=dr g {daoxz+ doaxsh...+ OanXn=t2e {oecvvcin

, roedy =av/an, j=2,3, ..., n+1.
di=aj—andy [1=2,3 ...,0n j=23 ..., n+1.

[anee noBTOpsieM 3T Xe OeNCTBUS 19 BTOPOro ypaBHEHUSA CUCTEMBbI,
NOTOM — O51A TpEeTbero n 1.4.

K»aneMeHTapHBIM peoOpa3oBaHUSM OTHOCSATCS:

1) IlpuGaBrneHue k 0OEUM YaCTSIM OJJHOTO YPABHEHHS COOTBETCTBYIOIIUX YacTen
JPYToro, YMHOKEHHBIX Ha OJTHO U TO YK€ YKCIIO0, HE PABHOE HYIIIO.

2) IlepectaHoBKa ypaBHEHUN MECTAMHU.

3) Ynanenue u3 CUCTEMBbI YPaBHEHUH, SBJISIONMINXCS TOKISCTBAMH JISI BCEX X.
Munopom HEKOTOPOTO JIEMEHTA a;ONPEACIIUTENS H-20 TIOPSIIKA HA3bIBAETCS
OmpeNeNnuTeslb n — 1-r0 TOpsaKa, TMOJYYEHHBI W3 HUCXOJHOTO IMyTEM
BBIUEPKUBAHUSL CTPOKM M CTOJIONA, HAa TMEPEeCEYeHUH KOTOPBIX HaXOIUTCS

BbIOpaHHBIH 251eMeHT. O003HavaeTcs mij.

a a a
1 a12 a13 a a a“ a
Takecnu A=ayy 22 23, momyi= 22 28 M3y~ 13
a
as 32 ass [832 833] a1 az3|

Anzedpauyeckum OOnonHeHuem >IEMEHTA a;ONPENETUTENST HA3bIBAETCA €ro
MUHOD, B3SThII CO 3HAKOM «IUTIOCY, €CIIU CyMMa i + j— 4€THOE YHCIIO, U CO 3HAKOM
«MHUHYCY», €clii 9Ta cyMMa Heu€TtHas. O0o3Hauaercs Aij: Ai= (-1)i I my
Tak, A1 = +mi1, Az =-ma2.

Ceoiicmeo(«Pa3noxxeHue OINpeNeNnuTeNss MO 3IEMEHTaM HEKOTOPOro psiaay).
OnpenenuTenb paBeH CyMME IMPOM3BENCHHUN 3JEMEHTOB HEKOTOPOro psia Ha

COOTBCTCTBYIOIMC UM aJ'IFC6paI/IIICCKI/Ie JOIIOJIHCHUSL.
MpouNNOCTPMPYEM M OIHOBPEMEHHO [IOKaXXEM CBOWMCTBO 7 Ha NpuMepe onpeaenutens 3-ero nopsaka. B atom

C/ly4yae CBOMCTBO 7 O3HAYaeT, 4To
a a a
11 12 13

=airkAntanxAm
A=a a ajytankAn

as1 832 ass



B camom nene, umeem

a k%A +a %A +a *A =; a a a
111 127 12 93T s ¢ 21 2

*la
1 a a 31 a 33

+a *(-
12

a +a_*¢|a a =a_ a_a -a_a_\-a_,a
1 w  aws ) 13 “l st a2e| 11 (C22 Y33 T23 Ta2) T2 (

i@ a a-a a a-a a ata a ata a a -a a a =A
11 22 33 11 23 32 12 21 33 12 23 32 13 21 32 13 22 31
CBOMCTBO COIEPKUT B ceOe crocod BHIYUCICHUS ONPEIEIUTENEH BEICOKUX
MTOPSIKOB.
Ipumep Breruucivre onpenenuresns MaTpULbL

3 5 78

-1 7 01
5 3

(0 - 17 )

PeweHune: [Ina pasfoKeHUs onpesenmtens obblMHO BbIGMPAOT TOT pAf, FAE €CTb HY/IEBble 3/IEMEHThI, T.K.
COOTBETCTBYIOLLME UM CNAraeMble B Pas/ioXKeHUN ByAyT paBHbl HYIO.

13 5 78| |174 |+ 74| |4 74 s34
1 =3k (Tk3%4+

—01 g 2 ; =3%5 3 2+1% 5 3 2+0% 7 0 1-1%7 0 (-1)*%0%2+
1 -174

Ceoticmeo . CymMma TIpOU3BEJICHUN AIIEMEHTOB KaKOTro- JHOO0 psija ONpeaeanuTens
Ha anreOpandecKkre JOMOJIHCHHUSI COOTBETCTBYIOIIMX 3JIEMEHTOB IMapalIeIbHOTO
psizia paBHA HYJIIO.

Tak, Hanpumep, aiiA21 + azAz2 + a4 =0

HaxoxaeHne obpaTHOM MaTpULbl.
a a
11 12 ... 1n

A=a a a
[Tycts A — KBajipaTHAsE MaTpUIIA 71-TO MOPSAKA 2 2 .. o
(an1 an2 ... Anm )
KBanpartnas marpuiia A Ha3bIBaCTCS HEBbIPOHCOCHHOI, €CITU OTIPENICTUTENbA =
det A He paBen nymo: A = det A = 0. B mpotuBHoM cnydae (A = 0) matpuia A
HA3bIBACTCS 8bIPOHCOCHHOU.

ManHHeﬁ, COI03HOUL K Jﬁamlz\uue A, Hai\blBaeTCﬂ marpuua

1 21 n1
a a a
11 21 ... n1 ¢ =A 12 A 22 Anz
a a a
12 22 .. n2 A A A
A= ... ... 1n 2n nn)
a

ain dn n )

rae Ai — anredpamdeckoe JOMOJHEHHWE JIEMEHTa «ajJaHHOW MaTpulbl A (OHO
OmpejensieTcs Tak JKe, Kak M aiureOpanyeckoe JOIOJIHEHUE DJIEMEHTa
ONPEIEIUTENS).

Martpunua A-1 Ha3bIBaETCSA 00pamuoeil MaTpULE A, ECIU BBIIOIHIETCS

ycioBue A*A.1=A-1*A=E,



rae E — ennHMYHas MaTpuua TOro e nopsijika, uto 1 marpuna A. Matpuma A-i
MMEET T€ K€ pasMephl, YTO U MaTpuua A.
OoOpaTHass maTpuua.

Teopema Bcakas HeBprO)Kp,EHIanSI MaTpuLa UMeeT obpaTHYto.

A A
. 11 21 3
A_1= A —.,m.e. A_1= 1 *212 A22 232
detA det A ( 13 23 33)

OTMETUM c6oticmea 0OPATHOM MATPHUIIBL:
1. det (A1) =1/detA;
2. (A*B)1=Ba*Aq;
3. (A)r=(Ar)1.

2 3
IIpumepHaiitu A'l, eciii A= (— 1 1 )

2 3
Pemenue: 1) Haxonum det A: det A= | -1 11=2+3=5#0
2) Haxomum A™: A1l =1, A21 =-3, A12=-(-1) =1, A22 =2, mootomy A=("; °)3)

ORI N E=N
Haxoz[HMA-le_1=—1 1-3 =5 5

Mposepka:

-1 2 3 1/5-3/5 2/5+3/5 -6/5+6 /5 10
Ax
A (1 1) (s 25) (~1s+15 3525 yé(o 1)7F

IpumepOnpenenutsb, Npy KaKUX 3HAYCHUSAX 0 CYIIECTBYET MaTpulla, 00paTHas
JTaHHOU
A (1 -2 2)
=a3021
1

PelleHue: Bcsikasi HEBbIPOXKAEHHAs MaTPULLA UMeET 0bpaTHyLo. HailiéM onpeaenuntesib MaTpuupl A:

1 -2 2

AA=]2a 13 10 ‘ =3 -0+2a - 12- 0+2a=4a -9
Ecmu 40—-9=0, 1.e. o =9/4, To AA =0, T.e. MaTpuiia A HEBBIPOXKICHHAS, UMEET
oOpaTHy1o.

IMpumepllokazare, yTo MaTpuna A siBisieTcst oopatHoit aist B, ecnu
1 11 3 -3 1

A=(11 32 63),B=(—13 —52 '12)

Pemenue: Haliném nmpousBenenure Matuil A u B:

1 11 3 -3 1 3-3+1 -3+5-2 1-2+1 1
AxB=1 23 *-3 5 -2 =3-6+3 -3+10-6 1-4+3 =;0

&
(1 36)(1 2 1 ) M _3415-12 1‘6’“6) (0 01)



Amnanoruyno B * A = E. CnenoBatenbHo, MmaTpuiia A siBisieTcst oOpaTHoit 1i1s B.

IlycTh maHa cucrema n JIMHEMHBIX YPAaBHEHUH C /1 HEU3BECTHBIMU

yq Xq tagp Xp Tovay X =by

az1 X1 +ax X2 +...+az n Xnp=b2

an 1 X1 +an 2 X2 +... @nn Xn=bn
Wiy B MmaTpuuHoil popme A * X = B.
OcHoBHas MaTpuia A Takoil cuctemsl KBagpatHas. OnpeaenuTens STO MaTpULbI

Ha3bIBAETCA onpedenumenem cucmemsl. ECu onpeaenurenb CUCTEMbI OTIHYEH OT
HYJIS, TO CUCTEMa HAa3bIBAETCS HEGbIPOIHCOEHHOU.

Haiiném pelieHre 1aHHOM cUCTEMBI ypaBHEHUH B citydae A # 0.

YMHOXkUB 00e yacTu ypaBHeHust A * X = B cieBa Ha MaTpuily A-i1 , MOJIyIUM A-i
* A*X=A.1*B.ITockonbkyA-1* A=EuE*X=X,r0 X=A-1*B. OTbICKaHUE pelIeHus
cucteMsbl 110 hopmyiie (4.1) Ha3bIBAIOT MAMPUYHBIM CHOCOOOM PEIICHUS] CUCTEMBI.

3aganus 1Ji BBINOJHEHUS MPAKTHYECKOH padoThl

3ananue 1
2 11« T -2 1k
2 35 -2 3 K12
NA=3x2 2 14 |,2)A=|1 -3 -24|,
JlaHBI OTIpEeIeTTUTEINH -2 1 3-3 1T 2 34
a ,a

1) Haiitu MuHOpBI U anredpanyeckue TONOJHEHUS 3JIEMEHTOB
2) BerauciuTh onpenenuTeny, pa3ioxkKuB UX 10 JIEMEHTaM a) 1-0il CTPOKH, 0)

J-ro ctonbna

Bapuant | K K2 i j | Bapmanrt | K K2 i J
1 3 -2 | 2 16 4 -1 2 1
2 4 1 2 1 17 S 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 | 4 3
5 3 -3 4 1 20 2 -2 1 4




6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2
14 -4 -1 1 2 29 -2 5 2 1
15 -1 5 3 1 30 -5 -1 1 3
ko -2 -1
3ananme 2. Jlana maTpuna A=(32 ‘1K2 42 ) . Haiitn
YA~y nposepums , umo A-A”'=
AL A=E6) A+A™

Bapuanm K1 K2 Bapuanm K1 K2

1 3 -2 16 4 -1

2 4 1 17 5 1

3 3 -4 18 2 0

4 2 1 19 -2 1

5 3 -3 20 2 -2

6 1 5 21 0 7

7 -2 3 22 -1 4

8 6 -2 23 -3 3

9 -6 1 24 -4 1

10 -5 1 25 0 8




11 -2 4 26 4 -2

12 1 3 27 -1 3

13 -3 2 28 2 -3

14 -4 -1 29 -2 5

15 -1 5 30 -5 -1
3amanue 3

1. PemiuTh CUCTEMBI YpaBHEHUHN C TOMOIIBIO 0OpaTHON MaTpHIIbl (MATPUUHBIM

METOJIOM).

11,6 {2x+y 43227, {2x+3y+ 271,506

14, {2x-y+3z=-4,; {x+3y+32=11,4.4,,

1.7.044x+y=32=9,; {x+y-2=-2,; i ¢

1.10.¢ {x+4y-z=6,;{5y+42=-20,; ¢ ;

113, {dx+y+dz=19,i {2x-y+2z=11,4 0 ¢

1.16.6{2x-y-32=-9,{x+5y+2=20,;  ;

1.19.; {3x+y+z=-4, {-3x+5y+62=36, ; ,

1.2.4{2x-y+22=3, i {x+y+2z=-4,; ;.0 1.3.4{3x=y+z=12,4 {x+2y+4276,6.0.¢

1.5.0{3x=2y+4z=12, i {3x+dy-22=6,4 ; i, 1.6.;{8x+3y-62=-4,;{x+y-2=2,i i}

1.8.0{2x+3y+42=33,; {Tx-5y=24,; i i 1.9.¢{2x+3y+42=12,;{Tx-5y+2=-33,6.0

111, {3%-2y+42=21,; {3x+4y-22=9,; ¢ ¢, 1.12.4{3x-2y-5275,i {2x+3y-42=12, ;6.0

1.14.i{2x-y+22=0, {Ax+y+42=6, i ; i, 1 15,0 {2x-y+22=8, i {x+y+22=11,; 0.},

1.47.4{2x-y-3220,¢ {3x+4y+22=1, 4,4, 1 18.0{-3x+5y+62=-8,{Sxty+z=-4,04,;

1.20.4 {3x-y+z==11,5 {5x+y+22=8,6 ¢, 1.21.4{3x-y+2=9,¢ {Bxty+2z=11,s4¢



1 -22-2,{2X+3y+2=4, z,{2X+,V+3Z=0, R 123, {2t 3y+2=12, i (2x4y+32=16,6. 66, 1.24.4{x-2y+32=14,; {2x+3y-42=-16,6.6;

1.25.4{3x+dy-22=11,;{2x-y-774,4.i, 1. 26,4 DH5y-622-15, {3xkyHAz=13, 00 1.27.4{dx-y=6,, {25214,

1.28.4 {5x+2y-42=-16,; {x+32=-6,; i.; 1,29, {x+by-2=-9, {Ax-y+52=-2,6.6.6  1.30.{Tx+4y-2=13,; (3x+2y+3223,6.0.¢

KoHnTpoJsbHbIe BONIPOCHI

UYto Ha3BIBAETCSI MUHOPOM?

Yro HazbIBaeTCA anreOpandeckuM JOMOTHEHUEM IIEMEHTA MATPULIBI?
Kak pa3noxuTe onpeaenuTellb o 3JIEMEHTaM CTOJIOLA WU CTPOKH?
Kaxkas maTpuna Ha3bIBa€TCS HEBBIPOKICHHOM ?

TpaHcioHupoBaHHas MaTpULA.

Kakast MmaTpuiia Ha3pIBaeTCss 0OPATHOM MO OTHOLIEHUIO K TaHHOM ?
KakoB nops10k BeIYHMCIIEHNUS 00paTHON MaTpHILIbI?

ANTOpUTM peleHus MPOCTEUIIEr0o MATPUYHOTO YPaBHEHUS

el AN el S e

IIpakTnueckas padora Ne 18 mo reme
«JIeMeHTbI BEKTOPHOH aJredpbn»

Heas: [IpoBepuTh 3HAHKS U YMEHHUS 110 HAXOXKACHUIO: KOOPIUHAT BEKTOPA,
olepanuii HaJ BEKTOpaMH, MOJYJII BEKTOPA U CKAJIIPHOTO IIPOU3BEACHMUS,
BEKTOPHOT'O IIPOU3BENICHMS, CMELIAHHOTO MPOU3BEACHUS.

Bpemsa BbINnoOsfHeHUS 90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTnyeckune ceegeHus
2.3agaHuve

3JInct A4

4.Kanbkynaropsl

NMopsanok BbiNONMHEeHUsA paboThbl
1.3yuntb 3agaHne

2. N3yunTb TEeopeTnYeCcKne ceeaeHmns



3. BbINonHUTb 1 oopMuUTb paboTy
4.[NokasaTb pe3ynbTaTthl NpenogasaTesnto
[JdomaluHee 3agaHue
1.MoarotoBnTL OTBETHLI HA KOHTPOSIbHbBIE BOMNPOCHI
Xopa paboTbl
TeopeTnyeckue ceefieHUA

BekTopHOe npousBeaeHue BEKTOPOB.

- -

a
Onpenesnenne.BeKTOPHBIM NPOU3BEAEHUEM BEKTOPOB M b Ha3bpIBaeTCs

-

c .
BEKTOP , YJIOBJIETBOPSIOLIMN CIEAYIOLIUM YCIOBUSIM:

-

) Qo , TIIE - YTOJl MEXKY BEKTOPAMHU “ub , sin ¢=0 ; O<¢=<tmr

1 1
e
o~
-~ o

-

2) BEKTOp ¢ OPTOTOHAJICH BeKTopam (@ U b

[
~ev
-

a

-

3) , b u ¢ 00pasyloT MpaByr TPOMKy BEKTOpoB.OOO3HAYAETCA: C 2gxp
WIn “=la,b] . axh
CBoiicTBa BEKTOPHOIO NMPOU3BeE/IeHNSI BEKTOPOB:
1) \-,b§a=:axb ) o
= - - i
CXL= Ta - "a ¥
2) ., b 0 ,ecmm p WM =0mwm  p =0;
R e D - 5 |
a o a !‘
3)(m ) b= (m b )=m( ‘b ): :xa1r
4 . (b+7c )="ab +7a. ;

2
o~
P

.

5) Ecnu 3aianbl BEKTOPBL 4 (Xa, Va, Zo) U b (X, Vb, Z5) B J€KAPTOBOU
o~
y TLj K ]
MMPAMOYTOJIbHONU CUCTEME KOOPAMWHAT C €CAMHUYHBIMH BEKTOpaMU ) TO

i j Kk
|Xa Ya Za|
"_—: X y z



6) ['eoMeTprUEeCKUM CMBICIIOM BEKTOPHOTO MTPOU3BEACHUS BEKTOPOB SIBIISIETCS

- -
a
n0Wadb napanienoZpamma, TOCTPOCHHOTO HAa BEKTOpax U b.



7) MexaHn4eCcKHii CMBICII BEKTOPHOTO mpou3BeaeHus . [Iycts Touka A

TBEPAOIO TEJa 3aKpEIlIeHa, a B ero Touke B npunoxena cuia F. Torga

BO3HMKAET BpalaTeabHbli MOMEHT M (MomeHT cuiibl). [1o onpexnenenuto

M="ABXF

MOMEHT CHJIbI OTHOCUTEIHLHO TOUKH A HaXOIUTCs o popmyIie

AB F

- BCKTOPHOC IMPOU3BCIACHNUEC BCKTOPOB u
Hpunomemm BEKTOPHOI'O NMPOU3BEACHUA BEKTOPOB.

Yemanoenenue KoJltuHeaprocmu 6eKmopoe:

a p axg g
Ecan , TO =0 ( 1 Ha0bOPOT ), T.€. :

i 7 k
i L i a i F
axb=|a: a a; =ﬂ1:1rb—=—y=b—£1:rﬁ||b.
b b, b, e b b

Haxostcoenue niowaou napanienozpamma u mpeyzoibHuKa.

a b-

CormacHo OIPCACICHHUIO BCKTOPHOI'O ITPON3BCACHNA BEKTOPOB u

-~ -~ o~ .~
[} 1 !
v o e o

ax _la
b ='[a|-|b|3in¢ , T.¢. Smap.= ‘[axb| y  3HAUWT, Stpeyr.=1/2* Xb|
- s
(a=2
Ipumep. Haiitn BeKTOpHOE MPOU3BENEHNE BEKTOPOB | +t5j+k n
b=1i+2j-3 k

a = (27 59 1)9 b = (1 23 _3)

cijx 1 221z25 e

I=il -1 1+ [==17 (i +7j ke

2-3 1-3 12

IIpumep. Beruncauts miomaas TpeyroibHUKa ¢ BepmmHamu — A(2, 2, 2),

B(4,0,3), C(0,1,0).



CAC=(0-2:1-2:0-2)=(-2;~1;-2)

CAB= (4-2;0-2,;3-2)=(2,-2,1)



- - — 2
] 1
o7
-
> . - —1 oy — 2 1
ek - K 7N — — -
[ / N k o _2 (] - SN
ot ~ov AT*t4 ot '\_,'(_1 o
ACxAB=|-2 -1 -2 |=i] =l |+K| |=i —4 )~ j(-2+4)+

2
2 -2 1 -2 1 2 1 2 -2

+h(4+2)=-5  Tigpen.

ACXAB|=\25+4+36="65. )
2 (ex).

Ipumep. Haiitn rutomanes napamienorpaMma, IOCTPOSHHOTO Ha BEKTOPAX

A

.
.

0

Catd
b 35 cem Tal={pi=1 ; 7ab=30.

’.:) S~ el P el el
) L || || || ||

fa +3 b) (3¢ 'a+b) J'aXa +a><b +0 bXa+3 bxb=-b ¥a+9 b%a=8 bia

1

1
1

’
.

S=8| bllalsin30°=4 (cpp).
Cmewmannoe npou3ee()euue 6EKmMoOpoeé.

= -

E| c
Omnpenenenne.CMeNIaHHBIM NPOU3BEAEHNEM BEKTOPOB , bu

HAa3bIBACTCs YHUCJI0, pAaBHOC CKAJIAIPHOMY ITPOU3BECACHUIO BEKTOpA “Ha BCKTOD,

pPaBHBIN BEKTOPHOMY MTPOU3BEJICHUIO BEKTOPOB b U ¢

O6o3nauaercss  ab ¢ w ( b ,¢ ).

.
v
o

CMeIIaHHOe IPOH3BE/ICHHE {rab’c 11O MOAYJIIO paBHO 00BEMY Mapasuliesienunea,

~o
) -~
A [

- -
IIOCTPOEHHOT0 Ha BeKTopax Ja , b u ¢ ,T.e. V—Ta-b-c|
Ceoiicmea cMeannozo npou36e0eHus:

1.CMelianHO€ MPOU3BEICHNE PABHO HYJIIO, €CIIN:a) XOTh OJIUH U3 BEKTOPOB
paBeH Hymo 0) 1Ba U3 BEKTOPOB KOJUIMHEAPHBIE;B) BEKTOPBI KOMILIAHAPHBI.

fc g:(bXc)=¢-(bXa )

CMCIIaHHOC IIPOU3BCACHNEC HE MCHACTCA IIPU

HI/IKHI/I"IGCKOP'I MEPECTAHOBKC BCKTOPOB,



(B%b)c=37b%c)

CMCIIAaHHOC IIPOU3BCACHUC HC MCHACTCA IIPH

MNEPECTAaHOBKC 3HAKOB BCKTOPHOI'O U CKAJIAPHOI0 YMHOKCHUS.

- - - -

4. (ab-c)=(b;c,3)=(8,a,b)=—(b, a.c)=—(c ,b,3)=—(a.c ,b)

5. (Lal+ua2 b, ¢)y=A (al b, ¢)+u(a2’,’b, c)



6. OObEM TPEYTrOAbHON MUpaMuUIbl, 00pa3oBaHHOM BekTopamMu  ~8 , p~ u ¢
1 &

- e bie)=i Y2 22|
R o ’ y 7Z )
7.Ecm Ca=(x1,y1, 1) Cb=(x2, ¥2, 22),c=(x3 3 3 ,TO X3 Y3 z3
8. Fab==cich =—b3c c ba - evemarmoe IPOU3BEICHUE MEHSAET 3HAK Ha
IPOTHBOIOJIOKHEIN IIPU IIEPEMEHE MECT JIFOOBIX JIBYX BEKTOPOB-

COMHOXXUTEIEN

> -

9. Ecmu 3b¢>0 ,T0 a,b,C - npapas Tpoiika
IIpumep. Jlokazats, uro Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)

JISKAT B OJTHOM IIJIOCKOCTH.
~ AB=(-2:-6;1)

CA Q=(4,-—3,-—2)

Haitnem cmemanHO€ NpOU3BEAEHUE MOJYYEHHBIX BEKTOPOB:

. -2-61 -2-61 0 -6 1

=0

|0—15 0 |=|o -15 0|
-4 -2 2 0100 0100

Takum 06pa30M, IMOJIYYCHHBIC BbIIIC BEKTOPLI KOMILIAHAPHBI, CJIICA0BATCIBHO

-AD=| 4 _3 _2 |

b

Touk A, B, C u D nexat B 0JJHOI MIOCKOCTH.

IIpumep. Haiitu 06beM nupaMuisl U JUIMHY BBICOTHI, OMMyIIIEHHOM Ha rpans BCD,
eciu BepiuHbl uMetoT koopauHatel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

“BA=(-2:-3:-4)
(IBD=(1,4,-3)

1. -2-3 -4
V== =1 4 -3|==3(-2(-8-3)+3(-2+12)-4(-1-16))=
4 -1 -2

=1(22+30+68)=20(ed” )
OOBeM TUpaMu/IbI 6



JIJ19 HaX0XKJI€HUs JJIMHBI BBICOTHI MUPaAMUbI HAMAEM CHadaJIa 10113 lb

ocHoBanusg BCD.

-
ek L~

BDxBC=|1

-~

b _3j= i (~8-3)- j (3412)+k (~1

-~

o~

1

4-1-2

S~

Socu = \/ 51 0/2 (eIP)

Tk. V=

S h

OCH

3

3V

b

o~ ard

~ov

~
v

120 4510

" S = 510 17

3afaHuA NpakTU4ecKon padboTbl

3aganus

gy 2 2 2
IBDXBC= it +10 +17 =V121+100+289=\510

. (en)

o~ i d

—16)==11{i  =101jo-17 {k 4.0

1. ITo xoopaunaTam Touek A, B u C a1 yka3aHHBIX BEKTOPOB HaWTH:

a) Koopnunarer Bektopos  a=AB, b=BC , c=AC, d=BA, p=CA
b) Moxyib BekTOpa k3 it
c) CkalsipHO€ MPOU3BEIECHUE BEKTOPOB a U b;

d) Ilpoekrmuto BekTopa ¢ Ha BeKTOp d;

Ofae g

e) Koopaunatel Touku M, nensiiieit OTpe30K p B OTHOIICHUHU e - g

Bapuantr | Koopaumnar | Koopaunar Koopauuar o B
bl TOUKH C
bl bl TOYKHM | BbI TOUKU B a

A B

1. (-2, 1,3) (3, -6,2) (-5,-3,-1) 1 3
2. (1, 3, 6) (-3,4,-5) (1,-7,2) yi 2
3. (7,2, 1) (5,1,-2) (-3,4,5) 2 1
4. (3,5,4) (-2,7,-5) (6,-2,1) 3 2
5. (5,3,2) (2,-5,1) (-7, 4, -3) 2 3
6. (11, 1,2) (-3,3,4) (-4,-2,7) 1 2
7. (9,5, 3) (-3,2,1) (4,-7,4) 3 1
8. (7,2, 1) (3, -5, 6) (-4, 3, -4) 3 2
9. (1,2,3) (-5,3,-1) (-6,4,5) 2 1
10. (-2,5,1) (3,2,-7) (4,-3,2) 4 1
11. (3,1,2) (-4, 3,-1) (2,3,4) 2 1
12. 3,-1,2) (-2,4,1) 4,-5,-1) b 3
13. (4,5, 1) (1,3,1) (-3,-6,7) 3 4
14. (1,-3,1) (-2,-4,3) (0, -2, 3) 2 3




15. (5,7,-2) (-3,1, 3) (1,-4,6) 4 3
16. (-1, 4, 3) (3,2, -4) (-2,-7,1) Ji 3
17. (5,4, 1) (-3,5, 2) (2,-1,3) 3 1
18. (2,-1,4) (-3,0,-2) (4,5, -3) 2 1
19. (-1,1,2) (2,-3,-5) (-6, 3, -1) 1 2
20. (1,3,4) (-2,5, 0) (3,-2,-4) 2 3
21. (1,-1,1) (-5,-3,1) (2,-1,0) 3 2
22. (3,1,2) (-7, -2,-4) (-4, 0, 3) 2 1
23. (-3,0,1) (2,7, -3) (-4, 3,5) 1 3
24. (5,1,2) (-2,1,-3) (4,-3,5) 2 3
25. (0, 2, -3) 4, -3,-2) (-5,-4,0) 1 2
26. (3,-1,2) (-2,3,1) 4, -5,-3) 3 4
27. (5,3, 1) (-1, 2,-3) (3,-4,2) 1 2
28. (3,1,-3) (-2,4,1) (1,-2,5) 3 4
29. (6,1, -3) (-3,2, 1) (-1,-3,4) 4 3
30. 4,2, 3) (-3, 1, -8) (2,-4,5) 3 2
3aganue 2

1. ansi BexTopsI a, b u ¢. Heo6xoaumo:

a) BBIYUCIIUTH CMEIIAHHOE TPOU3BEIECHUE TPEX BEKTOPOB;

0) HaliTU MOAYJIb BEKTOPHOT'O MPOU3BEICHHUS;

B) BBIYMCIIUTH CKAJIIPHOE MPOU3BEJICHHE JIBYX BEKTOPOB;

I') IPOBEPUTD, OyIyT JIM KOJUTMHEAPHBI WJIM OPTOTOHAIILHEI JIBa BEKTOPA;
1) IPOBEPUTH, OYAYT JIM KOMIUIAHAPHBI TPU BEKTOPA.

Bapua | Bextopsr Cmemanno | Monyn | Cxkamsap | Kommme | Kommtanapu
HT e b HOE e OCTb
BEKTOPOB
IIPOU3BENE | BEKTOpP | IPOU3BE | apHBI
HUE H na WIH
nepneH
IpOU3B
I.K
ex.
BEKTOD
OB
1 a=2i-3j+k,| a,3b,c | 3a,2c| b,-4c| ac a, 2b, 3c
b=j+4 k,
0=5 i+2 j-3 k
2 a=3 i+4 j+k,| 5a,2b,c | 4b,2c¢c| ac b, c 2a, -3b, ¢
b=i-2 j+T k
c=-3 i~6 j+2
3 a=2i-4j-2k,| a, 2b3c| 3a-T76 -2a,c| ac 3a, 2b, 3¢
b=7 i+3 j,
c=3i+5 -7 k




a=—7 i+2 k,
b=2i-6 j+4 k,
c=i- j+2k

a, —2b,-7c

4b3c

2a,—7c

2a, 4b ,3c

a=4 1+2 K,
b=3i+5 -2 k,
c=j+5k

a, bb, 3¢

a, 2b

a -4c

a, b

a, 6b,3 c

a=3 -2 j+k ,
b=2j-3 k,
c=-3 i+2 j-k

a-3b2c

5a, 3¢

—-2a, 4b

5a,4 b,3c

a=i—-j+3 k,
b=2i+3 -5k,
C=7i+2 j+4 k

Ta,-4b,2c

3a, 5¢

2b,4 ¢

7a, 2b, 5¢

a=4 [+2 -3 k,
b=2i+k
c=-12 -6 j+

2a, 3b, c

4 a, 3b

a,c

2a, 3b, —4c

a=—i+5 k
b=-3 +2 j+2 k
0=-2 i-4 jtk

3a,-4b,2 ¢

7a, -3c

2b,3 a

8,C

7a, 2b, -3 ¢

10

a=6 i-4 j+6 k,,
b=9 i-6 j+9 k
c=i-8 k

2a, -4b, 3 ¢

3b,-9 ¢

3a,-5¢

a, b

3a, -4b,-9 ¢

11

a=5i-3 j+4 k,
b=2i-4 -2k,
c=3 i+5 T k

a,-4b 2c

-2b,4 ¢

-3a,6 ¢

a, —2b,6 c

12

a=—4 #3 T K
b=4 +6 -2 k,
c=6i+9 j-3 k

-2a, b,-2 ¢

4 b,7c

5a, -3b

—-2a,4b,7 ¢

13

a=-5 2 ]2 k
b=7 i-5 k,
0=2 i+3 j-2 k

2a,4b,-5¢c

-3b, 11c

8a, —-6¢

8a,—-3b,11 ¢

14

a=—4 16 j+2k
b=2i+3 j-k ,
c=-i+5 -3 k

5a, 7b,2 c

-4 b,11a

3a, -7c

a, b

3a, 7/b,-2 ¢




15

a=-4 2 -3 k
b=-3 j+5 k,
0=6 i+6 j-4 k

5a, -b,3 ¢

-7a,4 ¢

3a, 9b

3a, -9b4 c

16

a=-3 i+8,
b=2i+3 -2k,
c=8 i+12 -8 k

4a -6b5c

-7a,9¢

3b, -8¢

4a -6b9c

17

a=2i4 -2 k,
b=-9 i+2 k,
0=3 i+5 j-T k

7a, 5b,— ¢

-9a,4 b

3b, —8¢

f7a, 5b,— ¢

18

a=9 i-3 j+k,
b=3i-15 j+21 k
c=i-5 j+k

2a,-7b3c

-6a,4 ¢

5b,7a

2a, -7 b4 c

19

a=—21+4 -3 k
b=5i+ j-2 k,
c=7 i+4 j-k

a, —6b,2 c

-8b,5¢

-9a, 7c

a, b

a, —6bb, 5¢

20

a=-9 #4 -5 k
b=i-2 j+4 k,
c=-5 [+10 -2

-2a, 1b,5 ¢

-6b,7 ¢

9a,4 c

-2a,7b, 4 c

21

a=2i~7 j+5K ,
b=-i+3 j-6k ,
c=3 i+2 j-4 k

-3a, 6b,- ¢

ob, 3¢

fa,-4 b

7a,-4b,3c

22

a=T -4 -5 k
b=i-11 +3 k,
c=5 i+5 j+3 k

3a,-7b,2 ¢

2b,6 c

-4a-5¢

-4 a,2b,6cC

23

a=4 16 -2k,
b=-2+3 j+k,
0=3 i-5 j+7 k

6a, 3b,8 ¢

-7b, 6a

-5a, 4¢

a b

-5a, 3b,4 ¢

24

a=3 - F2 k,
b=-i*5 j-4 K,
0=6 -2 j+4 k

4a-Tb-2c

6a, -4 ¢

-2a, 5b

6a, -7b, -2 ¢

25

a==3 -5 k,
b=2i-4 +8 k,
c=3 i+7 j-k

2a, -b,3 ¢

-9a,4 ¢

5b,-6 ¢

2a, 5b,-6 ¢




26

a=-3 [+2 J+T k
b=i-5k,
¢c=6 i+4 j—k

-2a, b,7c

5a, -2 ¢

3b, c

-2a, 3b,7 ¢

27

a=3 - [+5 K,
b=2i4 +6 k,
c=i-2 j+3 k

-3a,4b-5c

6b,3 ¢

adc

-3a,4b,-5¢

28

a=4 -5 -4 k
b=5i—j,
0=2 i+4 -3 k

a 7’b-2c

-9a,4 b

8 ¢c,—-3a

-3a,4 b, 8c

29

a=—9 i+4 k,
b=2i-4 j+6 k,
c=3 -6 j+9 k

3a, -5b,-4 ¢

6b,2 ¢

-2a,8c¢c

3a, 6b,-4 ¢

30

a=5i-6 j-k,
b=4 i#8 j-T k,
c=3j-4 k

5a, 3b,-4 ¢

4 b, a

7a, -2 c

a, b

5a, 4 b, -2c

KOHTpOHLHLIe BOITPOCHI

WX R W=

YTto Ha3bIBaeTCsI BEKTOPOM?
Kakue BeKTOpBI Ha3bIBaKOTCS KOJUIMHEAPHBIMU ?
Yo Ha3bIBaeTCAd KOOPAMHATAMU BEKTOpPA?

Kaxk HailTu KOOpJIMHATBI BEKTOPA, 38JJAHHOTO JIByMsI TOUKaMu?
Kak HaliTu 1yiMHy BEKTOpa, 3aJaHHOTO CBOMMM KOOpAUHATAMU?
3anummure GopMyJibl AeJI€HUs OTPE3Ka B JTAHHOM OTHOUIEHUH.
Kak HaiiTh ckansipHOE IPOU3BEIECHUE BEKTOPOB?
Kak HaiiT BEKTOpHOE TPOU3BEACHUE BEKTOPOB?
Kak HaiiTu cmMenmaHHOe TPOU3BEACHUE BEKTOPOB?

IIpakTueckas padora Ne 19

Tema «CocTaBjieHHe yPABHEHUS MPSIMOM HA MJIOCKOCTH

Lenb:HAYYNTHCS COCTABIATh YPABHEHUE NPSIMBIX, HAXOAUTh YTOJ MEXKIY

MMPAMBIMHA,BBITIOJIHATE IIOCTPOCHUS.

BpeMﬂ BbINOJIHEHUA

90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTnyeckue ceegeHus
2.3agaHuve




3.JiuctA4

4.KanbKkynaropsl

NMopsanok BbINONHEeHUs1 pabdoThl
1.3yuntb 3agaHne

2. N3yunTb TeopeTnyecKkne ceeaeHuns

3. BbIinonHuTb 1 odopmuTb paboTty
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[JdomalwlHee 3agaHue

1.MoaroToBnUTb OTBETHI HA KOHTPOJIbHbIE BOMPOCHI
Xopa paboTbl

Teopernyeckue cBeeHU

YpaBHeHHe IPAMOI HA IVIOCKOCTH.

Onpenenenune. JIrob6as npsimasi Ha TUIOCKOCTH MOXKET OBbITh 3aJjaHa ypaBHEHHUEM
nepBoro nopsiakaAx + By + C = 0,npuueM noctosiHHbie A, B He paBHBI HYJIIO
OIHOBpEMeHHO, T.¢. A> + B? 0. DT0 ypaBHEHHME [IepBOro MOPSAKA HA3bIBAIOT
001IIMM ypaBHEHUEM MPSAMON.
B 3aBucumocTH OT 3HaueHui NOCTOSIHHBIX A,B 1 C BO3MOKHBI CIIEyIOLIUE
YaCTHBIE CIIyYau:
- C=0,A 0,B 0-—npsmas npoxoIuT 4epe3 Hayaao KOOPAUHAT

- A=0,B 0,C 0 {By+ C=0}- npsamas nmapamienbHa ocu Ox
- B=0,A 0,C 0{Ax+ C=0}—npsamas napayuieapaa ocu Oy
- B=C=0,A 0-npsamasa coBrnamaer ¢ oceto Oy

- A=C=0,B 0-npsamas coBnamaer ¢ ocbro Ox
VYpaBHeHUE TPAMOI MOXKET OBITH MTPEICTABICHO B PA3JIMYHOM BHJIC B
3aBUCUMOCTH OT KaKMX — JIMOO 3aIaHHBIX HaYaJbHbBIX YCIOBU.
YpaBHeHHe IPAMOIi 110 TOYKE M BEKTOPY HOPMAJIH.

Onpenenenue. B nexapToBoi NpsIMOYTOJBHOM CHCTEME KOOPJAWHAT BEKTOpP C

KoMIioHeHTamu (A, B) mepneHauKyIsipeH npsMou , 3aJJaHHON ypaBHEHHEM AX +
By+C=0.

IIpumep. Haiitu ypaBHeHue npsimMoil, mpoxonsamed uepe3d Touky A(l, 2)
n
nepHeHAuKyJIspHo BekTopy (3, -1).
CocraBum nipu A =3 u B = -1 ypaBuenue npsimoii: 3x —y + C=0. [Ins
HaxoxaeHus kodpduimenta C MOJCTaBUM B MOJIYYCHHOE BBIPAKEHUE
KOOpJIMHATHI 3aJITaHHOM TOYKH A.

[Tonywyaem: 3 —2 + C =0, cnenoBarenpuo C = -1.
Hroro: nckomoe ypaBuenue: 3x —y — 1 = 0.

YpaBHeHue npsiMoii, npoxoasien yepes3 aBe TOUKM.[lycTh Ha miockocTn

3a1aHbl IBC TOYKHU MI(XI 5 yl) u M2(X2, y2), TOrAa ypaBHEHWE NPSAMOMN, NPOXOAsLLEN Yepes 3TU
TOYKM:



Ecnu kakoii- 1n0o U3 3HaMeHaresell paBeH HYJI0, CIEAYET MPUPABHATh

HYJIK0 COOTBETCTBYIOIUN YUCITUTEND.
3anucaHHOE BbIIIE YPaBHEHHUE NPSIMOM YIIPOIIAETCS:
Yo— Vi
y=y=""_ " (x—x1)
X2=X1
CCJIN X1 X2 M X = X1, €CIIHNX1 = X2.

y2~— Y1

X =X
Hpobs 2 1 =k Ha3pIBaeTCs yrJaoBbIM KO3 PUIHEHTOM TIPSMON.
IIpumep. Haiitu ypaBHeHue npsimoii, mpoxoasien yepe3 Touku A(1, 2) u B(3, 4).
IIpuMeHsis 3aMCaHHYO BbILIE HOPMYJTY, OTyIaeM:
y-2= _ (x-1)

3-1
x— y+1=0
YpaBHeHHe IPAMOI 110 TOYKE M YIJIOBOMY KO3I(P(PHULUEHTY.

Ecnu obiiee ypaBHenue npsimoit Ax + By + C = 0 mpuBecTH K BUY:
y=- Ax-C - A=k ;- C-p ,m.e. y=kx +b
B B 1 0003Ha4YUThH B B , TO TIOJIy4€HHOE

YPaBHEHHE HA3bIBACTCS YPABHEHHEM MPAMOI ¢ yIII0BbIM K03 GUIMEHTOM
YpaBHeHHe IPAMOI 110 TOYKE M HANIPABJIAIOLIEMY BEKTOPY.

[Io aHAIOrMK € MYHKTOM, PacCMAaTPUBAIOIIMM ypPaBHEHUE MPAMON YEPE3 BEKTOP
HOpMaJM MO>XHO BBECTH 3aJJaHHUE€ MPAMON Yepe3 TOUKY M HAIpPaBJSIOIINI BEKTOP
TIPSIMOM.

a
Omnpenenenue. KaxIplii HEHYJIEBOW BEKTOP (1, 2), KOMIOHEHTBI KOTOPOIO

YAOBJIETBOPSIOT yciaoBuio A 1 + B 2 = () Ha3bIiBaeTCsl HampaBisIONIMM BEKTOPOM

npssMoiiAx + By + C =0.

-

a
IHpumep. Halitu ypaBHeHME NpsIMOM C HAIPABIISIOIMIMM BEKTOPOM (1, -1) n

npoxonduen yepes Touky A(l, 2).



VYpaBHeHnue uckomoil npsmoin Oyaem uckarb B Bujge: Ax + By + C = 0. B
COOTBETCTBUM C ONpeAeNieHueM, KOIPQPUIMEHTh JTOJIKHBI  yIOBIETBOPSTH
ycnoBusim:1 A +(-1) B=0, t.e. A=B.

Torna ypaBHenue npsimoit umeeT Bug: Ax + Ay + C =0, umu x +y + C/A =0.

npu x = 1, y =2 nonydaem C/A = -3, T.e. HICKOMO€ ypaBHEHHE:

x+y-3=0
YpaBHeHHe IPAMOI B OTpe3Kax

Ecnu B 06mem ypaBHenuu npsmoit Ax + By + C=0C 0, TO, pa3aenuB Ha —

A B
- x= y=1
C, monyuyum: C C 17005
X Y
+ =1
a b , The
C C
a=- A;b=— B

['eomeTpuueckuii cMbICT KO3()PUIHUEHTOB B TOM, 4TO KOA(D(ULIMEHT @ SIBISETCS
KOOPJAMHATON TOUYKH MepecedeHus: mpsiMoi ¢ ocbto OX, a b — KOOpJIUHATONW TOYKHU
nepecedeHus npsamou ¢ ocbio Oy.

HpnMep. 3apaHo obuee ypaBHeHMe nNpsiMoit X - y + 1 = 0. HaliTu ypaBHeHMe 3TOM NPsSIMON B OTPe3Kax.

-X+Y =1

C=1, 11 , a=-1,b=1.
HopMasnbHoe ypaBHeHHe IPAMOi.

Ecniu o6e wyactu ypaBHeHus Ax + By + C = 0 pazmenuTh Ha 4ncio

1
_ \/ 2,52
p=t VA"™+B" | koTopoe Ha3bIBacTCs HOPMHUPYIOIEM MHOKHUTEJIEM, TO

HOJIyYHM

Xcos tysin -p=0-HOopManbHOe ypaBHEHNE NPSMON.

3HaK  HOPMUPYIOILETO0 MHOXUTENS HAa/l0 BbIOMpaTh Tak, yToObl  C < 0.
p — [UIMHA NEPIEeHIUKYJISApa, OMyLUIEHHOr0 U3 Hayajda KOOpJAMHAT Ha MpsAMYIo, a -
yroi, 00pa3oBaHHBIN 3TUM NEPHEHAUKYJIIPOM C MOJIOKUTEIbHBIM HaIlpaBICHUEM
ocu Ox.
IMpumep. [lano obmiee ypaBHeHnue npsmoit 12x — S5y — 65 = 0. TpeOyetcs

HaIMCATh PA3JUYHBIE TUIBl YPABHEHUM ATOM IPSIMOM.



12 3
65%- 65 y=1
6 X +Y =1
YPaBHEHHE DTOU MPSAMOK B OTPE3KaX: ( (-13)

ypaBHEHHUE 3TON MPSAMOI € yIrIIOBbIM KO3 dULIMeHTOM: (AeJIUM Ha 5)

12 65 12
y= B5x- 5= §H5x-13.

HOPMAaJIbHOE YPaBHEHUE MPSMON:

u=1— =_1 ﬂx—_S y—5=0

2 2 .

\/12 +-5)" 13 13 13 : cos =12/13;sin =-5/13;p=>5.
CnelyeT OTMETHTB, YTO HE KAKIyI0 IPSAMYIO MOKHO MPEICTaBUTh YPABHEHUEM

B OTpe3Kax, HaApUMEp, IPAMbIE, NAPAIIIEIbHBIE OCAM WM IIPOXOIALINE YEPE3

HAYaJI0 KOOPAUHAT.

Ipumep. IlpsMas OTceKaeT Ha KOOPAMHATHBIX OCAX PABHBIE MOJIOKUTEIILHBIE

orpe3kd. CoOCTaBUTh ypaBHEHHWE NPSMOM, €CIIM IUIOWIAAb TPEYTOJIbHUKA,
00pa30BaHHOTO ATUMHU OTPE3KaMu paBHA § cM2.

XY
at =1
YpaBHEHHE NPIMON UMEET BU/L: b ,a=b=1;ab/2=8; a=4; -4.
a = -4 He MOJAXOJUT IO YCIOBUIO 3aJaUH.
X+ =1
4
Hroro: 4 uanx+y—4=0.

IIpumep. CoctaBuTh ypaBHEHUE MPSAMOiL, MPOXOAsIIeH uepe3 Touky A(-2, -3) u

Ha4vaJIO KOOpJAHWHAT.

X—X1 Y=-w

X =X
YpaBHEHHE IPSIMOM UIMEET BHA: 2 1 -y TaeXi=y1=0;x2=-2;y2=-

3.
x0 =y0 , x =y 3x-2y=0.
2-0 -3-0 -2 -3
Yroa MEKAY NPAMBIMHA HA IJIOCKOCTH.

Onpenenenune. Eciu 3amansl 18e npsMbie y = kix + b1, y = kox + b2, To ocTpbIit

YIoJa MCXKIY 3TUMHU IIPAMBbIMHU 6YI[€T OIIPCACIIATHCA KaK

k =k
tga=[ 2 1|
1+k 1 ko



/[Be npsiMble napaJuieabHbl, ecau Ki = k.



J/IBe mpsiMble MepneHanKyJIApHbI, ecau ki = -1/ka.

Teopema.llpsawvie Ax + By + C = 0 u Aix + Biy + Ci = 0 napannenvusi, koeoa
nponopyuoHaibhsvl Kodgppuyuenmor A1 = A, Bi = B. Ecau ewe u C1 = C, mo
npsmvie co8nadaiom.

KoopauHaTel TOYKHM mnepecedyeHHsi JABYX NPSMBIX HAXOAATCH KaK pelleHHe
CHUCTEMbI JIBYX YPABHEHMUIA.

YpaBHeHune npsiMoii, NpoxoAsieil Yepe3 JaHHYI0 TOUYKY NePHeHINKYJISAPHO
naHHoi npsimoii.Onpenesienue. [Ipsmas, npoxozasmas yepe3 Touky Mi(Xi, yi) u
NEepIEeHUKYJIApHas K IpsIMoi y = kX + b npeacTaBisieTcss ypaBHEHUEM:

1
y-y1==  k(x=x1)
Paccrosinue OT TOYKH /10 IPSIMOM.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosinue 0o npamou Ax + By + C =0

+By +
d=|AX0 Byo C|

:7 2 2
onpeoesiemcs Kax A +B

IIpumep. OnpenenuTs yroia Mexay OpsMbiMu: y =-3x + 7; y =2x + 1.

oawc]

=1
Ki=-3; ke=2 tg | ;= /4.

IIpumep. [Tokazate, yto npsimeie 3x — Sy +7=0u 10x + 6y -3 =0
NEPHEHAUKYJIAPHBI.

Haxomum: ki = 3/5, ko =-5/3, kik: = -1, crmemoBaTenbHO, MNpPSMBIC
IIEPUEHIUKYJISIPHBI.

HpHMep. [JaHbl BepwmnHbl TpeyronbHuka A(0; 1), B(6; 5), C(12; -1). HaitTn ypaBHEHUE BbICOTbI, NPOBEAEHHOMN U3
BepLnHbl C.

x=0 =y-1 ;x=y-1
Haxonum ypaBHenue croponsl AB: 6-0 5-1 6 4 ;4x=06y—-6;2x—3y

y= 2 x +1
+3=0; 3

Hckomoe ypaBHeHHE BhICOTHI MMeeT BUI: AX + By + C=0uwm y =kx + b.k =
- - X*b
3 3



. Tormay =



3

—1=— 12+b,
KOOPJIMHATHI YIOBJIETBOPSIOT TAHHOMY YPaBHEHUIO: 2 oTKyga b =
y=- —3x +17
17. Utoro: 2

Otser: 3x + 2y — 34 =0.

3ajaHus K NpaKTH4ecKoil padoTte

1. Janbl Bepumnbl Tpeyroasuuka ABC: A (X1 ’y1)’ B (Xz ’yz)’ C(Xs ’ys) HaiiTu:

a) ypaBHeHUE CTOPOHBI AB;

0) ypaBHenue BbicoThl CH;

B) ypaBHEHHE MeauaHbl AM;

r) ypaBHeHue o6uccekTpucsl BC;

n) Touky N nepeceuenus: Meauanbl AM u BeicoTsl CH;

€) YpaBHEHHUE MPSMOU, MPOXosiel yepe3 BepinHy C napamiebHO CTOPOHE
AB;

K)yron mexay npsmeivu AB u AC.

BapuaHtbl A(X1’ y1) B(XZ’ yz) C(X3 ,y3)
1 A(-2,4) |B@3, 1) [C(10,7)
2 A(-3,-2) |B(14,4) | C (6, 8)

3 A(,7) | B(-3,- |C((1,-3)
y)

4 A(,0) [ B(-1,4)|C(9,)5)

5 A(l,-2) [B(7,1) |C@3,7)

6 A(-2,-3) |B(,6) [C(6,1)

7 A (-4,2) | B(-6, C(6,2)
6)

8 A@A,-3) [B(7,3) |C(,10)

9 A(4.- B@®,2) |C@3,8)




4,

10 A(-3,-3) |[B(5,-7) [ C(7,7)
11 A (1, -6) B3, |C(3,3)
4)
12 A(4,2) B(8,-6) C(2,6)
13 A(-5,2) | B, |C(57)
4)
14 A4,-4) B(6,2) C(-1,8)
15 A(-3,8) B(-6,2) C(0,-5)
16 A6,-9) B(10,- |C(-4,1)
1)
17 A@4,1) B(3,-1) C(7,-3)
18 A(-4,2) |B(6,-4) C(4,10)
19 |A@G3,-1) | B(11,3) | C(-6,2)
20 A (-7,-2) B(-7,4) C|(5,-5)
21 A(-1,-4) B(9,6) |C(-5,4)
22 A (10,-2) B(4,-5) C(-3,1)
23 A(-3,-1)  B(-4,-5) C(8,1)
24 A(-2,-6) B(-3,5) C(4,0)
25 A(-7,-2) B(3,-8) C(-4,06)
26 A(0,2) | B(-7,- [C(3,2)
4)
27 A(7,0) |B(1,4) |C(-8,-4)
28 |A(1,-3) |B(0,7) |C(-2,4)
29 |A(-5,1) |B(,-2) |C(,4)
30 |A(2,5 |B(3,1) | C(0,4)

Chl




3anuIInTe ypaBHEHUS OCEW KOOPIHUHAT.

OO6miee ypaBHEHHE MPSIMOM.

VYcnoBue napamieabHOCTH U IEPIIEHIUKYISIPHOCTH MPSMBIX.
3anuIInTe ypaBHEHUS MPSAMBIX, HapAJIEIbHBIX OCSIM KOOPAUHAT.
ChopmynupyiiTe yclioBre napaiieIbHOCTH MPSMBbIX.
ChopmynupyiiTe yclioBre NEPHEHAUKYISIPHOCTH MPSMBbIX.

Kak HaiiTn yromn Mmexay npsMbIMA?

Kak HaiiTh paccTossHUE MEXIY NPSIMbIMU?

Al e

JlomoJiIHMTEIbHBbIE 3aJaHUS
2. Peliuthb ciaeaywuue 3a1a4u

2.1. Haiitn ypaBHEHUE MIPSAMOU, IPOXOJAIIEH YEPE3 TOUKY ITEPECCUEHUS
npsiMbIX 3X - 2y - 7=0wu x + 3y - 6 = 0 u oTcekaromieit Ha 0CH a0CIUCC OTPE3OK,

paBHbIii 3. Omeem: x=3

2.2. Haittu npoekuuto Touku A(-8, 12) Ha mpsMyto, IpOXOIAIIYyI0 Yepes3
touku B(2, -3) u

C(—S,l) Omsem:A1 (-12, 5)

2.3. Jlanb! aBe BepinHbl TpeyrodbHuka ABC: A(-4, 4), B(4, -12) u Touka

M(4, 2) nepeceuenus ero BeicoT. Haiitu Bepiuny C. 9meem € (@.4)

2.4.HalitTu ypaBHEHHE TIPSMOI, OTCEKAIOIIECH HA OCU OPJUMHAT OTPE30K,

. . . e v d
PaBHBIN 2, M TPOXOASAIICH apauieIbHO MPsMOK 2y - X = 3. Omeem: x-2 y +4=0

2.5. Haititu ypaBHEHHE NPSAMOU, NpOXosauIeil uepe3 Touky A(2, -3) ¥ TOUKy

Omeem: x=2
nepeceyeHus NpsMbeIX 2X -y =5ux+y = 1.

2.6. lokazats, uto yeTbipexyroibHuk ABCD - tpanernus, ecau A(3, 6), B(5,
2), C(-1, -3), D(5,5).
2.7. 3anucaTh ypaBHEHHE MPSMOH, mpoxoasiieit uepe3 Touky A(3, 1)

. Omeem: x+5 y-8=0
neprneHauKyssipao k npsimoit BC, ecu B(2, 5), C(1, 0).

2.8. HaliTu ypaBHEHHE TPSIMOM, TPOXOASAIICH yepe3 Touky A(-2, 1)

. Omeem: 2 x— y +5=0
napauienbHo npsamod MN, eciin M(-3, -2), N(1, 6).

2.9. Haiitu TOUYKy, CHMMETPUYHYIO TOUKe M(2, -1) OTHOCUTENIBHO MPSAMOH X -

Omeem: My -4 - 23
2y+3=0. (5 5)



2.10. Haiitu Touky O nepeceueHus nuarosainei yeteipexyroibarka ABCD,

1
Omeem: MO(3; o
ecn A(-1, -3), B(3, 5), C(5,2), D(3, -5). 3

2.11. Yepe3s Touky nepeceueHus npsambix 6x - 4y +5=0, 2x+ 5y + 8 =0

Omeem: y=-1

IIPOBECTH MPSAMYIO, IAPAJLIEIbHYIO OCH a0CIUCC.

2.12. 3BectHb! ypaBHeHUs cTopoHbl AB Tpeyronpanka ABC 4x +y =12,
ero BbicoT BH 5x - 4y = 12 u AMx + y = 6. Haiitu ypaBHEHUs IBYX IPYTUX

cropoH Tpeyroibauka ABC. Omeem: 7 x=7 y=16=0; 4 x+5 y-28=0

2.13. Jlansl nBe Bepuiunbl TpeyroiabHuka ABC: A(-6, 2), B(2, -2) u Touka
nepeceyenus ero Beicot H(1,2). Haittu koopauHate! Touku M niepecedeHus

Omeem: M 10 ;Q

ctopoHbl AC u BeicoTsl BH. A

2.14. Haiitu ypaBHeHUs BbICOT TpeyronbHuka ABC, mpoxoasuux uyepes
BepuinHbl A u B, ecniu A(-4, 2), B(3, -5), C(5, 0).
Omeem: 7 x +5 y+2=0 ; 9 x+2 y-28=0

2.15. BeiuucauTh KOOPAMHATHI TOYKH MIEPECEUCHUS MTEPIICHIUKYIISIPOB,
MPOBCACHHBIX Yepe3 CePEIMHbI CTOPOH TPEYToJbHUKA, BEpIIMHAMHU KOTOPOTO
2
Omeem: M (3;—_ )
ciyxar Touku A(2, 3), B(0, -3), C(6,3). 3

2.16. CocTaBUTh ypaBHEHUE BBICOTHI, TPOBEACHHOMN Yepe3 BEPIINHY A
TpeyroiabHuka ABC, 3Hast ypaBHeHus ero ctopo: AB - 2x -y -3 =0, AC -x + 5y

Omeem: 2 x+3 y —-7=0;
-7=0,BC-3x-2y+13=0.

2.17. Jan tpeyronsHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHHE U BBIYUCIIUTD JUIMHY €r0 MEJUaHbl, POBeIeHHON 13 BepiunHbl C.
Omeem: 2 x+ y+2=0 ; d=22.13 1
V17
2.18. CocTaBUTh ypaBHEHUE MPSAMOM, TPOXOAAIIEH Yepe3 HauaJI0 KOOPAUHAT

Y TOYKY TepecedeHus nNpsambix 2X + S5y -8 =0u2x + 3y +4 =0.
Omeem: 6 x +11 y =0 ;

2.19. Haiitu ypaBHEHUS IEPIIEHIUKYJIIPOB K npsiMoit 3x + Sy - 15 =0,
MIPOBEJICHHBIX Yepe3 TOUKHU MePeceUeHus: JaHHOU MPSMON ¢ OCSIMH KOOPJIUHAT.
Omeem: 5 x-3 y-25=0; 5 x+3 y+9=0;



2.20. lanbl ypaBHEHUSI CTOPOH YeThIpexyrojibHUKa: X -y =0, x + 3y =0, x -

y-4=0,3x+y-12=0. Halitn ypaBHEHUS €ro 1uaroHaieu. Omeem: y=0.; x=3

2.21. CocraButh ypaBHeHus meauanbl CM u BeicoTbl CK TpeyronpHuKa
ABC, eciin A(4, 6), B(-4, 0), C(-1, -4).
Omeem: 7 x— y +3=0-CM ; 4 x +3 y +16=0-CK

2.22. Yepes Touky P(5, 2) mpoBecTH mpsiMy0: a) OTCEKAIOLIYIO PaBHbIE
OTPE3KH Ha 0CAX KOOpJAuHAT; 0) napayuienbHyto ocu OX; B) napaiedbHyI0 OCH

Oy. Omeem: x+y-7=0;y =2; x=5

2.23. 3anucaTh ypaBHEHHE MPSIMOM, Mpoxoasiieit uepe3 Touky A(-2, 3)
U cocTaBiisoniel ¢ oceto Ox yrou: a) 45°, 6) 90°, B) 0°.
Omeem : x— y +5=0—-CM ; x+2=0 ; y-3=0

2.24. Kakyto opaunary umeet Touka C, examias Ha OJHOU MPsIMOi ¢

Omeem: y=9

Toukamu A(- 6, -6) u B(3, -1) u umeromias abcuuccy, paBuyto 3?

2.25. Yepes TOUKy IepecedeHus NpsAMbIX 2X - Sy - 1 =0ux +4y -7 =
0 mpoBecTH MPSAMYIO, ACISIIYIO OTPE30K MeX Ty Toukamu A(4, -3) u B(-1, 2)
B oTHOIEHnH = 2 / 3. Omeem: 2 x- y-5=0 ;

2.26. I3BecTHBI ypaBHEHHsI IByX CTOpOH pomOa 2x -5y - 1 =0 u 2x - Sy - 34

0 u ypaBHeHHE O1HOM M3 ero auaroHaneut X + 3y - 6 = 0. Haiitu ypaBHeHue

Omeem: 3 x— y-23=0 ;

BTOPOM JUATrOHAJIN.
2.27. Halitu Touky E nepecedeHust MeuaH TpeyroJbHUKA, BEPIIMHAMU

Omeem: E (3 ;1)
Kotoporo sBisitoTcs Touku A(3,1), B(7, 5) u C(5, -3).

2.28. 3anucaTh ypaBHEHHUS MPSAMBIX, IPOXOoaanux yepe3 Touky A(-1, 1) mon
yrioM 45° k npsimoii 2x + 3y = 6. Omeem: x=5 y +6=0 ;5 x + y +4=0

2.29. Jlansl ypaBHeHHUs BbICOT TpeyroiapHuka ABC 2x -3y +1=0,x +2y + 1
= 0 u koopauHATHI ero BepiuHbl A(2, 3). Haiitu ypaBHeHus ctopoH AB u

AC TpEyTOJIbHHUKA. Omeem: 2 x- y—1 =0- AB; 3 x+2 y—12=0— AC

2.30. Jlansl ypaBHEHUS ABYX CTOPOH napamienorpamma x - 2y =0, x-y -1 =
0 1 Touka nepeceueHus ero quaronaneit M(3, -1). Haiitu ypaBHeHus 1ByX Ipyrux

cropon. Omeem: x-y =7=0, x-2 y-10=0



IIpakTnueckas padora Ne 20

Tema «CocTaBiieHre ypaBHEHH KPUBBIX BTOPOT0 NOPSAKa (OKPYKHOCTH,
3JUIHIICA, THIEPOO0JIbI, TapadoJibl)»

Ilesab: TpoBEpUTH YPOBEHD YCBOEHHUSI MaTepraiia 110 COCTABICHUIO YPABHEHUN

KPHUBBIX BTOPOTO MOPsAIKA (OKPY>KHOCTH, DIUTUIICA, Tapa0OIIbl, TUTIEPOOIIHI).

Bpemsa BbINOsfIHEHUS 90 MUHYT

MaTtepuanbHoe obecneyeHune
1.TeopeTnyeckne ceegeHns

2.3agaHuve

3.Jlnct A4

4.Kanbkynartopsl

NMopsanok BbINONMHEHUA paboThbl
1.3yunTb 3agaHue

2. N3yunTb TeopeTnyeckne ceeaeHuns

3. BbInonHuTb 1 ohopmnTsb padoTty
4.[MokasaTb pe3ynbTaTthl NpenogasaTesnto
[JomalwHee 3agaHue

1.MoarotoBnTb OTBETHLI HA KOHTPOJSIbHbBIE BOMNPOCHI
Xoa paéoTbi

Teopernveckue cBeeHUA

KpuBasi BTOporo nopsiika Mo:ket 0ObITh 32J1aHa YpaBHEHHEM

Ax2 +2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

CymiecTByeT cuctemMa KoopArHAT (He 00s13aTENIbHO JIEKapTOBa MPSIMOYTOJIbHAS),

B KOTOpOI AaHHOE YpaBHEHUE MOXET BbITb NPEACTABAEHO B OAHOM U3 BUA0B, NMPUBEAEHHbIX HUXKE.

2 2
1) a b - YpaBHEHME DIUIUIICA.

2) a2 b - ypaBHEHHE “MHHMOTO’ 3JUTHUIICA.



LY
3) a> b - YpaBHEHUE TUIIEPOOJIBI.
4) axx2 — c2y2 = 0 — ypaBHEHHE JBYX MEPECEKAIOIINXCS MPSAMBIX.
5) y* = 2px — ypaBHeHHUE 1apaGoJIbL.

6) y2 — a2 =0 — ypaBHEHHE JABYX NMapAJIEIbHBIX MPAMBIX.

7) y2 +al=0-— ypaBHEHHE IBYX “MHUMBIX’ MapaJlJI€IbHbIX MPSIMBIX.
8) y2 =0 — mapa coBmaarouux NpsiMbIX.
9) (x —a)* + (y — b)* = R> — ypaBHEHHE OKPYKHOCTH.

OKpyXKHOCTB.

Omnpenenenune. OkpysrcHOCmMbI0 HA3bIBAETCS MHOKECTBO TOUYEK INTIOCKOCTH,
paBHOYIaJIEHHBIX OT JAHHON TOYKH (yeHmpa).
B okpyxkHoctu (x —a)2 + (y — b)2 = Rz(1) uentp umeet koopuHarsl (a; b).
Ipumep. Halitn KoOpIMHATHI HEHTPA U PAIUyC OKPYKHOCTH, €CIIN €€
ypaBHEHUE 3aJ]aHO B BUJIE:
2x2+2y>—8x +5y—-4=0.

JIJ1st HaXOKJIEHHs] KOOPAUHAT IIEHTPa U paJInyca OKPYKHOCTU JAHHOE
ypaBHEHHE He0OXoauMo npuBecTH K Bumy (1) aToro Beiaenm
MOJTHBIE KBAJIPaTHhI:

X +y —4x+25y-2=0
x2—4x+4-4+y+25y+2516-25/16-2=0
(x—2)*+(y+5/4)>-25/16-6=0
(xX—=2)+(y+5/4)2=121/16
Orcroma Haxoaum O(2; -5/4); R=11/4.
DILITHIIC

Omnpenenenune. Iniuncom HA3BIBAETCS MHOXKECTBO TOYEK IUIOCKOCTH, CyMMa
PAcCCTOSIHMI KOTOPBIX JO JABYX JAHHBIX TOYEK, HA3bIBAEMbIX PoKycamu, €cCThb
BEJINYMHA MMOCTOSIHHAS, paBHAa 2a.

YpaBHEHHE JUINIICA UMEET BU!

Onpenenenne. ®oKycaMu Ha3bIBAIOTCS TaKHE JIBE TOUKH, CyMMa PACCTOSTHUM OT

KOTOPBIX J0 J1000M TOYKH DJIJIMIICA €CTh OCTOSHHAS BEJIUYHHA.

/ﬁyﬂw\
N




-a FIO F a x

Fi, Fo — dokycel. Fi=(c; 0); Fa(-c; 0)

C — MTOJIOBMHA PACCTOSTHUS MEKITY

dboxycamu; a — OOJIbIIIAS TTOTYOCH;

b — mMaJast moJyoch.

DokycHoe paccmosanue U NOIYOCU INIUNCA CEA3AHbL COOMHOUleHueM a2 = bz + c-.

Joka3zareabcTBO: B cityyae, ecinu Touka M HaxoIuUTCs HA IEPECEYEHUN

\/b2+02

SIUTUIICA ¢ BEPTUKAIBHON OCBIO, 71 + 12 =2 (o Teopeme Ilndaropa). B

ciy4dae, eciay Touka M HaxoAMTCS Ha IEPECEYEHUH DJUIMIICA ¢ TOPHU30HTAIBHOMN
OCBIO, Y1 + 12 =a—c + a + c. T.K. 1O ONIPEACIEHUIO CyMMa 7/ + 72 — IOCTOSIHHAS
BEJIMYMHA, TO , IPUPABHUBA, I10JIy4YaeM:

a=b:+c:

ri+r2=2a.

Omnpenenenne. dopma »smunrica omnpeAenseTcs XapaKTePUCTUKOW, KOTopas
SIBJIICTCS OTHOIICHHEM (POKYCHOTO PACCTOSHUS K OONBIICH OCH W Ha3bIBACTCS
IKCHEHTPHCUTETOM.

e=c/a.Tk.c<a,Toe<].

IIpumep. CocTtaBuTh YypaBHEHUE MPSAMOM, MPOXOAIIEH yepes JeBbli GOKYyC U

X +y =1,

HIDKHIOKO BEPILIMHY JJUIMIICA, 3aJaHHOTO ypaBHEHUEM: 25 16
1) Koopaunatel HUKHEHN BepnHbL: X = 0; y2 = 16; y = -4.
2) Koopaurarts! neBoro dokyca: ¢ =a’ — b*=25-16=9; ¢ = 3; F2(-3; 0).

3) YpaBHeHHE psAMOM, TPOXOAAIIEH Yepe3 JBE TOUKHU:

X0 =y+4 . X =y+4-. 4x=-3y-12; 4 x+3 y +12=0
-3-0 0+4 -3 4
IIpumep. CoctaButh ypaBHEHUE duurica, eciu ero ¢pokycsl F1(0; 0), F2(1; 1),

60/1bLIas OCb paBHa 2.



L4y =

dp

. 2
YPaBHeHI/Ie DJIJINIICA UMCCT BU . b . PaccTostaue MEXKITY (1)0KycaMI/II

2c= \/(1 —0)2+(1 -0)2 =9 , TAKUM 00pa3oM, a2 —b2=c2 =%

10 YCIOBHIO 2a = 2, ciegoBaresao a= 1, b = \/82‘02 =\/ 1—1/2=\/2 /2.
2oy
2+ =

Wroro: 12 1/2
I'mnepo6o.1a.

Omnpenesenue.l'unep0010i HA3bIBAETCA MHOXKECTBO TOYEK IUIOCKOCTH, IS
KOTOPBIX MOJYJIb PAa3HOCTU PACCTOSHUM OT JIBYX JAHHBIX TOYEK, HA3bIBAEMBIX
(oxkycamm ecTb BeJIMYMHA MOCTOSIHHAS, paBHasi 2a, MEHbINIAsl PAaCCTOSIHUS MEX]TY
dbokycamu.

[To onpenenenuto 11 — 12 = 2a. Fi, F2 — dokycel runepbosnst. FiF2 = 2c.

T~

N/
/




2 2
a b KAHOHHYECKOe yPABHEHHEe THIePOoIbI.

.

['unepOosia cuMMeETpUYHA OTHOCHUTEIBHO CEPEIUHBI OTPE3Ka, COCIUHSIONIETO

(OKyChI 1 OTHOCUTENBHO OCEl KOOpPIMHAT.

Ocb 2a Ha3pIBaeTCsl 1efiCTBUTEIbHON 0CHI0 THIIEPOOJIbI.
Ocsb 2b Ha3pIBaeTCsI MHUMOH OCHIO THIIEPOOJIbI.

2¢ — ¢oxycHOe paccTosiHHe

DokycHoe paccmosiHue U Noxyocu 2unepoboivl Ce53aHbl

coomuowernuem c2 = az + b..

X.

y=t b
[unepOoiia UMeET JIBE ACHMIITOTHI, YPABHEHHS KOTOPBIX a

C
e= >1
OTHOHICHI/IG a Ha3bIBACTCi 3KCIICHTpI/ICI/ITeTOM FI/IHep6OJIBI, ragc ¢ — II0JIOBHHA

paccTostHUST Mexay (okycamu, a — neWictButenbHas nonyock. llpumep. Haiitu
ypaBHEHHUE TUIIEPOOJTbI, BEPITUHBI U (POKYCHI KOTOPOI HAXOJSITCS B
2
X
8

COOTBETCTBYIOIIMX BEpPIIMHAX U (POKyCax dJUIUIICA 5

2
+) =1

st snurica: c2 = a2 — be.

Jlnst rumep6oisl: ¢ = a® + b,

el 5
- ,

V=

X
3

VYpaBHeHHEe runepooIbL: 5



IIpumep. CoctaBuTh ypaBHEHUE TUNIEPOOIIBI, €CIIA €€ IKCIICHTPUCUTET paBeH 2, a

x+) =1

(b oKyChI COBIAAIOT ¢ (DOKyCcaMH AJUIMIICA C ypaBHEHHMeM 25 9

HaxonuMm (okycHoe paccrosinue c2 =25 -9 = 16.

JnsarunepOoIist: =a+b’= 16, e =c/a=2;c =2a; c?= 4a2; al= 4;
b=16-4=12.
¢ -Y =1
HUtoro: 4 12 - ICKOMO€ ypaBHEHHE TUIICPOOTHI.
IHapa6oJia.

IIapa6oJ10if HAa3bIBAETCS MHOKECTBO TOUYEK IMIOCKOCTH, KaXasi U3 KOTOPHIX
HaXOJIUTCS Ha OJIMHAKOBOM PACCTOSIHUH OT JIAHHOW TOYKH, Ha3bIBaeMOU (POKyCOM,
U OT JaHHOU MpsSIMOi, HA3bIBAEMOU TUPEKTPUCON U HE TIpoxXoAsIIei yepe3 (hoKyc.

Pacrionoxxum Hayasio KoopaAuHAT ocepeIuHe MeXITy (DOKYCOM U IUPEKTPUCOM.

Ly /
A M
e \L.S ]

(\ ‘F X

5/2 p

Bemuuuna p (pacctosiHue ot (okyca A0 AUPEKTPUCHI) HA3bIBACTCS
napamMeTpoM mnapabosibl. BeiBeeM kaHOHUYECKOE YpaBHEHHE MapadoJIbl.
N3 reomerpuueckux cootHomenuit: AM = MF; AM = x + p/2;
MF: =y2 + (x — p/2)2

(x+p/2) =y + (x—p/2)’
X2 +xp + p2/4 =y2 + x2 — xp + p2/4



y2 = 2px

VYpaBHeHUE TUPEKTPUCHL: X = -p/2.

IIpumep. Ha napabone y> = 8X HAliTH TOUKY, pacCTOSSHUE KOTOPOM OT
JUPEKTPUCHI PABHO 4.

N3 ypaBHeHus mapalosibl Moaydaem, uto p = 4.
r =X + p/2 = 4; ciienoBaTeybHO:
x=2;y"=16; y= 4. Uckomsle Touku: Mi(2; 4), M2(2; -4).

Mpumep. [ana napa6ona y> = 6x. COCTaBUTh YPaBHEHHE e¢ JUPEKTPHCHI 1
HalTH ee PoKyc.

CpaBHUBas TaHHOE ypaBHEHHE C KAHOHMYECKUM yYpaBHEHHEM MapadoJibl,

BUJIUM, 4TO 2p=06, p = 3. Tak Kak ypaBHEHUE TUPEKTPUCHI UMEET YPABHEHUE X =

p p
—2- , a pokyc — KOOpAMHATHl -2 u 0, TO JIJISl paCCMAaTPUBAEMOTO CiIydasi OJy4YruM

-3 3
YPaBHEHHE TUPEKTPUCHI X = u poxyc F\",0).
2 2

3ajaHus NpakTHYecKo padoThI
1. CocTaBUTH KAHOHMYECKHE YPABHECHUS:

a) ayurica; 0) runepoodibl; B) mapadoisl (A, B - Touku, nexariue Ha
kpuBoii, F - pokyc, a - GonbIas (eiicTBUTENbHAS) TOJIYOCh, b - Masnias (MHUMAas)
MOJIYOCh, € - SKCIIEHTPUCHUTET, y=*KX - ypaBHEHHs] aCUMOTOT runepOosl, D -
JTUPEKTpHCa KPUBOIL, 2¢ - POKYCHOE PaCCTOSHHE).

Bapuan DJILITHIIC I'mnep6oaa IIapa6o.a
T
1. b =15, F(-10, 0) a=13, e=14/13 D:x=-4
2 |b=2. B2 o) | amre= VB Dix=5
3. [ aG.0).B@ PH k=34 c=5/4 Diy=-2

4. [e=v2IA  A(s. 0)| AV, 3), B(4VE] 22 )| Diy=1




j'ﬁjﬁi 1r‘|"1"1_7!
5. 29=22 e= k=2/3 2¢c = ock cumMeTpun Ox u
A(27,9).
A J"1__ﬁf."_£!
6. b= ! e = " lk=3/4,2a=16 ocb cummeTpun OX u
A(4, -8).
210
7. a=4,F=(3,0) b= ,F(-11, 0) D:x=-2
8. b=4,F=(9,0) a=5,e=7/5 D:x=6
o P e |
W3 ’\I'Hff‘i EERTES | o—
9. A, ), B( k= e=11/10 Diy=-4
1)
=T
10. €= 7/8, A(S,O) A(3, ), B( ,6) D:y:4
.'—d llb —=F
11. Da=24 = e k= g 2¢ =10 ock cumMeTpun OX u
A(-7, -7).
5428 /28
12. b=2,¢= / ' k=12/13,2a=26 ock cumMeTpun OX u
A(-5, 15).
13. a=6,F(-4,0) b=3,F(7,0) D:x=-7
14 b=7, F(5,0) a=11,e=12/11 D:x=10.
” ! 57 o
150 [acY7B0 15y k=12, 6= V7 Diy=-1
P 1)
16.  |&=23/5, A(0, 8) A o), Br22 |y [Dy=9
17. 2a=22,e=10/11 k m/fl 2¢=12 ock cumMeTpun Ox u

A(-7, 5).




18. b=35,e=12/13 k=1/3,2a=6 ochk cummeTpun Oy u
A(-9, 6).

19. a=9,F(,0) b=6,F(12,0) D:x=-1/4

20. b=5, F(-10,0) a=9,6=4/3 D:x=12

2L 1AQ,-2,B( ., |k=  Le=1l/9  |DwS

1)
78 wfjgfﬂ?
22. €= 2/3, A(—6, 0) A( , 0), B( , 2) Dly=1
ot

23. 2a=50,e=3/5 k= 1,2c=30 ochk cummeTpun Oy u
A4, 1).

24, b= 2 &=7/8 k=15/6,2a=12 ock cummeTpun Oy u

3a2

A(-2, ‘ )-

25. a=13, F(-5, 0) b =44, F(-7,0) D:x=-3/8

26. b=7,F(13,0) b=4,F(-11,0) D:x=13

27. [A(3,0), B(l, el _5h D:y=4

40 /3 ) ’

28, |e=s/6.40 """ (a1 B(® o) |Diy=23

29. 2a=30,e=17/15 |} = Jﬁﬁ:zc -18 ochk cummeTpun Oy u
A4, -10)

30 b= 2*4“5| ,6=7/9 k= ~2/2 ,2a=12 och cummeTpun Oy

u A(-45, 15).

2. 3anucaTrb ypaBHeHHEe OKPY:KHOCTH, MPOXOAAIIel Yepe3 yKa3aHHbIe TOUKH

U MMeIoled HEHTP B TOUKe A.

2.1. Bepmunsl runepOounsl 12x2 - 13y2 =156, A(0, -2).




2.2. Bepmmmnsl runep0oibl 4x2 — 9y2 = 36, A(0, 4).

2.3. ®okycsl runepOoiibl 24y2 — 25x2 = 600, A(0, -8).

2.4.0(0, 0), A - BepinHa mapadoibl y2 = 3(X - 4).

2.5. @okychl auunca 9x2 + 25y2 =1, A(0, 6).

2.6. Jlessiii hokyc runepOosnl 3x2 — 4y2 = 12, A(0, -3).

2.7. ®oxkychl aunnca 3x2 + 4y2 = 12, A - ero BepxHss BEpIINHA.
2.8. Bepmnny runepOoiibl X2 - 16y2 = 64, A(0, -2).

2.9. ®okycel TunepOoisl 4x:2 - Sy2 = 80, A(0, -4).

2.10. O(0, 0), A - BepmmHa mapaboibl y2 = - (X +5)/2.

2.11. IlpaBsiit hokyc ammunca 33x2 +49y2 = 1617, A(1, 7).

2.12. Jlebiit pokyc runep6odibl 3x2 - Sy2 = 30, A(0, 6).

2.13. ®@okycel sanurica 16xz - 41y2 = 656, A - ero HIXKHSISL BEpUIMHA.
2.14. Bepumuny runep06oibl 2x2 - 9y2 = 18, A(0, 4).

2.15. ®oxkycel runepOosl 5x2 - 11y2 =55, A(0, 5).

2.16. B(1, 4), A - BepuinHa napadosisl y2 = (x - 4)/3.

2.17. JleBorit dhoxyc ammunca 3x2 + 7Ty2 =21, A(-1, -3).

2.18. JleByto BepiuHy rumnepo6ois Sxz2 — 9y2 =45, A(0, -6).

2.19. @okycel smurica 24x2 — 25y2 = 600, A - ero BepxHssl BEpIINHA.
2.20. IlpaByto BepiuHy runepoossl 3x2 - 16y2 - 48, A(1, 3).
2.21. JleBbrit hoxyc runepooisl 7x2 - 9y2 = 63, A(-1, -2).

2.22. B(2, -5), A - BepmuHa napabonsl x2 = -2(y + 1).

2.23. IlpaBbiit hokyc amnurnca X2 + 4y2 = 12, A(2, -7).

2.24. TlpaByto BepiunHy rumnep6omsl 40Xz - 81y2 = 3240, A(-2, 5).
2.25. @okycsl sanurca x2 + 10y2 = 90, A - ero HUXKHSS BEPIIMHA.

2.26. IlpaByto BepiuHy runepooisl 3x2 - 25y2 = 75, A(-5, -2).



2.27. ®oxkyckl runepbosl 4x2 - Sy2 =20, A(0, -6).

2.28. B(3, 4), A - BepuiuHa napabossl y2 = (x + 7)/4.

2.29. JleBsiit hokyc smunca 13x2 +49y. = 837, A(1, 8).
2.30. IlpaBerit hokyc rumepOoItbl 57Xz - 64y2 = 3648, A(2, 8).
KonTpoJibHbIE BONIPOCHI

3anumuTe KAHOHMYECKOE YPABHEHUE JJUIUIICA.
3anuiuTe KAaHOHUYECKOE ypaBHEHUE TUIIEPOOIIBI.
3anuimuTe KAaHOHUYECKOE ypaBHEHUE MapaloJibl.
YTO Ha3bIBAETCS SKCUETPUCUTETOM BJLIUIICa?
3anuimure ypaBHEHUSI aCUMIITOT TUTIEPOOJIBI.

Al e

IleuaTHble U31aHUA

1. I'puropreB B.I1. DnemenTs! Boiciiel matematuku. —M.: OUL] «Axkagemus»,
2019.

2. I'puropseB B.II. COopHUK 3a1ay 1o BbIcHIE MareMaTtuke: Yuel. nmocobue
s ctyaedtoB yupexa. CIIO / B.ILI'puropse, T.H.CabypoBa. — M.:
N3parenbckuil neHTp «Akagemus», 2020. — 160 c.

3. Cenpix N.1O., I'pebenmukoB FO.b., lllepeneB A.FO. MaTemartuka: ydeOHUK
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DJIeKTPOHHBbIE U3IaAHNUS (3JIEKTPOHHBbIE PeCypChl):
http://school-collection.edu.ru/

. http://fcior.edu.ru/
http://college.ru/matematika/

http://www.mce.su
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