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BBenenue

OnnageHne NpakTU4IecKu 10001 coBpeMeHHOI npodeccueit TpedyeT onpeaeIeHHbIX
MaTeMaTH4ecKkux 3HaHuil. [IpeacraBieHue o poiau MaTeMaTUKU B COBPEMEHHOM MUPE,
MaTeMaTU4YeCKUE 3HAHMSI CTAJIM HEOOXOJMMbIM KOMIOHEHTOM 001l KynbTypsl. s
caMopean3alyy, BO3MOKHOCTH YCIICUTHON JEATEIbHOCTH B MH(POPMAITMOHHOM MHUpe TpedyeTcst
MPOYHAsE MaTeMaTHYeCcKas MMOAr0ToBKa. MareMaTinueckoe o0pa3oBaHUe BKIIOYAET B ceOsl OBIIAICHUE
CUCTEMOW MaTEeMaTUYECKUX 3HAHUM, yMEHUN U HaBBIKOB, JAIOIIMX IPEICTABICHUE O NIPEAMETE
MaTeMaTHKHU, 0 MaTEMaTUYECKON CUMBOJIMKE, CIIELIMaIbHbIX MATEMATUYECKUX ITPHEMax, METOAAX
MBIIILJICHUS.

VYyeOnublii MaTepuan 4Y€TKO JO03MPOBAH 1O OJIHOMY WJIM HECKOJBKHUM 3aHATHUsAM. Takoe
MIOCTPOCHHE IIOMOTAeT CTYAEHTaM H3y4daTb MHOTHME BOMNPOCHl CAMOCTOSITEIbHO, OCOOEHHO eciu
CTYAEHTOM IPOIMYLIEHO KaKOe-TNO0 KOHKPETHOE 3aHATUE WU TEMa.

KoHcnekT neknuil conepkut HeoOXOoAUMBINA MaTepual 1o BCEM pasjieaM Kypca
MatemaTuku: Pa3Butue noustus o uncie; OcHOBbI TpUroHoMeTpuu; KopHu, crenenu u norapudmsl;
@OyHKIMH, UX cBOKCTBA U rpadukyu; CTeneHHble, HoKa3aTelbHbIE, JorapupMuueckue u
TpuroHoMmerpuueckue Gpynknuu; Hauvano maremaTnueckoro aHanusa; Y paBHEHUS U HEPABEHCTBA;
[IpsiMble M TIOCKOCTH B MPOCTpaHCTBE; KOOpANHATEI M BEKTOPBI; MHOTOrpaHHUKH; DJIEMEHTHI
TEOPHUU BEPOSITHOCTH U MaTEMaTHYECKON CTaTUCTUKHU, KOTOPbIE OOBIYHO M3Y4alOTCs CTY/IEHTaMHU Ha
MIEPBOM Kypce.

W3noxxeHne TeOpeTHMUECKOro MaTepuana 10 HEKOTOPHIM TEMaM  COIPOBOXKAAETCS
paccMOTpeHHEeM NpPUMEpPOB W 3a/Jay, BEJIETCS Ha JIOCTYIHOM, IO BO3MOKHOCTU CTPOTOM SI3BIKE.
[TocoGue momoeT CTyJeHTaM OCBOUTh | Kypc MaTreMaTHK{, MOATOTOBUTHCSA K CHaye 3a4eToB U
9K3aMEHOB [0 MATEMAaTUYECKUM JUCHUIUITMHAM.



Mamemamuka 6 HaykKe, npaxmuuecxoﬁ oesamenvHOCHU.

Matremaruka — Hayka 0 KOJIMYECTBEHHBIX OTHOMICHHSIX M MIPOCTPAHCTBEHHBIX Popmax
JEMCTBUTEIIBHOTO MHUPA.

Ponp MateMaTuky B COBpEMEHHOM HayKe MOCTOSIHHO BO3pacTaeT. JTO CBA3aHHO C TEM, 4TO 0e3
pa3pabOTKU U MCIIOJIF30BaHHU MATEMAaTHUECKUX HayK ObUIO Obl, HAIpUMEP, HEBO3MOYKHO HU OCBOCHHUE
KOCMOCa, HU CO3IaHUE JIEKTPOHHO-BBIYUCIUTEILHBIX MAIIMH, HAIICAIIUX PUMEHEHHUE B CAaMBIX
Pa3IMYHbIX 00JIACTSIX YEJIOBEUYECKON AESATEIbHOCTH.

Maremaruka npeactasiisieT co00il OCHOBY (pyHJaMEHTAJIbHBIX UCCIIEIOBAHUM B €CTECTBEHHBIX
Y TYMaHUTAPHBIX HayKaX. MaTemaTu4yecKkre Uaeu U METOIbl IPOHUKAIOT B YIIPABIICHUE BEChMa
CJIO’KHBIMU U OOJIBIIUMU CUCTEMaMU Pa3HOUN MPUPOIBL: TTOJIETAMH KOCMHUYECKUX KOopaliiei,
OTPACIISIMU MMPOMBIIICHHOCTH, PA00TO# OOIIMPHBIX TPAHCIIOPTHBIX CUCTEM U IPYTUX BUIOB
NEeSTEPHOCTH. B MaTeMaTHKe BO3HUKAIOT HOBBIE TEOPUU B OTBET HA 3aIIPOCHI IPAKTUKU U
BHYTPEHHETO Pa3BUTHS caMoil MateMaTuku. [Ipuiokenus pa3muyHbiX 00JacTeil MaTEMAaTHUKH CTalN
HEOTHEMJIEMOM YaCThIO HAYKH, B TOM YHCIIE: PU3UKH, XUMHUH, TE€OJIOTHH, OMOJIOTHH, METUIIUHBI,
JIUHTBUCTUKH, S)KOHOMHKH, COIIMOJIOTHUHU U JIP.

MaremMartrka UTpaeT BaKHYIO POJIb B €CTECTBEHHOHAYYHBIX, MH)KCHEPHO -TEXHUYECKUX U
r'yMaHUTApHBIX UccienoBaHusAX. OHa cTaja Il MHOTMX OTpaciiell 3HaHUN He TOJIbKO OpyAneM
KOJIMYECTBEHHOT'O pacyeTra, HO TaKXKe METOJ0M TOYHOI'O UCCIIEeIOBAaHUS U CPEACTBOM MPEIEIIbHO
4eTKON (HhOPMYTUPOBKHU MOHATHN U TTpoOsieM. be3 coBpeMeHHO# MaTeMaTHKH C €€ Pa3BUTHIM
JIOTUYECKUM ¥ BBIUUCIUTEIBHBIM armapaToM ObIJT ObI HEBO3MOIKEH MTPOTPECC B PA3ITMUHBIX 00JIACTIX
YeJI0BEYECKOM EATEIbHOCTH.

MaremMatuka SBIS€TCS HE TOJIBKO MOITHBIM CPEICTBOM PEIICHUS TMPUKIAIHBIX 3a71a4 U
YHUBEPCAIBHBIM SI36IKOM HaYKH, HO TaKXKe M DJIEMEHTOM OOIIel KylIbTyphl. [[elcTBUTENBHO,
MaTeMaTHKa IPOHUKAET BO Bce chepbl YeIOoBEUEeCKOU AeaTebHOCTU. TpyaHO Ha3BaTh XOTs Obl OAUH
paszen HayKH WIH KaKyro-Tn0o npodeccnoHanbHy0 001acTh, T/Ie He IPUCYTCTBOBAJIa Obl MaTeMaTHKa
win e€ metoipl. [loaToMy HE0OX0IMMOCTh MaTEMAaTUYECKOTO 00pa30BaHUS ISl YCIIEITHOTO
(hopMHUPOBaHUSI TUYHOCTH HE BbI3bIBAET COMHEHHI.

1. Ienu u 3a0auu uzyuyeHus Mamemamuk 6 yupercoeHUsX cpeoHezo npogheccuoHaibHO20
oopazoeanus:

» (opmMupoBaHHUE MPEICTABICHUH O MaTEMaTUKE KaK YHUBEPCAIBHOM SI3bIKE HAyKH, CPEJICTBE
MO/ISITMPOBAHUS SIBJICHUH M IMPOIECCOB, 00 UICIX U METOJ]aX MAaTEeMATHKU;

» pasBHUTHE JOTMYECKOr0 MBIIUICHHS, TPOCTPAHCTBEHHOTO BOOOPaKEHHSI, aJITOPUTMHUICCKON
KYJIbTYpbl, KpUTUYHOCTH MBIIIUICHHS HA YPOBHE, HEOOXO0IUMOM I Oy yIeit
npohecCHOHANBHOM IEATEILHOCTH, JIUIS TTPOJIOJDKEHUS 00pa30BaHuUs U CaMOOOPa30BaHNUS,

» OBJIAJICHUE MATEMATHUYCCKUMH 3HAHUSIMH U YMCHHUSIMH, HEOOXOJUMBIMH B ITOBCETHEBHOM KU3HH,
JUIS U3YYEHHSI CMEKHBIX €CTECTBEHHOHAYYHBIX TUCIUIUIMH Ha 6a30BOM YPOBHE U JUCLMILTUH
podecCHOHANBHOTO IUKIIA, Ui MOMy4yeHUs: 00pa3oBaHUs B 00IACTAX, HE TPEOYIOIINX
yriayOIE€HHON MaTeMaTUYeCKOM MOATOTOBKH;

» BOCIIMTaHUE CPEICTBAMH MAaTEMAaTHKH KYJIbTYPbI JMYHOCTH, TOHUMAHUS 3HAYUMOCTH
MAaTEMATHUKU I HAYYHO-TEXHUYECKOTO IIPOrpecca, OTHOIIEHU K MaTeMaTUKE KaK K 4acTH
o0Il1edenoBeuecKoi KyabTyphl Yepe3 3HAKOMCTBO C HCTOPHEH pa3BUTHSI MAaTEMATHKH,
9BOJTIOIMEH MaTeEMaTUUECKUX UJICH.



Tema 1. PazBuTHe NOHATHSA 0 YUCIE
Tema 1.1 Iesible 1 panHOHAJBbHBIEC YHCIIA

Onpeodenenue u c80UCMBa HAMYPATLHBIX U Yeablx yucel. Payuonanvnuvle yucia u e2o
ceoticmsa.

Vmemb.' BBIIIOJIHATH apI/I(i)MeTI/ILICCKI/Ie Ilef/'ICTBI/I?I Hajg 4yuciiaMu, pemaTb 3aJa4un.
3namu: onipesieNieHre U CBOMCTBA HATYPAIbHBIX U LIEJBIX YUCEJ, PAllMOHAIBHBIC YHCTIa U X
CBOMCTBA.

Onpenenenue. Hamypansusie uucna — 1o uncna sBuna N={1, 2, 3, ...,}. Harypansusie uucmna
MOSIBUJIMICH B CBSI3U C HEOOXOIMMOCTBIO IMOJICUETa IMPEAMETOB.
Omnpenesenne. HarypanpHble yucia, 4uciia, MPOTHBOIOJIOKHBIE HATypalbHBIM, U HYyIb

COCTAaBIISAIOT MHOXMCECHE0 L uesvlx uuce.

Csoiicmea HAMYPANbHBIX U UETbIX YUCET.

1) a+b=Db+a - nepeMecTUTENHHBII 3aKOH CIIOKCHUS;

2) a+(b+c)=(a+b)+c - couerareabHbII 3aKOH CIIOKEHHS,

3) a*b=Db*a - nmepemecTUTENBHBIN 3aKOH YMHOKEHHSI,

4) a*(b*c)=(a*b)*c - coueraTenbHBIN 3aKOH YMHOKEHUS;

5) a*(b+c)=ab+ac - pacnpenenuTenbHbIil 3aKOH YMHOXKEHHUS OTHOCUTEIIBHO CII0KEHHSI.

m
Oﬂpeneﬂe}me. PaMMOHaﬂbele yuciaa — 3TO 4ucia, NpeaCTaBUMbBIC B BUIC leO6I/I —,rae m-
n

L[el0€e YHuClo, a N- HaTypailbHOoe uucio. Jlig 0603HaYeHHs] palMOHAIBHBIX YHMCEN HCMOJIb3YeTCs
natuHckas OykBa Q. Bce HaTypanbHBIE U IENIbIC YHCIIa — pallHOHAIbHBIC.

2.1
[Ipumepbl palliOHATBHBIX YHCEN: E; 7; 3

Ceoiicmea PAUUOHAIBHBIX HUCEIL.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=a;

4) a+(-a)=0;

5 a*b=b*a;

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac;

8) a*l=aq;

1
9) a*==1roec a=0;
a
10) a*0=0.
Tema 1.2. [leiicTBuTebHBIC YK ca. JleiicTBUS HAJ AeliCTBUTEILHBIMH YHCIAMM.

Onpedenenue oelicmeumentuix uucel. UppayuonansbHule yuciua.

Ymems: BRIIONHATH apI/I(I)MeTI/I‘-ICCKI/IC JeiCcTBUS Han quciiaMiy, pellaThb 3a1a4u.
Buamo: ONPpCACIICHNUEC U CBOMCTBA JECUCTBUTEIBHBIX YHUCCJI, UPpPALMOHAJIBHBIX YHUCCIIL.

Omnpenesenune. /leiicmeumenvhusle yucna (6eujecmeennvle) — 4nucia, KOTOpble MPUMEHSIIOTCS
JUIS W3MEPEHHUS HEeMPEepBhIBHBIX BETUYMH. MHOXKECTBO JEHCTBUTENBHBIX 4YHCEN 0003HAYAeTCs
naTuHCKOM OykBoi R . JlelicTBUTENbHBIC YMCIIAa BKIFOUAIOT B Ce0sl pallMOHAIbHBIC M UPPAI[HOHAILHBIC
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qucia. praMMOHaJleble yucia — 4Yuciia, KOTOPBLIC IOJYYAKOTCA B PC3YJIbTATC BLIITOJIHCHUA
Pa3JINIHBIX onepaunﬁ C paldyuOHAJIBHBIMH YHUCIIAMH (H-p, H3BJICUCHUC KOPHS, BBIYHCIICHUC

norapu(MOB), HO MIPH ATOM HE SBIISIOTCS palMOHATILHBIMU. [IprMepbl HpparMOHATBHBIX YHCEIN: J2;

\/§; 7.

JIro0oe neiicTBUTENFHOE YHCIIO MOXKHO OTOOPA3UTh HA YHCIOBOM MPSIMOIA.

—_—r— ' 0 *r— r—>
-3 2 Y2 -1 -05 0 05 1 v2 2 3 x

Bovieoo: ]Jlna 1nepeduCIeHHBIX  BBIIIE MHOMXECTB YHUCEI  CIPABEAJIMBO  CIEAYIOIIEE
BBICKa3bIBAHUC:

NcZcQcR,
TO €CTb, MHOXCCTBO HATypaJIbHBIX YHUCCJI BXOJUT BO MHOXCCTBO LECJIbIX YHCCII. MHoxecTBO OEJIbIX
YUCCII BXOJUT BO MHOXXECTBO pallMOHAJILHBIX YHUCCII. A MHOXXeCTBO pPamrOHAIBHBIX YHUCECJII BXOOAUT BO
MHOKECTBO )IGI\/'ICTBI/ITGJ'II)HI)IX YUCCII.

Mooyne Oeiicmeumensvno2o uucia X o0003Ha4YaeTCs |X| U ONpenensercs Tak K€, Kak u

MOZIYJIb pallHOHAIBHOI'O YK CIA:
X, X>0,

|X|: - X, Xx<0.

Ceoiicmea mooynei.

2) |d=0<=a=0;

3) |a=0;

o =4

5) |a-b|=|al:[b]

6) |a|2:a2;

7) E=H,b¢0;
bl [b)

8) |a-+b <[al+|o]:
9) |a—b|>a ||
KOHmpOJZbele B0NPOCHI
1. OHpeI[eJ'IeHI/IC U CBOICTBA HAaTypaJIbHBIX U LEJIbIX YUCCII.

2. PanimoHanbpHbIe YHCIlia U €70 CBOKCTBA.
3. UppannoHaisHblie YyuCIa.

Tema 1.3. Ilpuban:keHHbIe 3HAYCHHSA. AGCOTIOTHAS U OTHOCHTE/IbHASI MOTPEIIHOCTH.

Hpu6ﬂu9f€eHHbl€ SHAY€eHUAL. HOZp@WHOCmb npu6]lu9fC€H1/lﬂ. Abconomuas u omrocumenvHas
noepewHocmu npu6ﬂu9fceﬂuﬂ U ux epanuybl. Yucna BEPHbIE, COMHUMEJIbHbLE, CMPO2CO 6EPHbIE U
3Hadauue.

Ymems: Hax0IUTH l'IpI/I6J'II/I)KCHHBIC 3HA4YCHHA BCJIMYUH U HOI‘pGH.IHOCTCﬁ BLI‘{HCHCHHf/'I, MPUMCHAITH
MPaKTUICCKUC TPHUCMBI HpI/I6J'II/I)KCHHBIX BBIYHCIICHUIA.

Buamo: HpI/I6J'II/I)KeHHLIC 3Ha4YCHU, MOTPCUIHOCTDH HpI/I6JII/I)KGHI/ISI, a0COJIIOTHASI U OTHOCUTEIbHAS
MOrpCUIHOCTU HpI/I6JII/I)KCHI/ISI " UX I'paHUlbl, YUCJIa BEPHBIC, COMHUTCIIbHBIC, CTPOTO BEPHLIC U
3Ha4Yamue.



LIlpubnusicennoe 3nauenue eeaudunvl. AOCONIOMHAA NOZPEUIHOCHb NPUOTUNCEHUS.
I'panuya adconrommuoi nozpeuwinocmu.

[TycTh pe3ynbTaT U3MEepEHUs WM BBIYUCICHUS BETHUYMHBI X C HEKOTOPOW TOYHOCTBHIO PaBEH a .
Torna aHasbIBaeTcs npubnudiceHHbiM 3HaveHuem (WIH npubaudcenuem) BeauunHbl X . [lpudem, ecnu
a < X,TO @ Ha3bIBACTCS NPUOIUNCEHHBIM 3HAUEHUEM ¢ HedocmamKkom (WU NPpUOIUMCeHUueM CHU3Y), a

eciaM a > X, TO @ Ha3bIBACTCS NPUOIUNCEHHBIM 3HAYEeHUeM C u30bimrom (WM NPUOIUdNCeHUEM C8EPX))

BEJIMYMHBI X .
Onpenenenne. Pa3sHOCTh TOYHOrO M MNPUOIMKEHHOTO 3HAYEHWHM BEJIUYMHBI Ha3blBacTCA
NOZPeUutHOCMbI0 RPUOIUICEHUA.
Tak, ecnm X- TOUHOE 3HayeHUe, a- NPUONKEHHOE 3HAY€HHE, TO Pa3HOCTh X—a -
MOTPEIIHOCTh Npubamxenus. Eciu ee 0003HaunM uepe3 AX, TO HOJTyYUM
X=a+AX,
T.€. ICTUHHOE 3Ha4€HUE PaBHO CyMMe NMPUOIMKEHHOTO 3HAUEHUS U MOTPEIIHOCTH MPUOINKEHHUSL.
Monynb pa3HOCTH TOYHOTO U MPUOIMKEHHOTO 3HAUEHUN BETMYMHBI HA3bIBACTCS AOCOIIOMH O
NOZPeUtHOCMbI0 RPUOIUICEHUA.

CnenoBarenbHO, €cid AX=X—a - MOTPEIIHOCTh MNPHUOIMKEHUS, TO |AX|:|x—a| -

abCoJTIOTHAs TOTPEITHOCTh TPUOIHKEHUS.

Bo wmborux MPAKTUYCCKU BAXHBIX ClIydadX HEIb3d HalTH a6COJ'IIOTHy10 IMOrpCIIHOCTD
HpI/I6J'II/I)KeHI/I$I n3-3a TOro, 4ro0 HEMU3BCCTHO TOYHOC 3HAYCHUC BCIIMYHNHBEI. O)IHaKO MOXHO YyKa3aTb
MIOJIOKUTEITFHOE YUCII0, OOJIBIIIE KOTOPOTO 3T A0COIOTHAS IMTOTPEITHOCTh OBITH HE MOKET.

Onpenesienue. J[r000€ TOJOXKHUTEIBHOE YHCIIO, KOTOpOe OOJIbIlIe WM PAaBHO aOCOIOTHOU
MOTPENTHOCTH, HA3bIBACTCS ZPAHUUEH ADCOIIOMHOU NOZPEUMHOCIU.

CrnenoBarenbHO, €cM X- TOYHOE 3HAa4YeHUE, a- NPUOJIMKEHHOE 3HAYCHHE, TO Pa3HOCTb
AX=X—a - MOTPEelIHOCTh MNPUOIMKEHHs, TO J000e Yuciao h, yaoBIeTBOpAIOINIEE HEPABEHCTBY

|AX| <h, sBrsercs rpaHuIel aOCOTIOTHOW MOrPENIHOCTH. B 3TOM ciiydae TOBOpSIT, YTO BEIMYMHA X

MPUOJIMKEHHO C TOYHOCTHIO 10 h paBHa @, ¥ MUIITYT

X ~a ¢ TOYHOCTBIO 10 h

wmm X=azxh. 3amuce X=azxh o3Hauaer, 4T0 HMCTUHHOE 3HAYEHHE BEJIMYHUHBI X
3aKJIFOUCHO MEXIy TpaHuiiaMu a—hwu a+h, 1. e.

a—h<x<a+h.

Ecin w3BecTHO, 4YTO asiBiIseTCS NMPHONMKEHHBIM 3HAYEHHUEM BEJIMYUHBI X, W Tpedyercs
OTIPENICIIUTh TPAHHILy AOCONFOTHOHM MOTPEIIHOCTH 3TOr0 MPHOJIMKEHHOTO 3HAYCHHS, TO ATy 3a1a4dy
00b19HO hopMyTUPYIOT Tak: «OnpeaenuTs (HaWTH) TOYHOCTh TPUOIMKEHHOTO PABEHCTBA X ~ a ».

2.0muocumenvras nozpewnocmes. I panuya omuocumenvHoil nOZPewiHOCHU.

Onpenenenne: OTHomEeHHE aOCOMIOTHOM MOTPEIIHOCTH MNPHOMMKEHUS K MOJIYIIO
NPUOJIMKEHHOTO 3HAYCHUS BEJIMYMHBI HA3bIBACTCS OMHOCUMENbHOU NOZPEWHOCM bI0 TIPUOIINKCHUS.

CrnenoBarenbHO, €ClId X - TOYHOE 3HAUYCHUE, a- NPUOIMKEHHOE 3HAaYCHHE, TO OTHOIICHHE

AX  |x—a]

A
SIBJISIETCS. OTHOCUTENIBHOM MOTPEITHOCTHIO MPUOIMKEHUS.

OTHOCHUTENBHYIO TOTPEIIHOCTH YACTO BBIPAXKAIOT B MPOICHTAX.

B orimmume or abCoNOTHON TOTPENIHOCTH, KOTOpas 4alle BCero ObIBaeT pa3MepHOM
BEITUYMHOM, OTHOCUTENbHAS MOTPEIIHOCTH SABJISIETCS Oe3pa3sMEPHON BETUYNHOM.

Onpeaenenue. JIr000e MONOKUTETHHOE YUCIIO, KOTOPOE OOJbIIE UM PABHO OTHOCHTEIHHOU
MOTPEIIHOCTH, HA3BIBACTCS 2PAHUN el OMHOCUMENbHOU NOZPEULHOCHU.

CnemoBarenbHO, e€clid  AX- TOTPEIIHOCTh MNPUOMMKEHHs, TO J000€ 4YHCIo O,
yIIOBJIETBOPSIOIIEE HEPABEHCTBY
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SBIJIIETCA TPaHULEd OTHOCHUTEIbHOW NOrpemHoctd. B wactHocTH, ecnu h- rpaHuna abcosroTHON
MOrpeurHoCT, TO 4YUCIIO

s="N
g
SBJIIETCA TpaHUIE OTHOCUTENbHOM morpemHoctd npubmpkenus a. Otciopa, 3Has TpaHULY
OTHOCHTEIIFHOW MOTPEIIHOCTH, MOKHO HalWTH IPaHHILY a0OCOTIOTHOM MOTPEITHOCTH
h=5-|a.

3.OKpy2nenue u nozpeuwtnocmy OKpy2ieHusA.

Onpenenenne. AOCOIOTHAs MOTPENIHOCTb, JOIMycKaemass IpU OKPYIJIEHWH, Ha3bIBaeTCs
OUWIUOKOUL OKPY2IIeHUA.

Cy1ecTBYIOT TpU crioco0a OKpYTiIeHHs MOJOKUTENbHBIX JECITUYHBIX APOOei: OKpyriieHue ¢
HEZ0CTAaTKOM, OKPYIJIEHHE C N30BITKOM U OKPYIJIEHHE C HAUMEHbIIEH OITMOKOM.

Oxpyenenue ¢ Hedocmamkom IO €IUHUL] 10 HEKOTOPOTo paspsiia COCTOMT B OTOpachIBaHUU
€IMHHUII BCEX MIIAJIINX pa3psioB. [Ipu Takom okpyrieHun Bce uudpel JeCATUUHOM ApoOu A0 JAHHOTO
pa3psa BKIIOUYUTEIHHO HE MEHSIOTCS, a UGPHI MIAAIINX pa3psAIoB 3aMeHs0Tcs HyassMu. Hanpumep,
ecmu X =23,467, TO OKpYIJIeHHS C HEIOCTaTKOM JIO0 COTHIX, JMAECATHIX, CIUHHII, JECATKOB
COOTBETCTBEHHO PABHBI
23,46; 23,4, 23; 20.

OmuOKM OKPYTIICHUSI COOTBETCTBEHHO PaBHBI
0,007; 0,067; 0,467; 3,467.

Oxpyenenue ¢ u3doblmkom A0 €IUHUI] HEKOTOPOTO paspsia OTIMYAETCS OT OKPYIJICHHS C
HEJOCTAaTKOM TEM, 4YTO YHCJIO €AMHHUI] JaHHOTO pa3psja YBEINYUBACTCS HA €IUHHUILY.

Hanpuwmep, ecnmum X = 23,467, T0 OKpyrjieHHE C W30BITKOM JO COTHIX, JECATBHIX, CAMHUIL, IECATKOB

COOTBETCTBEHHO PAaBHBI
23,47; 23,5; 24; 30.
OmuOKH OKPYIJIEHUSI COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,533; 6,533.
CaMbIM  paclpoCTpaHEHHBIM  OKPYIJICHUEM  SIBJISIETCSL  OKpy2leHue ¢  HaumeHvlell
noepewrocmuio. OHO POU3BOAUTCS O CIIEIYIOIIUM MTPABUIIAM:
1) EauHuUIb MIaIIInX pa3psaoB OTOPAChIBAIOTCS;
2)4uCio eIWHUI] JaHHOTO pa3psia He MEHseTCs, €CliU cliefyrolas uudpa naHHOM apoOu MEHbIIe
5, ¥ yBeIMUYMBAETCS Ha €IMHUILY, €CJIU clenyromas nudpa 60bllie Wik paBHa 5.
Hanpumep, eciun X =23,467,T0 OKpyIJieHHs C HAUMEHbBINEH IMMOTPEHTHOCTHIO O COTHIX,

JIECATBIX, €IMHULL U IECSITKOB COOTBETCTBEHHO PaBHBI
23,47; 23,5; 23; 20.

O1munbKu OKpYIIeHUs COOTBETCTBEHHO PAaBHBI

0,003; 0,033; 0,467; 3,467.

Koumponvhuwvie 6onpocel

1. ITpubnmxeHHbIE 3HAUCHHUSL.

2. [TorpemHocTs NpUOIMKEHUS.

3. AOCOJIOTHAst U OTHOCUTEJIbHAS MOTPEIIHOCTH MPUOIMKEHHS U MX TPAHULIBL.
4. Yucna BepHble, COMHUTEbHBIE, CTPOTO BEPHBIE U 3HAYAIIUE.

Tema 1.4. KommiiekcHbIe YucIa

Onpedeﬂeﬂue KOMNJIEKCHOCO0 HUcud, noHaAmue paeeHcmea u oelicmeust C0HCEeHUs. U YVYMHOOIHCEHUA
KOMNJIEKCHbLX YuUcell, Manﬂb u apcymennm KOMNi1eKCHO20 Yucia.



Ymemb: BRIOTHATH ASUCTBUS HAJl KOMIUIEKCHBIMU YHCIIaMU a anredpandeckoit hopme
3nams: onpeneeHne KOMIUIEKCHOIO YUCIIa, IOHATUE PAaBEHCTBA U JEMCTBUS CJIOKEHUS M YMHOKEHUS
KOMIUIEKCHBIX YUCEJI U JIEIICHUS KOMIIJIEKCHBIX YUCEI.

Kak 13BeCTHO M3 MIKOJIBLHOTO Kypca, YypaBHEHHE BHIA x% +a =0 He umeeT AeiCTBATENBHBIX
KOpHEH, HO CyIIECTBYET HEOOXOIMMOCTh pPellaTh ypaBHEHHs TaKoro Buaa. JlJis 3Toro mpuaymainy Tak
Ha3bIBAEMBIEC «KOMIUICKCHBIC YHCIIaY.

Jlns ompezeneHus KOMIUICKCHBIX YHCENl CHavaja BBEJEM HEKOTOPBIH CHMBOJ 1, KOTOPBI
HA30BEM MHUMOU eOunuyel. ITOMy CUMBOJIY NPUIIHUCHIBAETCSI CBOMCTBO yIOBJIETBOPATh YPAaBHEHUIO

¥ +1=0:i?+1=0,um i’ =-1 i=+/-1 ITpu 5TOM

.1 - .3 .2 - - .4 .3 - .5 -
F=L1"=1"-1=—1L,1"=1"-1=11"=1,.....

Komnnexcuvim uucniom 7 HaspiaeTcs Bblpaxkenne Z=a+ID, rme a u b — neiicTtBuTenbHbIe
yucia. [Ipu 3TOM 4UCIIO @ Ha3bIBaeTCs OeticmeumenvHoll yacmoio uncna Z (2 = Re 2), a b — muumou
yacmoio (b = 1m z).

Ecmu a =Re z =0, 10 uncio z Gyaer yrcto MHUMBIM, eciid b = Im z = 0, To umcio Z Oymer
JIEUCTBUTEIbHBIM.

UYncna Z=a+1ib u Z = a — IbnaswBarorcs KOMNJIEKCHO-CONPANCEHHBIMU.

JlBa KOMIUIEKCHBIX uucna Z; =3a; + ibl u Z,=4a,+ ib2 Ha3bIBAIOTCA PaBHBIMU, €CIU

COOTBETCTBEHHO PABHBI UX JCHCTBUTEIIBHBIE U MHUMBIC YacTh: & = d, b1 = b2;

MHOKEeCTBO KOMIIJIEKCHBIX YHUCENI — HEYMOPSI0UYEHHOE MHOXKECTBO, T.€. U3 JBYX KOMIUIEKCHBIX
YHCeJl Hellb3s YKa3aTh MOCIEAYIONIEe U Npeablayinee. Mexy 1ByMsl KOMIUIEKCHBIMU YHCIIaMH HEb35I
IIOCTaBUTh 3HAKN HEPABEHCTBA > UJIN <.

KommuiekcHOe 4ncino paBHO HYJIO, €CIM COOTBETCTBEHHO PABHBI HYNIIO JCHCTBUTEIbHAs M
munMas gact: @ =0 =0.

/Ieﬁcmeml HAO KOMRNIAEKCHbIMU YUCIAMU.
1)z=2,+2,=(a +ib)*x(a, +ib,)=(a, ta,)+i(b, £b,)

2) z=22,=(a, +iby)(a, +ib,) = a,a, +iab, +iba, +i’bb, = (a,a, —bb,) +i(ab, +b,a,)

3) z=i:a1;!bl:x+iy AN
z, a,+ib,
- (a +1by)(a, —ib,) _ (aa, +0b,) +i(a.h, —ab,) _aa, +bb, 4 a,0, —ayb,
(a, +ib,)(a, —ib,) a5 +b’ as +bl a5 +bl

Koumponvnvie sonpocsi

1. Onpenenenue KOMIUIEKCHOTO YHCIIA

2. [lonsiTre paBeHCTBa

3. [leiicTBus HaJl KOMIUIEKCHBIMU YHCIaAMH
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Tema 3. OCHOBbI TPUT'OHOMETPUU

Tema 3.1. Pagmannas mepa yria. BpamarenbHoe 1BH:KeHHe.
Eounuunas oxpysicnocmo. Yeon 6 ooun paouan. Ilosopom mouku 0Kkpy2 Ha4aia KOOpouHam.
Ymemsb: HaX0AUTh KOOPJMHATHI TOUKHU U YIJIOB.
3namy: eTMHIYHYIO0 OKPY>KHOCTB, YTOJI B OJIUH paauaH, GopMyssl mepexoia OT paauaH K rpaaycam

OT rpaayCoB K paguaHaM, IIOBOPOT TOYKH BOKPYI' HA4Yaj1a KOOpAHUHAT.

Onpenenenue: L{eHTpabHBIN YroJI, OMUPAIOIIUICSA HA YTy, JJIMHA KOTOPOH paBHA pagnycy
OKPY>KHOCTH, Ha3bIBA€TCS yIJIOM B 1 paauas.

I'panycnas mepa yriaa B 1 paaman paBHa:

Tak xak nyra anuHoil 7 R (IOMTyOKpy»XHOCTB), CTSTUBAET LIEHTpalibHbIN yrou B 180°, To myra
JUIMHOM R, cTsruBaeT yroi B 7 pa3 MEHbIIN, T.€.

L oan — (130)
pan = (—
N HaoGopoT
1° = —
180"

Tak xak 7 = 3,14, To 1 pax =57,3°

Ecmu YroJ COACPXKUT a paJraH, TO €ro rpaaycHas Mepa paBHa

B (130 )
apag = - a
U naobopot
0 _ T
=180 P

OObIuHO MpH 0003HAYECHUH MEPHI yIJIa B paJiaHaX HAaUMEHOBaHHE «PaJ OIMYCKAlOT.
Hanpumep, 360° =2 7 pan, numyt 360° =27
B Tabnuue yka3aHbl HanboJjee 4acTo BCTpevaronuecs yribl B PagycHOil U paauaHHoil Mepe.

11
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I'pamycel 30 45 60 90 180

Papuansl 0 T
6

NG

z z
3 2

Pannannas mepa yria ynoOHa Juisl BBIYMCIIEHUS AJIMHBL Iy OKpy)XHOCTH. Tak kak yrois B 1
paauaH CTATUBAET ATy, AJIMHA KOTOPOU paBHA paauycy R, TO yron B « paj CTATCUBAET Ayry JUIMHON

l=a-R
OcobenHo mpoctoii Bua (hopMyiia ©MeeT B cirydae, korga R =1. Torna amuHa nyru paBHa
BEJIMYMHE LIEHTPAJIbHOIO yIJIa, CTArMBAEMOr0 3TOM Jyroi, B paauaHax, T.e. | = «.
[Tnomanp kpyroBoro cexropa paauyca R, o00pa3oBaHHOTO yriioM B ¢ paj, paBHA
R2
S=—a«a
2

Ilosopom mouku eoKkpyz nauana Koopounam

PaccmoTprM Ha KOOpIMHATHOM IIOCKOCTH OKPYXXKHOCTh paguyca | ¢ LEHTpOM B Hadaje
KoopauHat. Ee Ha3pIBalOT €IMHUYHOW OKPYKHOCTBIO. BBeneM MOHATHE MOBOPOTA TOYKH €IMHHYHOMN
OKPY’KHOCTH BOKPYT Hayajla KOOpJMHAT Ha YTOJI ¢ pal, TAe « - I000e NeHCTBUTENBHOE YUCIIO.

1. Ilycts 0>0. IIpeanosnoxum, 4To TOUKA, IBUrasACh 10 EAUHUIHONW OKPYKHOCTH OT TOUKH P nmpoTtus
4acOBOM CTpeJKH, Mpolia myTh UIMHOH a (puc. 1). Koneunyro Touky mytu 0603Hauum M.

B sTom cnyuae Oynem roBopHTh, 4TO TOUKa M nosydeHa u3 Touku P moBOpoTOM BOKpYT Hauyana
KOOPAMHAT Ha YroJ O pauaH.

2. Ilycts 0<0. B 3TOM citydae moOBOpPOT Ha yroJj o paJiiaH 03HA4aeT, YTO JABUKEHHUE COBEPIIAIOCH MO

4acoBOf CTPEIIKE M TOYKA IOIILIA ITyTh UIMHHOI |at| (pHc. 2).

[ToBopoTt Ha 0 pag o3HayaeT, YTO TOUYKA OCTAETCS HA MECTE.
[Tpumepsi:
1) Ilpum noBopoTte Touku P(1;0) Ha yron(% )(puc. 3) momydaercst Touka M ¢ koopauratamu (0;1).

2) IlIpu noopote Touku P(1;0) Ha yron(-% ) (puc. 3) monydaercst Touka N(0;-1).

3) Ilpu noBopote Touku P(1;0) Ha yron(%r ) (puc. 4) mony4aercs touka K(0;-1).
4) Ilpu moBopoTte Touku P(1;0) Ha yrou(- 7z ) (puc. 4) mony4aercs Touka JI(-1;0).

" ) e

7 a>0

P10 L- PRI 9]___
> 0 .
! o<l

Puc.1 Puc.2
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M(0;1)

~%

R

Puc.3

p”

nrp:a,--ﬁ

P(1;0)_
X

& ]-
&[]
&[1]-
P
69,,.,,,,.
& [1]-
P | = |
&[]
@,.,,.w

Puc.4

[IpuBenem TabIUILy TOBOPOTOB HA HEKOTOPHIE YIIIbI, BEIPAYKEHHBIC
B paJuaHHOW M rpaaycHoi mepax (puc. 5). OTmMeTHMm, 4TO MpH
noBopotre Touku P(1;0) ma 360°, TOuka BO3BpamaeTcs Ha
NepBOHAYAIBHOE MOJIOKEHUE (cM. Tabnuity). [Ipu moBopoTe Touku

Ha -360°, oOHa TaKXKe BO3BpalllaeTCsi B IEPBOHAYAIBHOE

TIOJIOXKCHHCE.

Puc. 5
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Tema 3.2. Onpeodenenue cunyca, Kocunyca, maHzeHca U KOManzenca yaid.
Onpedenenus cunyca, KOCUHYCAd, MAH2EHCA U KOMAH2SEeHCA YUCIA. SHAKU CUHYCA U KOCUHYCA.
Vmemb.: HaX0AUTh 3HAYCHHS TPUTOHOMETPUUYCCKHUX BBIPAKEHHH, OMPEIC/IATh 3HAKOB YHCEI
sina, coSa, tgo, ctgo

Buame: OIpeaciICHUs CMHYCa, KOCMHYCA, TAHI'CHCA U KOTAHI'CHCA YUCJIa, 3HAKW CUHYCAa U KOCHHYCA.

Omnpenesenue 1. Cunycom yriia o o
HA3bIBACTCS OPANHATA TOUYKH, TOTyICHHOM Y
noBopotoM Touku (1;0) Bokpyr Hauana
KoOpauHAT Ha yroil ¢ .O6o03Havaercs Sihae | 7 TN
Onpenenenune 2. Kocunycom yria o
Ha3bIBaeTcs abCIricca TOYKH, MOTyIeHHOM e
noBopotoM Touku (1;0) Bokpyr Hauana ﬁ/\
KOOpAMHAT Ha yron « .0O603Havyaercss COS o 0(0;0) | cose | P(1;0)

B stux OMpCACIICHUAX YI'OJI MOXKET BBIPAXKATHCA KaK B I'padycCax, TaK U B paaraHax.

Omnpenesenne 3. TaHreHcoM yriaq Ha3bIBAa€TCS OTHOIIEHHME CHHYCA yria o K €ro KOCHUHYCY
(o6o03Hauaercstgar ).

sin o
cosx

Omnpenesenne 4. KotanreHcoM yrilao Ha3bIBaeTCs OTHOIIEHHE KOCHHYCA YIJIa @ K €ro CHHYCY
(o6o03Hauaercs Ctgar ).

Takum o6pazom tga =

Takum o6pazom Ctga = C?Sa
SIN ¢
[IpuBeneM TaONHIy 4acTO BCTPEUAIONINXCS 3HAUYEHUH CHHYCa, KOCHHYCA, TAHT€HCA U KOTAaHT'eHCa.
Tpagycer | 0% | 30° | 45°% | 60° | 20° | 180° | 270° | 3&0°
3
Paguagm | 0 z il z z T i 2
) 4 3 2 2
Tyurnua
. 0 l E £ 1 0 -1 0
1 o P o
1
COSK 1 E E — 1] -1 0 1
2 2 2
tact 0 ?E 1 |43 - 0 - 0
ctgct - | 43 1 g 0 - 0 -
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3HaueHus KOCHHYCAa M CMHYCAa Ha OKPY’KHOCTU.

3HAKHM CHHYCA, KOCHHYCA U TAHTeHcA.

¥i 7

+ | + - | + ﬁ+

YA

ol |

JInaxu cusyca Jvanu wecunyca

Konmponvnvie sonpocui
1. EnuHnyHast OKpY>KHOCTb.

2. YTroJ B OAMH pajJHaH.
3. I[ToBOpOT TOUKM BOKPYT Hadyaja KOOPIUHAT.

4. OnpeneneHus CUHyca, KOCUHYCa, TAHT€HCA U KOTAaHT€HCa YHUCIa.
5. 3HaKu CHHYyca U KOCHHYCA.

g X 0 0
— | = s e o

oS |

uawu manseHca
U KOIMOaMECHC D
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Tema 3.3, 3.4. OcHOBHbIE TPUTOHOMETPUYECKHE TOKAECTBA. PPMYJIbI CI10KEHUS

3asucumocmv MexHcOY CUHYCOM, KOCUHYCOM, MAHSEHCOM U KOMAH2EHCOM 00HO20 U MO20 Jice
yena. Dopmynvl crodiceHUs.
Vmemuw: ipeoOpa3oBbIBaTh MPOCTEHIIINE TPUTOHOMETPUICCKUE BBIPAKEHHS, BBIYUCIISATH C TIOMOIIIBIO
(hOpPMYyITBI CITOKEHUSI.
33namb: 3aBUCUMOCTD MEKTy CHHYCOM, KOCHHYCOM, TAHT€HCOM ¥ KOTAHICHCOM OJIHOTO U TOTO e
yria, GOpMyJIbl CIIOKEHUS.

Ocnoenoe mpucoHoOmempuuecKoe m 021c0ecmeo:

cos’a+sina=1
3a6ucuM0cmb Me.m'dy CtuCOM 1/) Koctucom:

cos’ @ =+J1l-sin’a
sin? a = +J1-cos’ &

tga -ctga =1

tg’a+1=———, ctg’a +1=—

cos’ a sin? o

Cunyc, kocunyc, manzenc yznoe (—a) u o .
cos(—a) = cosa
sin(—a) =—sin
tg(—a) = —tga
ctg(—a) = —ctga
Dopmynsl cnoxicenus

OcHOBO¥ U1 BBIBOJIa OCTAIBHBIX (POPMYIT SIBIISIFOTCS hOPMYJIbL CTIOMHCEHUA:
cos(a + ) =cosa cos S +sin asin S

cos(a — ff) =cosa cos f—sin asin S
sin(a + f) =sin acos S+ cosasin S
sin(« — f) =sin acos f—cosasin S
tg(a+ f) = g9 +195
1-tgatgp
KOHmpOJZbele B0NpPOCHI
1. 3aBUCHMOCTE MCXKAY CHHYCOM, KOCUHYCOM.

2. 3aBUCUMOCTb MEX 1y TAaHI'€HCOM U KOTAaHT'€HCOM OJTHOT'O M TOT'O XK€ yIJa.
3. ®opMyIIbl CIIOKEHUS.

Tema 3.5. CuHyc, KOCMHYC M TAHT€HC IBOHHOIO yrJia.
CuHyc, KOCHHYC ¥ TAHT€HC IIOJIOBHHHOIO YIJa

DopMyJIbI IPUBEICHUA

Bv1600 ghopmyn cunyca u kocunyca 0601ino2o yena, ucnonwv3ysa gopmynst croxcenus. Haxoorcoenus
NONOBUHHO20 Y2lid NO U38ECMHbIM 3HAYEHUAM KOCuHyca u cunyca. Ilpumenenue gpopmyn npuseoeHus.

Ymems: ucnonb3oBaTh (GOPMYSBl JBOHHOTO yrila, MCIOJIBb30BaTh (OPMYIBl IMOJOBUHHOTO YIia,
MPUMEHSATH NPH PEeLIeHUHN 33a7a4 (GOPMYJIIbI IPUBEICHHS.
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3nams: BBIBOA (OPMYI CHHYCA U KOCHHYCA ABOIHOTO yIila, UCIOJb3Ys (POPMYIbI CI0XKEHUS,
HAXO0’KJICHUS MOJIOBUHHOTO YIJIa TI0 U3BECTHBIM 3HAYCHHUSIM KOCHHYCA U CHHYCa, IpUMEHEeHHEe (HopMyI
IIPUBEACHHUS.

Cunyc, KOCUHYC U MAH2EHC 080IIHO20 y2id.

sin 2 = 2sin ¢ CoOS
cos2a =cos’ o —sin’ «

CtuC, KOCUH)YC U MAHZEHC ROJIOBUHHO020 YZlilad

,a 1l+cosa
cos" —=———

2 2
sin? % — l1-cosa

2 2
;a _1-cosa

t =
g 2 l1l+cosa

Dopmynvt npueedeHus

ona cunyca:

. T
sin| =—a |=cosa
(2 j

sin(z—a)=sina,

. (37[ J
sin 7—0{ =—-COSc,

ona Kocunyca:

T .
cos| ——a |=sina,
(2 j

. T
Sln(5+aj =CoSa ,

sin(z +a)=—sina,

] (37[ j
Sin 7+a =—CO0Sx .

T .
cos(E + aj =-sina,

cos(z —a)=—cosa, cos(z +a)=—cosa

(37[ j )
cos = —a|=-sina,

0J11 MAH2EeHCa U KOMAaH2enca:
tg(%+a] =—Clga, Ctg(%+aj =-1ga,

tg(%—a} =Ciga, Ctg(%—aj ={go.

o o T
B IIpaBOH 4aCTU CI)OpMy.]'IBI CTaBUTCA TOT 3HAK, KOTOPbIKM UMCCT JI€Bas 4aCTb IIPHU YCIIOBUU O<ac< E .

(37[ j .
CcoSs ?—f-a =SSN .

o Vs 3z
Ecnu B neBoii yacTi GOpMyIbl Yyroi paBeH Ei o Wi 7i o, TO CHHYC 3aMEHSETCS] Ha KOCHUHYC,

TAaHI'CHC — Ha KOTAHI'CHC U H3.060p0T. Eciu YroJi paB€H 77 ta , TO 3aMCHBI HC IPOUCXOIUT.

Cymma u paznocms cunycos. Cymma u paznocms KOCUHYCOG.
o+ o -
'H Ccos 5 ﬂ ,

sin o +sin S = 2sin
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sina—sinﬂ:ZSina_’Bcosa+ﬂ
2 2

005a+cosﬂ=2cosa;'gcosa;ﬂ,

COSa—cosﬁ:—ZsinOHﬁsina;ﬂ.

Koumponvnwvie 6onpocel

1. BeiBog hopmy cuHyca M KOCHHYCa IBOMHOTO YTJIa, HCIIONB3YS (DOPMYJIBI CII0KEHUSI.
2. HaxosxieHrst IOJIOBUHHOTO YTiIa 10 W3BECTHBIM 3HAYCHUSIM KOCUHYCA M CHHYCA.

3. [Ipumenenue GopMyI1 IpUBEICHUS.

Tema 3.5 .Tpuronomerpuyeckne GyHKIHH.

Onpedenenue mpucoHoMempuyeckux QYYHKYul, c8oUCmea mpueoHOMempuyecKux
@DYHKYUL, epaguxku mpueoHOMempuyeckux QyHKyui

Ymemps: cTpouTh rauKy TPUTOHOMETPUUECKUX (PYHKIIMHA, OMTMCHIBATh UX CBOMCTB, IPUMEHSTH
CBOMCTBA P PEIICHNUH YIIPAXKHEHUN

3namy: onipenieneHnsi TPUrOHOMETPUUECKUX (PYHKIIUHA, CBOMCTBA TPUTOHOMETPUUYECKUX (PYHKINN
dyukmu Y = Sin x, y = COS x, y = tg x, y = Ctg X Ha3BIBAIOT TPUTOHOMETPUIECKUMHU (PYHKIIMSIMH.

DyHkmusa y = Sin x.

CsoiictBa u rpaduk GyHKIHU Y = SiN x.

1) OGnacTh onpeeneHus - MHOYKECTBO BCEX JCHCTBUTEIBHBIX YHCE.

2) Obnacte 3HaveHuit - otpes3ok [ - 1; 1].

3) OyHKIMA epruoardecKas; OCHOBHOM MepHo paBeH- 27.

4) OyHKIMS HEYETHAS .

5) @yHKIMSA BO3pacTaeT Ha MPOMEXKYTKax [ -m/2 + 2xn; /2 + 27n] u yObIBaeT Ha
MIPOMEKYTKAX

[ t/2 +27n; 3n/2 +27n], n € Z.

I'paduk GyHKIHE y = SIN x H300pakeH Ha PUCYHKE.

Y y=sinx
11

0 ' T\ &

DyHKIUA y = COS X

CaoiicTBa u rpaduk (GyHKIUHU Y = COS X.
1) O6nacte onpeneneHust PyHKIMU - MHOXKECTBO BCEX JIEMCTBUTENIBHBIX YUCEI.
2) O6nacth 3HaueHMH - oTpe3ok [- 1; 1].
3) ®dyHKuMA nepuouYecKasi C OCHOBHBIM IIEPUOJIOM 27.
4) ®yHKuMs yeTHasl.
5) ®ynkius yopIBaeT Ha MPOMEXKYTKax [27tn; -+ 2 n] ¥ BO3pacTaeT Ha MPOMEKYTKaX
[-n+ 27n; 27n], nnZ.
I'padux GpyHKIMM Y = cOS X U300pa’keH Ha PUCYHKE.
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IR

11

Dyukuua y = tg x.

CgoiicTBa 1 rpaduk ¢pyHKIMU ¥ = tg X.

1) OGnacts onpenenenus: Xe w/2 + nk, ke Z.
2) O6nacTh 3HaYEHUH - BCS YUCIIOBast psMasi.
3) m- OCHOBHOI1 epuo1 GyHKIIHHU.

4) OyHKIMS HEYETHAS.

5) ®yHKIMS BO3pacTaeT Ha MPOMEXYTKax ( -1/2 +rn;m/2 +71n).

I'paduk pynxum y = tg x n300pakeH Ha PUCYHKe.
Yy y=tgw

|
|
|
|
|
|
:J
_m ()
|
I
|
|
|

@®yuknua y = ctg x.

CaoiictBa u rpaduk ¢yHKIHHU y = Ctg x.
1) O6nacte onpenenenns GyHKIUU: X & /2 +nk, ke Z.
2) ObnacTs 3HaAYCHUH (PYHKIIMH - BCS YUCIIOBAs MpsMasi.
3) OyHKIMS IEPUOANYECKAst C OCHOBHBIM IIEPUOJIOM T.
4) OyHKIUS HEUETHAS.
5) ®yHkius y = ctg x yObIBaeT HAa MPOMEKYTKAX (7N;m-+7n).
I'paduk pynkmm y = Ctg x n300paxeH Ha PUCYHKE.

v
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Tema 3.6. O0OpaTHbIe TPUTOHOMeTpHYecKHe QPYHKIIUH, UX
cBolicTBau rpaguku.

Onpedenenue obpamuvix mpueoHOMempuyecKux YYHKyutl, ceolucmea
MPUSOHOMEMPULECKUX DYHKYULL, 2papuKu mpuesoHOMempuieckux yHKyull

Ymems. crpouth rapuku 0OpaTHBIX TPUTOHOMETPUYECKUX (DYHKIIHIA, OTIMCHIBATH MX CBOWCTB,
IIPUMEHATH CBOMCTBA IIPU PEIICHUH YIPAKHEHUI

3uamy: onpeneneHusi 0OpaTHBIX TPUTOHOMETPHUYECKUX (DYHKIIMH, CBOHCTBA OOpaTHBIX
TPUTOHOMETPHUYECKUX (PYHKIUH

OO6patHbie TpUroHOMeTpHYecKre (PYHKINHU (apKCUHYC, apPKKOCHHYC,
apKTaHTE€HC M apKKOTAHI'EHC) SIBJISIFOTCSI OCHOBHBIM 3JIEMEHTAPHBIM
¢yakiusmu. YacTo u3-3a nmpuctaBku "apk" oOpaTHbIE TPUTOHOMETPUYECKHE
(GyHKIMM Ha3bIBatOT apkpyHKIusaMU. Celyac Mbl pacCMOTPHUM HUX TpaduKu
U NIEpEYMCIINM CBOMCTBA.

DyHKIHUsI aDKCUHYC Y = arcsin X

N3006pa3um rpaguk GyHKINU apKCUHYC!
Y

T
2

CpoiicTBa (PYHKIIMH apKCHHYC Y = arcsin x
1.06macTh onpezencHus — otpe3ok [-1;1].

. T
2. MHOXXECTBO 3HAYCHUHN — OTPE30K | — 25

3. @ynHKIwst Y = arcsin X Bo3pacTaer.
4, dyHKIMS Y = arcsin X sIBIIsSeTCsS HEYETHOM, TaK Kak
arcsin( —x) = —arcsin Xx.
DOyHKIUA APKKOCUHYC Y = arccos X
I'paduk QyHKIIMK apKKOCUHYC UMEET BHL;

kLS

I

CaoiicTBa (PyHKIIMH apPKKOCHHYC Y = arccos X
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1.06acTh onpezencHus — otpe3ok [-1;1].
2. MHO>X€eCTBO 3HaYEHUH — OTPE30K [O; 7[].
3. OyHKIHMA Y = arccos X yObIBaerT.

DyHKIUA apKTaHIeHC Y = arctgx.

I'paduk QyHKIIMU apKTaHT€HC UMEET BUL:
z]Y

2

2
CpoiicTBa QyHkummu Yy = arctgx.

1.06nacTh onpeneneHusi — MHOKECTBO BCEX JACHCTBUTEIbHBIX YUCEIL.

o T
2. MHOECTBO 3HaUYCHUH — HHTEPBAIT (— E ; Ej .

3. @ynknusa y = arctgx Bo3pacraer.
4. dyHkImMs y = arctgx sBiseTCs HeYeTHOM, Tak Kak arctg(—x) = —arctgx

DyHKIUA APKKOTAHTeHC Y = arcrcgx .

N306pa3um rpaduk GyHKIMH apKKOTAHTEHC!

CaoiicTBa q)ymmnn y = arcctgx.
1.006macTh omnpenesieH sl — MHOYKECTBO BCEX JCHCTBUTEILHBIX YHCEI.
2. MHO>eCTBO 3HaU€HUI — UHTEPBAJl (O; 7[).

3. @ynkuua y = arcctgx yObIBaeT Ha Bcel 00JacTH Onpe/e/ieHusI.

KonmponvHule 6onpocwl
1. Onpenenenus GpyHKIMI, UX CBOMCTBA U TPadUKU.
2. TIpeoOpa3zoBanus rpauKoOB.

3. HapaJ'IJ'IeJ'ILHLIfI IEPCHOC, CUMMCTPHUA OTHOCUTCIILHO oceit KOOpAUWHAT U CUMMCTPHUS OTHOCHUTCIIBHO
Havdajla KOOpAuWHAT, CUMMCTPHUA OTHOCHTCIIbHO HpHMOﬁ Y=X, paCTsDKCHHA M CXaTHue BOOJb ocen

KOOpAUHAT.

Tema 3.7. Tpuronomerpuyeckne ypaBHeHUsl

IIpocmeriwiue mpuzonomempuyeckue ypasHeHus 6u0a cosx= a,sinx = a,tgx=a, ctgx = a, Memooul

peulerus mpueoHOMempu4ecKux ypasHeHuil

Ymemo: pemats ypaBHEHHE BUJA: COSX=a,SinX=a,tgx=a,ctgx=a

Buamo: ONPpCACIICHUA apKCUHYCA, APKKOCHUHYCA, APKTAHI'CHCA; YaCTHBIC ClIydal TPUTOHOMCTPHUYICCKUX

ypaBHeHHfI, OCHOBHBIC MCTOAbI PCHICHUS TPUTOHOMCTPUICCKUX ypaBHeHPIfI.



Ypasénenue cosx=a.

ApkkocunycoMm umciaa a e [-L1] naseiBaercs Takoe umcio « €[0;7], KocuHyC KOTOpPOTO
paBeH a: arccosa=a,ecim coSae=au 0<a<r.
Bce xopHu ypaBHEHHS COSX = a, T'JIe |a| <1, MOXHO HaxOHTh 10 hopMmyIIe

X =tarccosa+2m,ne’ .
arccos(—a) = r —arccosa - 9ra (QopMmyla IO3BOJSET HAXOJWUTh 3HAYCHUS APKKOCUHYCOB

OTPUILIATEILHBIX YHCEN Yepe3 3HAUCHHS apKKOCUHYCOB MOJIOKUTEIBHBIX YUCE.
Yacmmuvie cnyuau:

T
cosx =0, x:5+7zn,nez

cosx=1, x=2m,ne’
cosx=-1, X=x+2m,ne’
Ypaenenue sin x =a.

T
ApkcuHycom unciaa a € [-11] Ha3piBaeTcs Takoe YUCIO & € [_E;E] , CHHYC KOTOPOT'O paBeH

. . T T
a. arcshna=a,ecni SNa=a u —Eﬁa_E.

Bce kopHM ypaBHEHuUd Sin X = a, e |a| <1, MOXHO HaxXoJUTh O hopmyIie

x=(-D"arcsina+m,neZ.

arcsin(—a) = —arcsin a - sta ¢Gopmyiia MO3BOJISIET HAXOAUTh 3HAYCHHS apKCHHYCOB OTPHUIIATEIBHBIX

qycell 4epe3 3HaYCHHUS! apKCUHYCOB MOJIOKUTEIbHBIX YUCEIL.
Yacmuvie cnyuau:
sinx=0, x=m,ne”Z

sinx=1, x:%+27zn,nez

sinx=-1, x:—%+27zn,nez

Ypasnenue tgx=a.

VI
ApKCI/IHyCOM qucga a € R Ha3pIBaeTcs Takoe YHMCIIO & € [—E,E] , TAHT'CHC KOTOPOI'0 paBCH

V2 T
a. arctga=«a,eccmm tgaa=a u —ESaSE.

Bce xopHu ypaBHeHus Sin X =a, rae a € R, MoKHO HaX0UTh 10 (Gopmyie

X =arctga+m,ne”Z.

arctg(—a) = —arctga - sra ¢opmyna MO3BOJISICT HAXOIWUTh 3HAYCHHSI APKCHHYCOB OTPHUIATEIIBHBIX
4KCell Yepe3 3HAUEHUS apKCUHYCOB IOJI0KUTEIbHBIX YHCEIL.

Tpuzonomempuueckue ypagnenus
1. YpaBHeH#Hs, CBOISIINECS K KBAIPATHBIM.
2. YpaBHeHUs asin Xx+bcosx=c.
22



3. YpaBHeHUs, periaeMble pa3iioKEHUEM JIEBOM YaCTH HAa MHOKUTEIIH.

Konmponvnvie 6onpocoi

1. YpaBHeHus Buga cosx = a.
2. YpaBHEHHs BUJA sin X =a
3. YpaBHeHHs BUA tgx= a.
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Tema 4. KopHu, cTeneHu

Tema 4.1.Ctenensn ¢ PAalIMOHAJIBHBIM H JeHCTBUTEIbLHBIM NNOKA3aTEISIMU.

Onpedenenue u ceoticmea cmenenell ¢ payuoHaIbHbIM U ¢ 0eUCmB8UMeNbHbIM NOKA3AMENAMU.

Ymems: pemiats 3a1aun Ha Temy: «CTeneHb ¢ palliOHAIBHBIM U JCHCTBUTEIBLHBIM MOKA3aTEISIMM.
3namu: onpeieNieHne U CBOMCTBA CTENEHEN ¢ PAlMOHAILHBIM U C IEUCTBUTEIIBHBIM MTOKA3aTEIISIMHU.

Cmenenb C PAUUOHATIbHBIM ROKA3amesiem.

m
Ecau n — HaTypaJIbHOC YMCJIO, M — IICJ0€ YHMCJIO MU YaCTHOC — SBJIICTCS LEJIbIM YHCJIOM, TO
n

pu a>0 cpaBeUIMBO PaBEHCTBO
m
va™ =an.
m

IMonb3ysick hopmyroit Va™ =a", cTeneHs ¢ paluOHATBHBIM ITOKA3aTeIeM MOKHO
NpENCTaBUTh B BUJIE KOPHS U HA0OOPOT.

m mk
Tak kak — = PR rae N u K - HaTypalbHbIC YKCIIa, M — [EI0e YUCIIOo, TO TpH JiodoMm a>0.
n n

moomk
an — ank
MoxHo II0KaszaTb, 4YTO BCE CBOWMCTBA CTEIEHU C HaTypaJbHBIM ITIOKAa3aTCJIEM BCPHBLI JIA
CTEIEHU C JIFOOBIM panroOHAJIBHBIM IIOKAa3aTCJIEM U ITOJIOKUTCIIBHBIM OCHOBAHHUEM.
A UMEHHO, JUIS JIFOOBIX PAMOHAIBHBIX Yucel P ¥ g u mro0bix a > 0,b > 0 BepHBI paBeHCTBA:
b
1. afPa=a""
2. af:a'=a""
3. (@?)*=af
4. (ab)? =a’b’

5, (ET _av
b) b°

OTH CBOWCTBA MOJIYYalOTCS U3 CBOMCTB KOPHEH.

Cmenens c oelicmeumenbHblM NOKA3aAmenem.

Ipu mr06oM X € R u mo6om a >0 creneds a* ABISETCS HOJIOKUTEIBHBIM JEHCTBUTEILHBIM
yucitom: @° >0 npu XeR,a>0.
Ecnu ocHoBanue crenenu a=0, To crenenb 0* onpenensoT TonbKo mpu X >0 ¥ CYMTAIOT, Y4TO

0" =0 mpu X >0. IIpu X <0 BeIpa)KE€HHE HE HMEET CMBICIIA.
[Ipu TakoMm omnpeneneHun CTENEHU C JCHCTBUTEIBHBIM IOKa3aTelIeM  COXPAHSIOTCS BCE
M3BECTHBIE CBOICTBA CTENEHU C PALIMOHAIBHBIM MOKa3aTeJeM.

Jlst moGoro a >1 u moboro X >0 yucno a* Gonsine 1,1.e. @° >1 mpu a>1,x>0.
Teopema: Ilycts a>1u X, <X,.Torma a* <a™.

Cnedcmeue 1. Ilyctb 0<a<1lwu X, <X,. Torga a™ >a* .

Cnedcmeue 2. Ilycte a>0,a=0,a* =a™. Torga X, =X, .

Cneocmsue 3. Ilycte 0< X <X,. Torma, ecou p >0, To X," <x,”, a ecnm p<0, TO

X" >x,".
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Takum 00pa3oM, MpPU BO3BEICHUU HEPABEHCTBA C IMOJOXKHUTEIBHOUN JEBOW M TOJOKUTEIBHON
MPaBOM YacTSIMU B IOJIOKUTEJIBHYIO CTEIICHb 3HAK HEPABEHCTBA HE MEHSETCS, a MPU BO3BEICHHUU B
OTPULATEIBbHYIO CTEIIEHD 3HAK HEPABEHCTBA MEHSETCA HA IPOTUBOIOJIOKHBIM.

Koumponvnwvie sonpocwi
1. Onpenenenue u cBOMCTBA CTENEHEN € pallMOHAIBHBIM IIOKA3aTEIISMU.
2. OnpeneneHne M CBOIMCTBA CTETICHEH ¢ ICHCTBUTEIBHBIM ITOKA3aTEISIMHU.

Tema 4.2. Apudpmerudeckunii KOpeHb HATYPAJILHOM CTENEHM.
Onpeoenenue u ceoticmea apu@pmemuieckozo KOpHs HAmMypaibHOU CMenetu.

Ymems: pemats 3a1auu Ha TeMY: «ApuMeTHUecKnuii KOpEeHb HaTypaIbHOW CTEIIEHU
3namy: onpeniesieHue U CBOMCTBA apu(METHUUECKOTO KOPHSI HATYpaTbHOW CTEIICHU

Onpenenenue:  Apugmemuueckum  KopHem  HATypalIbHOM  CTemeHH N>2 U3
HEOTPHIIATEIILHOTO YHCIIa @ Ha3bIBACTCS HEOTPUIATEIHHOE YUCIIO, N-ast CTETIeHb KOTOPOTO PaBHA d.

ApupmeTnueckii KOpeHb N-0i CTeNeHM W3 umciaa a oOo3Havaercs Tak: va. Yucimo a

Ha3bIBAETCS MOJKOPEHHBIM BhIpakeHueM. Ecnmu N=2, To BMecTO 3a TTHATITYT Ja. Apudmernueckuit
KOpEHb BTOPOW CTEMEHW HA3BIBAIOT TAK)KE KBAJPATHBIM KOPHEM, a KOPEHb TPEThEH CTETCHH —
KyOndeckuM KopHeM. JlelicTBHe TOCpPEACTBOM KOTOPOTO OTBHICKMBAETCS KOPEHb N-OM CTEIeHH,
Ha3BbIBACTCS U3G/eueHUemM KOpHsa N-oli cmenenu. DTO JCUCTBUE SBISETCA OOpPATHBIM JICHCTBHIO
BO3BEJCHUS B N-10 CTEIIEHb.

ApubmMernuecknii KOpeHb  N-0M CTenmeHW o0namaeT CIAeAYIOIMMMH CBOWCTBAMH: €CIIH
a>0,b >0 un,m— HarypaneHble yncia, mpuyeM N> 2,M> 2, 10

1. Yab=%a%lb
a Ya

2 "J%W
“fa)

3. (Wa)"=%Va
4. (YWa)="a
OtmeTruM, 9TO B CBOMCTBE 1 unciio b MoxeT Takke OBbITH paBHBIM HYIIIO; B CBOMCTBE 3 4HCIIO M
MOJKET OBITh LeabIM, ecin a>0.

m

Koumponvnvie sonpocsi
1.0Ompenenenne apuMeTHUECKOTO KOPHS HATYPaJIbHOM CTENEHHU.
2.CBoiicTBa apu(pMETHIECKOTO KOPHS HaTypaJIbHON CTETECHU.

Tema 4.3. UppaunoHajibHble ypaBHEHHS] H HEPABEHCTBA
Memoowi pewienus uppayuoHaIbHbIX YPasHeull U HepaseHCms

Ymems: peuiaTb OCHOBHBIC BUABI UPPALTNOHAIIBHBIX ypaBHeHI/Iﬁ
3uamo: OIIPECACIICHUC UPPALTUOHAIIBHOTO YPABHCHNU A, OCHOBHBIC METOJbI UX PCHICHUA

VYpaBHeHHe, coiepKailee MepeMeHHYIO 0] 3HAKOM KOPHS, Ha3bIBACTCS UPPAUUOHATbHBIM.

PerieHne upparioHaIbHOTO YpaBHEHHS OCHOBAaHO Ha MPEOOpa30BaHUU €r0 K PalMOHATBHOMY
YPaBHEHHIO, YTO JOCTUTACTCSI BO3BEICHHEM OOCHMX €ro 4acTeil B OJHY U Ty )K€ CTENeHb (MHOTIa
HECKOJIBKO pa3).
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[Ipu Bo3BeneHHHM 00EMX YacTe MPPALMOHATIHLHOTO YPaBHEHHS B YETHYIO CTENECHb MOJY4aeTcs
YpaBHEHUE, SBJISIOLIEECS CIEACTBUEM UCXOAHOTO. Y PaBHEHUIO-CIIEICTBUIO YI0BIETBOPSAIOT BCE KOPHU
HCXOJHOTO ypaBHEHMS, HO MOT'YT IOSBUTbCA U KOPHH, KOTOpBIE HE SBJISIOTCS KOPHSAMHU HMCXOJHOTO
ypaBHEHHUS («IIOCTOPOHHUE» KOPHH). UTOOBI BBISIBUTH «IIOCTOPOHHHE» KOPHHU, BCE HAWJICHHbIC KOPHH
YPaBHEHUS-CIIEJICTBUSL IIPOBEPSIOT MOJCTAHOBKOM B HMCXOJHOE YpaBHEHUE M «IIOCTOPOHHUE» KOPHU
0oTOpackhIBaIOT.

HcxonHoe uppanyoHaabHOE YpPaBHEHHME DPABHOCUIIBHO CMEIIAHHOM CHUCTEME, COCTOSIIEeH u3
YpaBHEHHUA-CIEICTBUS M OrPAaHUYEHUM, ONpEHeNsieMbIX O0JacThi0 JONMYCTUMBIX 3HAYECHHM
nepeMeHHoi. B 3TOM ciydae «OCTOpOHHHME» KOPHH HE OyIyT BXOJIUTH B OOJNACTh JIOIMYCTUMBIX
3HAYEHHUM TIEPEMEHHON U MPOBEPATH UX MOJICTAHOBKOM B UCXOJHOE ypaBHEHUE HE TpeOyeTcs.

[Ipu Bo3BenEHNM 00EUX YacTe UPPALMOHATIBHOIO YPAaBHEHUS B HEUETHYIO CTEIIEHb MOJyYaeTCsl
ypaBHEHHE, PABHOCUIIBHOE UCXOJHOMY.

HppanuoHajibHble HEPABEHCTBA ¢ OHOM MEPEMEHHOM.

Pemrenne wnppanMoOHAIBHOIO HEpPAaBEHCTBA C OJHOM IEPEMEHHOM CBOJUTCS K PELICHUIO
PAaBHOCHUIIBHOM €My CHCTEMBI PAallMOHAIBHBIX HEPABEHCTB MJIM COBOKYITHOCTH CHCTEM PallMOHAIBHBIX
HEPABEHCTB.

OTU CUCTEMBI PElIAIOTCs MPU HAJIOKEHUU OTPaHWYEHHUM Ha MEPEeMEHHYIO0 U BO3BEIEHUU 00enx
4acTel HEPABEHCTBA B OJJHY U TY K€ CTEIICHb.

Konmponvnvie 6onpocwi

1. OcHOBHBIE PUEMBI UX pelIeHHs (Pa3I0KeHHe Ha MHOKHUTEIHU, BBEJICHUE HOBBIX HEU3BECTHBIX,
MOJICTAaHOBKA, TpapuUecKuii METOI).

2. V3oOpakeHne Ha KOOPAWHATHOH IIIOCKOCTH MHOXKECTBA PEIICHUH YpPaBHEHHH C TBYMS
IIEPEMEHHBIMU U UX CHUCTEM.

3. NBoOpakeHne Ha KOOPAUHATHOM IIIOCKOCTH MHOYKECTBA PEIICHU HEPABEHCTB C IBYMS
IIEPEMEHHBIMHU U UX CHUCTEM.

Tema 4.3. Jlorapugmbi.

Onpedenenue nocapughma nonroxcumenvroco uucia. Ceovicmea nocapu@mos. [lecaimuunvie u
HamypaibHbvle 102apughmol.

Ymemw: BEIYUCHATH JTOTAPU(PMBI.
3nams: Onpenenenue norapudma nojgoxuTeNnbHOro yrcia. CpoiicTBa norapudmos. JlecaTHUHbBIE U
HaTypaJIbHbIE JIOTapU(PMBI.

Onpenenenue: JlorapupMoM MOJIOKUTEILHOrO uncia b mo ocuHoBanuio a (raea>0,a#0)
Ha3bIBACTCS TIOKA3aTesb CTEIICHH, B KOTOPYIO HAaJI0 BO3BECTH YHUCIIO @, YTOOBI MOJYIUTh YKCiIo D.
Jlorapudm uucia b mo ocHoBanuio a 0603Hauaercs cumpoiom: log, b .

Ecim a>0,a=0, b>0, o log, bno onpenenenuio ecte mokasareib CTEHEHH, B KOTOPYIO

HaJa0 BO3BCCTHU 4YUCIIO a4, 4TOOBI MOJIYYUTb YUCJIO b HOBTOMy PaBCHCTBO
aloga b — b
€CThb TOKACCTBO, KOTOPOC HA3BIBAKOT OCHOBHbIM Jzozapuquuqecmuw ModHCOecCmeom.

JlelicTBUS HaXO0XA€HU Jorapuma Yuciia Ha3bIBAIOT J102apUpMupo8aHuem.

Ceoiicmea nozapughmos.
IMycts a>0,a#0,b>0,c>0, r- moboe nelictBuTenbHOE YKCI0. TOrIa CrpaBETUBLI

(dbopmynbL:
1. log,(bc)=1log, b+log,cC,
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2. bga(g]:logab—Jogac,

3. log,b"=rlog,b,

4. PaBHBIM NOJOXHUTEIBHBIM YHCIaM COOTBETCTBYIOT U paBHbIE Jorapudmsl ,T.€. ecnu b, =b,, T0
Ioga bl = |Oga bz’

5 log,1=0,

6. log,a=1.

Jlecamuunvie u hamypanvnwle 102apuhmol.

Jis  jmorapuMOB uHCeN COCTaBJIEHbl CHelMadbHble TaONMUUBI(TaONULBI  JTOTapu(pMOB).
Jlorapu¢mpl BBIYHCISIOT TAaKKe C IMOMOIIBI0 MUKPOKAJIBKYIsITOpa. M1 B TOM, W B JOpyroMm cirydae
HAXOJATCS TOJBKO JIECATHYHBIC HITH HATYpaIbHBIC JIOTapru(OMEI.

Onpenenenue: /Jecamuunvim 102apu@MoM Yucia HAZBIBAIOT JOTapU(PM 3TOTO YHCIa 10 OCHOBAHHIO
10 u mumyt Ig b Bmecro log,,b.
Onpenenenue: HamypanibHvlm 102apugmMom 4ucia Ha3bIBAIOT JOTAPU(PM ITOTO YHCIIA IO OCHOBAHUIO
e, TJIe € — UpPaIMOHAIBHOE YUCIIO, PUOIKeHHO paBHOe 2,7. [Ipu atom mumyr Inb Bmecrto log,b.
Dopmyna nepexooa om no2apupma no 00HOMY OCHOBAHUIO K T02APUPMY NO OPY2OMY
log b
OCHOBAHUIO. log a b= L ,
log. a
20e a>0,a#1Lb>0,c>0,c#1.

Konmponvhvie gonpocoi

1. Onpenenenne norapudma MoJ0KUTEITLHOTO YUCIIA.
2. CpoiicTBa norapumMoB.

3. JlecaTnunble ¥ HaTYpaJbHBIE JTOTAPU(MEI.
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Tema S. Iloka3zarTenbHas U JorapupmMuyecKas

Tema 5.1. IlokazaTeabHast pynkuus. Ee cBoiicTBa u rpadgux

Onpedenenue, ceoticmea u epagpux NOKA3amenbHol QyHKYuU, ux npuMeHeHue npu peuleHuu
VIPAAHCHEHU

Ymemw: ctpouth Trpaduku NOKa3aTeNbHBIX (DYHKIWH, OMUCHIBATH MX CBOWCTBA, MPHUMEHSTH
CBOMCTBA IIPU PELICHUH YIIPAKHEHUI

3nams: onpenenenue GyHKIUH, €€ CBOMCTBA U TPadUKH.

[TokazarenwsHas pyHkuus 3agaercs hopmynoit y =a',raea>0ua # 1.

[lepeuncnum cBolictBa GyHKIMH y = a* ipu a > 1.

1) O6nacTe onpeneneHus: GyHKIIUU - BCSI YACTOBAs TIpsiMasi.

2) OGnactp 3HaYeHUN QPyHKIUU - TpoMeXyTOK (0; + o).

3) OyHKIUS HE SIBISETCS HU YETHOW, HU HEYETHOMW. DTO CIEAYEeT U3 TOTO, uTo a “#a*ua ™ #- a'.
4) ®yHKIMS BO3pacTaeT Ha BCEW YMCIIOBOM MPSIMOM.

I'paduk pynkuuum y = a* npu a > 1 BRIMISAUT Tak, Kak MOKa3aHO HAa PUCYHKE.

OtmeTHM, 4To 3Ta PYHKIUS TPUHUMAET JIFOOBIE MOJIOKUTEIbHbIEC 3HAUCHHUS .

Yi

y=a*; a>1

———"'/,

CaoiictBa ¢pyHKIuu y = a* pu 0 < a < 1.

1) O6nacte onpeaeneHust GYHKUIUU - BCA YUCIOBAsI MpsMasi.

2) Obnacte 3HaueHwmi - (0; + o).

3) OyHKIUS HE SIBISETCS HU YETHOW, HU HEYCTHOM.

4) OyHKIMs yObIBAET HA BCEH YMCIIOBOM MPSMOIA.

I'paduk pynkiuu y = a* npu 0 < g < 1 BBIMISAUT TaK, Kak MOKa3aHO HA PUCYHKE.
OtmeTHM, 4TO 3Ta PYHKIUS TPUHUMAET JIIOObIE MOT0KHUTENbHbIC 3HAUCHUSL.

-~

a X

Koumponvhuwvie 6onpocel
1.0Omnpenenenue noxka3aTeabHOU(DYHKINU
2. CBoiicTBa Moka3aTeabHON (QYHKIH
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Tema 5.2. Jlorapu¢gmbi.

Onpeoenenue nocapupma . Ceolicmea nocapugmos. Jlecsaimuunvie u HAMypaibHble
Jno2apughmul.

Ymemu: BbIUUCHATH TOTapUPMBI.
3namy: onpeneneHue JorapruQma moJ0KUTEIHHOIO YHCIIA, CBOWCTBA JIOTapU(PMOB,AECATHYHbIE U
HaTypaJIbHbIE JIOTApU(PMBI.

Omnpenenenune: JlorapudmMom HONOKUTEIBHOTO Yuciaa b mo ocHoBanuio a (raea>0,a#0)
HA3bIBACTCS TIOKA3aTeNb CTEIIEHHU, B KOTOPYIO HAJ[0 BO3BECTH YKMCJIO @, YTOOBI MOYYUTh YKCIIO D.
Jlorapudm umcna b mo ocHoBanmI0 @ 0603Havaercs cumBoiom: log, b .

Ecim a>0,a=0, b>0, to log, bmno onpenenenuro ecte moxasarenb CTENEHH, B KOTOPYIO

HaJ10 BO3BCCTH YHCIIO 4, YTOOBI MOJIYYUTb YUCIIO b. HOSTOMy PaBEHCTBO
a-Ioga b — b
€CTb TOXKIACCTBO, KOTOPOC HA3LIBAIOT OCHOBHbIM JlOZClpu(ﬁMu’«lecqu MoXcOecmeoM.

JleiicTBUS HAXOXKICHMUS JIorapr(ma uncia Ha3bIBAIOT J102APUPMUPOBAHUEM.

Cesoitcmea nozapugmos.
IMycts a>0,a#0,b>0,c>0, r- moboe naeiicTBUTENbHOE YKCIIO0. TOTIa CIIPaBETUBEI

bopMyIb:
7. log,(bc)=log, b+log,cC,

8. Ioga(EJ:Iogab—logac,
C

9. log,b" =rlog,b,

10. PaBHBIM HOJIOKUTEIILHBIM YHCIIAM COOTBETCTBYIOT M PaBHBIC Jorapu(Msl ,T.e. ecau b, =h,, To
Ioga bl = |Oga bz’

11. log,,1=0,

12. log,a=1.

Jlecamuunsvie u namypanvuule 102apughmol.

Jlns  nmorapudMOB UYHCENT COCTABJICHBI CICIHAIbHBIC TaONMHIBI(TA0NHUIBI  JIOTapU(MOB).
Jlorapu¢mpl BBIYUCISIIOT TaKKE C IMOMOILIbI0 MUKPOKaJIBKYIsITOpa. M1 B TOM, M B JOpyroMm ciy4ae
HAXOJISATCS TOJBKO JICCATHYHBIC WM HATypalIbHBIC JIOTaPHU(MBI.

Onpenenenue: /JecamuunviM 102apu@MomM Yucia HA3BIBAIOT JOrapudM 3TOTO YUCIIa TI0 OCHOBAHHUIO
10 u mumyt g b Bmecro log ,b.
Onpenenenue: HamypanoHvim 102apugmom 4ucaa Ha3bIBaIOT JOrapu@M 3TOTO YUCIIA [0 OCHOBAHUIO
e, TJIe € — UPPALMOHAIBHOE YUCII0, MPpUOIMmKeHHo paBHoe 2,7. [Ipu atom mumyr Inb Bmecrto log,b.
Dopmyna nepexooa om n02apu@ma no 0OHOMY OCHOBAHUIO K JLO2APUPMY NO Opy2omy
log. b
OCHOBAHUIO. log,b= 09.0 ,
log. a
20e a>0,a#1b>0,c>0,c=1.

Konmponvhwvie 6onpocul

1. Onpenenenue norapugma MOJIOKUTEIBHOTO YHUCIIA.
2. CpoiicTBa j0orapu(mos.

3. JlecsTHUHBIE M HATYpalbHbIE JTOTAPU(MBI.
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Tema 5.3. Jlorapupmuyeckas pyHkums.
Onpeoenenue nocapugmuueckou hynxyuu . Ceoticmea u epaguxu noeapu@dmuyeckoii GyHKyuu

Ymems: crpouth rpaduku  JorapupMuuUecKuX (YHKIHN, ONMUCHIBATH UX CBOMCTBA, MPUMEHATH
CBOMCTBA IIPU PEIICHUH YIIPAKHEHUIN
3nams: onpenenenue GyHKIUH, €€ CBOMCTBA U TPadUKH.

Jlorapudmuueckas GyHkuus y = l0ga X 00s1a1aeT CISAYIOIMNUMH CBOUCTBAMH:
1) O6nacte onpenenenus - (0; + ).
2) OGnactp 3HaueHHH - ( - 00; + 00)
3) ®yHKUMS HU YEeTHasA, HU HEYETHasl.

4) ®ynkuus Bo3pacraeT Ha mpoMexytke (0; + oo) mpu a > 1, yosiBaet Ha (0; + o) mpu 0 < a <1.
I'paduk dyHkiuu y = l0ga X MOKeT OBbITH MOJydeH W3 rpaduka GyHKIUHM Y = @' ¢ TOMOIIBIO
npeoOpa3oBaHMsi CHMMETPUU OTHOCUTENIBHO MPSAMOM ) = X.

Ha pucynke a) noctpoen rpaguk jgorapudmuueckoit GpyHkuuu a1 a > 1, a Ha pucyske 0) - 111 0 < a
<l

YA Yﬁt

n/v % 7 r\'}

a) ) yriogy x(G<a<l)

dyuknus y = In x.

Cpenu nokasarenbHbIX GYHKIIUN y = a, e a > 1, 0coOblii MHTEpeC JII MaTeMaTHKH U €€
MIPUJIOKEHUH TpecTaBiseT GyHKIMs, 00Nagaronias cieyonuM CBOUCTBOM: KacaTelbHas K rpaduky
¢byakuun B Touke (0; 1) obOpasyer ¢ ockto x yros 45°. OcHOBaHME a TaKOW (PYHKIIMH axX MPUHATO
0003Ha4aTh OYKBOH e, T. €. y = €'. [logcunrano, uro e = 2, 7182818284590..., u ycTaHOBIJIEHO, 4TO € —
uppauuoHansHoe yucio. Jlorapudpmuyeckyro GpyHkuno0, 00paTHYIO MOKa3aTeNIbHON (QYyHKIUHU Y = €',
T. e. ¢pyukuuio y = loge X, mpunsTo o6o3Hauath ¥y = In x (In ymraercs "HaTypaiabHBIA Jorapudm’).
I'paduk byHkimu y = In x u300paskeH Ha pUCYHKE.

Konmponvhvie sonpocoi
1.0Omnpenenenne norapudmMuueckoil QyHKIUU.
2. CpoiictBa norapudmMuyeckux QyHKIUH.

Tema 5.4. Pemienne nokasarebHbIX U JOrapu(pMuyeckuX ypaBHeHHUil, cHCTeM YPpaBHeHUM

OcnosHule npuembl UX peuleHus (PaziodxtceHue Ha MHONCUMeNU, 66e0eHUe HOBbIX HeU38eCHbLX,
noocmanoska, epaguyeckuti memood). Mcnonvzosanue ce0ticmes u epaghuxos ynkyutl npu peuieHuu .

YMempb: peuaTh NoKa3aTelbHbIe U JIOTapu(PMUUECKUE YpaBHEHUS

3Hamb: OCHOBHBIE TIPUEMBl HMX pelleHus (pa3oKeHHe Ha MHOXKUTENH, BBEICHHE HOBBIX
HEU3BECTHBIX, IMOJICTAHOBKA, rpaduyeckuii MeTo[), MCHOJIb30BAHUE CBOWCTB M IpaduKoB (HyHKLIMH
IIPU PELICHUN YpaBHEHUIA.
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Iokazamenvnoie ypaeénenusn
PeHleHI/Ie noKkazameijlbHvlXx ypaeHeHuL? qacTo CBOAUTCS K peH_ICHI/IIO ypaBHeHI/ISI
a*=a",
rae a > 0,a #1, X - HenzBecTHOE. DTO YpaBHEHHUE PEIIACTCS C TOMOIIBIO CBOMCTBA CTETIEHH: CTEIICHH C

X

OJMHAKOBBIM OCHOBAaHUEM A > O, azxl PaBHBI TOJIBKO TOI'/Ia, KOT'ZIda PABHBI NX IIOKAa3aTCJIH.

Tema 5.4. Pemienne nokasareJibHbIX 1 JIOrapu(pMUIecKHX HEPABEHCTB

Pemenne noxazamenvhvix Hepasencme 4acTo CBOJUTCS K PEILICHUIO HEPABEHCTBA

a*>a’wm a* <a’.

OTH HepaBEHCTBAa pELIAIOTCA C TOMOINBIO CBOMCTBA BO3pacTaHus WM  yObIBaHUS
MokazateabHOH (yHKIMM: A8 Bo3pacTawomed (yHKIUM OonbllieMy 3Hau€HUIo (QyHKUIUU
COOTBETCTBYET OoJiplliee 3HAUYEHHWE apryMeHTa, a Ui yObIBaroulell (GyHKIUU OOJbIlIEMY 3HAUEHHUIO
(GYHKIIMY COOTBETCTBYET MEHbIIIEE 3HaUCHHE apryMeHTa.
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Tema 6. IIpouszBoanas
Tema 6.1 @yukyuu ux ceoiicmea u cpagpuku (nosmopenue)
Dnemenmapuvie (hyHKyul, UX CGOUCMEA U 2paghuxu

Ymembu: cTpouTh rpauKu AJIEMEHTAPHBIX (YHKIIUH, OIICHIBATh CBOMCTBA (DYHKITHIA.
3namo: onpeneneHus GyHKIUH, KX CBOWCTBA U TpaduKU

H 0 + napoii %) {x v}

a30BEM YNOPsAO0OUEHHOU Napol JIBYX3JIEMEHTHOE MHOXECTBO , B KOTOpOM
AJIEMEHT X HAaXOJUTCS Ha MEPBOM MECTE, a IEMEHT Y — Ha BTOPOM. DJIEMEHT X Ha3blBACTCS nepeoll
KOOpOuHamou YNOPSAOUYEHHON Maphl, a dJIEMEHT Y — 6mopou KoopourHamot. JIBe ymnopsiJoueHHbIE

Iapel paBHBI, KOI'1a COBIIAJAIOT UX KOOPAUHATEI: (X’ y) - (U’V) = X=Uy= V.

. X
@Dyukyueri T Ha3pIBACTCSI MHOXKECTBO YIOPSIOYCHHBIX AP YUCEI (x, y), Takux, uro X € X ,

yey

eY y
y W Kaxpomy dnementy X € X craButcs B COOTBETCTBHE €IMHCTBEHHBIH 2JIEMEHT
O6o3nayenue: f: X — Y. MHOecTBO X Ha3bIBaCTCs 0O1acmuvio onpedenenusi GyHKiuu f, a MHOXKECTBO
Y — obaacmwio 3navenuti. O603navaroT: D u Ef. Ecnim sicHo, kakue MHOXkecTBa X U Y UMEIOTCS B BUTY,

= f(x
TO IUIIYT y ( ) . DIIEMEHT X Ha3bIBACTCS apymenmom, a 'y — snauenuem GyHKIwH f.

Cnocoowl 3a0anusa ynkyuu.
Cy1iecTByeT HECKOJIBKO CIOcO00B 3ajaHusl (PYHKIIUU.

1. Tabnuunwviti. Ucmonw3yeTcss Toraa, Korja OOJIACTh OMPENCTICHHS COCTOMT W3 KOHEYHOTO
MHOX@ECTBa uMces. Torma mius 3agaHus (PYHKIIMU TPOIINE BCEro ykKa3aTh TaOJUIly, COJAEpIKaIIyIo
3HAYECHHS apryMEHTa M COOTBETCTBYIOIIHME 3HaueHus (QyHkumu. Hampumep, Tabmuima norapugmos.
JpyrumM mpuMepoM MOTYT OBITh TAOJHUIBI, COACpIKAIIUE NAaHHBIE O YWCJE YKUTEJEH, HaCeSIOMNX
3eMHOM IIap B OTAETbHBIC TObI, PACTIMCAHUS ABMKEHUS TTOC3/I0B U T.II.

2. Ananumuuecxuu. Ilpn aHanmuTHUEeCKOM crioco0Oe 3amaHust (PYyHKIUS MOXKET OBITh 3a/laHa s6HO,

KOTJIa TaHO BBIPAKEHUE Y 4yepe3 X, T.e. Gopmysa uMeeT BUT y=1(x) ; Hes18HO, KOTJIa X U Y CBS3aHBI

Mexay co0oll ypaBHEHHEM BUa F(xy)=0 ; napamempuyecku, KOTJla COOTBETCTBYIOIINE JPYT IPYTY

3HAYCHUS X M ) BRIPAXKEHBI YepPe3 TPETHIO IIEPEMEHHYIO BEMUMHY t, Ha3BIBACMYIO nAPAMEmpOM.
3. Jloeuueckuii. Ecnn yHKIMS ONMCHIBAETCS MPABUIOM €€ COCTABJICHHS, HAlpuMep, (QyHKIIHSA
Hupuxie: f(X)= 1, ecau X — parmonansroe; f(X)= 0, ecm X — uppannoHaaIbHOE.

. X
4. I'paguueckuti. CocTouT B H300paXKEHUU ecpaguka GyHKyuu — MHOXKECTBA TOYEK (x,y)
TUIOCKOCTH, a0CIUCChl KOTOPBIX €CTh 3HAYCHUs apryMEHTa X, a OPJUHATHI — COOTBETCTBYIOIIHEC UM

= f(x
3HA4YCHU (I)YHKI_II/II/I y () HpeI/IMYH_IeCTBOM Fpaq)l/l‘leCKOFO 3aJaHusA SABISICTCA €TI0

HarjiIagHOCTb, HEAOCTATKOM — €I'O HCTOYHOCTbD.

I'pagpux ¢pynkyuu
I'pagukom ¢ynxyuu (B JeKapTOBOM NPSAMOYTOJBHOM cHcTeMEe KOOPAMHAT) HAa3bIBAIOT
reOMETPUYECKOE MECTO TOUYEK, a0CIUCChI KOTOPBIX SBISIOTCS 3HAUYCHUSMU HE3aBUCUMOM IepeMeHHO,
a OpJIMHAThl — COOTBETCTBYIOIIMMHU 3HAUEHUSAMH (DYHKIIMH.
Ceoiicmea pynkyuit
ITos1 OCHOBHBIMHM CBOMCTBaMU (PyHKIIMU y=1(x) OyzeM NOHUMATh CIEYIOLIHE:

= f(x . .
1. YemHOoCmb, HedemHocms. CDYHKI_II/IH y ( ) HA3bIBACTCA yemHou, €CIN OJIs1 J'IIO6BIX 3HA4YCHHUU

X M3 00IacTH onpeseseH s F(=x)=1(x) W HeuemHol, eciu f(=x)=-1 (X) B npoTuBHOM

ciyyae (QyHKIHUSA y=1(x) Ha3bIBaeTCs pyHKyuen obweeo euda. I'papuk yetHoM QyHKUIUU
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2

=X
CUMMETPHYEH OTHOCUTEIILHO OCH OpAMHAT (Hampumep, rpaduk QyHKIUH y ), a rpaduxk
HEYeTHOW (YHKIMM CUMMETPHYEH OTHOCHTEIHHO Hadajga KOOpAWHAT (Hampumep, rpaduk QyHKIUU

3
=X o
y ). TlosToMy 1u1st 4eTHOM (DYHKIMH JOCTATOYHO CTPOUTH JIMING IPABYIO MOJOBHHY rpaduka (

x20 ), eBas monoBuHa ero (X < 0) SIBJISIETCS 3€PKAJIbHBIM OTPAXKEHUEM IIPABOK OTHOCUTEIIBHO OCH
Oy. Uto6bI OCTPOUTH TpapuK HEUeTHON (PYHKIMU, TOCTATOYHO M300pa3UTh MPaBYIO MOJIOBUHY €ro (

x=0 ); neBas nosoBuHa rpaduka (X = 0) HOJIy4aeTCs B pe3y/ibTaTe oBopoTa mpaBoii Ha 180°.
2. monomonnocmy. Eciu 18 100X 3HadeHHH X, X, € X U3 HepaBeHCTBa X, <X,

BBITEKAET HEPABCHCTBO!
a) f(x)<f(x,), To pyHKINA Ha3BIBACTCS 603pacmaiowel,

6) f(X)<f(X,), o bynkuus naswiaercs neybvisaioueil;
B) f(x)> f(X,), To bynkuus naseiaercs y6uisarower;

r) f (Xl) > f (X2) , TO (YHKIIUS Ha3bIBACTCS Hego3pacmarouiell.

Bo3spacratomue, HeBo3pacTaromue, yObIBarollMe€ M HeyObIBaromue (QYHKIMH Ha MHOXECTBE X
Ha3bIBAOTCA MOHOMOHHbIMYU HA 3TOM MHOXKECTBE, a BO3pacTalollMe M YOBIBAIOIUE — CHIPO2O
MonomonHbimMu  VIHTEepBasibl, B KOTOpBIX (DYHKIMS MOHOTOHHA, HAa3bIBAIOTCA UHMEPBAIAMU
MOHOMOHHOCIU.

3. oecpanuyennocmsb. OYHKINSA HA3BIBACTCS O2paHuyeHHOU Ha TMPOMEXKYTKe X, €ClIH CYIIECTBYET

Takoe nonoxutensroe wicio M >0 yro ‘f (x) < M‘ mns moboro X € X .

= f(x .
4. nepuoduuynocms. DOyHKIUA y (x) HA3bIBACTCS  NepuoOUYecKoll, €CIId CYIECTBYeT

MOJIOKUTEIBbHOE YUCIO T Takoe, 4To f(X+T) - f(X). HanmeHnbliiee 4nciio ¢ TaKUM CBOMCTBOM
Ha3bIBaeTCsl nepuodom GyHkuuu. s mocrpoeHus rpaduka nepuoandeckord (GpyHKIIMHM TOCTATOYHO
M300pa3uTh €ro Ha OTpe3Ke, /UIMHAa KOTOPOro paBHA MEpPUOMY, a 3aT€M MOCTPOUTH MEPHOIUYECKOE
MpoI0JDKEeHHE Tpaduka.

Oopamnas ¢pynukuus
y=f(x)
[Iyctp 3amana QyHKUHSA ¢ oOnactpio ompeneneHuss D u MHOXecTBOM
v yekE xeD
3HaueHudl E. Eciau kaxaoMy 3HaUYCHUIO COOTBETCTBYET €IMHCTBEHHOE 3HAUYCHUE
X= o
, TO ompeaeneHa QyHKIUsI () c ob6nacThio onpeaeaeHus £ U MHOKeCTBOM 3HaueHui D.

Takas QyHkuus (y) Ha3bIBaeTCs oOpamHou K (QYHKUHUU F(x) U 3aluCchIBaeTCs B BHUJIE:

— _ -1 _ —
x=gp(y)=1 (y) IMpo ¢yHKIHH y=1(x) u X=g(y) FOBOPSAT, YTO OHHU SBISIOTCS
B3aUMHO 0OpaTHBIMH. ['padMKM B3aMMHO OOpaTHBIX (YHKIHA CHMMETPUYHBI OTHOCHTEIBHO
OMCCEKTPHCHI TIEPBOTO M TPETHETO KOOPANHATHBIX YIIIOB.

Onpeue.ﬂe}me 1. Ocnoenvimu I1eMEeHmMApPHbBIMU d)ynkuuﬂmu HAa3bIBAKOTCA CJICOAYIOUIUC

(107319112178
a) nocmosnnas Gyukius f(X)=c, ceR;

0) cmenennas pyukuus f(X) = X”,rae o — M0b0e IEHCTBUTEIHLHOE YUCIIO;

B) nokazamenvhas pyukuus f(x)=a", rme a>0,a=1

r) n102apugpmuyeckas dynkuus Yy =log, x, rre a>0,a =1,

1) mpueonomempuyeckue GyHKIH Y = SN X, y = COS X, Y = tgX, y = Ctgx;

€) oopamuwvle mpuconomempuyeckue GyHKIMH Y = arcsin X, y = arccos X, y = arctgx, y = arcctgx.

PaccMoTprM OCHOBHBIE CBOMCTBA U Ipa)MKH OCHOBHBIX 2JIEMEHTAPHBIX (DYHKITHIA.
a) nocmosnnas pyaxust f(X)=c, ceR.
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Obnacte  ompeneNneHus (— oo;+oo), f(x)=c

nepuoauvcCKas, HC HUMCIOIIasd HAMMCHBIICTO IICpUOoaA.

HeBO3pacTamouas U
I'padux  ynkuum

napamensHas ocu OX,orcekaromias ot ocu Oy 0Tpe30K BETMYUHOH C.

HeyObIBaroIasi,

y=c-

npsimas,

0) cmenennas pynaxuusa f(x) =x“. Eciau mokaszaTenb ¢ =N - HaTypaabHOE YKCJIO, TO CTENEHL X"

ompeneneHa Juisi Jiroboro X € R, ciemoBarensHo,

byukmust y = X" ompenenena st moboro X € R, x = 0.

D(y)=R. Eciu a=-n,ne N, To creneHHas

Ecnu o sBasieTcst IpoOHBIM YHCIIOM, TO 00JIACTH ONPEICICHHSI CTeIIEHHOW QPYHKIMK Y = X“ cOBMaaeT

C MHOXKECTBOM }IeﬁCTBHTeHBHLIX 3HAYCHHU M X, I KOTOPBIX Y NPHHHUMACT TaKXKe HeﬁCTBHTeHBHBIe

3HaueHus. Hanpumep, GyHkIus Yy = Jx onpezenena mpu X >0, dynkuus Yy =3/X ompeneneHa npu
mo0oM JefcTBUTENIbHOM XU T.J. Ecium o« - uppaluoHaibHOE 4YHCIO, TO CTeneHHas (QYyHKUIUS

f(X) = x“ omnpeneneHa /s BCEX HEOTPHUIIATENILHBIX JCHCTBUTEIBHBIX 3HAUYCHUH X.

Cmenennasn ¢yHKl{M}l C HAmMypailbHbIM noKazameséem.

@dyuknus y = x", TAe N - HaTypalbHOE YKCIIO, HAa3bIBACTCS CTEMEHHON (YHKIMEH ¢ HaTypalbHBIM

[OKa3aTesIeM.
[Tpu n = 1 mony4yaem GyHKIUIO ) = X.
ITpu n = 2 monydaem GyHKIHUIO Y = x2.

DyHKIUA y = X°.

ITepeunciuM cBOCTBA (DYHKIHH Y = X2,

2

1) O6nacte onpeneneHus: GyHKIMH - BCS YACIOBAsI IPSMast.
2) y = x? - uernas pyukuus (f (- x) = (- x)? = x? = (x)).
3) Ha npomexytke [0; + o0) dynkuus Bospactaer eciu 0 <X <X, ,T0 Xl2 < XZZ, a 3TO U O3HAYaeT

BO3pacTaHue (PyHKITHH).

2 2
4) Ha mpomexytke ( - c© ; 0] ¢ynkuus yosiBaer ( ecimu X, <X, <0, To X,” > X,”, a 3T0 U 0O3HA4aeT

yObIBaHUE (PYHKIIUHN).

I'padukoM dyHkuMK y = x> sBNIsIeTCs mapadoa (cM. puc)

v

h

g

y=x%

-3 —Z2—7 0

[pu N = 3 nonydaeM GyHKIHUIO ¥ = X°,

®ynkuus y = x°
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Tepeuncnum cBoiCTBA (ByHKIHH y = X°.

1) Ob6nacThb onpeieIeHus byHKIIH - BCS YK CIIOBas npsimasi.
2) y =x° - neuernas ¢pynkuus (f (- x) = (- x)3=-x* = - f (X))

3) dynkus y = x° Bo3pacTaeT Ha BCei YHCIOBOM IPAMOIA.

I'paduk Gpyskuuu y = x° uzo6pasken Ha pucyHke. OH Ha3bIBaeTCA KyOHUYecKoii 1apabo.ioii.

yax¥

~

[TycTh N - MpoU3BOJILHOE YETHOE HATYpaTbHOE YMCIIO, OoJbiee ABYX: N =4, 6, &, ... . B atom
ciydae ¢yHKmuEsS y = X" 00/azaeT TeMH ke CBOCTBaMH, 4To M (yHKIma y = x°. 'padux Takoit
¢yHKIME HamoMuHAET Mapaboiy y = x°, TONBKO BeTBH Tpaduka mpH |X| > 1 TeM Kpyde HIyT BBEpX,
yem Oouble N, a pu [X| < 1 TeM "TecHee mpuxKUMarOTCa" K OCH X, yeM Oouibliie N. (puc. a).

“) v ﬁ)

S

IIycth N - MpOM3BOJIBLHOE HEYETHOE YHCIIO, OoJibliee Tpex: N =5, 7, 9, ... . B aTroM ciydae
¢yHKIMsa y = x" 067agaeT TeMHU ke CBOWCTBaMH, uTo M (GyHKIMS y = x°. I'paduk Takoi (yHKIUH
HalOMHHAET KyOW4yecKyr mnapaboily (TOJBKO BETBH rpaduka TeM Kpyde HAYT BBEpX, BHHU3, YeM
6ompuie n) (puc. 0). OTMeTuM TaKxke, uto Ha mpoMexyTtke (0; 1) rpaduk creneHHodt QyHKIUU y =
x" TeM MeJIeHHEee OTIAIACTCSA OT OCH X C POCTOM X, 4eM OoJibIie N.

Cmenennasn )yHKYUA ¢ yenblm OMPULAMeTbHLIM HOKA3AMENEM.
Paccmotpum ¢yHKIMIO y = x ", rIe N - HATYpaIbHOE YHCIIO.
Ipu n = 1 nonydaem y = x * wiu y = 1/x. CBoiicTBa 3T0i QYHKIMKM pacCMOTPEHBI BBILIIE.
[TycTth N - HEYETHOE YUCIIO, OOJIbIlee eNUHUIBL, N =3, 5,7, ...
B arom ciydae dyHkiust y = x " 061agaeT B OCHOBHOM TEMH K€ CBOMCTBaMH, 4TO U GyHKIMsA y = 1/x.
I'paduk pyskumu y =x " (n=3, 5,7, ...) HanomuHaeT rpaduk GpyHkuuu y = 1/x (puc. a).
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74 ’

y=x"
(o-nevamuoe)
/
a7/ X

a) %)

[TycTs N - yeTHOE YmMCIO, HaIpUMep N = 2.

Y e
(rr = wemwoe)
]
-1@

I x

TlepedrcauM HEKOTOPBIE CBOICTBA (BYHKIHH y = X 2, T. €. pynkiuu y = 1/x%

1) @yukuus onpeneneHa mnpu scex X # 0

2) y =1/x? - ueTHas QyHKIHS.

3) y = 1/x? yorBaer Ha (0; + o) 1 Bo3pacTaer Ha ( - oo; 0).

Temu xe cBolicTBaMu 00J1a1ar0T JIF00BIE (PYHKIIMK BHIA Y = X ' [IPH YE€THOM N, OOJIBIIEM JIBYX.

I'paduk ynximu y = 1/x? n300paxed Ha pUcyHKe 6. AHAOTHYHBIH BH UMeeT rpaduK QYHKINH y =

xM ecimn=4,6, ..
1

DyHKIUA Y = X2

[lepeuncnum cBoiicTBa GyHKIMH Y = Jx

1) O6macTs onpenenenus - myd [0; + o). DTo cIeyeT N3 TOTo, YTO BEIpAXKEHHEe YX ONpe/ieNieHo IHIIb

pu x > 0.

2) Oynkuus Y = JX mn YEeTHA, HU HEYETHA.

3) Oyakuus Y = Jx BO3pacTaer Ha jiyue [0; + o).
I'paduk byakumm Yy = Jx M300paXkeH Ha PUCYHKE a.

y) % y

1
DOyHkuus Y = X3,

[lepeuncnum cBoiicTBa GyHKIMH Y = x

1) O6nacts onpeaeneHus: GyHKIUU - BCS YUCIOBAsI MPsMasi.
2) ®ynkuua Y =3/ X HeyeTHa.

3) Oynkuusa Y = x BO3pAacTaeT Ha BCEU YUCIIOBOU IIPSMOIA.

I'paduk Gpynkuun Y =3/ X n300paxeH Ha PUCYHKE O.

1
DOyuxuus Yy = X*,

ITpu yetHOM N QyHKIUSA Y = %/X oGnazaer TeMH ke CBOICTBAMH, UTO H byHkuusa y = VX, un

rpaduk ee HaoMuHaeT rpaduK GyHKIUHN Y = Ux .
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[Tpu HeyeTHOM N GyHKIUS Y = %/X obnajaer Temu Ke CBOMCTBaMH, 4T0 U QyHKIUA Y =3/ X , U

rpaduK ee HaOMUHAeT rpaduK GYHKIUH Y = Ix.

y=Yx (11~ Hevemuoe)
X

CrenenHnas (l)yHKIII/IH C IMOJIOKUTECJIbHBIM )IpOﬁHI)IM nmoxkasaTeJjieM.

PaccmotpuM dyHKIHMIO ¥ = X', T/1e I' - TIOJIOKUTEIbHAS HECOKPATUMAst IPOOb.
[lepeuncnum HEKOTOpBIE CBOMCTBA 3TON (PYHKIIUH.

1) O6nacte onpeneneHus - gy4 [0; + o).

2) OyHKIMS HU YeTHasl, HU He4YeTHasl.

3) ®yuknwus y = x" Bo3pacrtaeT Ha [0; + o).

Ha pucynke a u300paxes rpadguk GyHKIum y = x2°

.5

Yl YA YA
1 / y=x"
0ns
/ y=x
7 7 7 X ol X
d) )

Koumponvnvie sonpocwi
OyHKIWY.
OO6uacTh onpeneeHuss 1 MHOYKECTBO 3HAUCHHMA.
I'padux byHKIIHN.
[TocTpoenue rpaduxoB GpyHKIUHN, 3aJaHHBIX PA3TMUYHBIMH CIIOCOOaMHU.
CpoiicTBa (hyHKITUH.
OO6partHbie GYyHKIINH.

ogakrwdE

Tema 6.2 IlocaenoBareabHoctu. [lpenes moc/ienoBaTeLHOCTH, Npeaesa QYHKIHT

Tlocrneoosamenvrocmu. Cnocobwi 3a0aHuUs U CEOUCMBA YUCTOBbIX NOCACO08AMENbHOCNEIL.
Ilonsmue o npedeﬂe nocne008amenbHoOCmil. Cyu;ecmeoeaHue npedeﬂa MOHOMOHHOU oepaHuquﬁoﬁ
nocne008amenbHOCmi. CyMMMpO(?(lHM@ nocne008amelbHoOCmell.

Ymemob: BEIYUCIATH npeaci YHCI0BOM MOCJICHOBATCIIBHOCTHU, BBIYUCIIATDL IIPCACIT (I)YHKI_II/II/I

Buame: IOCICI0BAaTCIBHOCTH, CIOCOOBI 3aJlaHds U CBOMCTBA YHCIIOBBIX HOCHGI[OB&TCHLHOCTGI\;I,
MOHATHUC O HOpCACIC TOCICHOBATCIBHOCTU, CYHICCTBOBAHUC IIPCACIIa MOHOTOHHOM OFpaHquHHOﬁ
mocjaea0BaTCJIbHOCTH, CYMMHUPOBAHHNC MOCJIEI0BATEILHOCTEM.

Ecau KaXXJI0My HATypaJIbHOMY YHCIY N MOCTABJICHO B COOTBETCTBHE BEIICCTBCHHOC YHCIIO Xn,
TO TOBOPAT, UTO 3a/laHa nocne008amelbHOCHb

X1, Xgyeeon X = {X0}-
Yucna Xq, X,,...,X,, Ha3pIBatoTCs anemenmamu (uieHamu) TMOCIEAOBATETBHOCTH, CHMBOJ

{Xn} — 0bwum snemenmom (wieHom), a N —HOMepOM IEMEHTA.
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JU14 mociie0BaTeIbHOCTEN MOYKHO OIIPEIAEIINTD CACAYIOIINE Onepayuu.
1) VYMHOXeHHue Mocie0BaTeIbHOCTH Ha Yuciao M: M -{Xn} ={an}, T.c. MX;, MX,,...

2) Cnoxenue (Borautanue) nocnegosarensrocreit: {X FE{y }={X, £ y,}.

3) Tlpoussenenue nocienosarensrocteit: {X, }-{y . }={X, - Y .}-

X0l _ | %

4) YacTHOE HOCIEN0BATENLHOCTENH { } =<« npu{y,}=0.
Yn n

Ozpanuuennvie U HEOZPAHUYEHHDbLE NOCTE006AMETbHOCINU.
MocnenosarensHocts {X,} HasbiBaeTcs ospanuuennotl ceepxy, ecnu s oboro N

CcylecTByeT Takoe 4ucio M, uto X, <M .

MocnenosatensHocTh { X, } HasbIBaeTCs o2panuuennoli chusy, €Cv 1Jis THO60TO N CYIMECTBYeT
Takoe yucao m, uro X, = M.

TMocnenosatensHocTh {X} HasbIBaeTCS o2panuuennol, €Clv OHA OTPAHMYEHA W CBEPXY H

CHU3Y, T.€. CYNIECTBYIOT TaKue 9uciaa M u M, 9o juis Jro6oro N BepHo HepasencTBo: M < X, <M |

IIpenes nmocie0BaTeJIbHOCTH.

Uucno a Ha3zpIBaeTCsl npedeiom  TOCIEIOBATEIHLHOCTH {Xn}, ecn Uil JI000To
nonoxurensoro £ >0 cymectByer Takoit Homep N, uro mis Bcex N> N BemosnseTcs ycnosue:
\xn—a\ < &. DTO 3anmuChIBAECTCS:

lim x, =a.
nN—o0

B 5TOM cilydae rOBOPAT, 4TO MOCIEA0BATENLHOCTE { X\ } cxodumcs  a mpu N—>co,

OcHogHble C80UICMEA CXOOAUWUXCA NOCIE008AMENbHOCHCHL.
1. Cxopsmasicst moCiIeI0BaTeIbHOCTh OTPAaHUYCHA.

2. Mlyers lim x, =a, Ilimy,=b, torma lim(x,xty,)=axb, Ilim(x,-y,)=a-b,
n—oo n—o

nN—o0 nN—o0
lim %122 (h20).
—>0 yn b
3. Ecmu lim X, =4a, lim Z,=4a u 18 BceX N BBINOJNHIIOTCA HepaBeHCTBA X, <Y, <Z,, TO
N—o0 nN—o0
limy, =a.

n—o0
4. Ecnu r|]I_I‘)nOO X, = a H I0CICA0BATEIbHOCTh {yn} — OrpaHUYEHHAas1, TO r!i_rI]OO(Xn . yn) =0.

IIpexea pyHkuum B TOUKeE.
[Tycte ynkuus f(X) ompezeneHa B HEKOTOPOH OKpecTHOoCcTH Touku X = a (T.e. B camoi

Touke X = a (QyHKLUSA MOKET OBIThb U HE OIPE/IEIICHA)
UYucno A masbiBaerca npedenom ¢ymkimum T (X) mpu x—a, ecim gns mo6oro & >0
cymectByer Takoe wucio A >0, uro mms Beex x Takmx, uro 0<|X—a|<A BepHO HepaBeHCTBO

‘ f (X) - A‘ < &. B oTOM City4yae nuIyT: lim f (X) =A

X—a

Ecn f (X) - A_L IIpYU X—>a TOIbKO 1pu X < A, TO lim . f (X) = A_l — Ha3bIBACTCS Npeoeiom
X—a—

GbyHKITII f(X) B Touke X =4d cnesa, a eciau f(X) - A2 IIpU Xx—>a TOJBKO mpu X >d, TO
lim f(x)= A, uaseiBaercst npedenom GpyHKumH f (X) B Touke X =a cnpasa.

x—a+0
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[penenst A1 u A2 HasbBalOTCS Takke oonocmoponnumu npederamu Gynxman f (X) B Touke

X = @. Taksxe roBopaT, uto A — Koneunwiii npeden Gpynxiuu T (X).

OcHosHnvle meopemovl 0 npedenax.
Teopema 1. lim C =C, rze C = const.

X—a
Crefyronie TeopeMbl CIpaBelIuBEl Tpu mpeamnonoxkenun, uto dynxmun f(X) m g(X)

NMCHKOT KOHCYHBIC HpeI[eJILI HpI/I X—>da.
Teopema 2. lim[f (x) £ g(x)]=lim f(x)+lim g(x)
X—a X—a X—a

Teopema 3. Iim [f (X)-g(x)] = Iim f(x)- Iim g(x)
CJIQ)ICTBI/Ie limC- f (X) C I|m f (X)

fo _ ')
Teopema 4. lim == pu I|m g(x) =0
oag(x)  limg(x)

beckoHeyHo Masible QPYHKIMH.
Oynkuus T (X) HaswiBaercss beckoneuno manoii Ipu x—>a, TA€ @ MOKET ObITH YMCIOM WU

OJIHOM M3 BEMMUHUH oo, +o0 witn —oo, ecyu M (x) =0.
X—a

Cesoiicmea 6ecKkoOHeUHO MAnbIX YHKYUIL:

1) Cymma (pUKCHPOBAHHOTO YKCIIa OECKOHEYHO MabiX (GYHKIUIH MPH X—>d TOKe OCCKOHEYHO Masias
GbyHKIUS pU X—>a.

2) IlpousBenenne GUKCHPOBAHHOTO YKCIa OCCKOHEYHO MaIbIX (DYHKIMI IPH X—>@ TOKE OECKOHEUHO
Masast QyHKIHS TIPU X—>d.

3) IlpousBeneHue 6ECKOHEUHO MaIOi QYHKIMHM HA (YHKIIMIO, OTPAHUYCHHYIO BOJU3U TOukd X = a
SIBJISIETCSl OECKOHEYHO MaJlol (PyHKITHEH TIPH X—>a.

4) YacrtHoe OT jAeieHus] OeCKOHEUHO Maslol QYHKIMK Ha (YHKIIMIO, TIPEIe)l KOTOPOi HE paBEH HYITIO
€CTh BEJIMYMHA OECKOHEYHO MaJiasl.

beckoneuno oonvuiue hynkyuu u ux cea3v ¢ 0€CKOHEUHO MATbIMU.
DYHKIUS HA3bIBACTCA OECKOHEUHO OONbULON TIPU X—>a, TJIE a — YUCIIO0 WM OJTHA U3 BEJTUYHH o0,

+oo ui —oo, ecam lim - f (X) = A, rae A — 9nCIo WM OHA U3 BEJIMUYMH 00, +00 HIIH —0.
X—a

CBs13bp OeCKOHEUHO OONBIINX U OECKOHEUHO MabIX (DYHKIUI OCYILIECTBISETCS B COOTBETCTBUU
CO CIHEAYIOLIEN TEOPEMON.
Teopema 5. Ecnru T (X) — 0 npu x—>a (eciu x—>o0) 1 He o6paIaeTcs B HOIb, TO

T

Cpasnenue 0ecKOHEUHO MANbIX PYHKYUIL.
Hycts a(X), B(X) u y(X) — 6eckoneuno manbie pyHKImu mpu X —> . ITH GeCKOHEYHO

MaJbIC (I)yHKI_[I/II/I MOKHO CpaBHHUBATH IIO 6I>ICTpOTe ux Y6BIB8.HI/I}I, T.C. TIO 6LICTpOTe HUX CTPEMIJICHUA K

HYJIIO.
Ecau lim ——~2 ( )
X—a ﬂ(X)
nopsoxa, yeM (QpyHKIus ,8 (X) .

=0, To pynkuus (X) HaswbiBaeTcs Heckoneuno manoii 6oiee vICOKO20
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X
Ecu lim —=~ ( )

x—a [F(X)

=A, A=z#0, A=const, to a(X) u F(X) naspBatorcs Geckoneuro
ManbIMU 00HO20 NOPAOKA.

Ecmm lim ——~ ( )

=1,10 pynkumn (X) n F(X) naswiBarorcs okeusarenmubiMU GECKOHEUHO
=2 f(x)

Manvimuy. 3aACHIBAIOT o ~ L.
Beckoneuno manas ¢ynkius o(X) HasbiBaeTcs Heckoneuno manoii nopaoka K OTHOCHUTENBHO

. a( X
6eckoneuno manoit gpynxiuu F(X) , ecau npenen lim # =A=0.
x—a IB (X)
OnHako creayeT OTMETHTh, YTO He BCE GECKOHEYHO Manble (DYHKIMH MOKHO CPaBHMBATH
a(X)
B(X)

Mexay coboil. Hampumep, eciau oTHO1IeHUE HE UMeEET Ipeiena, To PyHKIUU HECPaBHUMBI.

Ceoiicmea IK6UEAIEHMHBIX DECKOHEYHO MATbIX.

)a~e|lim—= a(x) =1
x—>aa(x)

2) Ecnu a~ Bu f~y, 10 a~p, | lIim —= a(x) = lim @@ =1-1=1

ay(x)  xoal f(X) y(X)

3) Ecm a~ B, 10 S~ «, )|(Iina 'gEX; X'_)a a:(LX) =1

4)Ecm a~ onm f~ fim lim ——= a(x) =k, tou lim a4 (X) =Kk wm lim ==~ a(x) Iimal—(x).
x-a 3(X) x-a 3 (X) x-a B(x)  x-a Bi(X)
CBoiicTBO 4) 0COOCHHO Ba)XXHO Ha TMPAKTHKE, T.K. OHO (PAKTUYECKHM O3HAYAET, YTO Mpeles
OTHOIIIEHUS OSCKOHEYHO MAJIBIX HE MEHSIETCS IIpH 3aMCHEC UX Ha OKBHUBAJICHTHBIC OECKOHEYHO MaJlble.
39T10T (baKT Ja€T BO3MOXXHOCTH IIPpH HaAXOXICHUH IIPEACIOB 3aMCHATH 0OEeCKOHEYHO MaJjble Ha
3KBHUBAJICHTHBIC UM (bYHKHI/II/I, YTO MOKET CUJIBHO YIIPOCTUTH BBIYHUCICHUEC IIPEACTIOB.

3ameuaTesibHbIE npeaeabl

Ilepebtii 3ameuamenvHulii npeoe
[Ipenen oTHOMIEHHS cUHYca OECKOHEYHO Majiol yrH K caMoil Ayre, BBIPaXKEHHOU B pajnaHax,
HA3BIBACTCS NEPBbIM 3aMeuameibHbIM npedeiom. DTOT Mpeesl paBeH eIUHHUIIC.
. sinx X
lim——=1 WM im —=1
x—>0 X x—>0SIN X

Bmopoit 3ameuamensuuiit npeden

X
lim (1+ E) =e
X—>00 X

rne €~ 2,71828.... Ecmu — =, to & — 0 u Bropoii 3aMedaTeIbHbIN IIPeIe] MOKHO 3alicaTh B
X

BHUJC:
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1
lim(l+a). =€
a—0
KpOMe TPEX, H3JIOKCHHBIX BbIIIC, IMPCACIOB MOKHO 3aluCaTh CICAYIOIIUC II0JIC3HBIC Ha
MMPAKTUKEC COOTHOLICHUA:

. In(1+x _at-1 . (Q+x)" -1
|Im¥:1; Iim—==Inha; ImL:
x—0 X x=>0 X x—0 X

m.

Konmponvnvie 6onpocoi

1. [locnenoBarenbHOCTH.

2. CriocoObl 3a1aHMSI ¥ CBOKCTBA YMCIIOBBIX MOCIIEI0BATEIHHOCTEH.

3. [TowsATHE O TIpenere MoCIeI0BATEIbHOCTH.

4. CymecTBoBaHUE Ipe/ieia MOHOTOHHON OTpaHMYEHHON MOCIeA0BATEIbHOCTH.
5. CyMMHpOBaHHE MOCIEA0BATEILHOCTEH.

Tema 6.3. [IpousBogHas GpyHKIHH, €€ TeOMeTPUUECKHA H PU3HIECKUI CMBICIT

Onpeodenenue npou3eo0HOU QYHKYUU, ee 2eoOMempudecKull U Qu3uuecKull CMbiCl, ypasHeHue
KacamenbHoU K 2paguxy QyHKyuu, npasuia HaxoxcoeHus npou3eoo0HulxX, maoauya npou3eo0HbIX
EMEHMAPHBIX DYHKYULL, NPOU3BOOHASL CLONCHOU PYHKYUU

Ymemsb: HaX0AUTH MPOU3BOJIHBIE AIEMEHTAPHBIX U CIO0XKHBIX PYHKUIUN, TUCATh YpaBHEHUE
KacaTeJlbHOU K rpaduky QYHKIIUH, TPUMEHITh T€OMETPUICCKUN U (PU3UIECKUN CMBICI TIPOU3BOTHOM
MIPH pEIeHUHU 3a]1a4
3namu: mipaBuiia qudGepeHnnpoBaHus, TAOIHUITY TPOU3BOAHBIX JIEMEHTAPHBIX (DYHKIIMH, ypaBHCHHE
KacaTeJbHOU, TPaBUJI0 HAXOXKICHUSI TIPOUXBOTHOM CIIOKHOW (QYHKITMH

ITycTe X1 M X2 — 3Ha4eHUs apryMeHTa, a Y, = f(Xl) uy,= f(XZ) — COOTBETCTBYIOLIHE
snauenus ¢pynxnun Y = f(X). Pasnocts AX = X, — X, HaswblBaeTCs npupawyenuem apeymenma, a
pasHocts Ay =Y, — Y, = f (X2) —f (Xl) — npupaweHuem @yHKyuu Ha 0Tpe3Ke [Xl, X2]

Ipoussoonoii dynxuuu T (X) B Touke X = Xo Ha3bIBACTCs MPEJE]T OTHOLICHHS IPUPALICHHUs
(GYHKLIMY B 3TOM TOUKE K MPUPALIEHUIO apIyMEHTa, KOTa MOCIeIHEe CTPEMUTCS K HYJIIO.

f(Xx+Ax)— f(X)

f'(x)= lim
AX—0 AX
T'eomempuueckuii cmoica.
Mpoussoanas ¢yuxkuun Y= f(X) B y—T(X,)=T'(X)(X—X%,) -
TOYKE Xo paBHA YIJIOBOMY KOA(PPHUIIMESHTY ypaBHEHHE KacaTeIbHOM.
KacaTenbHOW K TpaduKy (QYHKIUH B TOUYKE
My (Xo, T (X)), Te. T'(X,) =tga, re o - y

yroJl HakJIOHAa KacaTedbHOW K  rpaduky
dynkuuu Y = f(X) B TouKe Mo.
['eoMerprueckuii CMBICI TTPOU3BOJIHOU

COCTOUT B TOM, YTO 3HAa4YCHHUE MPOU3BOJHOU My
GyHKIMM B TOYKE  PABHO  YIJIOBOMY o

it ] &
KOA(QQUIMEHTY KacaTelbHON K Tpaduky

(GyHKIUU B 3TOM TOUKe.
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Du3uueckuii cmuiciu.
[Ipenmonoxum, uro GyHKIUS S = S(t) OIKCBIBAET 3aKOH JABH)KEHUS MAaTEPUAIBHOM TOUYKH IO

npsamoit munuy, T.e. S = S(t) — myTs, npoiiaenHbIit 3TOl TOUKOM OT Hayana oTcyera 3a Bpems t. Torma
3a Bpems to mpoiinen myts S =S(t;), a 3a Bpems 1 — myt» S =S(t;). 3a mpomexyrox Bpemenu

At =t, —t, Touxa npoiiner orpesok mytu AS = S(t, + At) —s(t,).

s(to) s(to + At)
As

OcHoBHBIE IpaBuIa TU(PepeHPOBaAHNS.
06031aunm U =U(X), V=V(X) u W=W(X) — pynxiuu, mddepeHunpyeMbie B TOUKE X.

1) C' =0, rae C — nocTosHHAs BEIUYHHA. y ' 1
2 x =1 8) (_] =u
) U+v—-w)'=u"+Vv -w C , C
4) (Uu-v) =uv+uv 9) cCy ¢C v
5) (U-V-W)" =u'vWw+uv'w+ uvw’ 2
6) (C-u)'=C-u’ 10) Ecu  v=v(u), u=u(x), Te.
Y UV —V'U v=V[u(x)], o V'(X) =Vv'(u)-u'(x) -
N|—1= > ecm V=0 TIPOM3BOJIHAS CIIOXKHON (QYHKITHH.
Vv Vv
Ta0Jauna npou3BoOAHBIX.
1) (X") =nx"" 12) (arcsin x)’ = %
' 1 1-x
2) (\/;) = T ’ 1
2 X 13) (arccosx) = ————
’ 1-x?
(3 L
X X 14) (arctgx) =-——
' 1+ X
4 (ex) =e" 1

: 15) (arcctgx) = - I

)
X X + X2
5) (a =a'lna
16) Iycts U =U(X), Vv=V(X), Torma

' 1 ’
6) (Inx) % (uv):v-uvfl-u'+uv-v’-lnu
r 1
7 (1 =
) (log, x) xIna
8) (sin x) =cosx
9) (cosx) =—sin x
10) (tgx) =—;
cos’ x
' 1
11) (ctgx) =-
) (ctox) sin” X
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Koumponvnvie 6onpocwi
1.ITonsATHE O TPOM3BOAHON (PYHKIINH, €€ TEOMETPUUECKUI 1 (PU3NUECKHIA CMBICI.
2.YpaBHEHHUE KacaTeIbHOU K rpaduKy QyHKIUH.

Tema 6.4. IlppMeHeHue NPOU3BOHOM K MCCIeJ0OBAHNI0 QYHKIIUH.

Ilpumenenue npouzeo0HOU K nocmpoenuio epagurxos yuxkyuu. Bozpacmanue u yovieanue
@yHryuu. Ixcmpemymol hyHKyuu.

Ymemb.: HaX0AUTh TIPOMEXYTKH BO3pacTaHus U yObIBaHUS. HaxoquTh TOUKHM SKCTpeMyMa.
3namy: [lpuMeHeHHe MTPOU3BOIHON K MOCTPOCHUIO TpadukoB GyHKIMH. Bo3pacranue n yObiBaHue
byHKIHU. DKCTPEMYMBI (DYHKIIHH.

YcioBusi Bo3pacTanus v yoObIBaHus QYHKIHUIA.
Teopema 1. [ins toro uto6sl quddeperuupyemas na unrepsaie (@,0) ¢ynxuus f(X) Gpina

Heybvisarowel (Hesospacmaioweri) Ha OSTOM HWHTEpBaJie, HEOOXOAMMO H JIOCTaTOYHO, YTOOBI
£/(x) 20 (f'(x) <0) ama seex X € (a,b).

Teopema 2. Ecmu dynkmmsa T (X) muddepenmmpyema na unrepane (@,b) u f'(X) >0 (
f'(x) <0) s Beex X € (a,b), To >1a hyskIMS 603pacmaem (y6visaem) na untepnane (a,b).

Touku IKcTpEeMymMma.
Touku MakcuMyMa 1 MUHUMYMa (DYHKIIMH HA3bIBAIOTCS MOUKAMU IKCMPEMYMA.
Teopema 3. (neobxooumoe ycnosue cywecmeosanus sxcmpemyma) Ecma dpynkmus f(X) B

!
TOYKE Xo IMEET 3KCTPEMYM, TO IPOU3BOHAS | (Xo) oOpaiiaercs B Hy/Ib HJIM HE CYIIECTBYET.

Cnedcmsue. OOpaTHOE yTBEpKJeHHWE HeBepHO. Ecimu mpousBogHas (yHKIIMH B HEKOTOPOU
TOYKE paBHA HYIIO, TO ATO €Ille He 3HAYHT, YTO B 3TOH TOUKE (DYHKITUS HMEET SKCTPEMYM.

Kpumuueckumu mouxamu QyHKIIMH HAa3bIBAIOTCS TOYKH, B KOTOPBIX MTPOU3BOIHAS (YHKIIUH HE
CYIIECTBYET WJIM PaBHA HYITIO.

Teopema 4. (Oocmamounoe ycrnosue cywecmsosanus sxcmpemyma) Eciau npu nepexojie uepes

(1313

!
KPUTHYECKYIO TOUKY Xo ClIeBa HarpaBo npomssoanas ¢pyukmuu 1 '(X) menser 3Hak ¢ “+” Ha “—*, To B

TOYKE X0 kst T (X) wMmeer maxcumym, a eciy TPOM3BOAHAs MEHSET 3HAK ¢ “— Ha “+” — TO
2

GYHKIMS UMEET MUHUMYM.

Ilpasuna naxoxcoenusn Ikcmpemymos yHKyuu.
1) Haiitu npou3BoAHYIO GYHKIIHH.
2) HaiiTi KpUTHYECKUE TOYKH (DYHKIUH.
3) HccnenoBaTh 3HaK MPOM3BOAHON B MPOMEKYTKAaX, HA KOTOPBIC HAWICHHBIC KPUTHUCCKHE
TOYKH JIeJST 00JaCTh OrnpeieieHust PyHKIUH.
4) OmnpenenuTh CYIIECTBOBAaHUE MAaKCUMYMOB M MHHUMYMOB M HalWTH 3Ha4eHUE (YHKIUHU B
ITHX TOUYKAX.
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Cxema ucciegopanust pyHkomii

[Ipouiecc wuccnenoBanust (GYHKIHUH COCTOMT M3 HECKOJIbKMX 3TamnoB. Jlns Hamboiee
MIOJIHOTO TIPE/ICTABJICHUS O TMOBEACHUM (YHKIMUM M Xapakrepe ee rpaduka HeoO0Xoaumo
OTBICKATh:
1) O6nacte cymiectBoBaHMs (PYHKIMH (3TO MOHATHE BKJIFOYACT B ceOS M 00JacTh 3HAYCHHMU, U
oOmacTh onpeneneHust GyHKINN).
2) UccrienoBath GyHKIMIO HA YETHOCTD U MIEPHOTMYHOCTb.
3) KoopauHaTthl TOYek mepeceueHuss rpapuka (GYHKIMU C OCAMH KOOPAHMHAT (€CIM OHHU
HUMEIOTCS).
4) NHTepBabl BO3pacTaHus U YObIBaHHUSL.
5) Toukn MakcCUMyMa ¥ MUHHUMYyMa.
6) IMoctpoenue rpaduka.

Konmponvnvie 6onpocoi

1. VcnoBus Bo3pactanus u yObIBaHUS (PyHKIUH.
2. Touku SKCTpEMyMa.

3. [IpaBuna HaXOXKICHHUS IKCTPEMYMOB (DYHKIIHH.
4. CxeMma uccieoBaHus PyHKUU.

Tema 6.5. Bropasi npou3BoaHasi, ee reoMeTpru4ecKuil ¥ pusu4eckuii CMbICJI.
Bmopas npouzeoonas, ee ceomempuieckuti u QuauuecKuii CMoiCL.
Ymems: HaxoIuTh NPOMEKYTKH BO3pACTaHHUs M yObIBaHUS (DYHKIMHM HUCHOJb3YysS BTOPYIO

MPOU3BOIHYI0. HaxoIuTh TOUKH SKCTpeMyMma.
3uams: [IpuMeHeHre BTOPOM MPOU3BOJHON K HAXOKIACHUS MPOMEKYTKOB MOHOTOHHOCTH.

Hycts ¢ynxkuus  f(X) — nuddepenuupyema na HekoTopom unteppane. Torna,
maddepeHImpys ee, HoIydaeM HepBYIO IIPOH3BOIHYIO
df (x
y' — f ’(X) — ( )
dx

Ecnn maiitu mipomssoanyio ot dynkmun T '(X), momysum emopyio npouseoomnyio
dynxumn f(X).

d?f(x
y": f"(X): S )
dx
" nN/’ d 2 d d
T.€. Y :(y) 1580051 —2/:— —y
dx= dx\dx
DTOT mpoLecC MOKHO MPOAOHKUTH U J1ajiee, HaX0As MPOU3BOAHbIE CTENEHU N.
d n y B d d n—ly

dx"  dx| dx™*

Hccnedosanue ghynkyuu na IKCmpemym ¢ ROMOUbI0 RPOU3B00HOI 6MOPO20 NOPAOKA.
!
Teopema 5. Ecrm T'(X) =0, 10 dynxmma f(X) B Touxe xo umeer maxcumym, ecnu

f"(Xg) < 0w munumym, ecru f"(x,) > 0.
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" )
Eciu f"(X,) =0, 1o xapaxrep kputhueckoii Touku HewssecteH. Jist ero onpesenenus
TpebyeTcs anbHenIIee HCCiIe0BaHUE.

BeinykiaocTh 1 BOrHyTOCTH KpUBOM. ToukH neperuda.
Kpusas obpaiiena euinyknocmuio ééepx na unteppaie (@,0), ecnn Bee ee Touku nexar
HIKe JII000H ee KacaTelnbHOW Ha 3TOM MHTepBajie. Kpuas, oOpalieHHas BBITYKIOCTHIO BBEPX,
HA3bIBACTCS BbINYKIIOU, a KPUBAsi, 00paIleHHAs! BBITYKJIOCTBIO BHU3 — HAa3BIBACTCS 80CHYMIOLL.
Teopema 6. Ecin ¢pynxuus T (X) umeer na unrepsane (a,b) sropyro npoussonyo u

f'"(x)>0 (f "(XO) < 0) Bo Bcex Toukax JaHHOrO MHTEpBaNa, TO IpaduK (YHKIUM UMEET Ha
(a,b) BemykmnocTs, Hanpasnennyto snusz (s6epx).
Touka, OTHENAOIIAs BBITYKIYIHO 4YacThb KPHWBOM OT BOTHYTOM, Ha3bIBAECTCS MOUYKOU
nepecubda. Toukamu nepernda MOTYT CIIY)KUTb TOJIBKO Kpumuieckue moyku 6mopo2o pood, T.e.
TOYKH, B KOTOPHIX BTopas npomssonas [ "(X) obpamaercs B HONb MM HE CYIIECTBYET.

Teopema 7. llyctb KpuBas OIpeNeNseTCs ypaBHEHUEM Y = f(X). Ecnu BTOpas
MIPOU3BOAHAS f"(X) =0 wm He cymecTByeT M mpu mepexoje depe3 TOuKy X = Xo f"(X)

MEHSET 3HAK, TO TOUYKa KpUBOH ¢ abcuuccoil X = X, SABISAETCA TOYKOM nepernoa.

Ilpasuna naxosxcoenus mouek nepezuoa.
1) HaiiT BTOpYO MPOU3BOHYIO (DYHKIIHH.
2) HaiiTi KpUTHYECKHE TOUYKH BTOPOTO POJIa.
3) MHccrnenoBaTh 3HaK BTOPOW MPOU3BOJAHON B MPOMEKYTKAX, HA KOTOPHIC HaiJIeHHBIC
KPUTHYECKHE TOUKH JIEJIST 00J1aCTh OIpeeieHus (PyHKIUY.
4) OrmpenenuTh TOUKH reperubda ¥ HalTH 3HaYeHnEe QYHKIMH B STHX TOYKaX.

Koumponvnvie sonpocsi

1.MccrnenoBanne GyHKIMHM Ha SKCTPEMYM C IIOMOIIIBIO MPOU3BOTHOM BTOPOTO TIOPSIIKA.
2.BBIMYKIJIOCTh U BOTHYTOCTh KpUBOW. To4YKH meperuoa.

3.IIpaBuia HaXOXKICHUSI TOUYEK Ieperuoa.
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Tema 7. IIpsiMble U IVIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTEepPeOMEeTPUH U NPOCTEiiIIe ceICTBUS U3 HUX.
OcHosnvie nonamus. Axcuomol cmepeomempuu. Creocmeus u3 aKCUOM.

Ymemb: IPUMEHATh aKCHOMBI CTEPEOMETPHUH TIPH PEUICHUHU 33/1a4.
3name: OCHOBHbIE MOHATHS. AKCHOMBI crepeomeTpuu. CrnenctBus u3 akcuoM. OCHOBHbIE
MOHATHUS. AKCHOMBI CTEPEOMETPHUH.

1. OcnosHvle nousamus. AKCuombl cmepeomempuu.

Onpedenenue. CTepeoMeTpueil Ha3bIBAE€TCA pas3lell TeOMETPHUH, B KOTOPOM H3y4aroTCA
¢burypsl, pacnoJyio’)keHHble B NpocTpaHcTBe. OCHOBHBIMH MOHSITUSMH CTEPEOMETPUU SBIISIOTCS
TOYKa, IIpsasMas v II0CKOCTb.

Cl0BO «CTEpeOMETpHs» TPOUCXOTUT OT TPEUYECKUX CIOB «OTEPEOCH» — OOBEMHBINH,
MIPOCTPAHCTBEHHBIN U «UETPEDY» — U3MEPATH.
1. [IpencraBnenne o MIIOCKOCTH JAET TIIAKas TOBEPXHOCTh CTOJIA WITH

cTeHbl. [IOCKOCTh Kak reoMeTpUUEcKyIo (GUTYypy CielyeT MPeACTaBIsATh
cebe mpocTuparoliencs HEOrpaHUYEHHO BO BCE CTOPOHBI.

Ha pucynkax miockoctu n300pakaroTcss B BUAE MapajielorpaMMa Wid B
BHJIE MPOU3BOJILHON 00J1IaCTH M 0003HAYAIOTCS TpeuecKUMU OykBamu a, f3, v
u 1.1. Touku A u B nexar B utockoct B (IIIOCKOCTH B TPOXOAUT Yepe3 ITH
Toukn), a Touku M, N, P He nexar B 3Toi miockoctu. KopoTko 3T0

3amuChIBaIOT Tak: A € 3, BER, Mgg Ngg Fgg

Puc. 1. a)

[IpocTpaHCTBO COCTOUT U3 OECKOHEUHOTO0 MHOKECTBa ToueK. JIroboe MHOKECTBO TOYEK
MPOCTPAHCTBA  HA3BIBACTCS  MPOCTPAHCTBEHHOW  ¢urypoir wim  Tenom. [Ipumepamu
MIPOCTPAHCTBEHHBIX (UTYp SBISAIOTCA TOYKA, HpsiMas U IUIOCKOCTh. [IpsiMble M miIocKocTH
COCTOSIT W3 OECKOHEYHOTO MHOXKECTBa TOYEK NPOCTPAHCTBA U HE COBIAJAIOT CO BCEM
MIPOCTPAHCTBOM.

Chopmynupyem OCHOBHBIE aKCHOMBI cTepeoMeTpuu. HamomMHHM, aKCHOMBI — 3TO
yTBEpXKACHUS, TPUHIUMAaeMble 0e3 JoKa3aTeNbCTBa. AKCHOMBI T€OMETPUHU BBIPAXKAIOT OCHOBHBIE
CBOMCTBA HEOIPEACIAEMbIX MOHITHI: TOYEK, MPSAMBIX U TIIIOCKOCTEH.

AKCUOMEL:
1) Yepes mro0Obie ABE pa3InvHbIC TOUYKH MPOXOINUT €AMHCTBEHHAS TIPSMast.
2) Ecnu nBe pasnuyHble TOYKH NPSIMOW TMPUHAIEKAT B
IJIOCKOCTH, TO BCE TOYKM TMPSMOW TNPUHAMIEKAT ITOM
IUIOCKOCTH. 4
&
Puc. 2

46



3) Uepe3 moOble TpW TOYKH, HE JIeXKallue Ha OIHOU
MPSIMOMA, TPOXOJIUT OJTHA U TOJBKO OJHA IJIOCKOCTb.

B,

A

4 W
x

Puc. 3.
4) Ecnum 1Be pa3ivuHble IUIOCKOCTH MMEIOT OOIILyro
TOYKY, TO OHH UMEIOT OOIIYIO TIPSMYIO.

Puc. 4.

2. Ilpocmetiwue credcmeus U3 akcuom cmepeomempull.

W3 mepBoil akCHOMBI CJIEIYET, YTO JIBE Pa3IMdHbIC MPSIMbIC B TIPOCTPAHCTBE MM HE UMEIOT
HU OJIHOM 00111el TOUKH, UIIM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY.

[Ipsimbie, UMEIOIIE TOJBKO OJIHY OOIIYIO TOUYKY, HAa3bIBAIOTCS MEPECEKAIOIIIUMHUCS.

W3 BTOpO# aKCHOMBI CIIEAYET, YTO MpsiMasi U MJIOCKOCTh B MPOCTPAHCTBE UM HE UMEIOT HU
OJIHOI1 0011l TOUKH, WM UMEIOT TOJIKO OJIHY OOIIYIO TOUKY, HJIM, HAKOHEIl, BCE TOUKU MPSIMO
SIBJISIFOTCSI TOUKaMH TIOCKOCTH.

Ecnu mpsmMas U MmiaockocTh UMEIOT TOJBKO OJHY OOIIyI0 TOYKY, TO TOBOPSIT, YTO OHHU
MepPEeCeKaroTCs.

Ecnu Bce TOUkM mpsMON SBJISIOTCS TOYKAMU IMJIOCKOCTH, TO TOBOPAT, YTO MpsMas JICKUT B
IJIOCKOCTH (MPUHAAJIEKUT TUIOCKOCTH) WM YTO TJIOCKOCTh MIPOXOIUT Yepe3 MPsAMYIO.

Teopema 1. Yepe3 mpsMyl0 U HE NPUHAMISKALIYIO €Ml TOUYKY MPOXOIUT €IUHCTBEHHAs
MJIOCKOCTb.

Jlokazamenvcmeo.

[lycth 3amanbl npsMas au He IPUHAJIEkKAIIas el TouKa
A (puc. 5). Ha npsimoii aBO3bMEM KaKHe-HUOY/b JBE TOYKH
Cu D. Ilo akcuome 3 uepe3 tpu Touku A, C, D mpoxoaut
€IMHCTBEHHAs IUIOCKOCTh; 0003HauuM ee «. I[lo akcuome 2 Puc. 5.
BCE TOYKHU
NpsMOM a MPHUHAJUIEKAT IUVIOCKOCTH .

CnenoBarenbHO, MJIOCKOCTh « HPOXOOUT 4Yepe3 mpsiMyro a u Touky A.Jlpyroil takoin
IUIOCKOCTU HET, TaK Kak Jro0as IUIOCKOCTh, MPOXOJIias depe3 MpsAMYyl0 a M TOuKy A,

npoxomut yepe3 Toukun C, D, A, He nexamme Ha OJHOW TPSAMOI, M MOITOMY COBMANAET C
TUIOCKOCTBIO (.
Teopema 2. Uepes nBe nepecekaromuecs npsmMble MPOXOANUT €ANHCTBEHHAS TIOCKOCTb.

Hoxazamenbcmeo:

[Tycts npsimble @ u b nepecekatorcst B Touke M (puc. 6). Ha npsmbix a u b Bozpmem
kakue-HuOynp Toukn P u N, omnmunble ot Toukn M. Torma uepe3 tpu Ttoukun P, N u M
HNPOXOAUT €JUHCTBEHHAS TIOCKOCTh . B crily akcHOMBI 2 TIIOCKOCTh MTPOXOAUT Yepe3 JaHHbIC
npsiMbie a U b.
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W3 nocneqHux AByX akCHOM M T€OpeMBl | clenyeT, 4To JIBE€ pa3inyHble IUIOCKOCTH WM
HE UMEIOT HU OJTHOMI

o011el TOYKH, WA UMEIOT OOIIYIO PSAMYIO U IPYTHX OOIIUX TOYEK HE UMEIOT.

JlBe  paznuuHble  IJIOCKOCTHM,  HMEoIMe  Oo0Ilyr0  NpsAMYH0,  Ha3bIBAIOTCA
[IEPECEKAIOIIIUMHUCS.

Puc.6 Obwas npamas nazvieaemcs npamoii nepeceueHus Smux nI0CKOCHell.
Konmponvnvie gonpocoi

1. OcHOBHBIE TIOHATHS.
2. AKCHOMBI CTEpEOMETPHUH.
3. CiencTBUs U3 aKCUOM.

Tema 7.2. IlapaniielbHOCTH NPSAMOM U MJIOCKOCTH, MAPAJJIEIBHOCTD IJIOCKOCTEM.

Onpeoenenue napannenbHocmu npamou u niockocmu. Ilpusnax napannenvnocmu
npsamot u naockocmu. Ilapannenvnocms niockocmeu. Ceoticmea napanienbHulx NIOCKOCMEI.

Ymemsb: mpUMEHSTh MPU3HAKU NApaIEIbHOCTH NPSIMOHN U MIIOCKOCTH TPU PELISHUH 3a/ay.
3uams: OmnpeneneHue MapauIeIbHOCTH MPSIMOM M IUIOCKOCTH. [Ipu3Hak mnapamienbHOCTH
npsaAMoit 1 iockocTu. [TapannensHoCcTh mockocte. CBOMCTBA MapalIeIbHBIX MIOCKOCTEN.

[MapanJejbHble NpPsAMble B IPOCTPAHCTBE
JIBe npsiMble B MPOCTPAHCTBE HA3bIBAIOTCS MAPaJLIeIbHBIMM, €CJIH OHU JIEKAT B OJHON
IJIOCKOCTHU M HE MEPECEKAIOTCS.

Teopema o napannenbHbIX RPAMBIX.
UYepes m00yr0 TOUKY IPOCTPAHCTBA, HE JISXKAIYIO Ha TAHHOW MPSAMOMA, TPOXOJUT MpsiMasi,
napajuiesibHasi JaHHOM, ¥ IPUTOM TOJIBKO OJTHA.

b 7
M
(44
Puc. 1.
JleMMa o0 nepece4yeHUM MJIOCKOCTH NMAPaJlIeIbHbIMU NPAMBIMH.
Ecnn onHa u3 1ByX mNapajulelbHBIX A o
NPSIMBIX IIEPECEKAET JaHHYIO IIIOCKOCTD, TO
H Jpyras nOpsiMasg  IepeceKaer 3Ty \ lM
IUIOCKOCTb. :
1
o L
l\

Puc.2.

Teopema 0 Tpex NpsiMbIX B MPOCTPAHCTBE.
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Eciu nBe npsMble  mapaieiabHbI
TPETbEN MPSIMOM, TO OHHU MAPAIIIEITbHBI

(ecu a7/c u b7c, o a/h).

Puc. 3

MMapaaieabHOCTh NPAMON U MJIOCKOCTH

HpﬁMaH 1 IIJIOCKOCTBb HA3bIBAIOTCA napaiiejibHbiMu, CCJIM OHU HC UMCIOT O6HH/IX TOYCK.

HpI/I3HaK nmapamuieJIbHOCTH l'[pﬂMOﬁ H IIJIOCKOCTH

Teopema. Eciu npsimas, He mexamas B “
JTAHHOW IUTOCKOCTH, MapajiylelbHa KaKOM- . -
% 7 % - -
HUOYIb  TpAMOM, Jexamedl B 3TOI:I ., B
IJIOCKOCTH, TO OHAa TMapajuiejbHa JaHHOMN y 4
TIJIOCKOCTH. s 7
£ 4 Puc. 4.
Teopema. Ecnu miockocTs NpoXoauT
yepe3 JaHHYI TMPAMYI, TapajlieabHYIO
JIPYro TUIOCKOCTH, W TIEPeceKaeT dTy 3
MJIOCKOCTh, TO  JIMHUAS  TIEPECCUCHHS
IJTOCKOCTEH mapajuiesibHa JaHHOW IPSIMOM.
0
Teopema. Ecnu onHa wu3  aByXx o
MapajulebHbIX  MPAMBIX  apajuleibHa
JAHHOU IJIOCKOCTH, TO Apyras mnpsimasi 11uoo
TaKKe TMapauielbHa JAHHOW IIJIOCKOCTH,
00 JIEKUT B ITOM MIOCKOCTH. B
Puc. 5
B3aumHoe pacnoJsiokeHue NPSIMbIX B IPOCTPAHCTBE
¢ i
{
a {I
Puc.6 Puc. 7
Puc. 8
Ilepecexkaommecss npsimblie: |[lapamienbHbie  npsambie: CkpelmuBaommecst
JeXaT B OJHOM IUIOCKOCTH, |JIEKAaT B OJHOM IUIOCKOCTH, | MPSAMbIE:
HUMEIOT OJIHY OOIIYIO TOUKY HE UMEIOT OOIMMX TOuYeK (He | He  JIeXaT B OJHOM
MEePECEKAIOTCS IJIOCKOCTH, HE  HMEIOT
o0mux TOUEK (ue
MIEPECEKAIOTCS)
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IMapanieabHOCTH MJIOCKOCTEH
JIBe TUI0OCKOCTH Ha3bIBAIOTCS MapajljIeIbHBIMU, €CJIM OHHU HE MEPECEeKa0TCs, T.€. HE UMCIOT HU

OJIHO¥ 001IEeN TOUKH. o/ 3.

B / 4

Puc. 9.

IIpu3nak napanjiejJbHOCTH ABYX ILIOCKOCTEHl
Teopema. Eciu 1Be niepeceKarommecs npsaMbie OJHON IITOCKOCTH MapaJyIeIbHbI JIBYM
MEPECEKAIOIIUMCS TIPSIMBIM JAPYTO# MIOCKOCTH , TO 3TH TJIOCKOCTH MapajliebHBbIL.

Ecimu a” a1 m b/ba, T0 /. Puc. 10.
&)

P b,

9
o b
CaoiicTBa napajieibHbIX IJIOCKOCTEN.
1.
Ecnu o/ 3 1 OHU TIepecekaroTest ¢ y, TO
a’zh.
o Ecnu nBe mapaiienbHble IJIOCKOCTH
B nepeceyeHbl  TpeThed, TO JIMHUU HX
nepeceyeHusl mapasiesibHbI.
o
i

2. Ecin 0/ u ABZCD, to AB = CD.OTpe3ku napajieibHbIX IPAMbIX, 3aKITI0Y€HHbIE
MEK]y MapaiebHBIMU MIJIOCKOCTSIMU, PABHBI.
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1

Konmponvnvie 6onpocoi

1. Onpenenenue napayuieabHOCTU MPSIMON U TJIOCKOCTH.
2. [Tpu3Hak mapaieIbHOCTH MPSIMOH | IIIOCKOCTH.

3. [MapannensHOCTh TIOCKOCTEH.

4. CpoiicTBa napajijiesIbHbIX IUIOCKOCTEH.

Tema 7.3. IlepnieHANKYJIAPHOCTH NPAMOM M IJIOCKOCTH.

Onpeoenenue nepnenouKkyasipHocmu npsamou u niockocmu. Ilpusnaxu
NepneHOUKyIAPHOCMU NPAMOLL U NIOCKOCTU.

Ymems: npuMeHATh MPU3HAKU NEPIEHANUKYISIPHOCTH MPSAMOM U TIIOCKOCTH JUTSl pEeLICHHS 3a1au.
3uams:  OnpeneneHue  NEPHNCHAUKYISIPHOCTA  OpsiMOM M muiockocTu.  [IpusHaku
MEPIEeHIUKYIIPHOCTH MPSAMON U TIOCKOCTH.

Onpenesienune
[Ipsimast, repeceKaronas IUIOCKOCTD, a
Ha3bIBAETCS NnepneHOUKYIAPHOLU ITOU
IJIOCKOCTH, €CJM OHa TEepICeHIUKYIsIpHA /
KaXJ0M MpsIMOM, KOTOpas JIEKUT B JAHHOM ::f |
IUIOCKOCTH U TPOXOJUT Uepe3 TOUKY £ '
MepPECCUCHHMS.

Puc. 1.
Teopema

IIpuznax nepnenouKyIApHOCMU RPAMOLL U NIOCKOCTIU.
Ecnu mnpsiMas, nepecekaromasi IUIOCKOCTb,
NEPIEHIUKYJIIpHA ABYM NpPSIMBIM B 3TOH
IJIOCKOCTH, IPOXONAIIMM 4Yepe3 TOUYKY
IIepEeCeUYCHMs JaHHOU MPSMOM U IUIOCKOCTH,

TO OHA NEPHEHANKYIISIPHA MIIIOCKOCTH.

o1



Puc. 2.
a

/e
Jd >I<b

ﬂoxaaameﬂbcmeo.'

Puc. 3.

[TycTh a npsimast, IepIeHINKYIApHAS IPAMbIM D 1 C B IIocKkocTH « . Toraa mpsimas a
MIPOXOMT Yepe3 TOUKy A mepeceueHus npsameix b u €. Jlokakem, 9to mpsmast a
MEePIEeHIUKYIIIpHA TNIOCKOCTH ¢ .

[TpoBenemM TpOU3BOIBHYIO MPSMYIO X Yepe3 TOUKY A B TUIOCKOCTH X M TIOKa)XEM, YTO OHA
MEepIEHIUKYIISIpHA psMOU a. [IpoBeaeM B INIOCKOCTH ¢ MPOU3BOJIBHYIO MIPSIMYIO, HE
MPOXOIAIIYIO Yepe3 TOUKY A U mepecekaromlyto npsambie b, ¢ u X. [lycTh ToukaMu mepeceyeHust
oynyt B, Cu X.

OTn0XUM Ha IPsIMOM @ OT TOUKU A B pa3HbIE CTOPOHBI paBHbIE OTpe3KU AA1 1 AAo.
Tpeyronbauk A1CA2 paBHOOEIPEHHBIH, TaK Kak 0Tpe30K AC sSBISIE€TCS BBICOTOM MO YCIOBUIO
TEOPEMBI 1 METMAHOM TI0 MOCTpoeHHIO (AA1=AA?). IO TOH ke MpUUKUHEe TPeYroJbHUK A1BA»
Toxe paBHOOepeHHbIH. CiienoBaTenbHo, TpeyrobHuKH A1BC n A2BC paBHBI 110 Tpem
CTOPOHAaM.

N3 paBenctBa TpeyroapankoB A1BC u A2BC cnenyet paBenctBo yrioB AiBX u A2BX u,
CJIe€0BATENIbHO paBEHCTBO TPeyrojabHUKOB A1BX 1 A2BX 1o AByM CTOpOHAM U yri1y MEXIY
Humu. U3 paBeHcTBa cTopoH A1 X U A2X 3TUX TPEYTrOJbHUKOB 3aKJIFOYaEM, YTO TPEYTOJIbHUK
A1XA> paBHOoOeapenHbIi. [loaTomy ero meanana XA sIBISETCS TakKKe BBICOTOM. A 3TO U
3HAUUT, YTO MpsAMas X NeprneHAuKysapHa a. [lo onpenenenuto npsimas a nepneHANKYIsIpHa
mrockoct €. Teopema noka3ana.

Ceoticmea nepneHOUKyIAapHbIX NPAMOU U NIOCKOCHU.
Teopema 2
1 - oe. Ceoticmeo nepneHOUKYIAPHLIX NPAMOU U NIOCKOCMU
Ecnu nnockocTh neprneHuKynsipHa 0JJHOI

U3 JIBYX MapajIesIbHbIX MPSAMBIX, TO OHA
NEPIEHIUKYIIApHA U IPYTOM.
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Puc. 4.
Hokaszamenvscmeo: Ilyctb a, W a,- 2 mnapamienbHble HOpsMbIE M ¢ INIOCKOCTb,

NEPIEHANKYIIAPHAA NPAMON @, . JIoKaeM, 9TO 3Ta IJIOCKOCTh NEPIEHAMKYIIIPHA U IIPAMOU d, .
[TpoBenem gepe3 Touky A, mepeceueHus NpIMOH d, C INIOCKOCTBIO (X MPOU3BOJIBHYIO MPSMYIO
X, B IIOCcKOocTH ¢ . [IpoBeneM B IIOCKOCTH (4epe3 TOUKy A, mepecedeHHs MpsAMoil a; ¢ &
npsAMyIo X;, MapajuleJbHyIo NPAMON X,. Tak kak mpsmas ai NEpHeHIuKyIsapHa INIOCKOCTH « ,
TO HpsAMBIE ¢; M X, TEPIEHAUKYIAPHBI. A 10 TeopeMe | mapaiienbHble UM IEePeceKaronIecs
npsMble d, U X, TOXKE IMEPHeHIUKYIApHbl. TakuM o0pasoM, mpsMas az HEepIEeHAUKYISIpHA

ar000# mpsAMON X, B INIOCKOCTH ¢ . A 5T0 ( IO ONpPENEICHUIO )3HAYMT, 4YTO MNpsMas d,

HepIIeHINKYIIsIpHA TUNIOCKOCTH ¢ . Teopema noka3aHa.

Teopema
2 - oe. Ce01icmB0 NepneHOUKYIAPHBIX NPAMOU U NIOCKOCMU.
JIBe mpsiMble, NEPIEHIMKYIIAPHbIEC OJTHON U TOM e TIIOCKOCTH, MapajulebHBbI.

(0]
C
| BDEI
o . I
|b bl
Puc. 5
ﬂOKles’ClmeﬂbCWl(?O.'

ITyctb a u b - 2 npsiMble, TEPIEHAUKY/ISPHBIC TUIOCKOCTH « . JIomycTuMm, 4To
npsiMbie a U D He mapasuieTbHbIL.

Boibepem Ha mpsmoii b Touky C, He Jexairyo B MmiockocTH « . [IpoBemem
yepe3 Touky C mpsmyro b1, mapamiensHyto npsmoit a. Ipsmast b1 mepnienmukymsapHa
IOCKOCTH ¢ 1o Teopeme 2. Ilycth B u B1i - TOYKHM mepecedeHust mpsaMbix b u by ¢
IIOCKOCThIO ¢« . Torna npsimast BB1 neprnienaukysisipHa mepeceKaronuMes mpsiMbiM b 1
b1. A 3T0 HEBO3MOKHO. MBI MPUIILTK K poTHBOpeurto. Teopema joka3aHa.

KOHmpOJZbele B80NpOCHL

1.Onpenenenune nepneHAUKYISIPHOCTH MPSMOM U INIOCKOCTH.
2. Ilpu3Haku NepneHIuKyJIIPHOCTH MPSIMON U TUNIOCKOCTH
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Tema 7.4. IlepneHauKyJsIp U HAKJIOHHAS.

Onpeodenenus nepneHOuKyIapa u HaKIOHHOU. Ymeepoicoenus: st NepneHOUKyIapa u
HAKJIOHHOU, NPOBEOCHHBIX Yepe3 00HY MOUK)Y K 00HOU niockocmu. Teopema o mpex
nepneHOUKYIApax.

Ymemsb: npUMEHSTh ONpeAeaeHUs] U TEOPEMBI IIPH PELICHUN 3a/1a4.

3nams. onpenenenns NepreHIuKyIsipa U HAKIIOHHOM, TBEPXKIEHUS 1Sl IEPIICHUKYISIpa U
HAKJIOHHOH, POBE/ICHHBIX Yepe3 OJHY TOUKY K OJJHOM MJIOCKOCTH, TEOPEMA O TPEX
MepIEeHIUKYIIsIpax

[TycTh maHbBI MIOCKOCTH M HE JIeXKaIlas Ha Hell Touka.

Ilepnenoukynapom, ONylieHHbIM U3 JAHHOW TOYKHU HA JAHHYIO IIOCKOCTh, HA3bIBACTCS
OTPE30K, COCTUHSIOIINI JAHHYIO TOYKY C TOUKOMW MJIOCKOCTH M JICKAIIHNI HA TPSIMOMU,
NepneHIuKyIsIpHoM mockoctu. KoHel 3Toro oTpeska, Jexaninui B INIOCKOCTH,

Ha3bIBAETCS OCHOBAHUEM NEPREHOUKYIADA.

Ha pucynke 1 u3 TOYkM A mMpOBEAEHBI K IJIOCKOCTH

A
o NepneHauKysap AB n HaknoHHas AC. Touka B - A
OCHOBaHHE MEePIEeHINKYJIISPA, touka C - OCHOBaHHE /
HakI0HHOM, BC - mpoekuus HakIoHHON AC Ha TUIOCKOCTh ¢ . - M B
ol
Puc.1

Haxnonnoii, TpOBEICHHON W3 TaHHOW TOYKH K JTAHHOM TUIOCKOCTH, Ha3bIBACTCS JIFOOOM
OTPE30K, COEOUHAIONIMA JaHHYH0O TOYKY C€ TOYKOM IIJIOCKOCTH, HE€  SBISIOUIAKCS
NEepHeHIUKYIIpoM K  1wuockoctd.  KoHenm  oTpe3ka,  jexammili B IUIOCKOCTH,
Ha3bIBACTCS OCHOBAHUEM HAKIOHHOU.

OTpe30K, COeANHSIOMNKA OCHOBAaHUS NMEPHEHAMUKYJSApa U HAKIOHHOM, IMPOBEACHHBIX U3
OJIHOM M TOM K€ TOUKH, HA3bIBACTCS MpOeKuuell HAKIOHHOU.

Tak kak B npsmMoyroiasHoM TpeyroiabHuke ABC kater AB mensbiie runotenyssl AC, To
CIPaBEUIMBO CIEIYIOLIEe YTBEPKICHUE: NePReHOUKYIAD, ONYUWEHHbIU U3 MOYKU HA NIOCKOCMb,
MeHbuLe 11000U HAKIOHHOMU, NPOBEOEHHOU U3 MO Jice MOYKU K MO NIOCKOCHU.

Jns nepneHAauKyaspa U HAKIOHHBIX, IMPOBEACHHBIX 4Yepe3 OJHY TOYKY K OJHOMI
IIJIOCKOCTH, CIPABEIJIMBHI CIEIYIOIIUE YTBEPKIACHUSA:

1) neprneHauKyasSp MEHbIIIE JTI000H HAKIOHHOM;

2) HaKJIOHHBIE PaBHBI TOT/Ia ¥ TOJIBKO TOTJa, KOTJa PaBHBI UX MPOEKIIHH;

3) oHA HAKJIOHHAS MEHbIIIE APYroi HAKJIOHHOM TOTAA M TOJBKO TOT/A, KOTJa MPOSKIUS
MEPBOM HAKIIOHHOW MEHBIIIE MPOEKIIMA BTOPOU HAKIOHHOM.

JlivHa TepneHauKyIspa, OMYIIEHHOT0 W3 TOYKM A Ha IJIOCKOCTh «, HAa3bIBaeTCS
paccmoanuem om mouku A 00 niockocmu. PaccTossHME OT TOUKH, JiexKalled B MIIOCKOCTH « ,
JI0 TUIOCKOCTH (¢ CUUTAETCSl PaBHBIM HYJIIO.

B cnyuae, xoraa npsiMas napajuieiabHa MUIOCKOCTH, PacCTOSIHUE OT MPOU3BOJIBHOM TOUKH
MPSIMOM JI0 MJIOCKOCTH HA3bIBAECTCS PACCHIOAHUECM MEHCOY NPAMOIL U NAOCKOCmbIo. PaccTosiHNe
MEXK]y NePECEKAOUMMHUCS MPSIMOMN U MIOCKOCTHIO PABHO HYIIIO.

MoxHO J0Ka3aTb, YTO €CJIHM JIB€ IJIOCKOCTH NapajljiedbHbl, TO BCE TOYKH OJIHOMI
IJIOCKOCTH  pPaBHOYAAJIEHbl OT JApyrod tiockoctu. [lostomy paccmoanuem mesncoy
napanienbHblMu NI0CKOCMAMU HA3bIBAETCS PACCTOSHUE OT MPOU3BOJIBHOM TOYKH OJIHOM W3
HUX J0 APYTOM.

Paccmoanuem mericoy cKpeuwjuearomuMuca nPAMbIMU Ha3bIBACTCS PACCTOSTHUE MEXKIY
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napaJiyiCJIbHBIMU INIOCKOCTAMMU, B KOTOPBIX JICKAT 3TH IIPAMBIC.

Teopema o Tpex nepneHIuKyJIsIpax.

Teopema. llpsmas, npoBeNeHHAasT B IUIOCKOCTM YEpe3 OCHOBAaHUE HAKIOHHOM,
NEPIEHIUKYJIIpHA 3TOM HAKJIOHHOM TOorja M TOJIBKO TOrJa, KOIJla OHa IEpPHEHAUKYJIIpHA
MIPOEKLIUN HAKIIOHHOM.

Joka3zare/bCcTBO:

[lyctb AB - nepneHuKyisp miockocTH « , AC - HaKJIOHHAs U ¢ - IpsiMasi B
IJIOCKOCTH ¢ , Tpoxoasiias yepe3 ocHoBanue C (puc. 2). [Iposenem npsimyro CA1,
napajuieNbHyto npsiMoit AB. OHa nepneHAuKylsgpHa IUIOCKOCTH ¢ . [IpoBenem uepes
npsimbie AB u CA1 mnockocts f . [Ipsimast ¢ nepnenmukyssipHa npsimoit CA1. Ecim ona
nepreHAnKyIsipHa psiMoit CB, To OHa epIeHIUKYIISIpHA TUIOCKOCTH [, a 3HAYuT, U
npsimoit AC.

Amnanornuno. Eciaum mnpsmas ¢ neprneHauKyaspHa HakioHHOW AC To oOHa, Oyayuu
neprneHauKysipaa U npsmoid CA1 TeprneHAuKYIsSpHa IJIOCKOCTH [, a 3HAYUT, W TPOCKIHH

HakJoHHOU CB.
Teopema noka3ana.

Puc. 2

Koumponvnvie sonpocsi
1.0Onpenenenus neprneHANKYISApa U HAKIOHHOM.

2. YTBepkJIeHUs 171 MepreHANKYIsIpa U HAaKJIOHHOM, MPOBEIEHHBIX Yepe3 OJIHY TOUKY K OJHOMI
IJIOCKOCTH.
3. Teopema o Tpex meprneHAUKYIIpax.
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Tema 7.5. YroJu Me:xxay npsiMoil ¥ IJIOCKOCTHIO.

Yeon meancoy npamoti u nnockocmoto. Ilpoexyus mouku u npoexyusi npsamou. Ceoticmea
npoexyuu npamuix. Ilpoexyus guzypul. Ilnowadv npoexyuu MHO20OY20NbHUKA.

Ymems: IpoeKTUPOBaTh (UTYpHl; HAXOAUTH IJIOIIA/b MPOEKIIUH MHOTOYT OJIbHUKA.
3name: Yron Mexay OpAMOW M miIockocThlo. ITpoekumst Touku u mpoekuus npsimoi. CpoiicTBa
npoekiun npsameixX. [poexknus ¢urypsr. [Tnomans mpoekun MHOTOYTOJIbHUKA.
Yroa mexay NpsiMoii ¥ II0CKOCTHIO.
ITycte MN - HaknoHHasA, npoBefeHHas U3 Toukd M k miuockoctd y, a M,N - ee mpoekuus Ha

mwiockocTh y (puc.l). Torna yron MNM, - nHassiBaercs ynom meancoy npamoii MN u naockocmoio
y . Takum 00pa3oM ompeaensercst yroj Mex/ 1y IpsSMON U IIOCKOCThIO, EPECEKaroIel 3Ty IpsIMYI0 U

HE MEPIEHIUKYJIIPHOH €.
¥roaA MexAy NpAMOH M MADCHOCTEID

Puc.1.
Onpenesienue.

Yroa mMexay npsiMoil U IJIOCKOCTHIO, NTEPECEKAIOIIECH 3Ty NPSAMYIO U HE MEPIEHIUKYISIPHOW K
HEH, - 3TO yroJl MeXay NPsIMOM U €€ IPOEKLUEN Ha Ty IJIOCKOCTb.

Omnpenenenne yria Mexay IpsAMON U IVIOCKOCTBIO MO3BOJIAET 3aKI0YUTh, YTO YTOJI MEXAY NPSIMOKN
U TUIOCKOCTBIO IPEJACTABISCT COOOM yroJl MEay JBYyMs HEpPECceKarolMMUCS MNPSAMBIMHU: CaMOM
IIPSIMOM M €€ IPOEeKUUer Ha INIOCKOCTh. Clie0BaTeNIbHO, YIOJl MEXKIY IPSIMOU U IJIOCKOCTBIO €CTh
OCTPBIN YToJI.

Yron MexIy NEepHeHIUKYJIIPHBIMM INPSAMOM M INIOCKOCTBIO CYMTAIOT paBHbIM 90°, a yron
MEXJly MapajuleJIbHBIMU NPSAMOW U IUIOCKOCTBIO JIMOO HE OMpPENENsIOT BOBCE, JUOO CUUTAIOT
paBHbIM 0°,

Tema 7.6. JIByrpanHblii yroJs. YroJ Me:xay miockoctamu. Ilepnenaukyasipaocts
IIOCKOCTEi.

Onpedenenue 0gyepannoeo yena. Buovl 0eyepannozo yana. Onpedenenue yena mexicoy
nepecexarowumucs niockocmamu. Onpeoenenue nepneHOUKyIApHocmu niockocmeu. Ilpusnaxu
nepneHoOUKyIAPHOCIU 08YX NIOCKOCMEIL.

Ymemy: pemiath 3a1auu Ha JIByIrpaHHbIE YIIIbL.
3namu: onpenieieHNe IBYrPaHHOTO yria
Onpenenenue. J[ByrpaHHbIM YIJOM Ha3blBaeTcsl Gurypa, oOpazoBaHHas MPsAMONM a M JBYMs
MOJIYTUIOCKOCTSMU C 0011l rpaHuIed a, 1 He MPUHAIIeKAIIUMU OJJHOHN MIIOCKOCTH.
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i a - peOpo JBYrpaHHOTO yTJia, MOJYINIOCKOCTH - TPaHu €ro.

A
iéP
puc. 1
Yron AOB - nuHeiHbI yros JByrpaHHoro yria. YrtoObl ero
HOCTPOUTH, HY)KHO BBIOpaTh MPOM3BOJIbHYIO0 TOUKy O Ha pebdpe, a myun OA
u OB 10mKHBI ObITh EPIEHANKYIISIPHBI K peopy.
i
i
puc. 2

Onpenenenue. ['pagycHoit Mepoi IBYTpaHHOTO yrja Ha3bIBAETCS TpajycHas mepa J0oro u3
€ro JIMHEHHBIX YIJIOB.

JIByrpaHHbIN yroJyl Ha3bIBaeTCsl MPSIMBIM (OCTPBIM, TYIBIM),
eciu oH paBer 90° (menbiie 90°, 6osbire 90°).

[Tycts ¢ - TOT U3 YriIOB, KOTOPHIA HE MPEBOCXOAUT JIOOOTO M3
TPEX OCTAIBHBIX YIJ0B. Toraa yros Mexay NnepecekaronuMucs
mockocTsaMu paseH $. (0°<$=90°)

puc. 3

Onpenenenue. /[Be nepecekaroniyecs: IMIOCKOCTH HAa3bIBAIOTCS MNEPIEHIUKYISIPHBIMU, €CIIU
yroJt MeK 1y HUMH paBeH 90°.
IIpu3Hak nepneHINKYJISIPHOCTH ABYX IJIOCKOCTEM.

Eciu omHa W3 OByX MJIOCKOCTEH () MPOXOIUT Yepes
npsaMyro (a), TMEePHEHAUKYIAPHYIO Ipyrod riockoctd (B), TO
TaKUE IJIOCKOCTH MEPIICHIUKYIISIPHBL.

puc. 4
By, o Ipsimoyroanpublii  mapastenenunen. [lapamenenunen
Pyt A Ha3bIBACTCS MPSAMOYIOJBHBIM, €CIIM ero OOKOBbIE pedpa
1
P HEPIEeHIUKYISAPHBl K OCHOBAHUSM, @ OCHOBAHHS IMPEICTaBISIOT
| v
| ' €000 TPSIMOYTOJIbHUKH.
Bl -4-JC
- T
.-ﬂ-.dq =+
puc. 5
CaoiicTBa.

1. B npsMOyroJisHOM NapaijieNenure/ie Bce MecTb IpaHel MpeaCcTaBIsoT cO00H NMPsIMOYTrOJIbHHUKH.

2. Bce nByrpanHbI€ yIiibl IPSIMOYT'OJILHOTO MapaulesenuIiea ABIS0TCS MPSIMbIMU

3. KBagpaT nuaroHany npsiMoyrojbHOTO MapajulesienuIiesia paBeH CyMMe KBaIpaToB TPEX €ro

U3MEPEHUN.

Konmponvnvie sonpocul

1. Onpenenenue AByrpaHHOTO yria.

2. OnpezeneHue yria Mexay NepeceKatouMMHCS TUIOCKOCTIMHU.

4. OnpeneneHue NepreHANKYIIPHOCTH IIocKocTel. [Ipru3HaKy nepneHaAuKyIspHOCTH  IJIOCKOCTEH.
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Tema 8. KoopanHaThl H BEKTOPHI.

Tema 8.1. Bextopsl. [leiictBusi Hax BekTopamu. basuc Ha niockoctu. IIpsiMoyroJibHas cucrema
KOOpPJAUHAT.

lonamue sexmopa. [leticmeus nao éexkmopamu. bazuc na nrockocmu. Ceoticmea 6eKmopos.
IIpamoyzonvHas cucmema KoopouHam 6 NPOCMpaHcmae.

Ymembs: BBITIOTHATDH IEHCTBUS HAJl BEKTOPAMHU.
3namu: Tlonstue BekTopa. JleWicTBus Haj BekTopamu. basuc Ha miockoctu. CBOMCTBA BEKTOPOB.
[IpsiMmoyrospHas cucTeMa KOOpJIMHAT B MMPOCTPAHCTBE.

[TonsiTne BEeKTOpa B CTEPEOMETPUH BBOJHUTCS TaK )K€, KaK M B TUTAHUMETPHH.

Paccmotrpum  ymopsnmouennyro mapy (A, B) HecoBmamarommux Touek. OHa ompenensier
HaIpaBJIEHHbIH OTpe3ok ¢ HadaioM A u koHuoMm B (puc. 1). C nomompbto mapsl (A, B) 3amaaum
npeobpazoBanue mnpoctpaHcTBa. Kaxmoit Touke M mocraBuMm B cooTBeTCTBHUE TOYKY N, KoTOpas
MOJIYYUTCS B PE3yJbTaTe CIENYIOIIETO TOCTPOEHUSI.

[Tpunsas Touky M 3a Havanmo, mpoBOAUM JIyd M, COHANpaBlieHHbIH ¢ JtydoM AB (puc.2). Ha myde
M uMeeTcs eAMHCTBeHHAs Todka N, ynamenHas or M Ha paccrosiHue |AB|. OTO TOCTpOEHUE 3aJIaeT

npeobpazoBaHue MPOCTPAHCTBA, OTOOpaxkaromero Touky M Ha Touky N.

N

A A

Puc. 1. Puc. 2.

Onpenenenue. Bexkmopom (napaninenvuvim nepenocom), onpedensemvim napoi (A, B)
Heco8nadarnwux moyekx, Ha3vl8aemcs NPeooPazo6anue NPOCMPAHCMEA, NPU KOMOPOM KadNcOdsk MOYKa

M omobpasxcaemcsa na maxyro mouky N, umo nyu MN conanpaenen ¢ nyvom AB u paccmosnue |MN|

PABHO PACCMOSAHUIO |AB| .

Bekrop, 3amannbiii mapoit (A, B) HecoBmamawmmx Touyek, oOo3HauyaeTcss cumBosioM AB.
Hanpasnenue, onpenensemoe nydom AB, HasbiBaeTcst Hanpasnenuem eekmopa AB, a paccrosiHue
|AB|- onunou eekmopa AB .

VYcnoBumest, yTo J00as mapa COBMNAJAONIMX TOYEK 3aJaeT TOKJIECTBEHHOE MpeoOpa3oBaHue,
KOTOpO€ Mbl OyZeM Ha3blBaThb TENEPb H)/Ie8biM GeKmopom. JITMHa HYJIEBOIO BEKTOpa paBHA HYIIIO,
MOHATHE HAIIpaBJIEHUs Ul Hero He BBoaAuTcs. HyneBoii Bektop, 3agannbiii napoii (A, A), 0603Ha4aroT

cuMmBoIOM AA.

—_

HpI/IMeHHIOTCSI 1 UHbIC 0003HAYCHUS: a, b, C...- BEKTODHI,

—

a‘ Wik a - JuinHa Bektopa a; 0 -

HYJIEBOU BEKTOP.
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Kaxxp1ii BEKTOP, OTINYHBIA OT HYJIEBOTO, BIIOJHE XapaKTEPU3YETCsS CBOMM HAIIPABICHUEM U
nnuHoH. Ilo3ToMy, eciau HeHyseBble BEKTOPEl & U D COHampaBiieHbl M UIMEIOT PaBHBIC JAJIMHBI, TO 9TH

BEKTOPBI paBHbI (COBMaaamT): a =>h.
JelicTBHSA HA/l BEKTOPAMH.
VYnobuee Bcero paboTaTh ¢ BEKTOpaMH B MPSMOYTOJILHOW CUCTEME KOOPAMHAT — TOM CaMoOi,

B KOTOpO#l pucyem rpaduku ¢(yHKui. Kaxmoi ToOuke B CHCTEME KOOPIWHAT COOTBETCTBYIOT JIBa
yucina — €€ KOOpJAMHATHI noxuy, abcuucca Y OpJMHAaTa.

Bexkrop Takke 3agaercs nByms KoopauHatamu: a(Xx,;Y,)

37eck B CKOOKax 3alMcaHbl KOOPAWHATHI BEKTOpa a— M0 X U I10 Y.

Haxoasarcs onn MMpOCTO: KOOPAWHATA KOHI[a BEKTOpPAa MUHYC KOOpAWHATA €ro HavdaJia.

B zﬁr_’xﬂ— X, Vg ¥/

lal =+x2+y?
a J[Z

0 x
Cnoosicenue 6ekmopos

Z[J'ISI CJIOKCHUS BCKTOPOB €CTh ABA crocooa.

1. IIpaBwio mapaienorpamma. YToObl CI0XKHUTh BEKTOpbl au b, momemaeM Hadaia 00OMX B OJHY
Touky. JlocTpamBaem 10 mapajienorpaMMa M M3 TOM )K€  TOYKM  IPOBOJUM  JIMAroHallb

napauienorpaMma. 1o u OyaeT cyMMa BEeKTOpoB au b .

a ,_-"J_-J;i) 1“.‘:”‘
____--"'(_:f =0 .',r’

.-'"

b
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2. Bropoii coco0 ciiokeHus: BEKTOPOB — MPABMWIIO TpeyrojbHUKa. Bo3pMeM Te e BeKTOphl au b .
K xoHIly mepBOro BeKTOpa MPUCTPOUM Ha4ajao BTOPOro. Termepb COCAMHUM Hayalo MEePBOrO U KOHEIl

BTOPOTO. ITO U €CTh CyMMa BEKTOPOB au b .

b

,—-"’j
%

/

= =
!_,,-—-“'f C

[To TomMy ke mpaBUIIy MOXKHO CJIOKHTh U HECKOJIBKO BEKTOpPOB. IIpucTpamBaeM ux OIMH 3a IpYyrum,
a 3aTeM COEIHMHIEM Ha4yaJlo IEPBOTO C KOHIIOM IOCIEIHETO.

D
C— E  AF-AB+BC+CD+DE+EF
_-’ﬂf
A

[IpencraBbre, uTo BbI HieTe U3 myHkTa A B nyHKT B, u3 B B C, u3 C B D, 3atem B E u B F. Koneunsrit
pe3ynbTaT 3TUX ACUCTBUN — mepemMenienne u3 A B F.

[Tpu cnoxxenun BekTopoB a(X,; Y, )H B(Xb; Y, ) TIOJIydaem:
c=a+b
=% + %)+ (Ya + o)

Botuumanue 6E6KmMopoe

—_— —_—

BekTop — c HampaBiieH MPOTUBOTIOJIOKHO BEKTOPY ¢ . JITMHBI BEKTOPOB ¢ M — ¢ PaBHBL.

zf/ /-z-*

Tenepb IIOHATHO, YTO TaAKOC BbIYUTAHNEC BCKTOPOB. Paznocts BCKTOPOB ad M ¢ — 3TO CyMMa BEKTOpa a

—_

" BCKTOpa —cC.

H'E::(T_(—F_j — |

Y
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Ymuoorcenue 6eKmopa Ha 4ucio

[Ipy ymMHOXEHHMHM BeKTOpa aHa 4uciio K mosydaercs BeKTOp, UIMHA KOTOpPOro B K pa3 oTimyaercs

ot ayuHbl a. OH COHANpPaBJICH ¢ BEKTOPOM @, eciid K OoJibllie HyJIs, W HAPAaBJICH MPOTHBOIOJIOXKHO

—

a, ecnu K MeHbIre HyIs.

p /
a ﬁlf}'fffr 05a/ -a /-3a J -0,3a
L yod / =3 =2 d
/
4
/
s
ba3uc na nnockocmu.
Onpenesienue.

1) Ba3ucoM B IPOCTPAHCTBE HA3BIBAIOTCS JIOOBIE 3 HEKOMIUIAHAPHBIX BEKTOpA, B3STHIC B
OTIpEIeIEHHOM IOPSIJIKE.

2) Bba3ucoM Ha IJIOCKOCTH HAa3bIBAIOTCS JIIOOBIC 2 HEKOJUIMHEAPHBIC BEKTOPHI, B3SATHIC B
OTIpEeIeIEHHOM IOPSIJIKE.

3)ba3ucoM Ha MPsAMO Ha3bIBACTCS JTFO00H HEHYIIEBOH BEKTOP.

BekTopsl Ha3BIBAIOTCS KOMHUAAHAPHBIMU, €CITA OHU TIAPAJUICTHLHBI OHOW M TOW K€ MJIOCKOCTH. Takum
00pa3oM, BEKTOPHI HA3BIBAIOTCSI KOMIUJIAHAPHBIMHU, €CJIM PABHBIE UM BEKTOPBI, OTJIOKEHHBIE OT OJTHOU
TOYKH, JIEKAT B OJJTHOH IIJIOCKOCTH.
B npotuBHOM ciydae BEKTOPBI HA3bIBAIOTCSI HEKOMNAAHAPHBIMU.

JIroObie TpYM HEKOMIUTIAHAPHBIX BEKTOpa B MPOCTPAHCTBE, B3SATHIC B OMPEACICHHOM TOPSJIKE,
Ha3BIBAIOTCS 0aA3uUCOM.

1. 80,5

Onpenenenue. Ecnu - 6a3uc B mpoctpanctBe ©OM , To uyucna a, b u g - Ha3bpIBAIOTCA

KOMIIOHEHTaAMH WJIH KOOPpAUHATAMHU BCKTOpPaA a B 9TOM Oasuce.
B cBs131u ¢ 3TUM MOJKHO 3aIHcaTh (91 (14%10)1105(5 CBOMCTBA.
- PaBHBIC BEKTOPHEI UMCIOT O AMHAKOBBIC KOOPAUHATHI,
- IIpH YMHOXXCHHNHU BEKTOpa HAa YUCJIO €0 KOMIIOHCHTBI TOXE YMHOXKAKOTCA Ha 3TO YHCJIO,

B Oda+(Af e+ e
- IPH CJIOKEHUH BEKTOPOB CKJIAIBIBAIOTCS MX COOTBETCTBYIOIIME KOMIIOHEHTBI.
a=a€ +a,6, +a,8;; a= e + B¢, + e,

4B (@t B+ + Be +las+ B)e;

Ilpamoyzonvnas (Oekapmoeasn) cucmema KOOpOUHAM ¢ NPOCMPAHCHIGE.

IIpsimoyeonvHas cucmema KoopouHam 6 npocmpaucmee — 00pa3yercsi TpeMs B3aUMHO
nepnenauKyasspasiMu ocsamu koopaunat (JX, OYwu O Z. Ocu xoopaunar nepecekarorcs B Touke (J
, KOTOpas Ha3bIBAETCSl HA4aJOM KOOPJAMHAT, Ha KaKJJOW OCH BBHIOPAHO IMOJIOKUTEIIHOE HalpaBlIeHUE,
yKa3aHHOE CTpeJKaMH, M €AMHUIA M3MEPEHMs OTPEe3KOB Ha ocsiX. EauHMIBI M3MepeHus OOBIYHO
omHaKoBhl 1is Beex oceit. (JX — ock abenmee, (VY — ock opaunar, (J 4 — ock annumkar.
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%B1%D1%81%D1%86%D0%B8%D1%81%D1%81
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82

» X
&
Puc. 2
Ionoxenue Touku - B mpocrpancTse onpenensgercs tpems koopaunaramu &, ¥ u z. Koopmunata &
paBHa mmuHe otpeska (B, xoopmuuara ¥ — mmme otpeska (D) koopimuara z — miuHe oTpes3Ka
() Ds Boi6pansbix enunnnax usmepenus. Otpesku (JB, OChwu (O Donpenensiorcs niockocTsMu,
npoBenéHHbIME 13 Toukn Amapannensno muockocram Y O 4, X O Zu X (Y coorsercrenno.

KoopauHara F'Ha3biBaeTcs abcuuccoil Touku A,

xoopauHaTa ¥ — opauHaroit Touku A,

KOODPJMHATA Z — aNIUIMKaToi Touku .
CHMBOJIMYECKH JTO 3aIIMCHIBAIOT TaK:

Alx, y, z)
NI

A=(z, y, z)
HJIM IPUBA3BIBAIOT 3allMCh KOOPAHWHAT K KOHerTHOﬁ TOYKE C IOMOIIIBKO MHACKCA:

Ta, Ya, 24
H T. II.
Kaxnmas ock paccMarpuBaeTcsi Kak YUCIOBasi MpsiMasi, T. €. MMEET IOJIOKUTEIFHOE HaIpaBlicHHUe, a
TOYKaM, JISKAIIAM Ha OTPULIATEILHOM JIy4de TMPUITUCHIBAIOTCS OTPHUIATEIbHBIC 3HAYEHUSI KOOPAMHATHI
(paccTosiHMe Gepercs co 3HakoM MHUHYC). To ecTh, eciu 6bl, HampuMep, Touka [3 nexkana He Kak Ha
pucyake — Ha nyse ()X, a ma ero mpomomkeHum B oGpartHyro cropoHy oT Toukn (J (Ha
orpunarenshoii wactu ocu (J.X), to aGermeca Trouxkn A Geuta 6b1 oTpHumATenBHON (MHHYC
paccrosumio (JB). Ananoridno u st IBYX JIpyrux OCei.

Konmponvrvie 6onpocwi

1. [TonsTHe BekTOpA.

2. JleticTBHs Ha/T BEKTOPAMH.

3. basuc Ha mIockocTH.

4. CBolicTBa BEKTOPOB.

5. [IpsmoyronpHas cucteMa KOOPAMHAT B IPOCTPAHCTBE.

Tema 8.2. PaccTrosiHue MeK1y TOYKaAMU.

Dopmyna paccmosiHusi mencoy 08yMsi MOUKAMU. YpaeHeHust cghepol, RIOCKOCMU U NPSAMOL.
Koopounamei cepeounvt ompesxa.

Ymemb.: HaX0AUTh PACCTOSTHUE MEX]y IBYMS TOUKAMHU; COCTaBIIATh YpaBHEHUE cepbl, INIOCKOCTH U
IIPSIMOM; HAXOJUTh KOOPANHATBI CEPEIUHBI OTPE3Ka.

3name: hopmyna pacCTOSHUSA MEXKIY IBYMs TOUKaMU, YpaBHEHUs cepbl, IIIOCKOCTH U MPSMOH,
KOOpPJMHAThI CEPEANHBI OTPE3KA.

ITycts A 1 B - 1Be TOUKH MIOCKOCTH, KOOPIUHATHI KOTOPBIX B ICKAPTOBOW CHCTEME
koopauHat: (X;;Y;) u (X,;Y,), Toraa
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2 2
AB = J(xz —xp) + (¥ - ¥
VYkazannas popmyia, 1o CymecTBy, siBisieTcs Teopemoit [Tudaropa, 3anmcanHoi B KOOpAUHATHOM

dopme. B camom zene, mycts A u B, -- cooTBeTcTBEHHO Ipoekiuy Touek A u B Ha ock abenuce, M -

npoekuus A Ha psimyto BB, .

Hmeem: AB -- runorenysa npsaMoyroJIbHOro TpeyrojibHuka ¢ kareramu AM u BM, nHo AM = A
B, =X, — X,|.Touno tak xe BM =|y, —y,].

CnengoBaTeibHO,

AB? = AM? +BM * = (X, —X,)* + (Y, — ¥,)* ¥ dopmyna nokasana.
Koumponvnvie sonpocwi

1.®opmyna paccTOSIHUS MEKIY ABYMS TOUKaAMHU.

2. YpaBHeHUs c(epbl, IUIOCKOCTH H MPSIMOA.

3. KoopnuHatsl cepeiHbI OTpe3Ka.

Tema 8.3. J/IuHeliHble onepanyu HaJl BEKTOPAMM.

Bexmopwl. Mooynw éekmopa. Pasencmeo eekmopos. Cnosxcenue 6ekmopos. Y mnoowcenue
gexmopa Ha uucno. Paznooicenus 6ekmopa no HanpasieHusm. Yeon mesncoy 08ymsa 6eKmopamu.
IIpoexyus eexmopa na ocv. Koopounamur eekmopa. CranapHoe npousseoenue 6eKmopoas.

Ymemsb: HaXoqUTh MOYNb BEKTOPA; BHIMOJIHATH JIMHEIHBIE ONEpaliy HaJl BEKTOPaMU;

Boruncnsate ckaisipHOe MpOU3BEICHHE BEKTOPOB.

3Hamb: BEKTOPBI, MOAYJIb BEKTOPA, PABEHCTBO BEKTOPOB, CI0XKEHNE BEKTOPOB, YMHOKEHUE BEKTOpa
Ha YHCJIO0, Pa3JIoKEHHS BEKTOpA 110 HAIpPaBJICHUSAM, YTOJI MEXIY ABYMsl BEKTOpaMU, IPOEKIUs BEKTOpa
Ha 0Cb, KOOPJMHATHI BEKTOPA,CKATISIPHOE MPOU3BEACHNE BEKTOPOB.

Ceoticmea 6ekmopos.

L[Ba BEKTOpa au b Ha3bIBAIOTCA KOJUIMHCAPHBIMH, €CJIIM OHHM PACIOJOXKCHBI Ha
IMapaJlyiCJIbHBIX IMPAMBIX HJIN HA OHHOﬁ HpHMOﬁ.

Hynesoii Bekrop 0 KoJuMHEapeH J000MYy BEKTOPY.
Teopema 1. ]Ia HeHysneBbIX BekTopa au b kosmmHeapHsl, U KOT/1a OHU TPOTIOPITUOHAIBHBI T.€.

b= K, K — cramsp.

- -

TpI/I BEKTOpaa, b yC, HA3bIBAOTCA KOMIUIAHAPHBIMHU, €CJIM OHHU ITapaJlJICIIbHBI HeKOTOpOﬁ
IUIOCKOCTH WJIM JIEXKAT B HEH.

- - ~

Teopema 2. Tpu HeHyneBbIX BekTopa a,b,c, kommuaHapubl, U KOrjla OAMH W3 HHUX SIBJISCTCS
TUHEIHON KOMOMHALIUEH ABYX OPYTHX, T.€.

c=Kk, +|5,k | — cxansphwi.

Monaynbs BeKTOpa — 3TO AnrHa oTpe3ka AB.
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|AB| = \/(Xz _Xl)z +(y, — y1)2 :

Hpoem;u;l e6eKmopa Ha OcCb.

Teopema 3. TIpoekius BeKTOpa Ha OCh (HampaByieHHas mpsiMast) | paBHaA MPOU3BEICHUIO UTHHBI
BEKTOpPAa Ha KOCHHYC YIJIa MEXK]ly HAlpaBJICHUEM BEKTOpa U HAMPaBJICHUEM OCH, T.€.

nps;l =axcosa?a= E)(a, l).

Cranapuvim npouzgedeHuem IByX HEHYJIEBBIX BEKTOPOB au D. M Ha3pIBaeTcs 4mcio, paBHOE
MMPOU3BCACHUIO JJIMH 3TUX BECKTOPOB HAa KOCUHYC yIJia MCKAY HUMM:
ab= |a”|-‘5‘(cos 5,6).
Konmponvnvie 6onpocwi
1. Bextopsl.
2. Monyrnb BekTopa.
3. PaBeHCTBO BEKTOPOB.
4. CrnoxeHue BEKTOPOB.
. YMHO>XEHHE BEKTOpa Ha YUCJIO.
. Paznoxxenus BCKTOpa 110 HAITPABJICHUSM.
. YT0JI MEXK Iy IBYMSI BEKTOPAMH.
. [Ipoexnust BEKTOpa Ha OCk.
. Koopaunars! BekTopa.
10. CkansipHO€E NMPOU3BECHHE BEKTOPOB.

©O© 00~ o o1
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Tema 9. MHOrorpaHHMKH
Tema 9.1. MHororpannuku. [IpaBuibHbIe MHOTOTPAHHMKH M MX CBOICTBA.

Onpeoenenus 6HympeHHel moyuKkly, OMKpbIMO20 MHON*CECMEd, 001acmu, 2paHu4HOl MOYKU,
02PAHUYEHHO20 MHOHCECMBA, 2e0MEeMPUYECKO20 meid, MHO202PAHHUKA, 2PAHU, pedpa, epuiuHbl,
OUACOHANIU MHO202PAHHUKA, BBINYKIO20 U NPABUTbHO20 MHO202PAHHUKO8. Pazéepmka.

Ymemsb: IpUMEHSTh TEOPETUUECKHUE 3HAHUS TIPU PEIIeHUH 3ajay.

3name: omnpeneneHuss BHYTPEHHEH TOYKH, OTKPBITOTO MHOXKECTBA, 00JacTH, TpaHUYHOW TOYKH,
OTrPaHUYEHHOTO MHOKECTBA, IN€OMETPUUYECKOIO Tejla, MHOTOIpaHHHMKA, TpaHu, pedpa, BEpLIUHBI,
JMaroHajIu MHOTOI'paHHMKA, BBITYKJIOTO U IIPABUIBHOIO MHOTOTPaHHUKOB, pa3BepTKa.

MHoOrorpaHHUKM, B H3BECTHOM CMBbICJIE, SBJSETCS MPOCTPAHCTBEHHBIM  aHAJIOTOM
MHOTOYTrOJIbHUKA. TeM He MeHee, A CTPOro €ro OINpeAeieHHs HaM MOHAJO00sATCS HECKOJbKO
BCIIOMOTATENbHBIX MTOHSITHA.

B mKkonpHBIX y4yeOHMKaX TE€OMETPUM MHOTOTPAaHHUKAMU OOBIYHO HAa3bIBAIOTCS TeEJa,
MMOBEPXHOCTU KOTOPBIX COCTOSIT U3 KOHEYHOTO0 YHCIa MHOTOYIOJIbHUKOB, Ha3bl-Ba€MbIX T'paHSIMU
MHOTOrpaHHUKa. CTOPOHBI W BEpHIMHBI 3TUX MHOTOYIOJLHUKOB HA3bIBAIOTCS COOTBETCTBEHHO
pebpamu U BepLUIMHAMH MHOTOTPaHHUKA.

IIpasunvhvie MHO202paAHHUKU

BLIHYKHLIﬁ MHOI'OI'paHHUK HAa3bIBACTCA IIPpABUJIBHBIM, C€CJIIM €I0 I'PaHAMU ABJIAIOTCA PABHLBIC
IIpaBHJIbHBIC MHOTOYI'OJIBHUKH, 1 BCEC MHOT'OI'PAHHBIC YI'JIbl pABHBI.

PaccMoTpuM BO3MOJKHBIE IPABUIIbHBIE MHOTOTPAHHUKU U IPEXJE BCEro T€ U3 HUX, IPAHAMHU
KOTOPBIX SBJSIIOTCSL IMpaBWIbHBIE TpeyrojabHUKU. Haubosiee MNpPOCTBIM TakUM IPaBHIBHBIM
MHOTOI'PaHHUKOM SIBJISIETCS TPEYroJibHas NHpaMuja, TpaHsAMH KOTOPOM SBISIOTCS TpaBUIIbHBIE
TpeyrosbHUKU (puc. 1). B ka0l ee BepuinHe cX0AUTCs MO TpH IpaHu. Vmest Bcero deTsipe rpaHH,
9TOT MHOTOTPAaHHUK Ha3bIBACTCS TAK)KE MPABWIBHBIM TETPA’IpOM, WM IPOCTO TETPA’IpOM, 4TO B
IIEPEBO/JIE C TPEUECKOTO S3bIKA 03HAYAET YEThIPEXTPAHHHUK.
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Puc.1. Puc.2. Puc.3.

MHOFOFpaHHI/IK, I'padHsMH KOTOPOro ABJIAKOTCA IIpaBHJIIBHBIC TPCYIOJIBHUKH, W B Ka)I(I[Oﬁ
BEPIIMHE CXOJUTCS YEThIpE TPaHu, H300pakeH Ha pucyHke 2. Ero moBepXHOCTh COCTOHUT M3 BOCEMHU
HpaBI/IJ'IBHBIX TPCYIrOJbHHUKOB, IIOOTOMY OH HA3bIBACTCA OKTASAPOM.

MHOFOFpaHHI/IK, B Ka)K}lOﬁ BepHII/IHe KOTOpOFO CXOOUTCA IIATH HpaBI/IJ'H)HI)IX TpeyFOJII)HI/IKOB,
n300pakeH Ha pucyHKe 3. ETo MOBEpXHOCTH COCTOMT M3 NBAJALATH IMPABUIBHBIX TPEYTOJBHUKOB,
MMOATOMY OH Ha3bIBACTCS UKOCAIPOM.

3aMeTI/IM, YTO IMOCKOJIBKY B BEPIIMHAaX BBIITYKJIOIO MHOI'OI'paHHHMKA HE MOXKET CXOJUTHCA 60.]'[66
[T INPABWIBHBIX TPEYrOJIBHUKOB, TO IPYrUX IIPaBUIBHBIX MHOIOTPAHHUKOB, T'PAaHAMU KOTOPBIX
ABJIAIOTCA IIPABUJIBHBIC TPCYIOJIbHUKH, HE CYILICCTBYCT.

AHaJ'IOFI/I'-IHO, HOCKOJ’IBKy B BepHII/IHaX BI)IHYK.]'IOFO MHOFOFpaHHI/IKa MOXKET CXOOUTHCSI TOJBKO

TPHU KBajpara, To, KpoMe Kyda (puc. 4), Ipyrux MpaBHIbHBIX MHOTOTPAHHUKOB, Y KOTOPBIX TpaHsIMU
SIBJISIIOTCS  KBaJpaThl He cymecTtByeT. KyO mMeeT miecThb rpaHeil M TOITOMY HA3BIBACTCS TaKKe

TeKCadIPOM.
' oy,
|
|
I
|
|
|

Puc.4. Puc.5.

MHororpaHHuK, rpaHsiMd KOTOPOTO SIBJISIOTCS MpPaBUIIbHBIE MSATHUYTOJbHUKH, U B KaXIOU
BEpIIMHE CXOJUTCS TPHU IPaHU, U300pakeH Ha pucyHke 5. Ero moBepXHOCTh COCTOUT U3 JBEHAALATU
MIPaBUJIbHBIX MATUYTOJILHUKOB, TO3TOMY OH Ha3bIBACTCS J10AEKAdJPOM.

PaccMoTpuM TMOHSTHE NPaBUIHLHOIO MHOTOTPAaHHMKA C TOYKU 3PEHHUS TOIOJIOTUH HAYKH,
U3y4arlei cBoicBa (puUryp, He 3aBHCSIIUX OT pa3iHuHbIX Aedopmanuii 6e3 pa3psiBoB. C 3TON TOUKU
3peHusi, HalpuMep, BCE TPEYroJIbHUKHN SKBUBAJICHTHBI, TAK KaK OJJMH TPEYTOJbHUK BCEr/1a MOKET OBbITh
MOJIy4eH M3 JH000ro APYroro COOTBETCTBYIOIIMM C)KaTHEM WIIM pacTsbKeHHeM cTopoH. BooOmie Bce
MHOTOYT'OJILHUKH C OJTMHAKOBBIM YKCIIOM CTOPOH SKBUBAJICHTHBI IO TOM K€ MPUUHHE.

MHoOTrorpaHHUK Ha3bIBaCTCS GbINYKIbIM, €CIIU OH SIBJISIETCS BBIMYKIION (DUTYPOH, T.e. BMECTE C
TOOBIMU IByMSI CBOUMH TOYKAaMU COJIEPKUT M COSAUHSIONINN UX OTPE30K
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r)

Puc. 1 A)

CaoiicTBO 1. B BBIMYKIOM MHOTOTPaHHUKE BCE TPAHU SIBIISIFOTCS BBITYKJIBIMU
MHOT'OYTOJIBHUKaMHU.
CBoiicTBO 2. BBITTyKJIBIE MHOTOTPAaHHUK MOKET ObITh COCTABJICH U3 TUPAMUJI C O0IIIEi
BEPIIMHOMN, OCHOBaHMsI KOTOPBIX 00pa3yloT MOBEPXHOCTh MHOTOTPaHHUKA.
CBoiicTBO 3. BBINMYyKIIBII MHOTOTPaHHUK JIEKHUT IO OAHY CTOPOHY OT IUIOCKOCTH Ka)IOW
CBOEH I'PAHU.

KonmponvHnuvle 6onpocwi
1.0Onpenenennsi BHYTPpEHHEW TOYKH, OTKPHITOTO MHOXECTBA, OO0JacTH, TPAaHUYHOW TOUKH,
OTPAaHMYEHHOTO MHOJKECTBA, T'€OMETPHYECKOTO Tejla, MHOTOTPaHHHWKA, TpaHH, peOdpa, BEPIIUHEI,
JMaroHaJI MHOTOTPAaHHHKA, BBITYKJIOTO M MTPABUIBHOTO MHOTOTPAHHUKOB.
2. Pa3BepTka.

Tema 9.2. IIpusma u ee cBoiicTBa.

Onpeoenenue npusmol, 8bicomsl npusmul, ouazoranu npusmul. Ceoticmea npusmoi.
Hszo0pasicenue npuzmuvl u nocmpoenue ee ceuenus. llpamas npusma. [lpasunvuas npuzma.

Ymems: IIPUMCEHATHh TCOPETUYCCKUEC 3HAHWA IIpU PEIICHUHU 3a1a4.
3name: ONpCACIICHUE IIPU3MbI, BBICOTBI IIPHU3MBbI, JHArOHAJIM IIPU3MEI, CBOICTBaA IIPpHU3MBbI,
I/I306pa}KeHI/IC IIPU3MBEI 1 IIOCTPOCHUE €€ CCUCHUA, ITpsAMAA IIpru3Ma, IIpaBUIbHAA IIprU3Ma.

[Tpu3ma (ot np.-rpey. mpiopa (JiaT. prisma) «HEYTO OTHHIEHHOE») - MHOTOTPaHHHUK, JABE TPaHU
KOTOPOTO SIBJISIFOTCSI KOHTPY?HTHBIMU (PaBHBIMU) MHOTOYTOJIbHHKAMHU, JIEKAIIMMHU B MapaliebHbIX
IUIOCKOCTSIX, @ OCTajJbHbIE TpaHU - MapajjiesiorpaMMaMH, HUMEIOMIMMH OOIIHe CTOPOHBI C 3TUMU
MHOTOYTroJibHUKaMu. Mnu (paBHOCHIIBHO) - 3TO MHOTOTPAaHHUK, B OCHOBAHHUSX KOTOPOTO JIEKaT
paBHbIE MHOTOYT'OJIbHUKH, @ OOKOBbIE I'PAHU - MMAPAIIIEIOTPAMMBI.
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HasBanue

Ornpenenenue

O0o03HaueHns
Ha YePTEKE

Yeprex

OcHOBaHUA

/IBe rpanu,
SIBJISIOILIAECS
KOHT'PY3HTHBIMHU
MHOTOYT'OJIbHUKAMH,
JeKalUIMU B
napasiebHbIX
IJIOCKOCTSIX.

ABCDE,

boxoBeie rpann

Bce rpanu, xpome
ocHoBanwnit. Kaxxngas
O0KOBast rpaHb
00s3aTeNnbHO
ABIISIETCA
napaIeIorpaMMOM.

ABLK,
BCML,
CDNM,
DEPN,
EAKP

BokoBas
TTOBEPXHOCTH

O0BenuHEHNE
OOKOBBIX I'PAHECH.

Tlonnas
MMOBEPXHOCTH

O0BenuHEHNE
OCHOBaHHUI U
OOKOBOM
TTOBEPXHOCTH.

Boxossie pedpa

OO0mIme CTOpOHBI
OOKOBBIX I'DAHECH.

AK,BL,CN,
DM ,EP

Bricota

Otpe3oxk,
COEUHSIOIIN N
IUIOCKOCTH, B
KOTOPBIX JIE)KAT
OCHOBAHUS TTPU3MBI
H
MePIEeHIUKYISIPHBIN
JTHM IUIOCKOCTSIM.

KR

Jnaronans

OTtpe3oK,
COCIUHSIOLINN J1BE
BEPUINHBI IPU3MBI,
HE MPUHAJJIeKAIINE
OJHOW I'PAHMU.

BP

JnaronanbHas
IUIOCKOCTh

IInockocCTs,
MPOXOAs1Ias Yepes3
TEPECEKAIOIINECS
JHaroHajb
OCHOBaHMS U
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06okoBoE pedpo
IIPU3MBL.

JlnaronanbHOE
CEYCHUE

IIepeceyenue
MIPU3MBI U
IUaroHaabHOU
IIJIOCKOCTH. B
ceueHnH oOpaszyeTcs
napasuieJorpamm, B
TOM YHUCJIE Er0
YacTHbIE Clly4yau —
pomo,
IPSIMOYTOJIbHUK,
KBaJIpar.

EBLP

[TepnienaukynspHoe
(opTaroHasibHOE)
ceueHue

[Iepeceuenue
MIPU3MBI U
IJIOCKOCTH,
MEpIEHIUKYISIPHON
ee 60KoBOMY pedpy.

Ceoticmea npusmol

1. OcHoBaHMSI IPU3MBI SIBJISIFOTCS PABHBIMU MHOTOYTOJTbHUKAMH.
2. BokoBbIC TpaHH TPU3MBI SIBIISIOTCS MApAJICIOTPAMMAaMH.

3 BokoBbIe pedpa mpHu3MBbI TapauUIeIbHBI U PABHEI.

4. O0BEM NPU3MBI paBEeH MPOU3BENIEHUIO €€ BBICOTHI Ha IJIOMab ocHoBaHus: V =S -h

5. Ilnomjaap MmoJIHOM MOBEPXHOCTH MPU3MbI paBHA CyMMe Iulomiaad e€ OOKOBOM MOBEPXHOCTH U
YABOCHHOM IO OCHOBAHMS.

6.I1nommaaps 60KOBOM MOBEPXHOCTH MPOU3BOIBHOM NTpU3MbI S = P -1 ;e P - mepumertp
MEePIEeHANKYIAPHOTO ceueHwus, | - amuHa 60koBOrO pedpa.

7. [Inomaap 60KOBOM MOBEPXHOCTH MpsMO pu3Mbl S = P-h, rae P - nepumerp ocHOBaHUS MPU3MBI,

h - BeICOTa IPU3MEL.

8. IleprieHIUKYISIPHOE CeUEHUE TIEPIICHANKYIIAPHO KO BCEM OOKOBBIM pEOpam IMPU3MBI.
9. Vribl NepHeHIUKYISIPHOTO CEYCHUS - 9TO JIMHEHHBIC YIIIbI IBYTPAHHBIX YTJIOB MIPH

COOTBETCTBYIOIINUX OOKOBBIX pEOpax.

10. IlepnenauKyNnspHOE CEYEHUE MEPIEHAUKYISIPHO KO BCEM OOKOBBIM I'PAHSIM.

Koumponvnvie sonpocsi

1. Onpenenenue Mpu3Mbl, BEICOTHI IPU3MbI, AMATOHATH MPU3MBI.
2. CBoiicTBa MPU3MBI.

3. U3006paxkeHue Npu3Mbl U MOCTPOCHUE €€ CEUCHUSI.
4. TIpsimas npusma. [IpaBunbHast npusma.

Tema 9.3. Ilapaiiesienunesn u ee CBoiicTBA.

Onpeodenenue napannenenuneoa. Ceolicmea napanneienuneoa ¢ 0okazamenvcmeamu. Kyo.

Ymems: MNPUMCHATH TCOPCTHUYCCKUC 3HAHUA TIPU pCIICHUH 3a/1a4.
Buame: OIPEACIICHUC ITapaJlJICIICIIUIICAA, CBOICTBa Mnapajjiejernuicaa, I/I306pa)KCHI/Ie
IapajiiejenmIiic1a 1 NoCTpOCHUE €€ CCUCHUA.

Hapaﬂﬂeﬂenunedom Ha3bIBACTCA IIpU3Ma, OCHOBAHUCM I(OTOpOﬁ CIIYKUT IapajliejioTpaMM.
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B

[TapannenorpaMMbl, U3 KOTOPBIX COCTABJICH MapajlJICJICIHIIEA, HA3bIBAIOTCS €r0 TPaHsSIMU, UX
CTOPOHBI — peOpamu, a BEPIIMHBI TapalIeIOrPaMMOB — GepuiuHamMy Tapajuienenumnena. Y
napajuieJienuIe/a Bce rpaHl — MapajuiesiorpaMMBl.

[Tapannenenurnenpl, Kak ¥ BCSIKUE MTPU3MBI, MOTYT OBITh npsMble U HAKIOHHbIE.

OOBIYHO BBIIETSIOT Kakue-HUOyIb JB€ TIPOTHUBOIOJIOXHBIE TpaHH ¢ HA3BIBAIOT HX
OCHOBaHHUSIMH, a OCTaJbHbIE TpaHW — OOKOBBIMH TpaHSIMHU TMapaienenunena. Pebpa
napajuieJienune/a, He MprUHaIeKaliie OCHOBAaHUSAM, Ha3bIBAlOT OOKOBBIMHU peOpamu.

JIBe TpaHuM mapaUierenunesa, UMeEmIme oobiiee pedpo, HA3BIBAIOTCS CMEXKHBIMH, a HE
uMerole 00mux pedep — MPOTUBOTIOIOKHBIMH.

OTpe30K, COCNMHSIONMIMN JIBE€ BEPIIMHBI, HE NPHHAJICKAIIUE OJHOM TpPaHHU, HA3BIBACTCA
JTUArOHAJIBIO MapasuIeIeuIe 1a.

Ipsamoii napannenenuned, y KOTOPOTO OCHOBAHHUEM SIBJISIETCS TPSIMOYTOJIbHUK, Ha3bIBAETCS
MPSIMOYTOJIBHBIM ~ TTApAJUICTICIUIIEIOM. Y TMPSAMOYTOJBHOTO TMapajuiefienuiesa BCe TpaHd —
MPSIMOYTOJTbHUKH.

JInuHBI HE TapaIeNbHBIX pedep NPSIMOYTOJBLHOTO Tapayljiesienunea Ha3bIBAIOTCA €ro
JUHEWHBIMU pa3MepamMu (M3MEpeHHsIMHU). Y TPSMOYTOJBHOTO MapajuliefienuIea TP JIMHEHHBIX
pazmepa.

Ceoticmea napannenenuneoa:
1. [TpoTHBOMOJNIOKHBIC TPAHM MTapaJLICIEUIIeIa PABHBI U TTapaJICIbHBI.
2. Bce deThIpe nuaroHai M mapajuiesieIuIeia MepeceKaroTcsl B OJHOW TOYKE U JICATCSA ITOW TOUYKOM
MOTIOJIaM.
3. BokoBeIe rpaHu MpsIMOTO MapaJlIeNIeUIeIa — MPSIMOYTOJTbHUKH.
4, Kpagpar auaroHajgd MpsSMOYrOJIBHOTO IapauieienuIea paBeH CyMMeE KBaJpaTOB TPeX €ro
HU3MEpPEHUI.
Konmponvhusie sonpocut
1. Onpenenenne mapasienenuIe/a.

2. CpoiicTBa mapauiesienure/a ¢ 10Ka3areibCTBaMHU.
3. Ky0.

Tema 9.4. Ilmpamuna. [IpaBuiabHas nupamuaa. Ycedennasi nupamuaa. Terpasyap.

Onpeoenerus nupamuovl U e20 OCHOBHBIX dlleMeHmos. Y ceuennas nupamuoa. Ilpasunvnas
nupamuoa. Tempasop.

Ymems: NpUMEHATh TEOPETUUYECKUE 3HAHUSL TIPH PEIICHUH 33]1a4.
3Hamy: onpeiesIeHUsl MUPaMUIbl U €r0 OCHOBHBIX AJIEMEHTOB, YCEUEHHAs! NupamMua, NpaBUIbHAs
MUpaMuUa, TETPAIP.

Hupamuoa
Paccmorpum MHoroyroasHuk A, A,,...,A, u Touky P, He nexaniyl0 B IJIOCKOCTH 3TOTrO

MHOT'OYT'OJIbHUKA. COCI[I/IHI/IB TOYKY P OTpE€3KaMHM C BEpPIIMHAMH MHOT'OYI'OJIbHHKA, IOJIy4YUM N

tpeyronbHukos (puc.l.): PAA,, PAA;,..PA A .
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A
Ay ' puc.l.

MHOrorpaHHuK, COCTAaBICHHbIM M3 N - yroapHUka A, A,,...,A, ¥ N TpPeyrojbHUKOB
PAA,,PAA,,..PA A, HaspBaeTca  nupamuoou. MuoroyronsHuk A A,,.., A  Ha3bIBaeTCs
ocHoBaHueM, a TpeyronbHuku PA A, PAA,,..PA A - 6oxkosbimu cpansamu nupamujsl. Touka P —
BEpLIMHON nupaMuasl, a otpe3kun PA, PA,,...PA - ee bokosvimu pebpamu. Ilupamuny ¢ ocHOBaHHEM
A A,,... A uBepmuHoi P o603Haqaror Tak: PA A,...A, - 1 Ha3bIBAIOT N — YTOJIBHOM NUPAMUJION.

Ha pucynke 2 wn300pa’k€HBI YETHIPEXYTOJbHAS W IECTHYTOJIbHAs MUpaMuabl. SICHO, 4TO
TpEyroJibHasi MUpaMKia — 3TO Mmempasop.

ko4 b

Asz

Az
Aa

A

[

Puc.2. 2 AL

[NepriennKysip, MPOBEICHHBIN M3 BEPIIMHBI TUPAMUIBI K MJIOCKOCTH OCHOBAHHMS, HA3bIBACTCS
BbIcOTOM mupamubl. Ha (puc 1) otpe3ok PH sBisieTcst BbICOTON TUpamMuIbl.

[Tnomanpio MoJHOW MOBEPXHOCTH MHPAMUIBI HA3bIBAETCS CyMMa IUIOIIAACH BCEX € TpaHel

(T.e. ocHOBaHMsI W OOKOBBIX T'paHEH), a IUIONIaJbI0 OOKOBOW IMMOBEPXHOCTH MHUPAMHIBI — CyMMa

ronaiei ee 60KoBbIX rpaneil. OueBuano, S, =S, +S, .

nonH 60K

Ilpasunvnasn nupamuoa
[Mupamuia Ha3bIBAaETCs MPABUIILHOMU, €CIIN
1) ee ocHOBaHME — MPAaBUIbHBIM MHOTOYTOJIbHUK;
2) ee BbICOTA — OTPE30K, COCTUHSIONINI BEPUINHY TUPAMUIBI C €€ LIEHTPOM.

O,Z[HI/IM U3 IIpUMEPOB HpaBHHBHOﬁ IMUpaMUIbI ABJIAIOTCA CTUIICTCKUC ITMPAMU/IbI. 9To0
YCTBIPEXYT'OJIbHBIC TUPAMU/IBI.

Ceoticmea npagunbHOU NUPAMUODL.

Bce 6okoBble pebpa npaBHIIbHONW MUPaMU/Ibl PaBHbI, @ OOKOBBIE IPAHU SBJIAIOTCS PaBHBIMU
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMH.

HOK&B&TCHLCTBO JaHHBIX (I)aKTOB MMPOBOAUTCH YCTHO:
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1. JIro6oe 6okoBOE pedbpo MmpeacTaBisieT coO00M THIOTEHY3Y MPSMOYTOJIBHOTO TPEYrOJbHUKA, OJTHUM
KaTCTOM KOTOPOI'O CIIYKUT BBICOTA MMUPAMU/IBI, 4 APYT'UM — pagnuyC ONMCAHHOM 0KOJIO OCHOBAHUS
OKPYXHOCTH. O1H MpAMOYT'OJIbHBIC TPCYTI'OJIbHUKHW PABHBI. CHGI[OBaTeJ’IBHO, PaBHBI UX TUITIOTCHY3bI.

2. Tax xak O0KOBbIE peOpa MPaBUIBHON MUPAMU/BI PABHBL, TO €€ OOKOBBIE TPaHH - PaBHOOEIPEHHBIC
TpeyrosbHUKU. Tak kak A, A, ,..., A, - IpaBUIbHBI MHOTOYTIOJIbHUK, TO OCHOBAHUS ITUX

TPEYroJIbHUKOB TaKXK€e pPaBHbI IPYT ApYTy. 3HAUUT, OOKOBbIE T'PAHU PaBHBI (II0 TPEM CTOPOHAM).
Anoghema.

Anodema — BeIcoTa OOKOBOY TpaHH MPABUIBHOMN MUPaMUIbI, TPOBEJICHHAS U3 €€ BEPIINHEI.
JlaHHbBIN TEPMUH ynoTpeOseTcs A1 MPaBHUIIbHON MUpaMUbl, XOTs Y HENIPaBUJIbHOW MUPAMU/IBI
TaK)X€ MOTYT OBITh PaBHBI BHICOTHI OOKOBBIX I'PaHEH.

Teopema: I1nomanb OOKOBON NOBEPXHOCTU MPAaBUIbHON MUPAMHU/JIBI paBHA ITOJIOBUHE
MIPOM3BEACHUS IEPUMETPA CHOBAaHUS Ha anogdemy.

Jlokazamenvcmeo

BokoBble TrpaHM TNpaBWIBHOW NHpPaMUIbl — paBHbIE PaBHOOEIPEHHBIE TPEYroJbHUKH,
OCHOBAHHS KOTOPBIX — CTOPOHBI OCHOBaHHS MUPaMUIBI, a BBICOTHI paBHBI anodeme. [Tmomans S
OOKOBOHM MOBEPXHOCTH MHUpPAMHAbI paBHa CyMMeE IPOU3BEACHUNH CTOPOH OCHOBAaHHUS Ha TMOJOBUHY
anopembl 0. BeiHocs muOkuTens 0,5d 3a CKOOKHM, MOJydrM B CKOOKax CyMMY CTOPOH OCHOBaHHSI
UpaMubl, T.€. ero nepuMmerp. Teopema nokazaHa.

Yceuennaa nupamuoa

Yceuennoii nupamuoori Ha3zpiBaeTCI MHOTOTPAHHUK, Y KOTOPOT'O BEPIIMHAMU CITY’KaT BEPIIMHBI
OCHOBAHUS U BEPUINHBI €€ CEUEHUS TIOCKOCThIO, MapaljieIbHOM OCHOBAHHUIO.

Ceoticmea yceueHHOU nupamuobsl.

1. OcHOBaHHS YCEUECHHOM MUPAMUIBI — I0I00HBIC MHOTOYT'OJIbHHUKH.
2. BokoBBIE I'paHU YCEUCHHOH MUPAMHUIBI — TPATICIIUH.
3. bokoBbIe pedpa MpaBUIBLHON YCEUSHHON MTMPAMU/IBI PABHBI M OJTAHAKOBO HAKIIOHEHBI K OCHOBAHHIO
MTUPaMUJIBIL.
4. BokoBbIE IpaHU MPABUIIBHOM YCEUEHHOW MUPaMUJIbIl — paBHBIC MEXIY 000 paBHOOEIPEHHBIC
Tparnenuy U 0JJMHAKOBO HAKIIOHEHBI K OCHOBAHHUIO TTUPAMHU/IBI.
5. JIByrpaHHbIe yriibl pu OOKOBBIX peOpax NpaBUIbHON YCEUCHHOHN MUPaMUIbI PABHBIL.

Inowaos nogepxnocmu u 06vEM yceuenHol NUPaAMuObl

[TycTs CH__ ggicora yCEUEHHOM MUpaMu/ibl, Py Pr— nepumerps ocHoBanmii YCEUYEHHO
UpPaMUJIbI, 51y 92— nomany ocHOBaHMiA YCEUEHHOW NMUpaMuIbl, S6ox— momas 60KOBOI
MIOBEPXHOCTH YCEYEHHON MUPAMHUJBI, Snoms— nomas MoIHO#M MIOBEPXHOCTH YCEYEHHON TUPaMUIBbI,
vV o6wem YCEUEHHOU MupaMuel. Toraa NMET MECTO CIIEIYIOINE COOTHOIIEHUS:

Snl.’m:l-l = 51 + 52 + Sl.’i-m:

1 —_—
ir = gCHlZSl + Sg + ".,.-’rSngj
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Ecnu Bee IBYrpaHHBIE YIIIbl IPH OCHOBAHMM YCEYEHHOI MUPaMU/Ibl PABHbI 7, & BHICOTBI Beex
GOKOBBIX IPaHEH MHPaMU/IbI PaBHBI /160x , TO

1
Seox = ;':Pl + Fo ) hgox
51 — Sq
Stox = 151 — 5| .
cos 7

CumMeTpun B Ky0e, B mapaJjielienuinesne, B Ipu3Me U MupamMuje.
(OononHumenvHblil Mamepuan)

Ilocmpoenue cummempuii 6 Kyde, 8 napannenenuneoe, 8 npusme U nUpamuoe.

Cummempusn Kyoa

1.IlenTp cummeTpun — MEHTP KyOa (TOuKa repecedeHus Auaronaneit kyoa) (puc. 4).
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2.1110CKOCTH CUMMETPUU: TPU TUIOCKOCTH CUMMETPHUH, MPOXOISALINE YEPe3 CePEeIUHbI MapaliebHbIX

pebep; mecTh MIOCKOCTEH CUMMETPHH, MMPOXOAIINE Yepe3 MpoTHUBOJIeKalue pedpa (puc. 5).
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1. OcH CHMMETPHH: TPH OCH CUMMETPHUH, IPOXOISIIUE Yepe3 IEHTPhI MPOTUBOJICKAIINX I'PaHEH;

YCTBIPEC OCH CUMMCETPHH, IPOXOJAIIUC UCPE3 ITPOTHUBOJICIKAINC BEPIIHUHBI; IICCTH ocen CUMMCTpPHUU,

MPOXOSIIHE Yepe3 CepeAUHbI MPOTHBOIEkKAIIUX pedep (puc. 6).




Cummempun npamMoyz01bH020 napanienenuneoa

1. leHTp cMMMETpUM — TOYKA MEPECEUCHUs JUaroHajied MpSMOYTOJILHOTO Mapaienenumnena (puc.
7).

2. IInockocTH CUMMETPUH: TPU TUIOCKOCTH CUMMETPHH, IPOXOASIINE Yepe3 CePEUHbI MapaljiesIbHbIX
pebep (puc. 8).

|

L W A e

I

I

I

I
--+-_
y . P

[N L -
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3. Ocu cUMMETPHUU: TPY OCH CUMMETPHUH, MTPOXOIAIINAE YepPEe3 TOUKHU NEPECCUEHUs AUaroHanen
MPOTHBOJISIKAITUX TpaHel (puc. 9).

Cummempun npamoii npumol

[In0cKOCTh CUMMETPHUH, MPOXOAAIIAS Yepe3 cepeIuHbl OOKOBBIX pedep (puc. 11).

___.\--_
|
|

Cummempus npagunbHOU NPU3Mbl

1. IleHTp cuMMeETpHUN MPU YETHOM YHCJIE CTOPOH OCHOBAaHUS — TOYKA IEPECEUEHUS TUaroHaneu
NPaBUIBLHOMN Mpu3MBI (puc. 12)
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[InockocTH CUMMETpPUH: IUIOCKOCTb, MPOXOJSINas 4epe3 CepeirHbl OOKOBBIX pebep; mpu

YETHOM 4YHCJIE CTOPOH OCHOBAaHMSI — IUIOCKOCTH, IPOXOJIAIINE Yepe3 MpOTUBOJIEKalue pedpa (puc.

13).
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3. OCI/I CI/IMMeTpI/II/IZ HpI/I YCTHOM 4YHCJIIC CTOpOH OCHOBAaHHUA — OCb CI/IMMeTpI/II/I, HpOXO)IfIHIafI

4yepe3 IEHTPhl OCHOBAHWM, U OCH CHMMETPHUH, TPOXOJIAIINE Yepe3 TOUKH TEePeceueHus TuaroHasei
MIPOTHBOJISIKAITUX OOKOBBIX I'paHeil (puc. 14).

Cummempusn npasuibHOU RUPAMUOBL
1. [InockocT cUMMETpHH: TIPU YETHOM YHCIIE CTOPOH OCHOBaHUS — IUIOCKOCTH, MPOXOJISIINE
yepes MpoTUBOJISKAIUE OOKOBBIE pedpa; U MIIOCKOCTH, MPOXOAAIIUE Yepe3 MeHaHbl, IPOBEACHHBIE K
OCHOBAaHUIO MPOTUBOJIEKAINUX OOKOBBIX TpaHeit (puc. 15).

2. Ocp cuMMETpHUU: TP YETHOM YUCIIE CTOPOH OCHOBAHMSI — OCh CUMMETPHUH, IPOXOASAIIAS
4yepe3 BEpUIMHY PaBUJIBHOM NUpaMUIbl U LIEHTP OCHOBaHUsA (puc. 16).
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Tema 9.5. Ceuennsi Ky0a, Npu3Mbl 1 MUPAMUABI.
Ceuenus kyba, npuzmvl U RUPAMUOBL.

Ymemuw: cTpouTh ceueHus Ky0a, Ipu3Mbl U MUPAMUIBI.
3namye: CedyeHus KyOa, IPU3Mbl U TUPaMU/IbI

Ceuenue npusmol
1. Ceuenne mpu3MBl IUIOCKOCTBIO, NapajjielbHONM OCHOBaHMIO. B ceueHun oOpasyercs
MHOTOYT'OJIbHUK, PABHBI MHOTOYTOJIbHUKY, JIEXKAIIEMy B OCHOBAaHUHU.

2. CedeHure MpU3MBI MJIOCKOCTBIO, IPOXOSIIEH Yepe3 JIBa HE COCeTHUX OOKOBBIX pedpa. B ceuenun
oOpa3yercs mapajienorpaMM. Takoe cedeHHe Ha3bIBaeTCsl AMArOHAJbHBIM CEUEeHUEM MpHU3MbL. B
HEKOTOPBIX CIIydasix MOXKET MOoJydaTbcs poMO, IPSIMOYTOJIbHUK UITH KBAJparT.

PaccmoTpenre npaBuiIbHOM MPU3MBI BO3MOKHO TOJIBKO TOCJIE€ BBEACHUS MOHATHS MPaBUIbHBIN
MHOTOYTrOJbHUK. OJHAKO € MNPaBUIBHOW TPEYroJbHOW MNPU3MOKM MOMXHO IMO3HAKOMUTH YYallUXCA
ropa3lo paHeiie. A ¢ TPaBWIbHOM YETHIPEXYTrOJbHOW MNPHU3MOM MbI 3HAKOMBI €IIE€ H3 Kypca
MaTeMaTHKU 5—6-X KJIaccoOB, TaK Kak OHA IMpEACTaBIsieT cOO0M MpSMOYTOJbHBIA Mapajieienure]] ¢
KBaJipaTaMl B OcHOBaHMsX. llpaBunbHas npusmMa — mpsMas NpuU3Ma, OCHOBAHUSMU KOTOPOU
SIBJISIFOTCSI IPABUJIbHBIE MHOTOYTOJIbHUKH.

Ceoticmea npaguivbHOU NPU3MbL

1. OcHOBaHMS MPaBUIBLHOU MPU3MBI ABISIOTCS MPABHIIBHBIMU MHOTOYT'OJIbHUKAMH.
2. BokoBbIe rpaHy MPaBUIBHOMN MPU3MBI SBJISIOTCS PABHBIMH MPSMOYTOJIbHUKAMHU.
3. bokoBbIe pebpa MpaBUIBHON MTPU3MBI PABHBIL.

Ceuenue npasunbvHoii nPU3IMbl
1. Ceuenue mpaBUIBHON MPU3MBI IUIOCKOCTHIO, MapallieIbHON OCHOBaHMIO. B ceuenun oOpasyercs
MIPaBUJIbHBIN MHOTOYTOJIbHUK, PaBHBIA MHOTOYTOJIbHUKY, JI€KaIlleMy B OCHOBAHUHU.

2. Ceuenue HpaBHHBHOﬁ IMPU3MBI IIJIOCKOCTLIO, npoxonnmeﬁ qgepe3 ABa HEC COCCIHUX OOKOBBIX pe6pa.
B ceuenun o6pa3yeTc;I NpsAMOYTOJIbHUK. B HCKOTOPBIX CIIydasaX MOKCET 06pa3OBaTBCH KBaapar.

)4 KypCa MAaTCMAaTHUKU 5-6-X KiaccoB yqaluecsa YK€ 3HAKOMbI C OIMMCAHUCM IMUpPaAMH/BIL. A
HMCHHO: IIMpaMHJa — MHOTI'OI'PAHHHK, IOBCPXHOCTb KOTOPOIro0 COCTOUT U3 MHOTOYI'OJIbHHUKA,
Ha3bIBAEMOI'0 OCHOBAHUCM IIHUpPAMUJbI, U TPCEYTrOJIbHUKOB C O6IHCI>'I BepH.IPIHOﬁ, Ha3bIBACMbIX
OOKOBBIMH rpansiMu NUpaMUubl. 3HaKOMCTBO C HpaBHHLHOﬁ HHpaMHHOﬁ BO3MO>KHO TOJIBKO IIOCJIC
HU3YUCHUA MMOHATHA HpaBPIJ'IBHBIfI MHOT'OYT'OJIbHUK. O,Z[HaKO C HpaBHHBHOﬁ TpeerHLHOﬁ n HpaBHHLHOﬁ
quLIpeXYFOJIBHOI\/II HHpaMHHOﬁ MOXHO IMO3HAKOMHUTDL YyYallIUXCA 3HAYWUTCIBHO pPAHBIIC. HpaBI/IHLHaH
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nupaMua — MUPaMUa, B OCHOBAHUHM KOTOPOH JIGKUT MPaBHIBHBI MHOTOYTOJIBHUK U BCe OOKOBBIC
pebpa paBHEI.

Ceoticmea npasuibHOU NUPAMUObI

lo. OcHoBaHKeE MPAaBUIIBHOM MUPAMUIbI — MPABWIBHBII MHOTOYTOJIBHUK.
20. BokoBbI€ TpaHy MPABUIBHOMN MUPAMHU/IBI — PABHOOEIPEHHBIC TPEYrOJIbHHUKH.
30. bokoBble pebpa MmpaBUIIbHON NUPAMUIbl PABHBI.

Ceuenue npasunvhoii nupamuodvl
1. CedeHnue mpaBUILHOM MUPaMUIBI TIIOCKOCTHIO, MapalieIbHON OCHOBaHUIO. B ceuennmn obpaszyercs
MIpaBUJIbHBII MHOTOYTOJIbHUK, [10J00HBI MHOTOYTOJIbHUKY, JIEXKAIEMy B OCHOBAHMHU.

2. CeueHue NpaBWIbHOM MUpPaMUJbI TUIOCKOCTBIO, MPOXOJAIIEH depe3 /iBa HE COCETHUX OOKOBBIX
pebpa. B ceuenum oOpasyercs paBHOOCAPEHHBIN TPEYroJdbHUK. B HEKOTOPBIX CiIydasx MOXET
00pa30BaThCsl pPABHOCTOPOHHUHN TPEYTOJIbHUK.

C HEKOTOpbIMH MNpPaBUIbHBIMA MHOTOTPAaHHHKAMH Ydallluecs YK€ BCTpPEYalIuCh. OTO
TpeyrojpHasi mnupamMuaa u KyO. ['paHsMH TpeyrojibHONM NHUPaMUIbl SBISIOTCS TpPaBUIIbHBIE
TpeyroibHUKH. Ee Ha3bIBalOT MPaBWIBHBIM TETPA3IPOM, YTO B IEPEBOJE C TPEYECKOrO O3HAYAET
yerbipexrpaHHuK. KyO umeeT miectb rpaHei, mo3ToMy Ha3bIBAaeTCs MPaBMIIbHBIM TeKca3poM (IIo-
IPEYECKH «reKca» O3HavaeT 1ecTh). PaccMoTpeHre npaBuiIbHBIX MHOTOIPAHHUKOB CJIEAYeT HauWHATh
C TeX W3 HHUX, TPAHAMU KOTOPBIX SBISAIOTCS IPaBWIbHBIE TPEYroAbHUKU. OOUH U3 TaKUX
MHOTOTPaHHUKOB y4JalIUMCs YK€ 3HAKOM — 3TO IPABHIBHBIA TeTpasap. [Ipyro MHOTOrpaHHUK,
I'PaHsAMH KOTOPOTO SIBJISIFOTCS IPAaBUIIbHBIE TPEYrOJIbHUKH, H300pakeH Ha pucyHke 1.

Ero mnoBepXHOCTh COCTOMT W3 BOCBMH MPABWIBHBIX TPEYrOJBHUKOB, IMO3TOMY €r0 Ha3bIBAIOT
MIPABHIIBHBIM OKTaIPOM («OKTa» — BOCEMB).

W Tpermii MHOTOIpaHHHMK, TpaHSIMH KOTOPOTO SIBIISIIOTCS TPAaBHUJIbHBIC TPEYrOJbHHUKH — 3TO
MPAaBHIIBHBIN UKOCAdAP («MKOCa» — ABaIaTh). Ero moBepXHOCTh COCTOMT M3 JABAIATH MPABUIBHBIX
TPEYroJabLHUKOB (puc. 2).

MHOFOFpaHHI/IK, rpaHsaMUu KOTOPOTO SABJIAKOTCA KBAApPAaThl — 3TO Ky'6 YyamuMmcs oH XOpOIIO 3HAKOM.
MHOFOFpaHHI/IK, rpadHsaMu KOTOPOT'O ABJIAIOTCA NPAaBUJIBHBIC IIATUYTOJIBHUKH, H306pa>1<eH Ha PUCYHKC

3.

<>

Ero MOBCPXHOCTH COCTOUT M3 ABCHAAUATU IMPABUJIBHBIX MATHYT'OJIbBHUKOB, IMO3TOMY €TI0 HA3bIBAIOT
MpaBHJIbHBIM JOACKA3APpOM (((ILOI[C» — I[BeHaI[L[aTL).

77



Koumponvnvie sonpocsi
1. Ceuenus xyo0a.

2. CeueHus Ipu3M.

3. CeueHust MUPaAMU/IBL.

Tema 9.6. IlpaBuJibHbIe MHOTOIPAHHUKH.

Ilpeocmasnenue 0 NpaBUIbHLIX MHO202PAHHUKAX (Mempal’op, Kyo, oKmasaop, 000eKka’op u uKocasop).

Ymems: IpUMEHATh TEOPETUYECKHUE 3HAHUS IIPU PELICHUH 33]1a4 Ha IAHHYIO TEMY.
3namp: mpencTaBiieHHWEe O TPAaBUIBHBIX MHOTOTPAHHUKAX (TeTpadap, KyO, OKTadap, AOAEKadaAp U
HUKOCAdIP).

Onpedenenue npasuibHO20 MHO202PAHHUKAL.
MHororpaHHuK Ha3bIBae€TCs NIPABUIIbHBIM, €CJIM: OH BBIITYKJIBINA; BCE €r0 TPaHU — PaBHBIE IPYT
Jpyry IpaBWJIbHbIE MHOTOYIOJIbHUKH; B KaXJI0OW €ro BEpIIMHE CXOIUTCS OJMHAKOBOE YHCIIO pedep;
BCE €r0 JBYI'PAHHBIC YIJIbl PABHBI.

Teopema: CymecTByeT TATh pPa3IUYHBIX (C TOYHOCTHIO JIO TOJOOHMS) THIOB TPABUIBHBIX
MHOTOTPAaHHUKOB: TPABHJIBHBIA TETpad/lp, NPAaBWIBHBIA TekcadaAp (Ky0), TpaBWIBHBIA OKTadIp,

MIPaBUJIBHBIN JOJAEKASAp W MPABUIBHBINA UKOCAIP.

Tabmuma 1. HekoTopbie CBOICTBA TPaBUIILHBIX MHOTOTPAHHUKOB TTPUBE/ICHBI B CIICTYIOIICH TabIuIIe.

Bun rpanu IInockuii Bun Cymma B P r HazBanue
yroi Ipu MHOTOTPaHHOT O TUTOCKHX MHOT'OTPaHHHKA
BEpLIMHE | YIJia IPH BEpPIIMHE | YIIOB IpU
BEpIINHE
[pasuibubiii | 60° 3-rpaHHbIH 180° 4 6 4 [IpaBunbHbIH
TPEYTOIbHHUK TeTpa’p
[Ipasuibubii | 60° 4-rpaHHbII 2400 6 12 8 [IpaBunbHbIH
TPEYTrOIbHHUK OKTadJIp
[pasunbubiii | 60° 5-rpaHHbIiH 300° 12 30 20 [IpaBunbHbIH
TPEYTrOIbHHUK HKOCAdIP
Keagpat 90° 3-rpaHHbIH 270° 8 12 6 [IpaBunbHbIH
rexca’ap (ky0)
[IpaBunpneni | 108° 3-TpaHHBIHA 324° 20 30 12 [IpaBunbHBIH
TPEYrOIbHHUK JIOJICKA3IP

PaCCMOTpI/IM BHUAbI MHOTOI'DAaHHUKOB!

[IpaBUIIBHBIN TETPAdIP [IpaBUIIBHBIN OKTAdAp
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[IpaBunbHBIN HKOCAdAP [TpaBunbHBIH Tekcadap (Kyo)

.

i

[IpaBunbpHbBIN T0AEKAdIP

Ta6mx1ua 2. (I)OpMy.]'IBI JJI HaXOXIACHU A 00BEMOB IpaBHUJIbHBIX MHOTOI'PAHHUKOB.
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Bun MHOTOrpaHHuKa

Obbem MHOrorpaHHHKa

[MpaewneHEI TETpa3LP

a’f2

12
MpaeuneHLIf oKTa34P 43%@
3
MNpaeuneHEIR MKoCazap at
MpaewneHeli rekcasgp (kyb) 5ﬂ3[3+ ﬁ]
12
MNpaeuneHEIl gogekasgp 215+ ?ﬁ]
4

Koumponvhvie sonpocsi
1. Terpasx
2. Ky6p P

3. Okra’ap
4. lexasip
5. Uxocannx
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Tema 10. Tesia BpameHusi ¥ NOBEPXHOCTH TeJI BpPallleHUs.
Tema 10.1. I{nsimHAp, KOHYC M UX CBOICTBA.

Onpeoenenus yurunopa, konyca u ux snemenmos. Ceoticmsa yuiunopa u konyca. Cevenus
YUIUHOPA U KOHYCA NIOCKOCHAMU.

Ymems: IpUMEHATh TEOPETUYECKHUE 3HAHUS IIPU PELICHUH 33]1a4 Ha IAHHYIO TEMY.
3namy: onpeeneHus LUIMHIPA, KOHYCa U UX 2JIEMEHTOB, CBOMCTBA LIMJIMH/PA U KOHYCA, CEYCHHUS
LMJIMHIPA U KOHYCA IUNIOCKOCTIMHU

[MunuHaapudeckass NOBEPXHOCTh oOpazyercss mnpu jaBmwkeHun mnpsimoir (AB, puc.l),
COXpaHAIOIIEH CBOE HallpaBlIEHUE U Iepecekarolielics ¢ 3agaHHol auHuer (kpuBoil) MN. Jlunus
MN HassiBaeTcs Hanpasisromen. lIpsmbie, COOTBETCTBYIOIIME PA3IMYHBIM IOJIOKEHUAM MPSIMOU
AB npu e€¢ npmwkennn (A’B’, A”B” u T.A., puc.2), Ha3pIBalOTCS 00OPa3yIOMIMMHU IFITUHIPHYECKON

!,!E

t

A E

e F
Puc.1. Puc.2

Lununop. Teno, orpaHUYEHHOE MWJIMHIPUIECKOH MOBEPXHOCTHIO C 3aMKHYTOM HAIPaBJISIFOIICH
W JIByMs MapajuIeIbHBIMH IIOCKOCTSMH, Ha3bIBACTCS IMIIMHAPOM (puc.2). YacTh 3THX IUIOCKOCTEH
(ABCDEFG wu abcdefg) Ha3piBaroTCS OCHOBaHHSMHU HUIWHApPA. PaccTosiHEMe MeEXITy OCHOBAaHHSAMHU
(KM, pwuc.2) — Beicota muuHapa. L{uwimaap — npsMoi, eciid ero oOpasyroliue MeprieHIUKYIIPHbI
OCHOBAHHIO; B MIPOTHBHOM CJIydae IMJIMHAP — HAKIOHHBIA. [{MMHp Ha3bIBaeTCS KPYroBBIM, €CITU
€ro OCHOBaHHME — Kpyr. Eciu IWIMHIP SBISETCS OJHOBPEMEHHO M TPSMBIM, U KPYrOBBIM, TO OH
Ha3bIBACTCS KPYIJIbIM. [Ipu3Ma ABJISETCS YaCTHBIM CliydaeM HunHapa(royemy?).

[unuHapuveckue cedeHuss OOKOBOWM MOBEPXHOCTH KpyroBoro iuiuHapa (puc.3). CeueHus,
napajuiefibHble OCHOBAaHHUIO - KpYrm TOro ke paauyca. CeueHus, mnapajuielibHble OOpa3yroUuM
UWINHApa - mapbl napawienbHblx Opsambix  (AB || CD). Cedenus, xoTtopble He MapaieldbHbl HU
OCHOBAHHUIO, HH 00Pa3yIOIIUM - SJUIUTICHI.

E

Inowaos 60Kxo60lU nogepxHOCMU YUTUHOPA
[Tnomans GOKOBOM MOBEPXHOCTH LWIMHApPA PaBHA MPOU3BEACHUIO BHICOTHI LWJIMHApPA Ha JJIUHY
OKpPY>XHOCTH OCHOBaHHUS.
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®dopmyna Juisi BBIYUCIEHNS O0KOBOI OBEPXHOCTHU LIWJIMHAPA!
S,, =27Rn,

ook
rae R - pa,[[I/ch Opr)KHOCTI/I OCHOBAHMUA, h - BBICOTA HI/IHI/IHI[pa.

[TosHas Turomaae MOBEPXHOCTH MIIMHAPA paBHA CyMMe OOKOBOW MOBEPXHOCTH IMJIMHAPA U TBOMHOM
IJIOLIAA OCHOBAHUS LUIMHIPA.

®opmyra [y BBIYUCICHHS TTOJTHOM MO OBEPXHOCTH LIMIIMH/IPA:
2
S, =27Rh +27R*,
rae R - pamuyc okpyXHOCTH OCHOBaH¥Us, N - BBICOTA LIMIHH/IPA.

Konnueckas moBepxHOCTh 00pa3yeTcst pu ABMKeHuu npsimoit (AB, puc.l), npoxoasieii Bcé
BpeMsi 4epe3 HEMOJBIKHYI0 TOYKYy (S), M mepecekaromeld 3a naHHyoo JuHui0 MN, Ha3bIBaeMylo
Hanpasisomen. IlpsMble, COOTBETCTBYIOIIME pa3IMYHbIM TOJOXKEHUSAM mpsimMod  AB mpu eé
nsuxeHnu (A’B’°, A”B” u T.4.), Ha3bIBalOTCs 00pa3yrOIIMMU KOHUYECKOW MMOBEPXHOCTH; TOUKa S — e€
BepmnHOM. KoHuyeckass MOBEpXHOCTh COCTOUT M3 JIBYX YacTeil: OJHA OMHUCHIBAeTCA JIydoM SA,
npyras — ero npojopkeHneM SB. OOblYHO B KauecTBE KOHUYECKOIN MOBEPXHOCTH PACCMATPHUBAIOT
OJIHY U3 €€ YacTeu.

B” E

S

Puc.1 Puc.2
Konyc — 310 Ten0, orpaHM4eHHOE OJHOM M3 YacTel KOHMYECKOW MOBEPXHOCTU C 3aMKHYTOM
HAMpaBJISIONIEH U NMEPEeCeKaroNel KOHUYECKYI0 TTOBEPXHOCTh IJIOCKOCTHIO (ABCDEF, puc.2),

HE MpoXOoJsdiei yepe3 BepmuHy S. YacTh 3TOM IJIOCKOCTH, PACHOJIOKEHHOW BHYTPHM KOHHUYECKOU
MOBEPXHOCTHU, Ha3bIBAaeTCsl OCHOBaHUEM KoHnyca. [lepnennukynsap SO, onyieHHbIH U3 BEPIIUHBI S Ha
OCHOBaHUE, Ha3bIBAETCs BBICOTOM KoHYyca. [Iupamua sBiseTcs 4acTHBIM CllydaeM KOoHyca (moyemy?).
Konyc Ha3pIBaeTCsi KpyroBbIM, €CIM €ro ocHOBaHHeM sBisiercss kpyr. IIpsmas SO, coenuusromas
BEPIIMHY KOHYCa C IIEHTPOM OCHOBAHUSI, Ha3bIBAETCS OChbIO KOHyca. Eciii BbICOTa KPYroBOro KoHyca
COBIIQ/Ia€T C €r0 OCBIO, TO TAKOUW KOHYC HA3BIBACTCS KPY2lblM.

Konmueckue ceuennsa. CedeHus KpYroBOTO KOHYCA4, MMapaJUICIIbHBIC €TI0 OCHOBAHUIO - KPYI'H.
CC‘ICHI/IC, nepeceKaronee TOJIbKO OAHY YaCTh KPYroBOro KOHyCa M HC MapallICJIbHOC HU OJIHOH ero
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obpa3yromeid - smmrnc (puc.3). CedeHue, mepecekaroiee TOIbKO OJHY YacTh KPYroBOro KOHyca U
napajuielibHOe OJIHOW W3 ero oOpasyrommx - mapabona (puc.4). Cedenue, nepecekaromiee o0e 4acTu
KpPYroBOTO KOHycCa, B OOILEM ciydae SBJISIETCS TUIEpOOJION, cocTosimeld u3 AByX BeTBei (puc.5).B
YaCTHOCTH, €CIH 3TO CEUCHHE MPOXOJUT Yepe3 OChb KOHYCa, TO IMOJIydaeM Iapy MepeceKaromIuXcCs
NpSMBIX (00pa3yoIX KOHYCa).

M e e e mm e ————————

Konuuyeckue ceuennsa NpeaACTaBJIAIOT 00JIBIIION HHTEPEC KaK B TCOPETHYCCKOM, TaK U B
IMPAKTUICCKOM OTHOIICHUH. TaK, OHH HIUPOKO HUCIIOJB3YIOTCA B TCXHUKC (BJ'IJ'II/IHTI/IqGCKI/Ie SY6anBIe
Kojéca, napaboiauyecKue MPOXKEKTOPbl M aHTEHHBI); IJIAHEThl U HEKOTOpPbIE KOMETHI ABMIXKYTCS I10
SIIIUIITUYCCKUM Op6I/ITaM; HCKOTOPBIC KOMCTBI JABUXXYTCA I10 Hapa6OJ'[I/I‘-ICCKI/IM n FI/II'Iep6OJ'II/I‘I€CKI/IM
opOuTam.

IInowaow 6oxos01i nosepxnocmu KoHyca

[Tnomans OOKOBOWM TMOBEPXHOCTH KOHycCa paBHA IIPOM3BEIECHUIO 4YHCIa T Ha Pajguyc
OKPY>KHOCTH OCHOBAHUS U Ha JUIMHY 00pa3yroliei KoHyca.

7Z'|2

®opmyna miomany 00KOBOM MOBEPXHOCTH KOHyca: S, = 360

«,

rae I - paaryc OKpYXHOCTH OCHOBaHHS, | - minHa oOpa3syroliei KoHyca.

S,,. =l
HHOHlaHB HOHHOﬁ HOBerHOCTI/I KOHyca paBHa CYMMe HJ’IOH_[aI[eI\;I OCHOBAHHA KOHyca n €ro
00K0BO# TTOBepXHOCTH. OCHOBAaHHUEM KOHYCA SIBJIIETCS KPYT.

®opMyIIa IIOMAIK TIOJIHOM IIOBEPXHOCTH KOHYCA:
S =Rl + 7R?,

rae I - paanyc OKpy>KHOCTH OCHOBaHUsI, | - JJINHa 06pa3y10LueI71 KOHYCa.

box

Koumponvnvie sonpocsi

1. Onpenenenus UMIMHAPA, KOHYCA U UX DJIIEMEHTOB.
2. CBoiicTBa IWIMH/pPA U KOHYCA.

3. CeueHus IUIMHIPA U KOHYCA ITOCKOCTSMH.

Tema 10.2.111ap u cdepa, ux ceyenusi. KacarenbHas mJI0CKOCTh K cepe.

Onpedenenus wapa, cgepol u ux snemenmos. Bnucannas u onucannas cgepol. Cevenus
wapa u cghepuvl. Kacamenvras niockocms K cepe.
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Ymemsb: IpUMEHSTh TEOPETUUECKHUE 3HAHMSI IIPU PEILICHNH 3a/ja4 Ha JaHHYIO TEMY.
3uamy: onpeneneHus mapa, cepsl U UX IEMEHTOB, ONMCAHHAS U OTIMCAHHAs C(Eepbl, CEUSHUS IIapa
u cdepsl, KacaTelabHas INIOCKOCTh K cdepe.

Cdeprueckast TOBEpXHOCTh — 3TO TEOMETPHUECKOE MECTO TOUCK (T.€. MHOXKECTBO BCEX TOYEK)
B MPOCTPAHCTBE, PAaBHOYIAJIEHHBIX OT OJHOU TOoukH O, KOTOpas Ha3bIBaeTCs IEHTPOM chepuyecKoi
noBepxHoctH (puc.l). Paquyc AO u nuamerp AB onpenensrorcest Tak e, Kak U B OKPY>KHOCTH.

Puc.1 Puc.2

[Iap (cdepa) - 3T0 TeNO, OrpaHUUCHHOE CHEPHUSCKOMN MOBEPXHOCTHIO. MOXKHO TMOIYIHTH IIap,
Bpamas MoJayKpyr (WiIM Kpyr) BOKpYr aumameTrpa. Bce miockue cedeHus mapa — Kpyru (puc.l).
HaubGonpmmii kpyr jJeXUT B CEUYEHUH, MPOXOJAIIEM dYepe3 LEHTp Iapa, W Ha3blBaeTCs OOJbIIUM
kpyrom. Ero paguyc paBeH panuycy mapa. JIroOble 1Ba GOJBIINX Kpyra MepeceKaroTcsl Mo JuaMeTpy
mapa (AB, puc.2). DTOT AUaMeTp SBISIETCS U TUAMETPOM TTepPeCceKaoNIXcsl OOIBIINX KpyroB. Yepes
JIB€ TOUKHU ChepuyIecKoil MOBEPXHOCTH, PACIIOIOKEHHbBIC Ha KOHIIaX 0JIHOTrO nuametpa (A u B, puc.2),
MOKHO TPOBECTH OECUMCIIEHHOE MHOXeECTBO Oonbliux KpyroB. Hampumep, depe3 momtoca 3emiu
MOJKHO ITPOBECTH OECKOHEUHOE YHCII0 MEPUANAHOB.

O06bEM 1Iapa B MoiTOpa paza MEHbIIE 00bEMa ONMMCAHHOTO BOKPYT HEro IuiauHApa (puc.3), a
MIOBEPXHOCTh IlIapa B IOJITOpa pa3a MEHbIIE MOJHOW MOBEPXHOCTH TOIO K€ LWIMHApa (TeopeMa
Apxumena):

Puc.3
3nech Smapa u V mapa - COOTBETCTBEHHO IMOBEPXHOCTh M 00BEM IIapa;
Stun u Vuun - nmojgHas NOBEPXHOCTh U 00BEM OMMCAHHOTO ITUJIHHJIPA.

Yacmu wapa. Yacts mapa (cdepbl), oTcekaeMas OT HEro Kakoi-mubo miockocthio (ABC, puc.4),
Ha3bplBaeTcsl IapoBeIM (cepuueckum) cermeHToM. Kpyr ABC Ha3bIBaeTCsi OCHOBaHHEM LIApOBOIO
cermenTa. Otpe3ok MN neprneHaukyssipa, nposeaeHHoro u3 neHrpa N kpyra ABC o nepeceuenus
co cepudecKkoil MOBEPXHOCThIO, HA3bIBAETCS BBICOTOHM HIapoBoro cermeHta. Touka M Ha3bIBaeTcs
BEPIIMHOMN I1apOBOTO CETMEHTA.
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Puc.4
Yactp cdepsl, 3aKiaou€HHas Mexy AByMs napamuienbHbiMHu IuiockocTssMu ABC u DEF,

MEPECEKAIOIIUMH  CPEpUUYECKyI0 TOBEpPXHOCTh (puc.4), Ha3bplBaeTCs IIApOBBIM CJOEM; KpuBas
MOBEPXHOCTh IIapOBOTO CJIOSI HasbIBaeTcsl wapoBbiM mosgcoM (3oHoil). Kpyru ABC u DEF —
OCHOBaHMs mapoBoro nosca. Paccrosaue NK mMexay OCHOBaHMSMHM IIAPOBOTO IMOSICA — €r0 BBICOTA.
Yactp mapa, orpaHMueHHas KpUBOW MOBEPXHOCThbIO cdepuyeckoro cermeHta (AMCB, puc.4) u
KoHH4eckoil moBepxHocThi0 OABC, ocHOBaHHMeM KOTOpOW ciyXuUT ocHoBaHue cermeHta (ABC), a
BEPIIMHOM — HEHTp 1mapa O, Ha3bIBAETCS MIAPOBBIM CEKTOPOM.

Ypasnenue chepo
B npsiMoyrosipHOH cucTemMe KoopIuHaT ypaBHeHue cdepsl paauyca R ¢ neatpom C(X,, Y,, Z, ) uMeer

BUI (X_ X0)2 + (y_ yo)2 + (Z - Zo)2 =R?,
Kacamenvnasa nnockocms K cghepe

[Tmockocts, uMeromasi co cdepoit TOTBKO OIHY
oOLIYI0 TOYKY, Ha3bIBAETCsl KacaTelbHOM IIOCKOCTHIO K
chepe, a ux oOmas ToUKa HA3bIBACTCA TOYKON KacaHUS
IJIOCKOCTH U C(Pephl.

Ha pucynke miockocTs ¢ - KacarelbHas K cdepe c
neHrpoM O, A — touka kacanus. KacatenpHas IIOCKOCTb
K cepe o0nazaeT CBONCTBOM, aHAJIOTMYHBIM CBONCTBY
KacaTeJbHOW K OKpYXHOCTH. OHO BBIP@XEHO B
ClleyIolIel Teopeme:

Teopema: Pamuyc cdepbl, NpOBEAEHHBIH B TOYKY KacaHUs cdepbl M IUIOCKOCTH,
NEePIEHANKYIISPEH K KacaTeJIbHON MIIOCKOCTH.

,ZZOK'QS’ame]leWlGO.’
PaccmoTpuM mockocTs ¢« , Kacatomytocst cgepsl ¢ neHtpom O B Touke A. [lokaxem, uto paguyc OA
SBJIICTCSI HAKIIOHHOM K IUIOCKOCTH « , W, CIEJ0BaTeIbHO, PACCTOSIHHE OT c(epbl 10 IUNIOCKOCTH o
MeHbIlle paguyca cgepbl. [loaromy cdepa U MIOCKOCTh NepecekaroTcs Mo OKpyxkHocTH. Ho 3to
MPOTHUBOPEYUT TOMY, UTO IUIOCKOCTh ¢ - KacaTejbHas, T.e. cdepa M IUIOCKOCTh ¢ HMEIOT TOJIBKO
oJHy oOuryto Touky. [lonmyuyeHHOE MPOTUBOpPEUHE TOKa3bIBAET, uTO paanyc OA mepneHIuKyIspeH K
IJIOCKOCTH ¢ . TeopeMa oka3aHa.

Teopema: Ecnu paanyc cdepsl nepneHauKyIsIpeH K MIIOCKOCTH, TPOXOAIIel yepe3 ero KoHell,
nexariel Ha cepe, To 3Ta IIIOCKOCTh ABISETCS KacaTeabHOU K cdepe.

Lokazamenvcmeo:

N3 ycnoBuss TeopeMbl cienyeT, YTO JaHHBIA paguyc sBISIETCA NEPIEHIUKYISIPOM,
MPOBEACHHBIM M3 IIeHTpa cepbl K AaHHOU MmiIockocTH. [loaTomMy paccTosiHMe OT LeHTpa cdepsl 10
IUIOCKOCTU PAaBHO paguycy cepsl, U, Clie0BATENbHO, cepa U INIOCKOCTh UMEIOT OJJHY OOIIYIO TOUKY.
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DTO0 03HAYAET, YTO JaHHAS IJIOCKOCTH SBISETCS KacareabHou Kk cepe. Teopema gokazaHa.
Inowaows cghepwi
3a momanb cdepbl TpUMEM TMpeaes IOCIeA0BAaTeNbHOCTH IUIOIAACH TMOBEPXHOCTEH
OTIMICAHHBIX OKOJIO c(hepbl MHOTOTPAHHUKOB TIPH CTPEMJICHUH K HYITFO HAaUOOJBIIETO pa3Mepa Kax oM
rpaHu.

[nomans chepsr: S = 42R°.

Konmponvnwvie éonpocoi

1. Onpenenenus mapa, chepbl U UX JIEMEHTOB.
2. BrimcanHnas u onucanHast cepsl.

3. Ceuenmus mapa u chepsl.

4. KacarenbHasi IJIIOCKOCTH K cdepe.
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Pa3nen 11. DiieMeHTHI KOMOMHATOPUMKH W TEOPHH BePOSITHOCTE
Tema 11.1. DjieMeHTHI KOMOMHATOPUKH.

Ocnosnvle nowssmus KOM6uHam0puKu.' pasmewyernust, nepecmaHoB6KU, co4emanus.

3uamwv: OCHOBHBIC IIOHITHS KOM6I/IHaTOpI/IKI/IZ pasMCiCHUsA, NIEPCCTAHOBKH, COUCTAHUA.
Ymems: moacuuTeIBaTH YMICIIa pa3MeHleHHfI, MEPECTAaHOBOK, COUYCTaHHUH.

Komobunamopuka — pasnen MaTeMaTUKH, B KOTOPOM M3Y4aroTCsl 3a7a4u BbIOOpA 3JIEMEHTOB U3
3a/IaHHOTO MHO’KECTBA M PACIOJIOKEHHS WX B TPYIIIIBI 10 33JJaHHBIM ITpaBUjIaM, B YACTHOCTH 3aJIa4H O
MoJICYeTe 4YHCiIa KOMOWHAIMKA (BBIOOPOK), TMOJIY4aeMbIX M3 DJJIEMEHTOB 3a/JIaHHOTO KOHEUYHOTO
MHOKeCTBa. Eciu M3 HEKOTOPOTO KOJMYECTBA JIEMEHTOB, Pa3jMYHBIX MEXIy COOOH, COCTaBIIATH
paznuyHble KOMOWHAIIUM, TO CPEIU HUX MOYKHO BBIICTUTH TPU TUIMA KOMOWHAIIMH, HOCSIIUX oOIIee
Ha3BaHHUE — COCAUHEHHUS.

PaccmoTpuM nosipo6HEe 3TH COeAMHEHUS:

1) Ecimm B HEKOTOPOM MHOKECTBE &;,d,,...,8, HEPECTABIATh MECTAMH JJIEMEHTBI, OCTaBJIA

m
HCU3MCHHBIM HX KOJIMYCCTBO, TO KaxXJdasd ITIOJIYUCHHAasd TaKUM O6p330M KOM6I/IHaHI/I$[ Ha3bIBACTCA
nepectanoBkoii. O01Iee YMCI0 MEPECTAaHOBOK M3 M 3JIEMEHTOB 0003Ha4aeTCs Pm U BBIYHUCIACTCS 110
dbopmyme:
P,=m!

2) Ecnu coctaBiaTh M3 m PA3NIUYHBIX 3JEMEHTOB TPYIIBI 10 N 3JIEMEHTOB B KaXj0H, pacrojaras
B3SIThIE DJIEMEHTHl B pPa3IUyHOM nopsake. llomyduBiinecs mpu 3TOM KOMOWHAIMM HAa3bIBAIOTCS
pa3MellleHUusIMM U3 m 3JIeMeHTOB o n. OOIiee YUCIIO TakuX pa3MEIIEeHUil pacCUUTHIBAETCS IO
dbopmyie:

m!

A, =m(m-)(m-2)...(m-(n-1))=——.
(m—n)!

HepeCTaHOBKI/I SABJIAIOTCA YaCTHBIM ClIydacM paBMCH.[GHHfI.
3) Ecnu w3 m »j1eMEeHTOB COCTaBIIATH rpynnsl 1o n 3JIEMCHTOB B Ka)KI[ofI, HEC o6pau1a;1 BHUMAHUSA Ha
IOPAAOK 2JIEMEHTOB B I'pyIIIC, TO IMOJYYUBIIHUECA IIPHU 3TOM KOM6I/IHaHI/II/I HA3bIBAKOTCA COYECTAHUIAMU
U3 m 3JIECMECHTOB I10 7. 0611166 YHCJIO COUETAaHUN HaxoAuTcCs 110 (bopMyne:

n o P m!

" PP._.  nl(m-n)!
4) Takxke OJHMM W3 BApPUAHTOB KOMOWHAIMKA SBJISIOTCS TMEPECTAHOBKH € TMOBTOPSIIOIIHMMCS
rjaemMentamu. Ecin cpead m JJIEMCHTOB HMCCTCA ml OJHMHAKOBBIX 3JICMCHTOB OJHOI'O THIIA, 12

OJMHAKOBBIX 3JIEMCHTOB APYIroro THIIA U T.A., TO IIPpHU NEPECCTAHOBKE 3THUX 3JIEMCHTOB BCCBO3MOKHBIMHA
crocodamMu noJjyrygacm KOM6I/IH8.I_II/II/I, KOJIMYCCTBO KOTOPBIX OIIPCACIIACTCA 110 (bOpMy.]'ICI

P m!
Pm(ml,mz,---mk): P P m P = ' I l'
PPy MyIm, Lm, !

5) Ecmu npu BBI60pI(e M 5J€MEHTOB M3 N 3JICMCHTHI BO3BPAILAOTCS O6paTHO " ynopsao4muBarOTCA, TO
TOBOPAT, YTO 3TO pasMeEllICcHUsA ¢ MOBTOPCHUAMMU. Pazmerenus ¢ MNOBTOPCHUAMHA MOTYT OTIIMYATBHCA
Apyr OT JApyra SJICMEHTaMu, HUX IMOPSAAKOM H KOJIHUYCCTBOM HOBTOpeHI/Iﬁ 3JIeMeHTOB. UHCI0 Bcex

pa3MeleHnit U3 N HIEMEHTOB 110 M C MOBTOPEHUSIMH 0003HAYAETCS CUMBOJIOM Al M BBIYUCIISCTCS 110
bopmyne:
A'=n".
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6) Ecnu mpu BEIOOpKE M 3IEMEHTOB M3 N AJIEMEHTHI BO3BPAIIAIOTCS OOpaTHO 0€3 IMOCIIETYIOMIEro
YHOPSAIOYMBAHUS, TO TOBOPST, YTO 3TO COYETAHHA C MOBTOPeHUsAMM. YKCIIO BCeX cOoueTaHUd U3 N
3JIEMEHTOB [0 M C IOBTOPEHUSAMHU 0003HauaeTcs cuMBosoM N’ 1 BEIMHCISETCS 110 (hopMyIte:
m _ ~m
Nn - Cn+m—1_

Konmponvnwvie 6onpocoi
1. Onpenenenre KOMOMHATOPUKH.
2. DneMeHThl KOMOWHATOPUKHY.

Tema 11.2. ®opmyna 6unoma Herotona. CeoiicTBa OMHOMHATBHBIX KO3()(PHUIIHEHTOB.
Tpeyroasnuk Ilackans.

@opmyna bunoma Hovtomona. Ceoticmea buHomuanvHulx koagguyuenmos. Tpeyeonvnux Ilackans.
3nams.: popmyna 6uHoma HproTOHA, cBOMicTBa OMHOMHUAIBHBIX KO3()(PUIIMEHTOB, TPEYrOJIbHUK

ITackamns.
Ymems: sprancigars OnaoMm HeroToHa.

Bunom Hetomona. 910 hopMmyia, npeacrasisiomias Beipaxenne (a+b)" mpu nonoxurensHom
[[EJIOM N B BHJE MHOTOYJICHA!

1 2
(a+8)"=a®+C a® 1p+0C a® 2 52 +
H H
3 n-—1
+C a7 3p3 + 40 abnlipr,
H H

3aMeTHM, 9TO CyMMa IoKa3aTeseH crerneneii it a U b mocTostHHA ¥ paBHA N,

Ypcaa * n H n HAa3bIBAIOTCS OMHOMHUAIHLHBIMU KOB(b(bI/II_II/ICHTaMI/I.

Hx MoHO BBIYUCIINUTD, IPUMEHSIA TOJBKO CIOXKCHHE, €CJIN IT0JIb30BATHCA cneﬂylomeﬁ CXEMOM.
B BerHefI CTPOKEC IMUIIEM ABE€ CAMHUIBI. Bce nocjacaAyromue CTpOKM HAYMHAIOTCA U 3aKaHYUBAKOTCA
e,Z[I/IHI/II_Ief/'I. HpOMe)KYTO‘IHBIe Yucia B 9TUX CTPOKAX IMOJY4YarOTCd CYMMUPOBAHUEM COCCIHUX YHUCEI U3
npeﬂbmymeﬁ CTPOKH. OTa cxeMa Ha3bIBaeTCs TPECYTrOJIbHUKOM ITackans:

IlepBas cTpoka B 3TOM TabnuIe COACP)KUT OMHOMHUANIbHBIE KO3 duLmeHTs! A1t N = 1; BTOpas - 1 N
=2; Tpeths - 1 N =3 u T.1. [TosToMy, ecinu He00X0IMMO, HAIPUMED, Pa3JI0KUTh BEIpAKEHHE:

(@a+b)’,

MBI MOKEM NIOJTYUYUTDh PE3YyJIbTaT MOMCHTAJILHO, UCII0JIb3Y: Ta6J'II/II_[yI
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7 T =8 ST N B W P 235 a3 1T
(a+b) =a +T7ab+2lab +353a’b +35ab” +2lah +Tab” +b
CBoiicTBa OMHOMHATIBHBIX KO3()(OUITUEHTOB.
1. Cymma kodddurento pasioxenus (a+b)"pasna 2".

JInst ToKa3aTeNbCTBa IOCTaTOYHO NOJIOKUTh & = b = 1. Torya B mpaBoii 4acTu pa3jioKeHus OMHOMA
Herotona mMbl OyzieM uMeTh CyMMY OMHOMHAIBHBIX K03()(HUITUEHTOB, a cieBa:
(1+13"=2".

2. KoapduiineHTs! 4IeHOB, paBHOYAAIEHHBIX OT KOHIIOB PA3JI0KEHHUS, PABHBI.

3TO CBOWCTBO CIEAYET U3 COOTHOLIEHHUS:

L] H

3. Cymma k03 PUIMEHTOB YETHBIX YWIEHOB Pa3yIo’KEHUs paBHA CyMMe KO3()(DULIMEHTOB HEUETHBIX
YJICHOB PA3JIOKEHUS; KaKAast U3 HUX paBHA
on-l

6 [ 1-13"=0"=037 5
Jlisl 1oKa3aTesbCTBa BOCHOIb3yeMCsl ONHOMOM: JieCb YETHBIC WICHBI
UMEIOT 3HaK « +» , a HEYETHBIE - « - ». Tak Kak B pe3ynbTaTe pasioxeHus noaydaercs 0, To

CJIeIOBATEIIbHO, CYMMBI UX OMHOMHUATBHBIX KOY(D(PHUITMEHTOB paBHBI MEXAY COOOH, TOITOMY KaXKast

1yr=0n=0

U3 HUX paBHa: (1- YTO U TpeOOBaJIOCh JOKA3aTh.

Koumponvnvie sonpocsi

1. ®opmymna 6unoma HeroToHa.

2. CgoiicTBa OMHOMHAIBHBIX KOIPPHUIIUCHTOB.
3. Tpeyronbuuk [Tackais.

Tema 11.3.9j1eMeHTHI TEOPUHU BEPOSITHOCTEI U MATEMATHYECKOH CTATHCTHKM.

Cobvimue. Beposmnocms cobvimusi, crodcenue u yMHONICEHUE 8EPOMHOCMEL.
Ilpeocmasnenue 0annvix, 2eHepabHAsL COBOKYNHOCb, 8bIO0OPKA, CpeOHee apupmemuieckoe,
Meouana.

3uamo: CO6LITI/Ie, BCPOATHOCTDH CO6LITI/I$I, CJIOKCHNEC U YMHOKCHUC BepOHTHOCTCﬁ, MMpeaAcCTaBJICHUC
AAaHHBbIX, F'€HEpaJibHass COBOKYIIHOCTD, BLI60pKa, CpeaHee apI/I(bMCTI/I‘ICCKOC, MCAuaHa.
Ymems: peiaTb 3aga4u 110 TCOPHUU BEPOATHOCTH U MaTeMaTUYEeCKOH CTaTHUCTHUKH.

Cnyuaiinvle coobimus ux 6epoamHocmu
Onvimom, unu ucnvimanuem, Ha3blBaloT BCIKOE OCYILIECTBICHUE ONPEIECICHHOTO KOMILJIEKCa YCIOBHMA
WIN JeWCTBUI, IPU KOTOPBIX HAOIIOJaeTCsl COOTBETCTBYIOLIEE SIBIICHUE.
Cobvimuem HazpIBaeTCs BCAKUN (DAaKT, KOTOPBIA MOKET NMPOM3ONTH WM HE HPOU3OUTH B
pe3yibTaTe OIbITa.
Ilpumep 1. TlonOpacsiBaHME MOHETHI — OIBIT, UCXOJ. Brimanenue repba win mudpsr —

cOOBITHE. 3I[CCB U B JaJbHEWIeM npeanojaraéM, 4Yro IMaacHUE MOHCTBHI Ha pe6po HC
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paccMaTpuBaeTCs, TaK KaK 3TO HEYCTOMYMBOE COCTOSIHHE paBHOBECHs, a H3ydaeMass MOHeTa
JOCTAaTOYHO TOHKAs.
DnemenmapHuimu ucxooamu (coovimusmu) () OTbITA HA3BIBAIOTCS TaKUE PE3YIbTATHI OIBITA, KOTOPHIE
B3aMMHO WCKJIIOYAIOT JIPYT APYra U B pe3yjbTaTe OIbITAa MPOUCXOTUT OJHO U3 3TUX COOBITHH, TaKKe
KakoBO ObI HU OBLIO COOBITHE A, IO HACTYIHBIIEMY SJIEMEHTAPHOMY HCXOAY MOXKHO CYIHTH O TOM,
MIPOUCXOIUT UM HE TIPOUCXOAUT ITO COOBITHE.
COBOKYITHOCTh BCEX 3JIEMEHTAPHBIX WCXOJOB OTBITa HA3bIBACTCS NPOCMPAHCIBOM INIeMEHMAPHBIX
cobvimuti. O603Havaercs 2.

Bce coObiTus (sSIBIEHUS) NEHCTBUTEIBHOCTH MOYKHO TTO/IPA3/IeINTh HA TPU BUA: IOCTOBEpPHBIE,
HEBO3MOXXHBIE U CITyJaifHBIE.

CoObITHE HA3BIBACTCS OOCMOBEPHBIM, €CITH OHO 0053aTEIHFHO MPOU3OUIET B YCIOBHSIX TAHHOTO
OTIBITA.

CoObITHE HA3BIBACTCS HEBO3MONCHHIM, €CIIM OHO B YCIOBHSIX TAHHOTO OITBITA 3aBEJIOMO HE
MPOU30UAET.

CoObITHE HA3BIBACTCS CIYYAUHBIM, €CITH OHO MOXET JH00 MPOM30MTH, MO0 HE MPOU30UTH B
TTAHHOM OTIBITE.

CoObITusl Ha3BIBAIOTCS PABHOBO3ZMONCHBIMU, €CIIA UMEIOTCSI OCHOBAHUS CUUTATh, YTO HU OJTHO
W3 3TUX COOBITUH HE SABIIACTCS 00JIee BO3MOXKHBIM, YeM JII000€ APyroe u3 HUx.

JIBa CcOOBITHSI HA3BIBAIOTCS MPOMUBONONIOHNCHBIMU, €CIIA TPU HACTYIUICHHUH OJHOTO W3 HUX,

BTOpo€ coObITHE HE mpoucxoauT. Ecimu coObiTe 0003HA4eHO A, TO NPOTHUBOMOJIOXKHOE €My

0603Haua0T A.

B oTHoOmIeHHnH apyr apyra COOBITHS TaKK€ MMEIOT OCOOCHHOCTH, T.€. B OJHOM Ciydae coObITHEe A
MOJKET IIPOU30MTH COBMECTHO C COOBITHEM B, B IPyIrOM — HET.

CoOBITHST HA3BIBAIOTCS COBMECMHbIMU B JAHHOM OIBITE€, €CIM IIOSBJIIEHHE OJHOIO0 W3 HHUX HE
HCKIJTFOUYAET MOSBJICHUE IPYTUX.

CoOBITHSI Ha3BIBAIOTCS HECOBMECMHbIMU, €CIU IOSBJIEHHE OJHOTO W3 HHX MCKIIOYAET IOSBIICHHE
JPYTUX.

Ecnu nr000e M3 COOBITHI IPOMCXOIUT HE3aBUCUMO OT pealid3alid JII000H KOMOMHAIIMU
JIPYTUX COOBITUH, TO OHU HA3BIBAIOTCS HE3A8UCUMBIMU 68 CO80KYNnHoCcmu. Eciu MOosBIEHUE OJHOTO U3
COOBITHIA BIUSET HA BOBMOYKHOCTh TIOSIBIIEHUS IPYTOT0, OHU HA3BIBAOTCS 3A8UCUMBIMU.

Heckonbpko coOBITHI B TaHHOM OIIBITE 00Pa3YIOT NOIHYIO 2pYnnYy coObImull, €CIN B pe3yabTaTe
OTIbITa 0053aTeIHHO MPOU30MAET XOTS ObI 0JTHO W3 HUX. Ecnu coObITHs, 00pasyroline MoJIHYI TPYIIIY,
HECOBMECTHBI, TO TIOSBJIICHUE OJTHOTO U TOJIBKO OJJHOTO U3 HUX SBIISIETCS JOCTOBEPHBIM cOObITHEM. [[Ba
HECOBMECTHBIX COOBITHS, 00pa3yIOIIHe MOTHYIO TPYIITY COOBITUMN, SBISIOTCS NPOMUBONONONCHBIMUL.

Knaccuueckoe onpedenenue eepoamnocmu coobimus
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CyiiecTByeT MpPOCTON CHOCOO OMpENeNeHusT BEPOSITHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOYKHOCTH JIFOOOTO M3 KOHEYHOTO YHCIIa UCXO/I0B OIBITA.
[Tycte mpoBoAUTCS OMBIT ¢ N UCXOJaMH, KOTOPhIE MOXKHO TPEACTaBUTh B BUJE TOJTHOM TPYIIIBI
HECOBMECTHBIX PABHOBO3MOXKHBIX COOBITHH. Takue HCXOAbl HA3BIBAIOTCSA CAVYUASAMU, WAHCAMU,
anemenmapuvimu coovimusmu, (). CaMm OIbIT Ha3bIBACTCS Kiaccuyeckum. IIpo Takol OIBIT TOBOPSIT,
YTO OH CBOJUTCS K CXEME CIIy4aeB.
Crnyuaii @ Ha3BIBACTCS O1A20NPUAMHBIM UTU O1A2ONPUAMCIEYIOWUM COOBITUIO A, €CITH OH MPUBOJIUT
K HACTYIUICHUIO COOBITUS A.
Beposamnocmvio cobvimus A Ha3blBaeTCs MaTeMaTHyecKash OIIEHKAa BO3MOKHOCTH TOSIBJICHHS 3TOTO
COOBITHS B PE3YJIHTATE OIBITA.
BepositHOCTE cOOBITHSL 4 paBHA OTHOIICHUIO YHCJIA, OJIaroNpUSATCTBYIOLIUX COOBITHIO A HCXOJ0OB
OmbITa K OOIIEeMYy YHCITY IOMApPHO HECOBMECTHBIX HCXOJOB ONBITA, OOpa3yOIUX IOJHYIO TPYIITY

COOBITHH.
m
P(A) = P 1)

®opmyna (1) sBAsSIETCS KIaccuueckol popmynoul OnpeneaeHus BEpOSITHOCTH COOBITHS.
Od4eBUIHO, YTO 6EPOSIMHOCHL O0OCMOBEPHO20 COObIMUsL PaBHA CNUHUIE, a BePOSMHOCHb
He803MOMNCHO20_— PaBHA HYMO. TakuM 00pa3oM, 3HAYCHHE BEPOSITHOCTH JIIOOOTO COOBITHS — €CTh
MOJIOKUTEIFHOE YUCIIO, 3aKITFIOYCHHOE MEXK Ty HYJIEM U eINHUIICH.
0<P(A)<1. @)

[ToHsiTHE BEPOSTHOCTH IMO3BOJISIET JIaTh HOBBIC ONPEACICHUS U pa3HBbIX BUIOB COOBITHI. A
UMeHHO, coObiTue B HaszbiBaeTcs Hezasucumvim OT cOObITUS A, e€ciu BEpOATHOCTh COObITHA B He
3aBHCHUT OT TOTO, MPOU301ILI0 coObiTHe A i He pou3onuio. CoObiTHe B Ha3pIBaeTCsl 3aBUCUMBIM OT
coOBITHSI A, €ciTi BEpOSITHOCTD COOBITHsI B 3aBHCHUT OT TOr0, MPOU30IIIIO WIIH HE NMPOU30IILIO COOBITHE
A.

Teopembt ymMHOMCEHUA U CIOIHCCHUS 6EPOAMHOCH ElL

CoObiTust A ¥ B Ha3bIBAIOTCS PABHBIMU, €CITH OCYIIIECTBICHUE COOBITHS A BIICYET 3a COO0H
ocyiecTBiieHHe coObITHs B 1 Hao0opoT.
Cymmotui aByx coObiTuit A 1 B Ha3bBatoT coobiTue C=A+B, cocrosiiee B nosiBineHnn cOObITUS A, WIIH
coObITUSA B, mim 060ux 31X coObITUi. [lo-npyromy, mnosiBiaeHue XoTs ObI OAHOTO COOBITHS.
Teopema 1 (cnoscenusn seposmuocmeti). BepoSTHOCTb CyMMBI IByX HECOBMECTHBIX COOBITHI paBHA

CyMMe BEPOSITHOCTEH 3TUX COOBITHIA.
P(A+B)=P(A)+P(B).
Cneocmeue 1: Ecnu cobbitust A, A, ..., A, 00pasyioT MOJIHYIO TPYIIY HECOBMECTHBIX COOBITHIA, TO

CyMMa ux BCpOHTHOCTCﬁ paBHaA €IUHUIIC:
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> P(A)=1

Teopema 2. BeposTHOCTb NOSABIEHHS XOTS ObI OJTHOTO U3 ABYX COBMECTHBIX COOBITHI paBHA CyMMeE

BepOHTHOCTCﬁ 3THUX COOBITHI O€3 BCPOATHOCTH UX COBMCCTHOTO IMOABJICHUA:

P(A+B)=P(A)+P(B)—-P(AB).

Teopema 3. (Ymnoorwcenus eeposmuocmeti). BepoSTHOCTb IPOU3BENICHUS JIBYX COOBITHI (COBMECTHOTO

MOSIBJICHUSI 3TUX COOBITHI) paBHA MPOU3BEACHUIO BEPOSITHOCTH OJJHOTO U3 HUX Ha YCIOBHYIO

BEPOATHOCTH JIPYTOT0, BHIYUCIIEHHYIO IPH YCIOBHH, YTO MEPBOE COOBITHE YiKE HACTYITHIIO.
P(AB) = P(A)P(B/ A) = P(A)P, (B).
Takske MOYKHO 3aITHCATh:
P(AB) =P(A)P(B/A)=P(B)P(A/B)=P(B)P,(A).
Eciu co6witust Hesaucumble, To P(B/ A) = P(B), u teopema ymHoXkenust BepostHOCTE#H
TIPUHUMAET BUI:
P(AB) = P(A)P(B)
Eciu B pesy/bTaTe HCIBITAHASA MOKET NOABUTHCA N COGBITHIA, HE3ABHCHMBIX B COBOKYITHOCTH, TO

6EPOAMHOCNTb NOABNIEHUS XOMA 6bl 00H020 U3 HUX paBHa
P(A)=1-0q,4,..q,.

3nech coObITHE A 0003HAYAET HACTYIJICHUE XOTS ObI OJTHOTO M3 COOBITUI Ai C BEPOSITHOCTSIMHU

Hacrymienuss P, a §, =1— P, — BeposATHOCTH NPOTUBOTIOIOKHBIX COOBITHIA Al, A2 ,...,A1 :
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Tema 12. IlepBooOpa3Hasi U HHTErpPas

Tema 12.1. IlepBooOpa3Hasi 1 HHTeErpal.

Ilepsoobpasnas. Ilpasuna naxodcoenus nepeoodpasnvix. Tabauya unmezpanos

Ymemsb: HaXoAUTh HEONPEJEIIEHHBIE HHTETPAJIbl PA3IMYHBIMU METOJaMU

3namu: onpeenenne NepBoOOPa3HOIL; MTPaBUiIa HAXOKICHUS IEPBOOOPA3HBIX, ONPEICIICHIE
HEOIPEJEIIEHHOTO UHTErpaja U €ro CBOMCTBa, TaOIUIly HHTETPAJIOB, METO/Ibl HAX0XKIEHUS
HWHTETPaJIOB.

Oynxims F(X) naswsaercs nepsoobpasnoii gynxyueii dynxkuuu f(X) ma orpeske [a,b],
€CITH B JIFO0OH TOYKE ITOTO OTPE3Ka BEPHO PaBEHCTBO:

F'(x) = f(x).

Hano otMeTuTs, 4To nepBooOpa3HbIX ISl OJTHOM U TOW K€ (PYHKIUU MOXKET ObITh OECKOHEYHO
MHOro. OHM OyQyT oOTIMYaThCS Jpyr OT Jpyra Ha HEKOTOPO€ IIOCTOSHHOE 4YHCIO, T.€.

F(X)=F,(X)+C.

Heonpeoenennvim unmezparom dyuxuu T (X) HaspiBaeTcss COBOKYMHOCTH TEpPBOOOPA3HBIX
(GYHKIHM, KOTOPbIE OMPEEeHbl COOTHOIIIEHHEM:

F(x) + C.
3amuChIBAIOT: jf(x)dx: F(X) + C;3mech _[ — 3mak wunTerpana, f(X) — mnoasmHTerpambHas
dynxums, T (X) dx — noasiHTErpanbHOE BRIpAKEHHE.

Bolunicnenue  HeompeAeNeHHOrOo  MHTErpaja OT  3aJaHHOM  (QYHKUMHM  Ha3bIBaeTcs
UHMe2pUpPOBaAHUEM.

Cesoiicmea HeonpeodeieHHbIX UHMEZPATL08

1. [IpousBoiHast OT HEONPEAEICHHOTO HHTErpaia paBHa MOAbIHTErPAIbHON (DYHKIIUU.

(] f (x)dx) =(F()+C) = f(x);
2. luddepeHunan OT HEOMPEIEICHHOTO HHTETpalla paBeH MOABIHTETPAIbHOMY BBIPAKECHHIO.
d([ f ()dx)= f ()dx;

3. Heonpenenenusrii unterpan ot auddepeninana HeKoTopoi GyHKIKUN paBeH 3TOM PYHKIUU C
TOYHOCTBIO JIO IIOCTOSTHHOTO CJIaragMoro.

[dF(x)=F () +C;

4. lnTerpan oT CyMMbI MJIM Pa3HOCTH JIBYX U Oojiee GyHKIUI paBeH CyMMe WIIM Pa3HOCTH MHTErPajioB
OT 3TUX (PyHKIMH

[ (u+v—w)dx=[udx+ [vdx— [wdx
5. TlocTOosITHHEINT MHOXHUTENH MOKHO BEIHOCHUTD 3a 3HAK HUHTCTpajia

[C- f(dx=C- [ f(x)dx;
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Tabnuua uHTErpasIoB

Ne HHterpain 3HaueHue Ne Huterpan 3HaueHue
. o o " I dx arcsinx +C =
y _ar
V1-x? = —arccosx + C
n+1 1 X —a
2 [x"dx X icnz-1 |12 j% —In +C
n+1 —a 2a |x+a
dx [2
3 — Injx| + C 13 In‘x+ X ia‘+C
X i I\/X ta
a* . X
4 a*dx —+C 14 arcsin—+C
J Ina J‘\/i a
dx 1 X
5 [e*dx X 1 C 15 ja2+x 5arctg5+C
. X
6 [sin xdx —cosx+C 16 J’mdx In tgE +C
. X
7 jcosxdx sinx+C 17 [de In tg(5+zj +C
8 j 1 dx tgx+C 18 jtgxdx — In\cosx\ +C
COS™ X
9 | _12 dx —ctgx+C 19 [ ctgxdx Injsin x|+ C
sin” x
10 [ dx arctgx +C = 20 ji X ic
1+ X2 = —arcctgx +C x(a—x) a |a-x

MeToabl HAX0XkK/AeHUsI HHTErPajioB

Cnoco0 noacTaHoBKHM (3aMeHbI IepeMEHHbIX).

Ecnu tpebyercs HaiiTu mHTETpa .[ f (X)dX, HO cnoxHO OTBICKATH MEPBOOOPA3HYIO, TO HHOT/IA

¢ nomomsio 3amensl X = @(t) u dx = @' (t)dt moxuzO momyunts:
J f()dx=] f(p(t)¢'(t)dt

HuTerpupoBanue mo 4acrsim.

BcenomuauM ¢opmyty mpon3BOJHOM POU3BEICHHUS:

(uv) =u'v+uv’

rae U u V — HekoTopeie pyHKIMM oT x. B muddepennmansaoit popme:

d(uv) =vdu + udv
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[IpOMHTErpUPOBAB, TONYIAEM: jd (uv) = jvdu + Iudv, a B COOTBETCTBMH C IPUBECHHBIMU

BBIIIIC CBOﬁCTBaMH HeOHpeI[eﬂeHHOFO HHTeraHa:
uv:jvdu+judv YTH judv=uv—jvdu;
[Mony4yrnu GopMmyny UHTErPUPOBAHUS IO YACTAM, KOTOPAs MO3BOJISIET HAXOAWTh HHTETPAJIbI
MHOTHX 3JIEMCHTAPHBIX (QYHKITHIA.

[Ipu wucnonp3oBaHMKM METOAA MO dYacTsAM 3a U Oepercsa Takas GyHKUUS, KOTOpas MpH
i depeHInpOBaHUN YIIpOIaeTes, a 3a dV — Ta 4acTh MOJBIHTEIPAILHOTO BBIPAKEHHS, HHTETPal OT
KOTOPO1 U3BECTEH UJIM MOXKET OBbITh HalJIEH.

Boiblinyto 4acTh HHTErPaAJIOB, BBIYUCIIIEMBIX IO 4aCTSIM, MOKHO pa30UTh HA TPH TPYIIIIbL:
1. Mnrerpams muma | P(X)arctgxdx, [P(x)arcctgxdx, [P(x)Inxdx, [P(x)arcsinxdx,

J-P(X) arccosxdx, rae P(x) — MHOrounes. JIns ux BEIYHCIEHMS ClEAyeT 3a U NPUHUMATH OIHY U3

BBIIIICYKa3aHHBIX QyHKIWH, a dv = P(x)dX.

2. Wnarerpansl BUIa J'P(x)eaxdx, jP(x)sin axdx, J.P(X) cosaxdX, rae P(X) — MHOrou9eH, a a —
HekoTopoe uncio. [y ux BbIYMCIIEHHs ciefyeT mpusth U =P(X), a dv = e¥dx, dv = sinaxdx, dv =
cosaxdx.

Kak BugHO, mocnenoBaTenpHOE NpUMEHEHHE (GOPMYIbl HWHTETPUPOBAHUS IO YACTSAM IO3BOJISET
MTOCTETIEHHO YIPOCTUTH (PYHKLHMIO U MIPUBECTH UHTErPal K TAOIMYHOMY.

3. Unterpans Buga J. e® cosbxdx, I e®sinbxdx, rae a u b — HekoTopbIe uncna. DTi HHTErpaBbl
BBIYHCIIAIOTCS IBYKPATHBIM HHTETPHPOBAHUEM I10 YACTSIM.

KoumponwvHuvle 6onpocwi
1. [TepooOpaznas.
2. IlpaBuna HaxOXKJIEHUS MTEPBOOOPA3HBIX.
3. Ompenenenue HEONPEAEIIEHHOTO UHTErpaa.
4. CBoiicTBa HEONPEACICHHOTO HHTETpaa.
5. MeTo1bl UHTETPUPOBAHHSL.

Tema 12.2. OnpenesieHHbI UHTErPaJ U €ro NpUMeHeHue

Buiuucnenue onpedenennvix unmeepanos ¢ nomowwio gopmynst Heromona-Jlenionuya.
Haxooicoenue nnowaoeii guzyp.

Vmemsb: BBIUUCIATH  OMNpeNElCHHbIE HWHTErpaibl ¢ mHomomibio (opmynsl Heiorona-JleiiOHuila,
BBIYHCIISATH TUIONIAAb KPUBOJIMHEHHOMN Tpaneuu, GUryp, orpaHu4eHHbIX 3aJaHHBIMU JTMHUSIMH.

3Hame:  aNTOPUTM BBIYHCICHUS OMNpPEACTICHHBIX HHTErpajoB ¢ momoiibio ¢opmynsl HeroToHa-
JleitOHUIl, METOAbl BBIUMCICHUS OTMPEACTECHHBIX HHTErPajoB AalTOPUTM BBIYMCICHHUS TILUIOMIACH

dburyp.

Hycts dpynxims T (X) onpenenena na orpeske [@,D]. Pazo6sem otpesox [@,b] ma n mpoussonbHbIx

gacTeit Toukamu & = Xy < X; < Xy <...< X4 <X <...<X, =D. Ha xaxnom
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U3 YaCTUYHBIX OTPE3KOB BBIOEPEM IPOU3BOJILHO 10 OJHOH Touke: C; € [a, Xl] , G € [Xl, X2] ,
o €, €[X 1],

y=f(x) \

Me)
fle)l

a /\A 'x2 xn—l "/b

C, X, G c

v >

n

Beenem obosnauenus: AX; =X, —a, AX, =X, — Xq, ..., AX, =b—X_ ;.

n
CocraBuM cymmy: O = z f(Ci )AXi , KOTOpasi Ha3bIBACTCS UHMESPAIbHOU CYyMMOU (HYHKINU
i=1
f (X) una orpeske [a,b].

I'eomempuueckuii cmoicn o: Kaxnoe cnaraeMoe MHTETpajibHOM CyMMBI MpECTaBIseT coOoit
TIoNTaas MpSAMOYrobHUKa ¢ ocHoBanmeM AX; u Beicotoit f(C;), mokpertoro mrpuxoskoi Ha
pPHUCYHKE.

O6o03naunM uepe3 A = max(Axi), i =1, 2, ..., N — IMHY HaKOOJIBIIEr0 YaCTHYHOTO OTPE3KA.
Bennunny A MHOrJa Ha3BIBAIOT napamempom pazouenus.

PaccmoTpuM mporiecc, Tpu KOTOPOM YHCIO TOYEK pa3OMEHHsS HEOTPaHWYEHHO BO3pacTaeT
TaKuM 00pa3oM, YTO BeJIMYMHA A CTPEMUTCS K HYIIIO.

Ecrm  cymectByer mnpemen wunTerpambHoii cymmbl | =lim o, 10 oH HasbBaercs
A—0

onpedenennvim unmezpaiom ot Gyakuun | (X) na otpeske [@,D] n 06o3nauaercs

I:Tf(x)dx

B stom cnyuyae dynkuus T (X) waswiBaercs ummespupyemoii na ompeske [@,b]. Yucno a
HA3BIBACTCS HUNCHUM NPEOeloM UHMe2PUPOSAHUsl, & YUCII0 D — eepxnum npederom unmezpuposanusi.

Ecnu takoit mpenen cymecTByeT, TO OH HE 3aBUCUT OT NMEPBOHAYAILHOTO pa3OMeHust oTpe3ka
[a,b] u BrIGOpa TOUEK Ci. VI3 onpenenenus onpeaeneHHOro MHTErpana CieiyeT, YTo ero BeIHMYMHA
3aBUCHT TOJIbKO OT Buaa dynkmuu f (X) u or uucen a u b. Cnenoparensho, eciu 3amausl T (X) u

MpEACIIbl HHTCTPUPOBAHUS, TO HHTErpaJl ONIPCACIIACTCA OAHO3HAYHO U MPEACTABIIACT coboit HEKOTOPOC
15 (1 (0

96



T'eomempuueckuit cmvici onpedeieHHo020 uHme2pand.

Ecin f(X) >0 na orpeske [a,b], To onpenencuupiit

N\ :

HHTErpal If(X)dX T€OMETPUUECKA  IIPEACTABIIET
a

co0o0#l miomaab KpUBOJIMHEHHON Tpameuuu — (Urypsl,

orpanuuennoit yummamu Y = f(X), X=a, Xx=Db,

y=0.

y=f(x)

S
>
v <

A
Ya b

0 >
Ecmn f(X) <0 na otpeske [a,b], 10 S =—[ f(x)dx. - % X
y=f(x)

Cesoiicmea onpedenennozo unmezpana

3. Ecm C€[a,b], 1o ? f(x)dx:T f(x)dx+? f(x)dx;

a

b b b
4. J[1(x)+ g(x)x =] f (x)dx+ [ g(x)dx;
b b
5. jkf (X)dX = kj f (X)dX , T71e K — IpOM3BOJIBHOE YHUCIIO.

®opmyaa Herorona-Jleiitonuna

Eciu ¢ynxkius T (X) wenpepwisna na otpeske [@,b] u dynxuma F(X) ssaserca ee
epBoOOpa3HOI HA 3TOM OTpE3Ke, TO UMEET MecTo hopmyna Heromona-Jletionuya

[ f(x)dx=F(x) = F(b) - F(a).

a

TO €CThb OHpC,[[CJICHHBIfI HHTErpajl paB€H pa3HOCTHU 3HAYEHUI HepBoo6pa3H0171 IIpU BEPXHECM U HUIKHEM
npeaciiax UHTCrpupoBaHust

3aMeHa epeMEHHBIX B ONIPeeJIeHHOM HHTErpajie
b
ITycts 3amaH uHTErpan I f(X)dX, rne f(X) — nenpepsiBHas ¢ynkims na orpeske [a,b].
a
BBeejieM HOBYIO TlepeMeHHYI0 B cooTBeTcTBHH ¢ hopmymnoit X = @(t) . Torna eciu:
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1) pla)=a, p(p)=b;
2) p(t) u @'(t) menpepuisus na otpeske [, S];
3) f ((D(t)) onpenenena Ha otpeske [, ],

TO

b g
J £ ()dx=[ flp(®)]e'(t)dt

Ora dhopMyiia Ha3bIBACTCS (opMYIol 3amelbl NepeMeHHOU 8 ONPedeleHHOM UHmezpaJe.

3ameuanue. Ecnu mpu BBIYUCICHUU HEOIPEJCIEHHOIO HHTErpaja ¢ IIOMOIIBIO 3aMEHBI
IIEPEMEHHOM cleyeT OT HOBOW IIEpEMEHHON t BO3BpamlaTrbCsi K CTapod IEPEMEHHOW X, TO INpH
BBIYMCIICHUN OIIPENIETIEHHOTO WHTErpaja 3TOTO JIeJIaTh HEHYXXHO, T.K.

g s
| flp®¢' t)dt=Flp®)]| = Flp(B)]- Flp(a)]=F(b)-F(a)

HNHTerpupoBanue 1o 4acrsam.

Ecmu ¢pynkuun U = U(X) uv= V(X) HETIPEPBIBHLI HA OTPE3KE [a, b] , @ TAKXX€ HENPEPLIBHBI
Ha 3TOM OTpE3Ke MX MPOU3BOJHBIE, TO CIIPABEUINBA (opMyIIa:

b b b
judv: uv| — jvdu.
a a a

KOTOpasi Ha3bIBACTCS YOpMYIOL UHMESPUPOBAHUSL NO YACMAM 8 ONpeOeeHHOM Unmezpaie.

Taxxke npu BIYUCICHUN OTIPEAECICHHOTO HHTErpaia UCIIOJIb3YIOTCS CIIEAYIONINEe TpaBHIa:

a a a
Ecmu f(X) — neuernas, o J. f (X)dx =0, ecnu neuernas, J. f(x)dx = ZJ. f (x)dx
-a -a 0

I'eomeTpuyeckne NPUI0KEHUs ONPeAeTeHHOT0 HHTerpaJa.
Inowaow naockoii ghuzypel.

a) [Inomans KpUBOJIMHEWHON Tpaneluuu, OTPaHUYCHHON KpUBON Y = f (X) , IpsiMbIMU X = a U
b

X=bn OTpPE3KOM [a, b] , BBIYHCIIAETCS 10 (hopmyrie S = I f (X)dX
a

(1313

ci rpaduk pacrnonoxkeH Huxke ocu Ox, T.€. TO IJIOILAAb UMEET 3HaK ecau rpaduk
E Or, f(x) <o, :
pacrionoxeH Bbiute ocu Ox, T.e. T (X) >0, To niomans umeer 3Hak “+.

y

0l |a \—/ Ih X

Taxum 06pa3oM, A1 HAX0XKJICHHUSI CyMMapHOH MJIOIIA M UCTIONb3yeTcs popmyra

98



S:?f(x)dx.

0) Mnomans Gurypsi, orpanuuentoii kpuseivu Y, = f,(X) u y, = f,(X) (fl(X) <f, (X)) u
npsAMbeIMU X =ad U X = b, maxoaurcs o bopmyne

b
S = ”fz () = £, Jdx

B) Ecnu xpuBas 3amaHa napaMeTpU4EeCKMMH ypaBHEHUSAMU X = X(t) uny= y(t), TO IIJIOIIAIb

KPUBOJIMHEHHOM Tpamemuy, OrpaHWYeHHOH SToM KpuBOiH, mpamMbiMu X =a u X =D u oTpeskom
t2

[a,b], Bbipaxaercs popmymoit S = I y(t)x'(t)dt, rae ti u to onpemensiorcs u3 ypaBHeHwuii
Y

a=x(t) ub=x(t,).

Konmponvhvie 6onpocwi

1. Onpenenenue onpeeeHHOr0 UHTErpaia.

2. CBoiicTBa OTIpeIeIeHHOTO HHTErpaa.

5. Berancnenue onpeneneHHbIX HHTETPAJIOB ¢ MOMOIIbI0 popmynsl HetoTona-JleliOnuIa.

4. Metoapl HaxXOXKJECHHUS ONPEICICHHBIX HHTETPAIOB.

5.0npeneneHne KpUBOJIMHEUHOW TPaATICIINH.

6. AITOPUTM HaXO0KIEHUS ITUIOIIA U (GUTYpPbI, OTPaHUYEHHOHN 3aJaHHBIMU JINHUSAMU.

99



Tema 13 .U3mepenust B reoMeTpHH.
Tema 13.1. O6bem u ero u3mepenne. UnrerpanbHas ¢popmy.ia odbema.

THonamue obvema u ezo ceovicmea. Unmezpanvnas gpopmyna oovema. Popmynvt 00vema
KyOa, npsimoy20ibH020 NApaiieienunedd, nPusmbl, YUIUHOpA.
Dopmynvl 06vema nupamuost u Kowyca. Popmynvl nIOWAOU NOBEPXHOCMEN YUTUHOPA U KOHYCA.
Dopmynvl 0b6vema wapa u niowaou cgepul.

Ymems: BeIuncnaTh O6’I)CM MHOI'OI'PpaHHUKOB U 00beM mrapa, BEIYMCIIATE IUI0IAaab HOBCpXHOCTefI
LWIMHpA U KOHYCa U CepBI.
3namob: oHATHE 00BEMA U €T0 CBOMCTBA, MHTETpallbHAs opMyiia oobema, Gopmynsl oObeMa Kyoa,
MPSIMOYTOJIBHOTO MapaJijIeNIeuIea, MPU3MBbI, IIMIHHPA, GOpMYITbl 00beMa MUPaMHIbl U KOHYCa,
(hopMyJIBI TUTOIIAN IOBEPXHOCTEH IIMIIMHIIpA U KOHYCa, GOopMYIIbl 00beMa I1apa 1 Tiiomaau chepsl.

Tena paBuoBenukwue. I[IpocTpaHcTBO, 3aHMMaeMOe KaKUM-HHOYIb TEJIOM, WM BMECTHUMOCTH
3TOro Tejia Ha3. ero oobeMoM. MoryT ObITh Takue Tela, KOTOphle UMEIOT OJIMHAKOBBIM 00BbEM, HO
Pa3IMYHbIN BUJ, TaK YTO XOTS OHU U 3aHUMAIOT OJJUHAKOBOE MPOCTPAHCTBO, HO HEJIb3S BIOXKHUTH OJTHO
TEJIO B IPYroe Tak, YTOObl OHM COBMECTUIINCH. Bo3bMeM Harp. Be mpsMble TpeyroibHble Tpu3msl AB
u EF (puc.l.), KOTOpBIX OCHOBaHUS U BHICOTHI PAaBHHBI;

v N

A E

Puc.1
Puc.2.
MbI MOXKEM TPUCTABUTDH 3TH MPU3MBI OJHY K JIPYro# Tak, 4to obpasyercst ofHa npusma MN (puc.2.),
KOTOpOH OCHOBAaHHE TO K€ CaMoe€, a BBICOTA BJBOE OOJBIIEC; MOXKEM TaKXKe COCTaBHTh M3 HHX
napayutenenunen KL; o6vem mapamenenunena. Oyaer, O4eBUIHO, paBeH o0bemy npusMbl MN, Tak
Kak o0a 3TH Tejla COCTOST M3 OJAHMX M TeX K€ MPHU3M; HO Mapajiesienumes, KOHEUHO, HE MOXeT
COBMECTHTbCS ¢ pu3Moi. Tena, uMmerolye paBHblil 00beM, Ha3. paBHOBEITUKUMHU.
Eounuya ona uzmepenus 06vemos.

W3meputh 00beM Kakoro-HMOyAb — Tena,  3HAYMT  HAWTH, CKOJBKO pa3 B HEM MOXKET
MIOMECTUTbCA  JIpyroe Teno, o00beM KOTOPOTro NMPUHMMAETCS 3a €IUHMIy. Takol enuHULEH
CIIYKUT KyO, KOTOpOTO KakJoe pedpo = JMHEWHOM eTUHMIe, Hamp., CaXEHH, apIIMHy U T. HOJ.
Takum  oOpazom, ompenenuts 00bEM  WIM BMECTMMOCTh KOMHATHI 3HAYUT y3HATh, CKOJBKO
MIOMECTUTCA B HEM KyOMYeckMX cax., KyO. apul u T. mox. Jlns storo Haymo Obl MOCTaBUTH B
KOMHATe OJIHY KyO. Ca’k. WMJIM OJIMH KYyO. apIil. psaoM C 3TOH eIMHUIIEeH OCTaBUTh APYroi Takou KyoO,
MOTOM TpPEeTWH M T. 1., TI0OKa BCA KOMHaTta He HanojHutca. Ho Takoe m3aMepenue Oyner u
HEyI00HO, U BECbMa IPOIOJKUTEIBHO; MBI IOKaXEM ceidac, KakuM oOpa3oM MOXHO H3MepsATh
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00BEMBI TEJ, HE TIOMeIIas B HUX KyO. Mep.

Csoticmeo 00vemos:

1. PaBHbI€ Tena UMEIOT paBHbIE OOBEMBI.

2. Ecnu Teno cocTaBieHO U3 HECKOJIBKUX TEN, TO €ro 00beM PaBeH CyMMe 00bEMOB ITHX TEll.

Ob6vem npamMoy201bHO20 Napaiiesenuneod.

Wrak, 4T06 onpenenuTs 00beM IPSIMOYTOIBHOTO IapajuleienuIieia, Ha0 U3MEPUTh OJHON U
TOM K€ JIMHEHHOW eAuHULEeN Tpu pedpa ero, BHIXOAIINE U3 O0IIel BEPIINHBI, U NOJyYEHHbIE YHCIa
IIEPEMHOXKUTh; IPOU3BEACHUE IIOKAXKET, CKOJIBKO COLCPKUTCA B Hap-A€ COOTBETCTBYIOIIMX
KyOW4ecKHX eIUHMI. B mpsMoyronbHOM mapajienenunene Tpu pedpa, Uayniue u3 OJHOW BEpIIHHBL,
Ha3bIBACTCS U3MEPEHUSAMH 3TOr0 MapajuleeNuesa; M03TOMY IpeabIayIlee IPaBUIo 00 ONpeAeIeHUN
o0beMa KOpoue BBIPaKAIOT TakK: 00bEM MPSMOYrOJIbHOTO Mapajulesenuie a MPOU3BECHUIO TPEX €ro
U3MEPEHUN.

MoHO cKa3zaThb TakkKe, 4TO 00BbEM MPSIMOYTOJBHOTO MapauleieNuIea MPOU3BEACHUI0
IJIOLIAIA €0 OCHOBAHUS Ha BBICOTY.

E

. e

' C ) . J
__‘;e.‘ﬁ:'_:;_-'_'__;;-?.";/ D

A B

Cneocmsue 1. O6beM NPSAMOYTOJIBHOTO MapaiesienuIe/ia paBeH MPOU3BEACHUIO TUIOMIAN OCHOBAHHUS
Ha BBICOTY.

V=Sh,
rae S — MmJIoInaab OCHOBaHus, N — BrICOTA Mapauiesenure/a.
Crneocmsue 2.00beM TpsIMOU MPU3MbI, OCHOBAaHUEM KOTOPOW SIBJISICTCS MPSIMOYTOJIbHBIN
TPEYroJbHUK, PABEH MMPOU3BEACHHUIO IJIOMIAIN OCHOBAHHUS Ha BBICOTY.
V =S,-h

Obvem nupamuosi.

Bceskast mupamuia  cocraBiseT 1/3 mpu3Mbl TOTo e OCHOBAHUS U TOH K€ BBICOTHI. UTOOBI TPOBEPHUTH
3TO, BO3BMEM SIIUK A, MMEIOmWH  BUX  npusMmbl (puc.3.), U nupamuny B, BHyrpu mycryio;
OCHOBaHHE €€ Takoe e, KaK y MPU3MBbI, U BBICOTA Takas >K€; HACBIIUIEM B Hee MECKY MM HaJIbeM
BOJIBI (ISl 3TOTO, pa3ymeercs, ee HaJo OOCpHYTh BEpPIIMHON BHM3) TaK, YTOOBI HAIOJHUTH €€
MOTOM BBUIBEM 3Ty BOJAY B NPU3MY; 3aT€M  OISTh HAIOJHUM NHUPAMHUIY U ONSATH  BBUIBEM; MBI
YBUIMM, YTO HAJO TPH pa3a MEpeluTh BOAY W3 MHUPAMHIBl B TIPHU3MY - U TOT/IA TOJBKO MPH3Ma
HanoJHurcs. [loatoMmy od6wvem nupamuovi=1/3 npoussedenuss nnowaou eé 0OCHOBANUS HA GbLICOM).

V=1sh
3

Obvem yceuenHoll nupamudbl, BBICOTAa KOTOPOH paBHa N, a muromiaaym ocHOBaHMM paBHBI S U S,

, BBIYHCIIsIETCS TI0 (hopMyrie
\Y :%h(S +S,+4S-S;)
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|

A

| | \

—\ /
Puc.3.

Obvem yununopa.

[uauHAp MOXKHO CYMTATh 32 MPU3MY, Y KOTOPOW B OCHOBAHWH HE MHOTOYIOJIBHHK, a KPYT;
CIIEZIOBATENIbHO, 00BEM HUJIMHIPA ONPEENETCS] TOYHO TaK XKe, Kak U 00beM MPHU3MBL; T.e. 00beM =
MIPOU3BEACHHUIO IUIONIAH OCHOBAHUS Ha BBICOTY.

V=S -h

Obvem xonyca.
KoHyc MOXHO  cuuTaTh 3a MPABWIBHYIO MHPAMUIY, Y KOTOPOW B OCHOBAaHHWH KpPYyT, a HE
MHOTOYTOJIbHUK; IIO3TOMY 00beM KOHYCa OTIPEJICIIICTCS TaK ke, Kak ¥ 00heM IMUPaMUJIbI; T.€. 00beM =
OJTHO¥ TPETH MPOU3BEIACHHUS IIIONIAN OCHOBAHHUS Ha BBICOTY.

V=1s-h
3

Obvem yceuennozo Komyca, BICOTa KOTOpOil paBHa N, a miiomaam ocHOBaHMi paBHEI S U S,

\Y =%h(S+Sl+W/Sosl).

BBIYHUCIISIETCS TI0 popmyrie

Obvem wapa.

[ToBepXHOCTh IIapa MOKHO CUYHTATh COCTOSIIICH W3 YPE3BBIYAKHO OOJBIIOTO KOJIMYECTBA
BeChMa MaJIbIX IUIOCKUX (UTYp, HAIp. TPEYrOJBHUKOB; €CIIM MBICICHHO COCIWHUM BEPIIUHBI ATHX
TPEYrOJIbHUKOB C IICHTPOM IIapa, TO IOJY4YHMM MHOXECTBO IHPAMHI, KOTOpPhIE BCE BMECTE H
COCTaBJISIFOT O0OBEM IIIapa; BCE ATH MUPaM. UMEIOT OJIHY BBICOTY, UMEHHO PaJIMyC IIapa, a OCHOBAHHS
UX COCTaBIIIIOT IMOBEPXHOCTh mapa. Ho 4ToObl HaliTH 00BEM NHpaMHIBI, TOJDKHO IUIOMAAb €&
OCHOBAHMS YMHOXXHUTb Ha 1/3 BBICOTHI; CJIEIOBATENILHO, MBI HaliJleM CyMMY OOBEMOB BCEX MHPAMHUIIL,
Wi 00BEM IIapa, €CIIM YMHOKUM CYMMY BCEX OCHOBaHUI WJIM TIOBEPXHOCTH IIapa, HA TPETh pajuyca.
Hrak, 00beM mapa = IOBEPXHOCTH IIapa, YMHOKEHHOW Ha TPETh pajinyca.

v =24R

3

Konmponvhwvie sonpocoi
1. [lonsiTue o6beMa U €ro CBONCTBA.
2. Unrerpanbhas Gopmyna oobeMa.
3. ®opmynsl 00beMa Ky0a, PSMOYTOJILHOTO MapalyieNeuIe/1a, MPU3Mbl, IUIHHIPA.
4. ®opMynsl 00beMa MUPAMHIBI U KOHYCA.
5. @opmyIbl IIIOMIAAM TOBEPXHOCTEH UIMHAPA U KOHYCA.
6. ®opmysbl 0O0beMa M1apa U IIIOIAAN ChEPHI.
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IlopoOue Ten (1OMOHUTEIbHBIH MaTepHAJI)

Jeéa mena no0oOHbI, €CIIN OJTHO U3 HUX MOXKET OBbITh MOJIYYEHO M3 JPYroro MmyTéM yBEeTHYEHHS
(MM yMEHBIIEHHST) BCEX €r0 JIMHEHHBIX pa3MepOB B OJTHOM U TOM K€ OTHOIICHUH. ABTOMOOHIIb U €T0
MoJieNb — MoA00HbIe Tena. J[Ba Tema (Gurypsl) 3epKajbHO MOJOOHBI, €CIU OJHO M3 HHUX MOJ00HO
3epKaIbHOMY OTpa)keHHIo Apyroro. Hampumep, kaptuHa u € (OTOHEraTuB 3epKaIbHO MOA0OHBI APYT
Apyry.

B mono0HBIX W 3epKaTbHO MOAOOHBIX (HUIypax BCE COOTBETCTBEHHBIC YIJIbI (JIMHEHHBIE W
JIBYTPAHHBIE) PABHBI.

B momoOHBIX Tenax MHOTOTPAHHBIC W TEJIECHBIE YIJIBl PAaBHBI, B 3€pKaJIbHO MOAOOHBIX Telax
OHHM 3€pKAJIbHO PABHEI.

Ecnu  o0ea mempa’dpa (06e  mpeyeonbHbie  nupamuovl) UMEIOT  COOTBETCTBEHHO
MIPONOPLIHOHANIbHBIE PEOPA (UM COOTBETCTBEHHO MOJOOHBIE I'PAHU), TO OHU MOJOOHBI MU 3€pKaIbHO
nonoOHbl. Hampumep, ecnu TpaHu mepBOd NMHUpaMHIIBI BIBOE OOJIbIIE, YEM Yy BTOPOM, TO BBICOTHI,
arnodeMsbl, pagyc ONMMCAHHOTO Kpyra MepBOW MUpaMUAbI TaKKe BIBOE OOJbINE, YeM y BTOPOH. JTa
TeopeMa He UMEET MeCTa JUIi MHOTOTPAaHHUKOB C OOJIBIIUM YHCIIOM TpaHeld. [Ipearnonoxum, 9To Mel
COCIIMHUIIN Bce pEOpa Kyba B €ro BEpUIMHAX TOCPEACTBOM IIAPHHUPOB; TOTJIA MBI MOKEM HW3MEHUTH
(dbopmy 3TOi GUTYpPEI, HE PACTATHUBAs €€ CTEPKHH, U MOJYYUTh U3 HAYaIbHOTO Ky0a MapajuiesIenure].

/lee npasunvuvie npusmvl uiu nupamuosbl C OJUHAKOBBIM YHCIOM TpaHEeW MOJO0OHBI, eciu
pamuychl MX OCHOBaHWH IMPONOPIMOHAIBHBI MX BBICOTaM. JIBa KpyIUIBIX IWJIMHApPA WM KOHYcCa
0T00HBI, €CTTM PAJNYChl UX OCHOBAHMIA MTPOTIOPIIMOHAIBHBI KX BBICOTAM.

Ecnu 06a u 6onee men nooooOmsi, TO TUIOMIAN BCEX COOTBETCTBYIOIIMX IJIOCKUX U KPUBBIX
MOBEPXHOCTEH ITUX TEJ MPOTIOPIIMOHAIIBHBI KBaJpaTaM JFOOBIX COOTBETCTBYIOIINX OTPE3KOB.

Ecmu o0ea u 6onee men nooodbmsi, TO HX OO0BEMEBI, a TaKKe OOBEMEI HIOOBIX UX
COOTBETCTBYIOIIMX YaCTEH, MPOMOPLHOHAIBHBI Ky0aM JII00ObIX COOTBETCTBYIOIIUX OTPE3KOB.
[Tpuwmep. Yamka nuamerpoM 8 cM u BeicoTor 10 cM BMemaer 0.5 mutpa Boabl. Kakux pazmepoB
JOJIKHA OBITH MOI00HAs Yallika, BMelaioias 4 1urpa Bob1?

Pemenue.llockonbky Yamku — MOAOOHBIE IMJIMHAPHIL, TO OTHOIIEHHE HUX OOBEMOB paBHO
OTHOIIIEHUIO KyOOB COOTBETCTBYIOIIUX OTPE3KOB ( B HAIIEM CIy4ae — BBICOT U IMAMETPOB YallleK ).
CrenoBaTesbHO, BbIcOTa N HOBOM YaIllKi HAXOAUTCS U3 OTHOIICHHUS:

(h/10)°= 4/05. Toecte h°=8-10°, omxymna k=20 cu:

AHAIOTMHYHO, 11 JUaMeTpa ¢ TTONYHHM:

(d/8)°=4/05, Toece d° =8-8°, omyna d=16cu .
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Tema 14. DiieMeHTHI TEOPUH BEPOATHOCTEH M MATEMAaTHYECKON CTATUCTUKH
(mpoaoJkeHue)

Tema 14.1. /luckperHble ciaydaiiHble BeTHYNHbBI

Tlonamue ouckpemuou CayuaiHol eeluyutsvl. 3aKOH pacnpeoenenus OUCKPemHoU CIy4atiHol
senuyunbvl. Beposmuocms ouckpemmoii cayuatinot enudunsl. Xapakmepucmuku OUCKpemHolul
CLYYAUHOU 8eNUYUHB]

Ymemb  HaxXoIUTh BEPOSATHOCTH TUCKPETHON CITy4aifHO# BeTHMUMHBI TI0 opmyIie bepHynu, HaXoIuTh
€€ XapaKTepUCTUKH.
3namu:onpeaeneHne TUCKPETHON CiTydailHON BEJIMYMHBL,3aKOH €€ Paclpe/ieNIeHUs] U XapaKTepUCTUKY

3axon pacnpedenenus ciy4atiHou 8eIUYUHbL

Cnyuatinou éenuyunou (c.B) X Ha3pIBaeTcs BEIMYMHA, KOTOPAs B pe3yJIbTaTe ONbITA MOXKET
MPUHUMATh TO UM MHOE 3HAaYeHHE, IPUYEM 3apaHee U3BECTHO KaKOe MMEHHO.
CrnyyaiiHble BETMUYUHBI MOXHO pa3feNuTh Ha IBE KATETOPUU: TUCKPETHBIE 1 HETIPEPhIBHBIE.

JluckpeTHOM ciryyaiiHOM BeTMYMHOM (J1.C.B.) Ha3bIBA€TCs Takasl BEJIMYMHA, KOTOpas B
pe3yNbTaTe OMbITa MOKET MPUHUMATh OTIPEICIIEHHBIE 3HAUEHHUS C ONIPEAETICHHON BEPOATHOCTHIO,
00pasyromne cCYeTHOE MHOXKECTBO (MHOXKECTBO, AJIEMEHTBI KOTOPOTO MOTYT OBITh 3aHYMEPOBAHbI).

Psoom pacnpeoenenus n.c.B. X Ha3pIBaeTCs TaOIUIIA COOTBETCTBHUS 3HAUCHUN CITydaitHOM

BCJIIMYMHBI U UX BGpOHTHOCTeﬁ.

3necy P, =P(X =X,); Zn: p, =1.

bunomunanvueiii 3akon pacnpedenenuss CnydaiiHas BenuuuHa X  HUMEET OUHOMUATbHOE
pacnpedenieHue, €CIU OHA 03HAYAET KOJIMYECTBO MOSBICHUI COOBITHSI 4 B N HE3aBUCHUMBIX OIBITaX.

BeposTHOCTB KaXKI0T0 3HAYEHUS 3TOH CITydaiiHOW BEJIMYMHBI MOKHO HaiiTu 1o Gopmyne beprysm.
P(X =k)=P, (k)=C‘p“q"™", k=012,...
Yucnoewvle xapaxmepucmuKku OUCKPEmMHbIX CIYYAIHbIX 6EITUYUH
Mamemamuueckoe oarcuoanue 0.c.8.
[Ipn pemeHnn MHOTMX 3a7a4 ObIBa€T JOCTATOYHBIM 3HAHUWE HECKOJIBKHUX YHUCIOBBIX
XapaKTePUCTUK clydyailHOW Benu4uHbl. OIHOM W3 TaKUX BAXKHEUIIMX YHCIOBBIX XapaKTEPHUCTUK
SABIICTCS Mamemamuyeckoe O0J4cuoaHue, KOTOpOe TPUOMKEHHO paBHO CpEIHEMY 3HAYCHUIO

CIIydaiiHOHM BEJIMUYMHBI, BOKPYI KOTOPOTO IPYNIHUPYOTCS BCe €€ ocTaiabHble 3HaueHus. Tak, Hanpumep,
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IpU HM3YYEHUH PACIpEACICHUsT HEKOTOPOTO 3KOHOMHYECKOTo Mokaszareis paboTtsl mannoro CMY
IIPEK/IE BCETO MHTEPECYIOTCS €r0 CPETHUM 3HAYEHUEM.
Mamemamuyeckum  odcudanuem  TUCKPETHOW  CIlydallHOW  BENIMYMHBI  HA3bIBaeTCSI  CymMMa

MPOU3BEJICHUI BCEX BO3MOKHBIX 3HAYEHUN CIIyHalHOW BEJTMYMHBI HA UX BEPOSITHOCTHU:

M(X)Ilel+X2p2+...+ann :ixi P;-

Jucnepcus u cpednee keadpamuueckoe OmMKIOHEHUE
Ha mnpaktuke dwacto TpeOyeTcss OLEHHTH paccesHHEe BO3MOXKHBIX 3HAUYEHUH CIy4ailHOM
BEJIMYMHBI BOKPYT €€ cpeqHero 3HaueHus. Hanpumep, B apTuiiepuy BaXHO 3HATh, HACKOJIBKO Ky4HO
JATYT CHapsiAbl BOJIM3H LIeNU, KOTOPast JOJKHA ObITh MOpaXKeHa.
Jucnepcueii (pacceuseanuem) ITUCKPETHOM CIydyalHOW BEJIMYMHBI HA3BIBACTCS MaTEMaTHYECKOE

OKHMJAaHUC KBaJipaTa OTKIIOHCHUSA cnyqaﬁﬁoﬁ BCIIMYHHBI OT €€ MaTEMaTHYCCKOI'O OKHUIaHHU .
D(X)=M[X -M(X)].
J11st BBIYMCIIEHUST TUCTIEPCUH YacTO OBIBAET YIOOHO TOJIb30BATHCS CIEAYIONIEH TEOPEMOM:

Teopema. ]Jluctiepcusi paBHa Pa3HOCTH MEKIY MATEeMaTHYECKUM OXKHJAHWEM KBaJpaTa CIydalHOU

BEJIMYMHBI X U KBAJPAaTOM €€ MaTeMaTUYECKOTO OXKHIaHHS
2 2
D(X) =M(X*)=[M(X)].
Cpeonum keadpamuyeckum OmKIOHeHuemM CIydalHOW BETWYMHBI X HA3bIBACTCS KBAJPATHBIN

KOpPEHb U3 JIUCTICPCUU:
&(X) = /D(X).

Tema 14.2. OcHOBHBIC IOHATHA MATEMATHYECKOH CTATHCTHKHU

Onpeodenenue mamemamuyeckou cmamucmuxu. [lonsamue ceHepanrbHOU cOBOKYNHOCTIU.
Bapuayuonnwiii pso. @ynxyuu pacnpedenenus. Ilpeocmasnenue 0aHHbIX (Mabauysvl, OUacpammol,
epaghuku, noaUSOH, 2UCMOSPAMMA)

Ymems: IpeICTaBIATh JaHHBIE CTATUCTUYECKOTO paclpeieeHus

3namb: OCHOBHBIE NOHATHUS MAaTEMaTUYECKON CTaTUCTUKU

Mamemamuueckas cmamucmuka — pas3lell MaTeMaTHKH, B KOTOPOM H3Y4alOTCsl MeTOoJbl cOopa,
cucTeMaTH3aluu M oOpabOTKM pe3yabTaTOB HAOMIOACHUH MAacCOBBIX CIy4allHBIX SIBJICHUH JUIs
BBISIBJIEHUSI CYILIECTBYIOIINX 3aKOHOMEPHOCTEM.

1Ipeomemom mamemamuueckol cmamucmuky SBISETCs W3yYEHUE CIyYallHbIX BEJNWYMH (WK
Clly4aiHbIX COOBITUH, MPOLIECCOB) MO pe3ybTaTaM HaOMIOACHUH.

I'enepanvHoii co80KYNHOCHbIO HA3bIBAETCS — COBOKYMHOCTb BCEX MOJUICKAIIUX U3YyYEHUIO OOBEKTOB
WIA BO3MOXHBIX Ppe3yJbTaTOB BCEX MBICIMMbIX HaOMIOEHUHM, MPOM3BOAUMBIX B HEM3MEHHBIX
YCIOBHAX HaJl OJTHUM OOBEKTOM. 3a4acTyl0 MPOBOJAUTH CIUIONIHOE 00CIIe0BaHUE, KOT/Ia N3y4datoTCs
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BCE 00BEKTHI, TPYAHO WU JOPOTO, a MHOTAAa M HEBO3MOXKHO. B 3THX CllyyasiX HaWIy4IIuM CrocoooM
oOciezioBaHus ABISETCS BHIOOPOYHOE HAOIIOIEHHE: BEIOMPAIOT U3 TeHEPATbHON COBOKYITHOCTH YacTh
ee 00BEKTOB («BBIOOPKY») U TIOJIBEPTaIOT €€ U3yIEHHUIO.

Buvibopounoii  cosoxynnocmsto  (6b100pKol) HA3BIBAIOT COBOKYITHOCTH OOBEKTOB, OTOOpPAHHBIX
ciydailHbIM o0Opa3oM M3 T€HEepaJbHON COBOKymHOcTH. bomee crporo: BbIOOpka — 3TO
MIOCJIE0BATENBHOCTD X1, X2, ... Xn HE3aBUCUMBIX OJJMHAKOBO PACIPEAEICHHBIX CIyYalHbIX BEJIUYMH,
pacrpeneneHe KaXxJ0M U3 KOTOPBIX COBHAAACT C PACHPEICICHUEM TE€HEPAIbHON CllydalHOU
BEJIMYUHBI.

Uucno oObekTOB (HAOMIOJEHMI) B COBOKYIHOCTH, T'€HEPAJbHOW WM BBIOOPOUYHOM, Ha3bIBaeTCs €€
0bvemom; 0603HauaeTcsi cooTBeTcTBEHHO yepe3 N u N. KoHkpeTHble 3HaueHUsl BEIOOPKH, TIOJTyYEHHbIE
B pe3yiabTaTe HaOMIOJeHUN (UCIBITaHUN), Ha3bIBAIOT peanuzayuel 6v160pku U 0003HAYAIOT
CTPOYHBIMU OYKBaMH X1, X2 ...Xn.

MeTtoa CTaTUCTHYECKOTO HCCIENIOBAHHS, COCTOSIIUN B TOM, YTO HAa OCHOBE M3YYCHHUs BBIOOPOUYHOM
COBOKYITHOCTH JICJIAETCsI 3aKIIOYEHUE O BCEH TeHEePaTbHONH COBOKYITHOCTH, HAa3BIBACTCS 68b100POUHBIM.
Pa3znuyaroT BEIOOpKH C BO3BpaleHHeM (IIOBTOpHBIE) U Oe3 Bo3BpalleHus (OecrioBTopHbIe). B mepsom
ciiydyae OTOOpaHHBIH OOBEKT BO3BpAIIACTCS B TEHEPATbHYIO COBOKYITHOCTH Tepe/] H3BIICUCHUEM
CIIEAYIOIIEro; BO BTOPOM — HE Bo3Bpamiaercs. Ha mpakTuke uamie HCHosb3yeTcst O0ecrOBTOpHas

BBIOOpKA.

Cmamucmuueckoe pacnpeoesienue 8b100pKU

IIycte wu3ywaercs HekoTopas ciydaiiHag BenauuumHa X. C 3TOM LENblO Haa Cly4ailHOU
BEJTMYMHON X MPOU3BOJUTCS PAJl HE3aBUCUMBIX ONBITOB (HaOmoJeHui). B kaxa0M U3 3TUX OIBITOB
BEeTMYMHA X IMPUHMMAaET TO WM MHOe 3HaueHue. [lycTh oHa mpuHsna Ni pa3 3HaueHUe xi, N2 pa3 —
3HAYEHHE X2, ...,Nk pa3 —3HaueHue xx. [Ipu 3Tom N1 + N2 +...+ Nk = N— 00BbEM BBIOOPKH.

3Ha4YEeHUS X1, X2 ...Xx HA3bIBAKOTCS 8apuaHmamy CIy4ailHOW BETMYUHBI X.

Bes cOBOKYNMHOCTh 3HA4YeHHWM CIy4ailHOW BeMWUYMHBI X TMpeACTaBisieT COOOM MepBUYHBII
CTaTHUCTUYECKUN MaTepuan, KOTOpBIM MOANEKUT JalbHeWIel o0paboTke, NpPeXIE BCETO —
YIOPSA0YCHHIO.

Onepanus pacroyioKeHUsT 3HAUYEHUW CIy4ailHON BeNWYMHBI (TPU3HAKa) MO HEYyOBIBAaHHUIO
Ha3bIBACTCS PAHICUPOBAHUEM CTATUCTUUECKUX JAHHBIX.

[TomyueHnHast TakuM 00pa3OM MOCIENOBATETLHOCTD X1, X2 ...Xn 3HAUEHUH CIy4allHON BETMYHUHBI

X (roe X <N, <...< X, ) Ha3bIBACTCS 6APUAYUOHHBIM PAOOM.

Ywucma Ni, ITOKa3bIBAIOIIME, CKOJIBKO pa3 BCTPEYANOTCSA BApHAHTHI Xi B Psae Ha6moz[eHI/n71,

Ha3bIBAKOTCA wacmomamut, a OTHOIICHUC HX K 06’beMy BBI60pKI/I — OMHOCUMETIbHbIMU HYacmomamu

.
(W), Te.w; =~ rie n = Yk n,.
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Cmamucmuueckum pacnpeoenenuem GblOOPKU WIA CMAMUCMUYECKUM pSAOOM Ha3bIBAIOT
NepeueHb BAPHAHT Xj BAPUAIIMOHHOTO PSJa U COOTBETCTBYIOIIMX MM YacTOT Nj MM OTHOCHUTEIBHBIX
4acTOT W;.

3anmuchIBaeTCSl CTATUCTUYECKOE paclpesiesicHne B Buje TaOnuipl. [lepBas cTpoka COAEPIKHT

BapHUaHThbI, @ BTOpasd — UX YaCTOThI Nj (I/IJII/I OTHOCHUTCJIBHBIC I-IaCTOTI)I).

Imnupuyeckasn (hyHkyusa pacnpeoenenus

OpnuM u3 cnoco6oB 00pabOTKH BApUAILIMOHHOTO Psiia SBJSETCS MOCTPOECHUE SMIIMPUUYECKOU
(GYHKIMM pacipeesieHusl.

Omnupuueckoti (CTAaTUCTUYECKOM) (ynkyuell pacnpedenenus HaspiBaeTcs QyHKuus F*(x),
onpenenomas Uil KaKJ0r0 3HA4€HHs X OTHOCHUTENBHYIO 4YacToTy coObrts {X < x}:E,"(x) =
p{X < x}.

Jl1s HaxoXAeHUs 3HAU€HU N SMIUPUYECKON (QYHKIIUU YA0OHO MOJIb30BaThes (GopMynoi

rie N — 00beM BBIOOPKH, Ny — YKCII0 HaOMoAeHU, MeHbIHX X (X € R).
OMnupudeckast yHKIMs 00J1aaeT CIeyIoIUMHI CBOMCTBAMU:
1. 3HaveHust SMIupUUYEcKOr QYHKIIMHA MPUHAISKHUT oTpe3Ky [0,1].
2. F*(x) — neyObIBaromias (pyHKITUS.
3. Eciim Xx; — HauMeHblnas BapuaHrta, a X; - Haubonbmas, 10 F*(x;) =0 mpu x <

x; 1 F*(x,) = 1npux > xp,.

Tonueon u cucmoepamma

CraTtucTudeckoe pacrpesesieHiue u300pakaercs rpaduuecku (U1 HArJISTHOCTH) B BHJIE TaK
HA3bIBACMBIX NOIUCOHA U 2UCTHOZDAMMBbL.

Huckpemnoe pacnpeoenenue npusnaxa X

[Tomurox, Kak MpaBHIIO, CIYXHT Uil W300paKEHUS JUCKPETHOTO (T.€. BAPHAHTHI OTIHYAOTCS
Ha TOCTOSIHHYIO BEJIMYMHY) CTaTUCTHYECKOTO psiaa. [loauconom uacmom HA3bIBAIOT JIOMAHYIO,
OTPE3KH KOTOPOU COCIUHSIOT TOUKH C KoOpauHaTtaMu (x1,N1), (X2,N2), ..., (Xk,Nk);

Ionuconom omuocumenbHbIX 4acmom HA3bIBAIOT JIOMAHYIO, OTPE3KH KOTOPOHM COETUHSIOT
TOYKH C KoopAuHATaMHU (x1,W1), (X2,W2), ..., (Wk,Pk), TJI€ Xi - BapHAHTBI BBIOOPKH;

BapuaHThl Xi OTKJIaIbIBAIOTCS HA OCH a0CITUCC, a YaCTOTHI U, COOTBETCTBEHHO, OTHOCUTEIILHBIE
4acTOThl — Ha OCH OpAUHAT. [0IMTOH OTHOCHUTENBHBIX YaCTOT SBISETCS CTATHCTUYECKUM aHaJIOroOM
MHOTOYTOJILHUKA pacrpeesieHusI.

Henpepuignoe pacnpedenenue npusnaxa X
JlJis HempephIBHO pACIPE/IeICHHOTO NpH3HaKa (T.€. BapUAHTHl MOTYT OTJIMYAThCS OJUH OT

ApPpYyroro Ha CKOJIb YrogHO MaJIyrO BCJ'II/I‘-II/IHY) MOKHO NOCTPOUTH IMOJUIOH YaCTOT, B34AB CCPCAUHDLI
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MHTEPBAIOB B KauyecTBE 3HAYCHHH Xi, X2,....,.Xk.  boiee ymoTpeOuTenbHa Tak Ha3blBaeMast
TUCTOIPaMMa.
T'ucmoepammoui yvacmom Ha3bIBAIOT CTYIMEHYATYIO (DUTYPY, COCTOSIIYIO U3 MPSMOYTOJILHUKOB,

n:
OCHOBaHHAMHU KOTOPLIX CIYKAT YaCTUYHBIC MHTCPBAJIbI JAJIMHBI h, a BBICOTBHI PaBHbI OTHOIICHUIO # —

IUIOTHOCTH YacCTOTHI.
: n:
[Tnomane 4YacTMYHOrO I-r0 MPSIMOYrOJbHMKA paBHA h ;‘ =mn; — CyMM€ 4YacTOT BapHaHT,
MOTIABIIHIA B I-i HHTEpPBAL.
OueBHIHO, MJIOIIA/Ib TUCTOIPAMMBI YaCTOT paBHA CyMME BCEX YacTOT, T.€. 00beMY BHIOOPKH.

Fucmoepa/wwa OMHOCUMENbHbIX Yacmom HA3bIBAIOT CTYIICHYATYIO (1)I/Il"ypy, COCTOAINYIO H3

MMPpAMOYT'OJIbHUKOB, OCHOBAHUSMH KOTOPBIX CIIYKAT YaCTUYHBIC MHTCPBAJIbl JJIMHbBI h, a BBICOTBI paBHBI

Wi
OTHOIIICHHIO # — IINIOTHOCTHU OTHOCHUTCIIBHBIX YaCTOT.

. Wi
[Inomanpe 4acTUYHOrO I-r0 MPSIMOYTOJIBHHKA pPaBHA h;‘ =mn; — CyMME YacTOT BapHaHT,

MOTIABIIHIA B I-# HHTEpPBAL.

OuyeBUHO, TIOMIATh THCTOTPAMMBI OTHOCHUTEIBHBIX YacTOT paBHAa CyMME€ BCeX
OTHOCHUTEIBHBIX YaCTOT, T.€. CAMHHUIIE.
3amaareNel.  TlocTpouTh  MOJUTOH  YacTOT IO  JAHHOMY  PaclpelefieHHI0  BBIOOPKH:

Pemrenue.

X114 15 7 OTrmerM Ha ocu abciucc BapuaHThl Xj, a Ha OCH OpAMHAT —

n; 120 10|14 |6 COOTBETCTBYIOIIME UM YACTOThI M;, COCAUHHUB TOYKH (X;,7;) OTPE3KaMH

IMPAMBIX, ITOJIYUYUM HWCKOMBIH ITOJIMTOH YacTOT.

L 4

108



3amanue Ne2. TlocTpouTh THUCTOTPAMMY YacTOT 10 JaHHOMY PacHpeesieHHIO BHIOOPKH 00bemMa

n=100:
Homep UacTH9HEl HHTEPEAT CwnMa 9aCTOT BAPHAHT IlnoTHOCTE 9ACTOTE
HHTEpPEATA HHTEpPEATA

i Ly 7 Xipq L i
h

1 1-3 10 2.5

2 3-9 20 3

3 0-13 30 12,5

4 13-17 12 3

3 17-21 g 2

Pewenue. TloctporM Ha ocu abCIUCC 3a1aHHbIe HHTEpBabl JuTHHBI h=4. [IpoBeaeM Haj STUMH
WHTEpBAJIaMU OTPE3KH, IMapauIeIbHbIE OCH aOCIMCC W HAXOJSIIUECS OT HEE Ha PACCTOSHUSIX, PaBHBIX

COOTBETCTBYIOIIMM IJIOTHOCTAM 4yacToT. Hanpumep, Hax untepsanom (1,5) moctpoum

=2

[
]

|

L J

1 5 9 13 17 21 X

OTpeBOK, HapaJ'IJIeJ'ILHHﬁ oCH 8.6CI_II/ICC, Ha paCCTOSIHUHN

h_4_ll

FI/ICTOFpaMMa qacToT H306pa>KeHa Ha puc.

Koumponvhvie sonpocwi
1. TlpencraBrieHue AJaHHBIX, TeHEpaIbHAs COBOKYITHOCTb, BEIOOPKA, cpeiHee apudmMeTnyeckoe,
MeJInaHa.

109



YpaBHeHus1 M1 HepaBeHCTBA ( AOMOJIHUTEIbHBINA MaTEpHa)

PaBHoCHIBHBIE YPAaBHCHHUA U HEPABCHCTBA.
Pagnocunvuote ypaenenus.

YpaBHeHHUs, UMeIOLMe 0JJHO U TOXKe MHO>KeCTBO KOPHeH, Ha3bIBalOTCs paBHOCUJIbHBIMH.

Hanpumep, ypaBHeHusi 4X-3=2X+3 u 2X=6 paBHOCHJBHBI, TaK KaK KaXJ0€ M3 HUX HMEET
TONBKO OJMH KopeHb X=3. YpaBHernus (X-2)(x+5)=0 n x* +3x —10 = 0 Taxke PaBHOCHIIBHEI, TaK KaK
OHH UMEIOT OJIHH U Te JKE KOPHU X, = 2,X, =—5. Vpapuenus 2x=4 u 3X° =12 He PaBHOCHJILHBI, TAK
KaK [epBOe UMEET KOPeHb X=2, a BTOPO€ — KOpPHU X, = 2, X, =—2. V3 onpeseneHus paBHOCHIbLHOCTH
YpaBHEHHI CIIEIYeT, YTO JBA YPAaBHEHHs PaBHOCHIIBHBI, €CIH KaXKIBI KOPEHBb MEPBOTO ypaBHEHUS
SBIISIETCSI KOPHEM BTOPOTO YpaBHEHHWs M, HA00OPOT, KaKIBIH KOPEHb BTOPOTO YPaBHEHHS SIBIISCTCS
KOpHEM IepBOTO YpaBHEHUS. YpasHenus, He umeroujue KOpHell, makice CHumarom pasHoCUIbHbIMU.

W3 kypca 7 ximacca BBl 3HaeTe, YTO MOKHO CAETATh CIEAYIONINe MpeoOpa3oBaHus ypaBHEHUI:

JI106011 unen ypagnenus MOMCHO NEPEeHOCUMb U3 OOHOU YACMU 8 OpY2YI0, USMEHUS €20 3HAK Ha
NPOMUBONONONCHBII.

Obe uacmu ypasHeHus MOICHO YMHONCUMb UNU PA3OENUMb HA OOHO U MO JHCe YUCTO, HE PAGHOe
HYTIIO.

IMpu »>THX TpeoOpa3oBaHMAX HCXOJAHOE YpPaBHEHHE 3aMEHSETCS Ha PAaBHOCHIBHOE €My
ypaBHEHHE. 3aMETHM, YTO €CJIH HEKOTOPOE BBHIPAKECHHE B JICBOM YAaCTH WIIM MPABOW YaCTH YpaBHEHUS
3aMEHUTHh TOXXJIECTBEHHO paBHBIM €My BBIPRXEHHEM, TO TOJYYHTCS YpaBHEHHE, PABHOCHIBHOE
ucxoxnomy. OJJHAKO HE MPH JFOO0M MPeoOpa3oBaHNN YpaBHEHHE 3aMEHSIETCS] Ha paBHOCHUIIBHOE.

Hanpumep, npu Bo3BeaeHHHM B KBaJapaT oOeux dyacTel ypaBHEHUS Jx=x-2 MOJTy4aeTcst
ypaBHeHHe X = (X—2)?, He PaBHOCHIBHOE MCXOJHOMY: TIEpPBOE YPaBHEHHE HMMEET TOIBKO OWH
KopeHb X=4, a BTOopoe — 1IBa KOpHi X, =4,X, =1. B 3TOM ciydyae BTOpoe ypaBHEHHE HA3bIBAIOT

CJICACTBHUEM IICPBOI'0 YpaBHCHU.

Ecnu npu nepexooe om 00H020 ypasheHus Kk Opyeomy nomepu KOpHel He Npoucxooum, mo
e6mopoe ypaeHeHue HAaA3vbledrom creocmaeuem nepeoco ypasHeHUusl. Unaue, ecnu ece KOpHU nepeoco
YPABHEHRUA AB/IAIOMCA KOPHAMU 6MOP0O2cO YPABHEHUA, MO 6mopoe YPaA6HEeHUEe HA3bleAeNICA creocmeuem
nepeo2o ypaeHeHusl.

U3 sToro OIIPECACIICHUA U OIIPEACTICHUSA PABHOCHIIBHOCTHU ypaBHeHI/Ifl CIICOYET, UTO:

1. ecnu nBa YpaBHCHHA PaBHOCUIIBHBI, TO KaXXJI0€ U3 HUX ABJIACTCA CICACTBUEM JAPYIOIo,
2. eclHM KaXJoe 3 ABYX ypaBHeHI/Iﬁ ABJIETCA CICACTBUEM APYIroro, To0 3TH YpaBHCHHA
PaBHOCHIIbHEI.
HpI/I PCUICHUHU ypaBHeHI/Iﬁ T'JIaBHOC — HC IIOTCPATbL KOPHH, a4 HAIMYHUC ITOCTOPOHHUX KOpHeﬁ MOJXHO
YCTaAaHOBUTDH HpOBepKOﬁ. HOBTOMy BaXXHO CJICIUTHL 34 TCM, YTOOBI IIpr Hp606p8.30BaHI/II/I YPpaBHCHUSA
KaxKJI0¢€ CJICAYIOIICC YPABHCHUC OBLIIO CIICJICTBUEM MpEaAbLAYLICTO.
2x  x+1 4

x—2 x-1 (x=-1)(x=2)

VYMHOKUB 00€ 4acTH ypaBHCHHs Ha OOIIMI 3HAMEHATeNb BCeX Tpex aApobeid, T.e. Ha (X —1)(X—2),
nonydaem 2X(X—1) — (X +1)(Xx—2) =4 ,otkyma X° —x—-2=0,X, =2,X, =—1.

IIpoBepka.

1) IIpu X=2 3HameHaTenu ABYX ApoOeil ypaBHeHHs paBHBI Hymt0. [loaToMy X=2 He sBisieTCS KOpHEM
JTAHHOTO YpaBHEHUSI.

Ilpumep: Pemnth ypaBHEHUE

2) IIpu X=-1 neBas 4acTh ypaBHEHHs paBHa 3 npaBasi 4acTh paBHA 3

Ortser: x=-1.
3ameTuM, 4TO A7 MPOBEPKH KOPHS X=-1 AOCTATOYHO yBHUJETh, YTO 3HAMEHATEIH ApoOeil ypaBHEHUs
mpu X= -1 He paBHBI HYIIO (€CIH, KOHEYHO, MPHU PEIICHUH YPaBHEHUS HE JOMYIIeHbI omuoku). [Ipu
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2x  x+1
Xx-2 x-1 (x-D(x-2)
2x  x+1 4
Xx-=2 x-1 (x=-1)(x-2)
Kopenp X, =2ypaBHenus 2X(X—-1)—(X+1)(X—2)=4 He sBufercs KOPHEM YypaBHEHUS
2x  x+1 4
Xx-=2 x-1 (x=-1)(x-2)
Ilocmoponnue KopHu Mo2ym NOAVYUMbCA NPU YMHONCEHUU o0beux uacmell YpasHeHus Ha
gvipasicenue, cooepaicaujee Heus8ecmHoe.
Ilomeps xopHeil modxcem npousoumu npu OejleHuu obeux yacmeri YpasHeHUus Ha 8blpaddcenue,
cooepoicawjee HeussecmHoe.
Wrak, mpu pemieHn ypaBHEHUS MOXHO JeJIaTh TOJBKO TaKhe MpeoOpa3oBaHUs, MPU KOTOPHIX
HE MPOUCXOUT TOTEPH KOpHEH. Eciiu mpu 3TOM TMOJy9JaroTCsl ypaBHEHUS - CIICJACTBHUS JAHHOTO, TO
Heo0xoIuMa poBepKa HalJIEHHBIX KOPHEH.
Pasnocunwvnvie nepasencmaa.
PaBHOCHIIBHOCTH HEPABEHCTB C HEHW3BECTHBIM ONpEIENseTcs aHalIoTW4YHO. HepaBeHCTBa,
MMEIOIINE OJTHO M TO K€ MHOYKECTBO PEIICHUH, HA3bIBAIOT PAGHOCUILHBIMU.
5X -3

ITpumep: Pemnts HepaBenctBo ——— > 1.

X“+1
Tak kak X° +1>0 mpu Bcex AeiCTBUTENBHBIX 3HAYEHUSX X, TO, YMHOXHB HEPaBeHCTBO Ha X° +1,

peIICHUN 3aJa4u nus3 YpaBHCHUA IMOJIYYCHO YPpaBHCHUC

2X(x =1 — (x+1(x—2) =4, xoTopoe SIBIACTCS CIACACTBUEM YPaBHCHHUSI

. Ero Ha3pIBaroT nocmopoOHHUM KOPDHEM.

ToJTydaeM HepaBeHCTBO 5X—3 > X* +1, paBHOCHIBHOE JaHHOMY. Permas 5To HepaBeHCTBO, TOydaeM
x? —5x+4<0,(x=1)(x—4) <0, otkyma 1< x < 4.

Pemienue cucrem ABYX JIMHEHHBIX YPABHEHUH ¢ IBYMS NepeMeHHbIMMU.

Pewenue cucmem ypasnenuii ¢ nomowwio popmynvt Kpamepa.
Onpedenumens emopozo nopsoka. Popmyna Kpamepa.

VYpaBHeHHEe ¢ OByMs IMEpPEMEHHBIMH X M Y 3ammchiBarores B Buae f(X,y) =0, rme f —
BBIP@XKEHHE C TIEPEMEHHBIME X | Y. PellleHreM Takoro ypaBHEHHs Ha3bIBA€TCS YIIOPSIOYCHHAs Iapa
uncen (X,,Y,), MPU MOJCTAHOBKE KOTOPBIX B JaHHOE ypPaBHEHHE MOJTYy4aeTCsl BEPHOE HYHCIIOBOEC

pasenctBo f(X,,Y,)=0.
CucreMa ypaBHEHHH ¢ JABYMS [IEPEMEHHBIMU X U Y B OOIIEM BHJIE 3aIIMCHIBAETCS TaK:

f(xy)=0
9(x,y)=0

Pemennem cucTeMbl ypaBHEHHI Ha3bIBACTCS YIOPSJOYEHHAs IMapa YHCEN, SBIAIONIASACS PEIICHUEM
KaX/J0T0 M3 YpaBHEHMH, BXOJIAIIUX B cucteMmy. JIBe cucTeMbl ypaBHEHUH Ha3bIBAIOTCS
PaBHOCWIIbHBIMHU, €CJIM MHOYKECTBA PEIIEHHUH 3THX CUCTEM COBIAJIAOT.

Onpedenumens 6mopo20 nopsAOKa PaBeH INPOU3BEJICHHUIO 3JIEMEHTOB, PACHOJI0KEHHBIX Ha
[JIABHOW JMaroHaJld MHHYC MPOU3BEJCHHE D3JEMEHTOB, pPACIOJIOKEHHBIX Ha JOTMOJHUTEIbHON
muaroHanu. s 00603HaueHUs OINpeeNuTeNsl UCHOJb3YIOTCS BEPTUKAIbHbIE YEPTOUKU U MPOMHUCHAsS
oykBa A. T.e.

b
A =det(A) = | | = b, —ab,

a, b,
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nin, CXCMaTH4YCCKU

M IIPSIMOE IIPOU3BENCHUE (rmaBHast 1MaroHab)

KOCO€ MPOM3BECHUE (JIOTIOTHUTEIIbHAS UArOHAaIb)

ax+by=c

> v 1 1 1

Cucrema ABYyX JIMHEHHBIX ypaBHEHUH C ABYMs NE€PEMEHHBIMU ’ IIpU YCIIOBHH,

a,x+b,y=c,

4TO OHNPCACIMTCIIb CUCTCMbI OTJIWYHBIN OT HYJIA, KIMECT CIUHCTBCHHOC PCHICHUC, KOTOPOC HAXOAUTCA
Cl bl al Cl
c, b, Ax. a, C,| Ay

mo ¢dopmynaMm X=1—"-"=—;y=——""=—"O3TH paBEHCTBAa Ha3bIBalOTCA (opMyIaMu
a b| A a b| A
a2 b2 a'2 b2

Kpamepa.
Ecmu ke ompenenwrtens paBeH HYIO, TO CHCTEMa SIBISETCS, JHMOO HECOBMECTHOW (Koraa
AX # 0,Ay # 0), mubo HeonpenenenHoi (korma AX = Ay = 0). B mociieqnem cirydae cuctema CBOIUTCS

K OJTHOMY YPaBHEHHIO, a JPYTrO€ SBJISIETCS CIECICTBUEM 3TOTO YPABHEHHUSI.
Pemenne cucreM Tpex JIMHEHBIX YPABHEHUH € TPeMsl epeMEeHHbIMH.

Pewenue cucmem ypasnenuii ¢ nomowwio popmynvt Kpamepa.
Onpedenumens mpemve2o nopsaoka. Popmynra Kpamepa.

Q1 &y

ITycTs naHa KBaJpaTHas MaTpHIA TPeThero mopsigka A=| 8y, Ay, ayg

83 83 A3
Onpeodenumens mpembe20 nopsoka PaBeH NPOU3BEICHHIO DIICMEHTOB, PACHOJIOKEHHBIX Ha
[JaBHOW [IMaroHaid IUIOC JBa IPOM3BENEHMS DJIEMEHTOB, OTBEYAIOUIMX TPEYroJbHUKAaM C
OCHOBAHUAMH, TapajUIeJbHBIMM  T[JIABHOW  JMAroOHald, MHHYC IIPOU3BEICHUE  DJIEMEHTOB,

PAaCIIOJIOKCHHBIX Ha I[OHOJ'IHHTCJ'IBHOﬁ JuaroHajim M MHUHYC JABa IIPOU3BCIACHHA J3JICMCHTOB,
OTBCHAOIIUX TPCYIrOJIbHUKAM C OCHOBAHUAMMU, I1apaJIJICJIbHBIMHU HOHOHHHTCHBHOﬁ JuaroHajiu.

ajqp A A3
Ay Ay Qpz| = Ay18y)8z3 t 849893831 + 8438183y — 4385831 — 81189383y — 8181833
dj) dgp Adgg

I COMCTPHUUCCKHU OTO BBITJTIAJUT TAK:

II+II o

Cucrembl TUHEHHBIX YPABHEHHU .
Cucmema nuHeuHbIX YpasHeHUull UMEET BUJL:
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A X A%, +...+a X, =Dy,

By1 Xy + A Xy + ...+ Ay X, =Dy, )

Ay Xy + Ao Xy +...+ 8 X, =D

3nech aij — KOd(PPUIMEHTHI TP HEU3BECTHBIX, Di — CBOOOHBIC 4WICHBI, a Xj — HEU3BECTHBIC.
Ecnu Bce cBOOOHBIC YIEHBI PaBHBI HYIIO, TO CHUCTEMa HA3bIBAETCS OOHOPOOHOL, €CIIN K€, XOTs Obl
OJ/IHO U3 HUX OTJIMYHO OT HYJISl, TO HEOOHOPOOHOI.

Hcnonb3ys noHsATHE NPOU3BEACHUS MaTpULl, MOKHO Iepenucath cucreMy (1) B Bune: AX = B,
&y y ...
Ay Ay ... 3y,

m*

e A= — MaTpHIla, COCTOSMIAs U3 KOAPPHUIIMEHTOB MPH HEU3BECTHBIX CHCTEMBI

aml am2 amn
(1), xoTopast Ha3BIBACTCS Mampuyeti Cucmembl,

Xy by

X2

X = , B=1{ "2 | — BeKTOP-CTOJIOIBI, COCTABIEHHBIE COOTBETCTBEHHO M3 HEU3BECTHBIX Xj

Xn bm
W U3 CBOOOIHBIX WIEHOB .

yHOpﬂ)IO'—IeHHaSI COBOKYMMHOCTBH N BEHICCTBCHHBIX YHUCEH (C1, C2,..., Cn) Ha3bIBACTCS peuieHuem
cucmemwt (1), ecu B pe3ysbTare MOJCTAHOBKH ITUX YKCET BMECTO COOTBETCTBYIOIIUX IMEPEMEHHBIX

X1, X2,..., Xn K&XJ0€ YpaBHEHHE CHCTEMbl OOpaTUTCA B apU(PMETUYECKOE TOXKAECTBO; APYrUMHU
G

CIIOBAMH, €CIU CcyliecTByeT BekTop C =

C o
2 | Takoit, uto AC = B.

Cn

Ay Ay ... Ay |0y

Ay, Ay ... By, | D,

*
Marpuna A = oOpa3oBaHHasi IyTeM NPUIIKUCHIBAHUS CIpaBa K

Aqy Ay -+ 8y Dy
MaTpuie A cTosbra cBOOOHBIX WICHOB, HA3bIBACTCS PACUUPEHHOU MAMPUYEl CUCTEMDL.
Cuctema (1), umeromasi XoTsi Obl OJTHO PEIICHUE, HA3bIBACTCSI COBMECHHOLL, UMEIOIIAsT TOJIBKO
OJTHO PEIICHHUE OnpedesieHHOol, UMEoIas 0oJiee OHOTO PEUICHUSI — HeonpeoeleHHOol, He UMEIoNIast HU
OJTHOTO PEUICHUS — HeCOBMECHHOU.
Pewums cucmemy (1) — 3TO 3HAYUT yKa3zaTh BCE MHOYKECTBO €€ PELICHUI WM TOKa3aTh €¢
HECOBMECTHOCTb.
Ecnu Han cuctemoii (1) BHIOTHUTE Kakue-Tu00 U3 CIEAYIOINX MPeo0pa3oBaHMiA:
1) TMOMEHSATh MECTaMH ypaBHEHHUS,
2) YMHOXHTb 00€ 4acTH JIF000T0 YpaBHEHHsI CHCTEMBI Ha JIF000€ HE paBHOE HYITIO YHCIIO;
3) npubaBUTH K 00EHUM YaCTSIM OJTHOTO M3 YPaBHEHHI CHCTEMBI COOTBETCTBYIOIINE YaCTH JAPYTrOTO
ypaBHEHUs, YMHOKEHHBIE Ha JIF000€e JeMCTBUTENHFHOE YHCIIO,
To cucteMa (1) mepexoauT B paBHOCHIBHYIO el cuctemy. llepeuncrneHHbie BbIlIEe MPeoOpa3oBaHuUs
HA3BIBAIOTCS  2IEMEHMAPHLIMU — Npeobpazosanusmu  cucmemsi. B pe3ynpTaTe dlIeMEHTapHBIX
MpeoOpa3oBaHUi MOXKET CIYYHTHCS, YTO B CHUCTEME IOSBHUTCS YpaBHEHHE, Bce KOA(D(DUIIUEHTHI
KOTOpPOTO paBHBI HYJIO. Toraa, ecnu U CBOOOHBIN YJIeH 3TOTO ypaBHEHUS paBeH HYIIO, TO YpaBHEHUE
CIPAaBEUTHBO MPH JTFOOBIX X1, X2, ..., Xn U, CIIEIOBATEIHHO, €0 MOKHO OTOpOCUTh. Eciu sxe cBoOOTHBIIH
YJIeH HE PaBEeH HYJI0, TO 3TO YPaBHEHHE HE YJOBIIETBOPSIETCS HUKAKUMU 3HAYCHUSMH HEU3BECTHBIX,
ClIeIOBaTeNIbHO, TOJYYEeHHAs CHUCTEMa SIBIIIETCS HECOBMECTHOW. Torja HECOBMECTHA M HCXOJHAsS
cucTema.
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Teopema Kpomnexepa-Kanennu. (J/leononwo Kpownexep (1823-1891) nemeyxuii mamemamux)
CucremMa JUHEHHBIX ypaBHEHMH COBMeECTHA TOTJa M TONBKO TOTJa, KOorja paHru marpui A m A’
COBIIA/IAIOT.

PaccmoTpuM cHCTEMBI JIMHEMHBIX YPaBHEHHUM, B KOTOPBIX YMCIIO YPAaBHEHMM pPaBHO YHUCILY

81X + 83pXp + .ot By Xy =y
HEHU3BECTHBIX : 2

A Xy + 8, X, + .+ 8 X, =D,

Takue cHCTEMBI PEIIAIOTCS OJJHAM U3 CIICAYIOIINX CII0COO0B:
1) memooom Kpamepa,

2) memooom I'aycca, Wnm MemoooM UCKIOUEHUS HeU3BECIHbIX,
3) mampuunbim Memooom.

Merton Kpamepa.
(I'abpuenv Kpamep (1704 — 1752) wesetiyapckuii mamemamux)
JlaHHbIil MeTOJ TMPUMEHUM TOJBKO B ciiydae, eciiu cuctema umeer Bun (4). Kpome storo,
HE00X0IMMO, YTOOBI OTIPE/ICITUTENh MAaTPHUITBI CHCTEMBI He paBHsuICs 0.
det A = 0;
Teopema. Ecnu onpenenurtenb MaTpULbl CUCTEMBI (4) OTJIIMYEH OT HYJIS, TO 3Ta CUCTEMa UMEET
€IMHCTBEHHOE peleHue, KoTopoe HaxoauTces 1mo Gpopmynam Kpamepa:

AJ'
Xj= —,
A
rae A = det A, a Aj — onpeienuTeNb MaTPHIIBI, TOJy4aeMOi U3 MaTPHUIBl CHCTEMbI 3aMEHOM CTOJIONA |

CTOJIOIOM CBOOOIHBIX YWICHOB bj

A - iy b, Ay -+ Ay

A= [Bor e B b, 85,1 -+ A
=
Ay e Ay By Ay Ay,

X +apX, + 8% =hy
Tak, Hanpumep, AJ1s CUCTEMBI M3 TPEX YPABHEHUH { 8y X + 8yn Xy + 83Xy = b2

X + AgpXy + AggXg =Dy

d;qp A Q3 b, a5, a; a; b ap, a; a, by
A=|8y 8y Ay | A= by Ay 8yl; A= (Ay b, Ayl; As=|ay ay byl
dz; gy dgg b, ag, as; a3 b3 ag; ay 8z b
A A A
X1= =L Xe= —2; xg= —,
A

PanuoHaIbHbIe H HPPALHOHAIBHBIEC YPABHEHHUS.
OcnosHule npuembl Ux peuleHus (PaziodceHue Ha MHONCUMENU, 66e0eHUe HOBbIX HeU38eCHbIX,

noocmanoska, epaguyeckuti memood). Mzobpasicenue Ha KOOPOUHAMHOL NIOCKOCHU MHONCECEA
peulenull ypagHenull U HepageHcms ¢ 08YMsl NePeMEHHbIMU U UX CUCTHEM.
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@ynknus Buna P(X) =ayx, +a,x, —1+a,x, —2+...+a, - x+a,,
rae N — HaTypaiubHOE, @,,d;,a,,...,d,— HEKOTOPBIC ICHCTBUTEIbHBIC YMCIIA, HA3BIBACTCS LIEIOU
panroHambHON (PYHKITUEH.

VYpaBuenue Buga P(X)= 0, raneP(X) — mwemas panuoHanbHas (GYHKIUS, HA3bIBACTCSA IICIBIM
palroHaIbHBIM YPaBHECHHEM.

PO, P0O P
QM QM T Q)

YpaBHeHue BUIa

rae P(x),P,(X),....,P,(X),Q,(X),Q,(X),...,Q, (X) — mnensle pannoHansHble GyHKINH, HA3BIBACTCS
panHOHAIBLHBIM YPaBHEHHEM.
P(x)
Q(x)
ceooumcs k pewenuio ypasuernus P(X)= 0 u nposepke mozco, umo KopHuU y0081eME0PsIon YCio8UI0
Q (x) =0.

OcHoHble MemoObl peuleHus PAYyUOHAIbHBIX YPAGHEHUIL.

1) Ilpocreiimue: pemaroTcss MyTéM OOBIYHBIX YHOPOUICHHM — TMpuBEIeHHE K OOIIeMy
3HAMEHATENI0, IPUBEIeHNE TI0I00HBIX YIEHOB U Tak aajee. KBaapatHele ypaBHeHns ax? + bx + ¢ =0

—b++/b?—4ac

2a

Pewenue payuonanvrozo ypasnenus =0, 20e P(x) uQ(X)— muozounensi(Q(x)=0),

pELIaroTes MO BBIBEICHHOW HaMu popmyie X, , =

Taxke ucnons3yercs Teopema Buera: X, + X, = —, XX, =—
a

2) I'pynmupoBka: MyTéM TPYNIUPOBKU CIAaraéMbIX, MPUMEHEHUsS (GOPMYS COKpani€HHOTO
YMHOXEHHUSI TPUBECTH (€CIM yIacTcsl) ypaBHEHHE K BHY, KOTJa ClieBa 3alMCaHO TPOU3BEIACHHUE
HECKOJIbKUX COMHOXHUTEJICH, a chpaBa — HOJb. 3aTeM IPUPABHUBAEM K HYIIO KaXJbId W3
COMHOKUTEJICH.

3) IlonmcraHoBKa: WIEM B YpaBHCHHH HEKOTOPOE TIOBTOPSIONIECECS BBIPAKEHUE, KOTOPOE
0003HaYMM HOBOW IEPEMEHHOHN, TEM caMbIM YIpOIas BHJ ypaBHEHHS. B HEKOTOPBIX Cirydasx
OYEBHUIHO YTO y100HO 0003HaunTh. Hanpumep, ypaBHEHHE

x> +x-5 3x x> +x-5

+ +4 =0, 1erko pemiaerTcst ¢ MIOMOINBIO MMOJCTAHOBKH = ——————— =
X (x* +x-5) X

tll

MOJIy4yaeM t+§+4:0

Wmu: 21/ (X2 —4x +10) - X% + 4X = 6. 31ech MOYKHO CIEIATh MOJICTAHOBKY x> — 4 =t. Torma
21/ (t+10)-t=6wur.x.

B Gonee crnoxHBIX chmydasx MOJCTAHOBKA BHUJHA JIMINb MOCJIE HECKOIBKUX MPeoOpa3oBaHU.
Hanpumep, nano ypaBHeHue

(X% + 2X)2 — (X +1)? = 55,

Iepemnucas ero uHaue, a UMeHHO (X2 + 2X)? — (X% + 2X + 1) = 55, cpa3y yBHAUM HOJCTAHOBKY X’
+ 2x=t.

Umeem t? —t—56 =0, t; =7, t2 = 8. Ocranock pemuts X> + 2X=—7 u X*>+2x =8,

B psime npyrux ciiydaeB ynoOHYIO MMOJCTaHOBKY KelaTelbHO 3HATh “3apaHee”. Hampumep

1) Vpasuenue (X + a)* + (X + b)* = ¢ cBoauTca k GMKBagpaTHOMY, €CiM CHENaTh
MOJICTAHOBKY
x=t—(a+hb)/2
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2) Cummerpuyeckoe ypaBHenue (BospathHoe) aoX" + aiX” ~ 1+ ...+ ax + a =0
(k03¢ (HUIMEHTHI WICHOB, PABHOCTOSIIMX OT KOHIIOB, PABHBI) PEIIACTCS C MOMOIIBIO MOACTAaHOBKH X +
1/x=t, ecniu N —uétHOE; eciiu N — He4€THOE, TO YPaBHEHUE UMEET KOPEeHb X = — 1.

3) VYpaBuenue Buma (X + a)(X + b)(x + ¢)(X + d) = | cBoguTcs K KBajpaTHOMY, €CIH
atb=c+d utn

4) TlogOop: mpu pemieHUHd YpaBHEHHH BBICIIMX CTEICHEH paluOHAIbHBIE KOPHU YpaBHEHHS

anX" + an_ 1X"" 1+ ..+ aix + ap = 0 mmeM B BUJE p/Q, roe p— aenuTens do,  — ACTUTENb an,
p 1 q B3auMHO npocTsl, PeZ, qeN.

5) “UckyccTtBo”, T.e. pelmiaTb IpUMEpP HECTaHAAPTHO, NMPHUAYMaTh “‘CBOW METOX , JOrajaTbCs
YTO-TO MPHOABUTH U OTHSTH, BBIICIIUTH TOJTHBIN KBaJpaT, HA YTO-TO Pa3CIUTh U YMHOXKHUTH U T.1I.

6) YpaBHEHUsI ¢ MOJYyJEM: MPHU PELUICHUU YPaBHEHUU C MOJYJIEM HCIOJIb3YeTCsS ONpeeIeHUe
f (X), ecruf (x) >0,

— f(X), ecnuf (x) < 0.
PanmnonanbHble HepaBeHCTBA.

[Tycth f(X) — umcnoBas GyHKIHS OJHOTO WM HECKOJBKUX IMEPEMEHHBIX (apryMeHTOB). PeuTh
HEPAaBEHCTBO

MOJyJISl 1 METOJ MHTepBajioB. Harmomunm, 4to | f (X)| =

fx)<0 (f(x)>0) 1)

— 3TO 3HAUYUT HAMTH BCe 3HAUYEHUS apryMeHTa (apryMeHTOB) (QYHKIHUU f, MPU KOTOPBIX

HepaBeHCTBO (1) crpaBeannBo. MHOXKECTBO BCeX 3HAUEHUHU apryMeHTa (apryMeHTOB) GYHKIUHU f, IPU

KOTOPBIX HEpaBeHCTBO (1) cripaBeInBO, HA3bIBAETCSI MHOYKECTBOM PEIICHUH HEPABEHCTBA WIIH TIPOCTO
peleHrneM HEpaBEeHCTBA.

MHOK€ECTBO pPEIIEHUI HECTPOIO HEPABEHCTBA

fx)<0 (f(x) 2 0) )
npeAcTaBisieT coboit oObeaMHEHWE MHOXKECTBa pelieHnid HepaBeHcTBa (1) W MHOXKecCTBa
pemienwnii ypasaenus f(X) = 0.

JIBa HEpaBEeHCTBA CUUTAIOTCS SKBUBAJIEHTHBIMHU, €CJTM MHOKECTBA UX PEILICHUI COBIAIAIOT.

[Tog MHOXECTBOM JOMYCTUMBIX 3HAUYEHUN HEU3BECTHBIX, BXOJALIMX B HEPABEHCTBO,
MMOHUMAIOT 00J1acTh onpeaeneHus GyHkuu f(X).

HepasenctBa Buaa (1) wiaum (2), cocraBieHHble Mis pa3iuyHbiXx GYHKIHH fi(X), MOTYT OBITH
CBEZICHBI B CCTEMY HEpPaBEHCTB. PelnTh crucreMy HEpaBeHCTB — 3TO 3HAUUT HAWTH MHOXECTBO BCEX
3HAUYECHUH apryMeHToB OyHKIMU fi(X), IpU KOTOPBIX CIPABEUIMBBI BCE HEPABEHCTBA CHUCTEMbI
OJIHOBPEMEHHO.

['oBOpAT, YTO CUCTEMBI HEPABEHCTB SKBUBAJICHTHBI, €CJIM MHOXKECTBA X PELICHUIN COBINAAAIOT.

CBoiicTBa PABHOCWIbHBIX HEPABEHCTB.
[Ipn pemieHun HEpPaBEHCTB HCIOJIB3YIOT CBOMCTBa paBHOCUIbHOCTH. HepaBeHcTBa ¢ 0aHOIM
MEPEeMEHHON HAa3bIBAIOTCS PAaBHOCHIIBHBIMH, €CTH MHOKECTBA UX PEIICHUU COBIAJIAIOT.

Hanpumep, HepaBeHCTBa 3X > 6 U X — 2 > 0 MMEIOT OJJMHAKOBBIC MHOYKECTBA PEIICHUHU X € [2;
+00]. DTH HepaBEHCTBA — PAaBHOCUJIbHBIE.

Hepapenctpa X > 0 u x° > 0 — HepaBHOCKIIbHBIE, TAK KAaK PellleHUe TIEPBOr0 HEPaBEHCTBA €CTh
MHOXkecTBO X€[0; +o0], a pelieHne BTOPOro HEPaBEHCTBA €CTh MHOXKeCTBO X&[-00; 0]U[0; +oo]. Dt
MHO>KECTBA HE COBIIAJIAIOT.

[Ipn pemieHHH HEPaBEHCTB BBIMOJHSIOTCS TOJBKO TaKHe MpeoOpa3oBaHUs, MPU KOTOPHIX
noJry4qaroTcsi 0oJjiee MpPOCTble PAaBHOCWUIIbHBIE HEPABEHCTBA. OTH MpeoOpa3oBaHMUs BO3MOXKHBI IPHU
BBITIOJTHEHUH CIEAYIONINX CBONCTB paBHOCHIIbHBIX HEPABEHCTB:

CsoiictBo 1. Ecnu k 06enM yacTsM HepaBeHCTBa MPUOABUTH OJHO M TO YK€ YUCIIO HIIU OJIHO U
TO JK€ BBIP@KEHHE, KOTOPOE MMEET CMBICHI MpPH BCEX 3HAUYEHHUSAX MEPEMEHHOH, TO MOJIy4YUM
HEpPaBEHCTBO, PABHOCUJIBHOE JAHHOMY.

Hano. P(x) > Q(X) — HepaBeHcTBO, T(X) — BBIpaXK€HHE, KOTOPOE MMEET CMBICH MpPU BCEX
JNeVCTBUTENBHBIX 3HAYCHHSIX X, XER.

Jokazate. HepaBencrBa P(x) > Q(X) u P(x) + T(x) > Q(X) + T(X) — paBHOCHJIbHBIE.
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JlokazarenbctBo. a) [lycTh mpu X = a HepaBeHCTBO P(a) > Q(a) — BepHOE YMCIIOBOE PaBEHCTBO, T.C. X
=a — 0JIHO U3 pelieHnu HepaBeHcTBa P(X) > Q(X), T(a) — 3nauenue T(X) mpu x =a.

ITo croiictBy umcinoBbix HepaBeHcTB P(a) + T(a) > Q(a) + T(a) — BepHOe umCIIOBOE
HEPaBEHCTRBO.

CrenoBartesbHO, X = a — OJJHO U3 pelieHuit HepaBeHcTBa P(x) + T(x) > Q(X) + T(X). [Toaromy,
€CclIM X =a eCTh PELICHHE IEPBOr0 HEPABEHCTBA, TO ITO 3HAYCHHE €CTh TAKXKE PEIICHHE BTOPOTO
HEpPaBCHCTBA.

0) [Tycts x = b — ogHO U3 pemennit HepaBeHncTBa P(x) + T(x) > Q(X) + T(X), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHoe uncnoBoe HepaBeHcTBO. 1o cBO¥CTBY uKca0BBIX HepaBeHcTB P(b) > Q(b) — Toxe
BEPHOE YMCIIOBOE HepaBeHCTBO. ClieioBarenbHO, X = b — pemenue HepaBeHcTBa P(X) > Q(X).

Tak kak MHOXecTBa pemenuit HepaBencTBa P(X) > Q(X) u P(x) + T(x) > > Q(X) + T(x)
COBIIQIAIOT, TO 3TH HEPABECHCTBA PABHOCUJIBHBIC.

CpoiictBo 2. Ecau B HepaBeHCTBe J11000€ cilaraeMoe, KOTOpO€ MMEET CMBICH Npu Bex XeR,
MEPEHEeCTH M3 OJHO YacTH B JIPYTYIO C TMPOTHBOIOJIOKHBIM 3HAKOM, TO IOJYYUM HEPaBEHCTBO,
PaBHOCHJIBHO JJAHHOMY.

Hano. P(X) + T(X) > Q(X) — nepaBenctBo, T(x) — ciaraemoe, KOTOPOE€ UMEET CMBICIT TPH BCEX

xeR.
Joxa3zate. HepaBenctsa P(X) + T(X) > Q(X) u P(x) > Q(X) — T(X) — paBHOCHIIBHBIE.
HoxkazarenbctBo. Ilo cBoiicTBY 1 MOXHO K 00€MM dYacTsM HepaBEHCTBA P(X) + T(X) > Q(x)

npubaButh cinaraemoe (-T(x)), Tak Kak 3TO claraéMoe HMeeT CMBICHI IMpU Bcex Xe€R; momydum
PaBHOCHJILHOE HEPABEHCTBO:
P(x) + T(x) — T(x) > Q(X) — T(X), orcroma P(x) > Q(x) — T(x).

CaoiictBo 3. Eci 00e yacTu HepaBeHCTBAa YMHOKHTH Ha OJTHO U TO K€ MOJIOKUTEITLHOE YHCIIO WIIH Ha
OTHO W TO K€ BBIPAKCHHE, TMOJIOKUTEIBHOEC MPHU BCEX 3HAYCHUSIX MEPEMEHHOH, TO TOIydHUM
HEPaBCHCTBO, PABHOCHJIBHOE JaHHOMY.

Hano. P(x) > Q(X) — nepasenctso (1),

T(X) >0, xeR,

P(X)-T(X) > Q(X)-T(X) — nepaBeHcTBO (2).

Jloxasats. HepaBencTsa (1) u (2) paBHOCHIIBHBIC.

Joxa3zatesnbctBo. [Tycts mpu x = a P(a) > Q(a) — BepHOE YKCIIOBOE HEPABEHCTBO, T.€. X = & — OJIHO U3
peleHIn IepBOro HepaBeHeTBa. T(a) — 3Hauenue T(x) npu x = a T(a) > 0.

ITo cBoiictBy umcinoBeix HepaBenctB P(a)-T(a) > Q(a)- T(a) — Toke BepHOE YHCIOBOE
HEPABCHCTBO, T.€. X = a —OJHO M3 PELICHUH MepBOro HepaBeHcTBa. CIeq0BaTEIbHO, €CIIH X= a —
peleHre IEPBOTr0 HEPABEHCTBA, TO X = a — TAKXKE PEIICHHE BTOPOr0 HEPABEHCTBA.

ITycts npu x = b Hepasenctso P(b)-T(b) > Q(b)-T(b) — BepHOE UKCIIOBOE HEPABEHCTBO, T.€. X =
b — oHO U3 pereHru BTOPOTro HEPAaBEHCTRA.

ITo cBoiictBy umcioBbix HepaBeHcTB P(b) > Q(b) — Toxe BepHOE YKCIOBOE HEPABEHCTBO, TaK
kak T(b) > 0. CiaenoBatensHo, X = b — 0JTHO M3 PEIICHUH [TEPBOTO HEPABEHCTBA.

ITockoJIbKY MHOKECTBAa PEIICHUH MEPBOIO M BTOPOTO HEPABEHCTB COBMAIAIOT, TO OHHU
PaBHOCHJIbHBIE.

CaoiictBo 4. Eciu 06e yacT HepaBeHCTBA YMHOYKUTh HA OJHO U TO € OTPUIATEIBHOE YHCIIO
WK HA OJHO U TO K€ BBIpaKEHHE, OTPUIATEIBHOE MPHU BCEX 3HAUYCHUAX TMEPEMEHHOM, U W3MEHUTH
3HAK HEPaBEHCTBA Ha MPOTHUBOIOJIOKHBIN, TO MOJYYUM HEPABEHCTBO, PABHOCHIBLHOE TAHHOMY.

DTO CBOMCTBO JJOKA3bIBACTCS AHAJIOTUYHO 3 CBOUCTBY.

AuredpanyecKkne HepaBeHCTBA.
JInHeHBIMU (CTpOFI/IMI/I u HeCTpOFI/IMI/I) HAa3bIBAOTCA HECPABCHCTBA BUId
ax+b>0, ax+b<0,ax+b>0,ax+b<0,a#0,
peLIeHUsIMH KOTOPBIX OYAyT:
mpua>0
xe(- Error!; o), Xe( -o; - Error! ), xe[ - Error!; o ), Xe( -o; - Error! ],
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npu a <0
xe( -o; - Error! ), xe( - Error!; w ), Xe( -0; - Error! ], xe[ - Error!; «).
KBanpaTtHbIMH (CTPOrMMHU M HECTPOIMMU) HA3bIBAIOTCSl HEPABEHCTBA BUJIA
ax? + bx + ¢ >0, ax? +bx+c <0,
ax? + bx +c¢ >0, ax? + bx +c <0,
rae a, b, c— HEKOTOPBIC IeHCTBUTENbHBIE yncia u a # 0.
KBanpatHoe HepaBeHCTBO ax® + bX + € > 0 B 3aBHCHMOCTH OT 3HAUEHHHU CBOMX KO3(h(UIHEeHToB a, b 1
C UMCCT PCHICHMS:
mpua>0uD=b?-4ac>0
xe( -o0; Error!)u(ﬂ ; 00);
2a
npua>0uD <0 X— moboe neiicTBUTENBHOE YHCIIO;
npua<0uD2>0
xe( Error! ; Error!);
npua<0uD<0
X = (T. e. peIeHAN HET).
Pemenne HepaBencTBa ax’ + bX + ¢ < 0 CBOAWTCSA K PENICHHIO PACCMOTPEHHOTO HEPABEHCTBA, €CIH
00e YacTh HepaBeHCTBA YMHOXKHTH Ha (-1).
MeToa MHTEPBAJIOB.

ITycth Pn(X) — MHOTOYIEH N-ii CTEMEHH C AeHCTBUTEIbHBIME KO3 duIenTamu, a Ci, Cz, ... , Ci

— BCe JICHCTBUTENIbHBIE KOPHH MHOTOWIEHa ¢ KpaTHOCTAMH K1, Ko, ... , Ki COOTBETCTBEHHO, MpruemM
C1>C2> ... > Ci. MHorowieH Pn(X) MOKHO MPEICTaBUTh B BUJIE

Pn(X) = (x - c1) (x - €2) % ... (x =€) Qm(X), 3

rae MHorowieH Qm(X) IeHCTBUTENBHBIX KOPHEH HE MMEET M JHO0 MOJIOKUTENICH, MO0 OTpHUIIaTeIIeH
npu Beex xeR. Tlomoxkum st onpeaeneHHOCTH, 9To Qm(X) > 0. Torma npu X > C1 BCE COMHOKHTEH B
pasnokennu (3) momokutenbHbl U Pn(X) > 0. Ecim ¢1 — kopenb HeueTHO# kpatHOCTH (K1 —
HEUYETHOE), TO TpPH X€E(C2; C1) BCE COMHOXHTEIM B paszyioxkeHUU (3), 3a MCKIIOYCHHUEM IEPBOTO,
MOJIOKUTEIBHBI U Pn(x)<0. B 3TOM cirydae roBopsT, 4To MHOTOWIEH Pn(X) MEHSIET 3HAK MPH Mepexoie
4yepe3 KopeHb c1. Ecim ke ¢1 — KopeHb 4eTHOH KpaTtHOCTH (K1 — 4YeTHOe), TO BCe COMHOXKHUTENH (B
TOM YHCJIE M TIEPBBI) PH X €(C2; C1) MOJOKHUTEIBHBI U, ClIeA0BaTeIbHO, Pn(x) > 0 pu xe(C2; c1). B
ATOM ClTy4ae TOBOPST, YTO MHOTOWIEH Pr(X) HE MEHsIET 3HaK MPU NIePEX0/Ie Yepe3 KOPEHb C1.

AHaOTUYHBIM CHIOCOOOM, MCIIOJIB3YsI pa3noxkeHue (3), HeTPYAHO YOSAUTCs, YTO MPU Tepexoie
4yepe3 KOPeHb C2 MHOTOWIEH Pn(X) MeHseT 3HaK, eciiu Ko — HedyeTHoe, U He MEHsIeT 3Haka, eciin Ko —
4yeTHOe. PacCMOTpEHHOE CBOMCTBO MHOTOWIECHOB HCIIOJIB3YETCSl JUISl PELICHHS HEPABEHCTB METOIOM
UHTEPBAIOB. [[11st TOTO 4TOOBI HAlTH BCE PEIICHUS

Pn(x) > 0, 4)

JIOCTAaTOYHO 3HATh BCE JCHUCTBUTEIbHBIE KOPHH MHOTrOWIeHa Pn(X) WX KpaTHOCTH W 3HaK

MHOTrouwieHa Pn(X) B MpOM3BOIBHO BRIOPAHHOM TOUKE, HE COBIAIAIONICH ¢ KOPHEM MHOTOUJICHA.
HepaBeHncTBa ¢ mapamerpamm.

HepaBencTBa ¢ mapameTpamMu sIBISIOTCS HauOoJiee TPYIHBIMHU 3aJlauaMu Kypca SJIeMEHTapHOU
MaTeMaTHUKU. DTO OOBSCHSETCA TeM, YTO MX pEIIeHHs CJleIyeT MOJydaTh MpPU BCEX AOMYCTUMBIX
3HAYEHUSIX BXOJAIUX B HUX [TapaMETPOB.

CucremMbl pallHOHAJbHBIX HEPABEHCTB.

[TycTh HamoO HAWTH YMCIIOBBIE 3HAYEHUS X, MPU KOTOPHIX MPEBPAIIAIOTCS B BEPHBIC YHCIOBBIC
HEPaBEHCTBA OJJHOBPEMEHHO HECKOJBbKO PAlMOHAIBHBIX HEPABEHCTB. B Takux ciydasx roBOpPST, YTO
HaJ0 PEIIUTh CUCTEMY PaIllMOHATLHBIX HEPABEHCTB C OJJTHUM HEU3BECTHBIM X.

UTOoOBl pemuTh CUCTEMY pPAlMOHATBHBIX HEPABEHCTB, HANO0 HAWTH BCE PEIICHUS KaKJOTO
HEpaBeHCTBA cUCTeMBI. Toraa o0mas 4acTh BCeX HAaWCHHBIX PEIIeHUN U OyIeT pelieHHeM CHCTEMBI.
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I'padmyeckoe pemeHne HepaBeHCTB.
HepaBeHcTBa ¢ 01HO¥ WK IBYMSI IEPEMEHHBIMU MOXKHO PEIIaTh rpadMuecKH.
HepaBenctBo ¢ ojHOi mepeMeHod MoxkHO 3amucath Tak: f(X) > g(x), rme f(X) u g(x) —
BBIPKEHHS, COJICpKAIIHE TICPEMEHHYIO.
[Moctpoum B oiHOM cucteme koopauHar rpaduku pynkuuid y = f(x) u  y=g(Xx).
Pemenne HepaBeHCTBA €CTh MHOKECTBO 3HAUCHHMU TEPEMEHOW X, MPU KOTOPBIX Tpaduk (yHKIUN
y=0(X), Tak kak f(x)>g(x).OTo noka3zano Ha pucyHkax 1 u 2.

y=9ix

v

y = 9[X] A

L

Pemrenne HepaBeHctBa ¢ aBymsi mepeMeHHbIMEH f(X,Y)>0 ecTh MHOXECTBO TOYEK IJIOCKOCTH,
KOOPJIUHATHI KOTOPBIX YAOBIETBOPSAIOT STOMY HEPABEHCTRBY.

HppannonaabHble ypaBHEHHS.

YpaBHeHUe, coqepxaiee MepeMeHHYI0 0] 3HAKOM KOPHS, Ha3bIBACTCS UPPAUUOHATILHBIM.

Penienne mppaiyoHaIbHOTO YpaBHEHHS OCHOBAHO Ha MPEOOpa30BaHUU €r0 K PalMOHATBHOMY
YPaBHEHHIO, YTO JIOCTUTAETCS BO3BEJACHUEM OOCHX €ro 4acTeil B OJHY W Ty JK€ CTeleHb (MHOrIa
HECKOJIBKO pa3).

[Ipu Bo3BeneHHH 00CHX YacTe MPPAMOHAIBLHOTO YPaBHEHHS B YETHYIO CTEICHB IOJIy4acTCs
YpaBHEHHE, SBJISFOIIEECS CICICTBUEM UCXOIHOTO. Y PaBHEHHIO-CIICICTBUIO YIOBJICTBOPSIOT BCE KOPHH
HCXOJIHOTO YPaBHEHUS, HO MOTYT IOSBUTHCS U KOPHHU, KOTOPbIC HE SIBJISIIOTCS KOPHAMHU HMCXOIHOTO
ypaBHEHHUS («IIOCTOPOHHUE» KOPHH). UTOOBI BBISIBUTH «IIOCTOPOHHHE» KOPHHU, BCEe HalICHHBIC KOPHU
YPaBHCHHUS-CIICJCTBHS MPOBEPSIOT TOJCTAHOBKOW B MCXOJHOE YPABHEHUE M «IIOCTOPOHHHE» KOPHHU
0TOpacChIBAIOT.

HcxonHoe uppalnmoHaabHOE ypaBHCHHE PABHOCWIIBHO CMEIIAHHON CHUCTEME, COCTOSIICH u3
YPaBHCHUS-CIICJICTBUS M OTPAaHUYCHH, ONPENeNIIeMbIX OOJACThIO  JONMYCTUMBIX 3HAYCHHUU
nepeMeHHoi. B sToMm ciydae «ImOCTOpOHHHE» KOPHHM HE OyayT BXOOUTh B OONACTh JOMYCTHMBIX
3HaYEHUH MepeMEeHHON U MPOBEPSTH WX MOJACTAHOBKOM B HCXOJIHOE YpaBHEHUE HE TpeOyeTcs.

[Ipu Bo3BenEHNH 00EUX YaCTe UPPAIMOHATIHLHOTO YPaBHEHHS B HEUETHYIO CTENEHb MOTy4aeTcs
ypaBHEHHUE, PaBHOCUJIBHOE UCXOTHOMY.

HppanuoHajibHble HEPABEHCTBA ¢ OJHOM MEPEMEHHOM.

Pemrenne wMppanMoOHAJIBHOIO HEPABEHCTBA C OJHOM IMEPEMEHHOM CBOJUTCSA K PELICHUIO
PAaBHOCUIILHOM €My CHCTEMBI PAllMOHAIBHBIX HEPABEHCTB MJIM COBOKYITHOCTU CHCTEM PallMOHAIbHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS NMPU HAIOKEHUHM OTPaHMYECHUI Ha MEePEeMEHHYIO0 U BO3BEICHUHM 00enx
4aCTEe HEPABEHCTBA B OJHY U TY )K€ CTEIICHb.
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Iloka3zarebHbIE U TPUTOHOMETPUYECCKHE YPABHCHUSA U HEPABCHCTBA.

OcHogHble npuemsl ux peutenust (panodceHue Ha MHOJMCUMeNU, 66e0eHUe HOBbIX HeU3BECHHUBIX,
noocmanoexa, epaguyeckutl memoo). Mcnonvzosanue c6oucmas u 2pagukos Gynkyul npu peueHuu
HepaseHcms. Memoo unmepeanos.

Ilokazamenvnvie ypasnenua u HepaseHcmaea.
Pemenune noxazamenvhvix ypasrenuti 4aCTo CBOJUTCS K PELICHUIO YPABHEHUS
a*=a’,
rae a > 0,a #1, X - HenzBecTHOE. DTO YpaBHEHHUE PEIIACTCS C MOMOIIBIO CBOMCTBA CTETIEHH: CTETICHH C

X

OJIMHAKOBBIM OCHOBaHHeM a > 0,8 #1 paBHBI TOJBKO TOT/Ia, KOTAA PaBHBI UX MTOKA3aTEIH.

Pemenne noxazamenvhvix Hepagencme 4acTo CBOJUTCS K PEILICHUIO HEPABEHCTBA

a*>a’wm a* <a’.

OTH HepaBEHCTBA pEIIAIOTCS C TIOMOINBIO CBOMCTBa BO3pacTaHus WM  yOBIBaHMS
nokazateabHOW (yHKIMM: A8 Bo3pacTamomed (yHKIUM OonbllieMy 3Hau€HUIo (QyHKUIUU
COOTBETCTBYET OOJIbIllee 3HAUEHHE apryMeHTa, a Juis yObIBarouled (QyHKIUU OOJbIIeMYy 3HAYEHHIO
(YHKIIMY COOTBETCTBYET MEHbIIIEE 3HaUCHHE apryMeHTa.

Tpuzonomempuueckue ypasnenus u HepaseHcmaea.
1. YpaBHeHus, cBoAALINECS K KBAIPATHBIM.
2. YpaBHeHus asin Xx+bcosx=c.
3. YpaBHeHWUsI, pelraeMble pa3iosKeHUEM JICBOH YacTH Ha MHOKUTEIH.

IIpumeHeHne MaTeMaTHYeCKMX METO/I0B [IJIsl PellIeHUsl COJlepKaTeJbHbIX 32/1a4 U3 Pa3JINYHbIX
obJs1acTeil HAYKM ¥ MPAKTUKH (JIONMOJHUTEJIbHbIA MaTepHuaJ)

Ipumenenue mamemamuueckux Memooos 0/ peueHus co0epHCAmenbHblX 3a0ay U3
PasauyHbIX obnacmell HAyKu u npakmuxu. inmepnpemayus pe3yiemama, yuem peaibHblX
02paHuyeHul.

Pewums mamemamuueckyio 3adauy — 3T0 3HAUUT HAWUTH TaKYIO MOCJIEI0BATEIILHOCTh OOIIMX
MOJIOKEHUI MaTeMaTUK{, IPUMEHSsSI KOTOPbIE K YCIOBHUSM 3aJaud IMOJIy4aeM ToO, 4TO Tpelyercs
HaWTH — OTBET.

OcHOBHbIMU  MemoOamMu peuleHus MeKCmo8vlx 3aday S[BIAIOTCS apuQMeTHUYecKud Hu
anredpanvecKuii MeTo, a Tak )keé KOMOMHUPOBAHHBIN.

Pewums 3a0auy apugpmemuueckum memooom — 3HAYAT HAUTH OTBET HA TpeOOBaHUE 3a/1ayu
MOCPEJICTBOM BBIMIOJIHEHUSI apu(PMETUUECKUX NEUCTBUN HaJ JaHHBIMU B 3amade yuciamu. OQHYy U
TY)K€ 3a7]auy MOKHO PEIIUTh Pa3TUYHBIMU apupMeTHiecKuMu criocodbamu. OHU OTIMYAIOTCS IPYT OT
Jpyra JOTUKOM pacCyXJIeHUH B MPOIECCe PEIICHUS 3a/IauH.

Pewums 3a0auy ancebopauueckum memooom — 3HAYUT HAWTH OTBET Ha TPeOOBAHHUE 3a/layu
MyTeM COCTABJICHUS U PEIICHUs YPAaBHEHUS WJIM CUCTEMbI YPAaBHEHUH.

Texcmoeguvle 3a0auu aneedpauyecKkum mMemooom pewaiom no cieoyiouell cxeme:

1) BBIAENSAIOT BENUYMHBI, O KOTOPHIX HUJET pedyb B TEKCTE 3aJauM, U YCTAaHABIMBAIOT 3aBUCHUMOCTH
MeX1y HUMH,

2)  BBOJIAT IepeMeHHbIe (0003HAYAIOT OyKBaMU HEM3BECTHBIC BETUUHHEI);

3)  C MOMOIIBI0 BBEICHHBIX MEPEMEHHBIX U JAHHBIX 33/1a4H COCTABIISIIOT YPAaBHEHHE WU CUCTEMY
YPaBHEHUH;

4)  pemarT MOJIyueHHOE YpaBHEHUE UIIH CUCTEMY;

5) TpoOBepsIOT HaliJICHHBIE 3HAUYEHUS TI0 YCIOBUIO 33]]a4d U 3allMChIBAIOT OTBET.
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Kombunuposanneiti MeToa peleHuss BKIOYAeT KaK apu(PMETHUYEeCKUd, Tak M anreOpandecKuid
CIOCOOBI pPeIIeHHUS.

B HavanbHOW WIKOJIE 33a4u Oenim no Koauuecmsy Oelicmeuli IpU PELIeHUH Ha MPOCThIE U
cocTaBHbIE. 3a/1aud, B KOTOPBIX JUIS OTBETA HA BOIPOC HYKHO BBIMOJHHUTH TOJBKO OJHO JCHCTBHE,
HA3bIBAIOT npocmuimu. ECIU U1st OTBETa Ha BOMIPOC 337a4ll HY)KHO BBITIOJHUTH JiBa U OoJiee IeHCTBHH,
TO TaKHE 337a4X Ha3bIBAIOT COCMABHLIMU.

CocraBHyI0 337124y, TEK K€ KaK U IPOCTYI0, MOYKHO PEUINTh, UCIIOJIB3YsI pa3IMYHbIE CIIOCOObI.

3aoaua. Pribax noviman 10 pei6. M3 Hux 3 nema, 4 OKyHs, ocTaqbHbIe — IIYKH. CKOJIBKO HIYK MOMMAaT

pB10aK?

Ipaxmuueckuii cnocob
O603HaunM Kaxayro peioy kpyrom. Hapucyem 10 kpyros 1 06003Ha4MM MONMaHHBIX PhIO.

(XOOOOOC

J J J O O o O
JIJis oTBETa Ha BOIIPOC 337]a9M MOKHO HE BBINOJIHATH apH(PMETHIECKUE CUCTBHS, TaK KaK KOJHMYECTBO
MOWMAaHHBIX ITYK COOTBETCTBYET HE 0003HAYCHHBIM KPyraM — UX TPH.
Apughmemuueckuii cnocoo.
1) 3+4=7(p) — noliMaHHbBIC PHIOHI;
2) 10— 7 =3(p) — moiiMaHHBIE IIYKH.
AnreOpandeckuii crocoo.

[TycTh x — moliMaHHbIE IIyKHA. TOra KOJIMYECTBO BCEX PHIO MOXKHO 3alMcaTh BhIpOKEHHEM: 3 +
4 + x. Tlo ycnoButo 3aa4il U3BECTHO, YTO pbIOaK moiimain Bcero 10 pei6. 3nauut: 3 + 4 + x = 10.
PemmB 310 ypaBHEHUE, MOTyIHM X = 3 U TEM CaMbIM OTBETHM Ha BOIIPOC 3aJIa4H.

I paghuuecxuii cnocoo.

Jemu OKYHH IIYKH

OT1OT cnocol, Tak K€ KaKk U MPAaKTUYECKUH, MO3BOJIAT OTBETUTh HAa BOMIPOC 33Jaud, HE BBIIOJIHSASA
apu(pMeTHYECKUX JAEHCTBHM.

B mMaremaTuke oOLIenpuHATO CIeAyIOIIee JeIeHre Mpoliecca perieH s 3a1ay:

1) amanu3 TekcrTa 3a/lauM, CXeMaTudeckas 3aIuch 3a1a4i, UCCIE0BaHNE 3a]a4u;
2) mowuck crnoco0a penieHus 3a1a4i U COCTABJICHUE TJIaHaA PEIICHHS;

3) ocyiiecTBIeHNE HAlIEHHOTO TJIaHa;

4) aHanu3 HaWJEHHOTO PElIeHUs 33aa4u, TPOBEPKa.

Memoovl noucka pewienus 3a0a4u MO*CHO HA36AMb clledyioujue:
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1)  Amnanm3: a) Korja B pacCy)KJICHUSAX ABHTAIOTCS OT HCKOMBIX K JaHHBIM 3aJaud; 0) Korua menioe
pacuwIeHsIOT Ha YacTH;

2) Cunres:

a) KOTJla IBUTAIOTCS OT JAaHHBIX 3a]1a4i K UCKOMBIM;

0) Koraa 3eMeHThl 00bEMHSIOT B 1IEJI0C;

3) IepedopmynupoBka 3agaun (4€TKO (GOPMYIUPOBATH MPOMEKYTOUHBIC 3aJaHHsI, BOSHUKAOIIUE 10
X0y IOMCKA PEUICHHUS);

4) WHIyKTUBHBI METOJ PELICHHs 33Ja4d: HA OCHOBE TOYHOI'O YEPTEKAa YCMOTPETh CBOMCTBA
¢burypsl, cienats BEIBOABI M IOKA3aTh UX;

5) Ilpumenenue aHanoruu (BCIOMHMTH aHAJIOTMYHYIO 3a/1a4y);

6) IIporrosupoBaHue — MPEABHICHHUE TEX PE3YIBTATOB, K KOTOPBIM MOXET MIPUBECTH MOHCK.

Paccmompum bonee noopobno npoyecc pewenus 3a0aqu:
3amaua Ha nBKeHHe. Jloaka Mmpomuia Mo TeYSHHI0 PEKH PACCTOSTHUE MEXKIy IBYMsI MIPHUCTaHIMH 32 6
4y, a 00paTHO — 3a 84. 3a CKOJBKO BPEMEHHM MPOIAET pPACCTOSIHUE MEXJy MNPUCTAaHSAMHU ILIOT,
MYIEHHBIH 110 TEYEHUIO PEKU?

Ananuz 3a0auu. B 3amade peub umeT o ABYX OOBEKTax: Jjojaka W IoT. Jloaka wmmeer
COOCTBEHHYIO CKOpPOCTb, a IJIOT ¥ PeKa, MO KOTOPOH IUIBIBYT JIOJKA M IUIOT, UMEET ONPEICIICHHYIO
CKOpOCTh T€YeHHUs. FIMEHHO MOATOMY JIOJIKAa COBEpIIAET MyTh [0 TEUYECHHUIO PEKH 32 MEHbBIIEE BPEeMsI
(6u), uem npotuB TeueHus (84). Ho 3T ckopocTu B 3amaye He JaHbI, TaK K€ KaK HEU3BECTHO M
paccrosiHre Mex Ty puctansmMu. OHaKO TpeOyeTcs HalTH He STH HEU3BECTHBIE, a BPEMsI, 32 KOTOpPOE
TUTOT MPOTUTBIBET 3TO PACCTOSHHE.

Cxemamuueckas 3anuco.:

B

“ [ N nnor
nogka

[Touck cnocoba pemienus 3agauu. HyxHo HallTH BpeMs, 3a KOTOpOE IUIOT MPOIUIBIBET PACcCTOSHHE
MEXy pucTansaMu A u B. JIjist Toro, 4To0bI HAMTH 3TO BPEMs, HAJI0 3HATh pAcCTOsTHUE AB M CKOPOCTh
TedeHus peku. O06a OHM HEU3BECTHBI, I03TOMY 0003HAUMM paccTossHue AB OykBoi S (KM),a CKOPOCTh
TedeHus: a KM/4.UTOOBI CBSI3aTh STH HEW3BECTHBIE C JAHHBIMU 3aJa4yd, HY)KHO 3HATh COOCTBEHHYIO
CKOpOCTh JoJKu. OHa TOXKe HEM3BECTHA, MOJOXKUM, OHA paBHa V kM/4. OTcioma BO3HUKAeT IUIaH
pElIeHUs, 3aKIIOYAIOIINIICS B TOM, YTOOBI COCTaBUTh CHCTEMY YPaBHEHUU OTHOCUTEIILHO BBEJICHHBIX
HEU3BECTHBIX.

OcymectBienue pemenus 3agaud. [lycts pacctosiHue paBHO S (KM), CKOPOCTh TEUCHHS PEKU d
KM/4, COOCTBEHHAs! CKOPOCTb JOAKK V KM/4, a ICKOMOE BPEMSI IBHKEHUS TI0OTa PABHO X 4.

Torga ckopocTh NOAKH MO TEYEHHIO peku paBHa (V+a) km/4. 3a 64 nonka, was C STOH
CKOPOCTBIO, Mpoliiia paccrostaue B S (km). CremoBarensHo, 6 (V + a) =S (1). [Ipotus TedeHus 3ta
JI0/IKa UAET cO CKOpocThio (V — a) KM/4 ¥ JIaHHBIN MyTh OHA NPOXOAUT 3a § 4, mostomy 8(V—a) =S
(2). IInoT, MABIBI CO CKOPOCTHIO TEYEHMs] PEKH a KM/4, MPOIUIBLT paccTosiHue S (KM) 3a X 4,
creoBareNbHo, ax = S (3).

HOJ'Iy‘IeHHLIC YpaBHCHHUA 06p8.3y[0T CUCTCMY ypaBHCHI/Iﬁ OTHOCUTCIbHO HCHU3BCCTHHIX a, X, S, V. Tak
KakK TpeGyeTcsl HAWTH JIHIIb X, TO OCTAJIbHBIC HCU3BCCTHLIC TOCTApACMCA UCKIIIOYUTD.
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st aToro u3 ypaBuenuit (1) u (2) naiinem: V +a =, V —a = . Bpluuras u3 nepBoro ypaBHEHUSs
BTOpOE, NOIy4YuM: 2a = — . OTcroga a =. IlogcraBuM HaliiIcHHOE BBIpaXEHHUE B ypaBHEHUE (3): X
=. Orkyna x=48 .

[IpoBepka pemienust. Mbl Hally, 4TO IUIOT IPOIUIBIBET PACCTOSHUE MEXJy NPUCTaHAMHU 3a 48 u.
CnenoBarenbHO, €0 CKOpPOCTh, paBHAsi CKOPOCTH TEUYEHMsI PEeKH, paBHAa . CKOPOCTb K€ JOJKHU II0
TEYECHHUIO PEKH paBHA KM/Y, a IPOTUB TeUeHUs Kkm/d. [[ist Toro, 4roObl yOESAUTHCS B MPAaBUILHOCTH
peleHusl, JOCTaTOYHO MPOBEPUTH, OYIYT JI PaBHBI COOCTBEHHBIE CKOPOCTH JIOJKH, HAaliICHHBIC IBYMSI
cnocobamu: + u  — . [IpomsBezst BEIYMCIICHUS, [TOJyYUM BEPHOE PABEHCTBO: = . 3HAUYMUT, 3ajada
penieHa npaBUiIbHO.

OTBeT: IIOT NPOIJIBIBET PACCTOSIHUE MEXKY IPUCTAaHAMHU 32 48 yacos.

AHanu3 pemieHusi. Mbl CBeJIM pelIeHUE 3TOM 33/1a4M K PEIICHUIO0 CUCTEMBI TPEX YPABHEHUU C
YeThIpbMs HEM3BEeCTHBIMU. OHAKO HAaWTH HaJ0 ObUIO 0JIHO Heu3BecTHOE. [103TOMy BO3HUKAET MBICIb,
YTO JJAaHHOE PELICHHUE HE CaMOo€ YIa4HOe, XOTs U MPOCTOE. MOKHO MPEIIOKUTE APYTrOe PELICHHE.

3Hasi, 4TO JIOJIKa MIpoIuIbUIa paccTosiHue AB mo TedeHuro peku 3a 64, a MpoTuB — 3a 8y,
HaigeMm, 4to B 14 joaKka, UJM MO TEYEHHMIO PEKH IMPOXOJUT YaCTh 3TOr0 PACCTOSHUSA, a MPOTHUB
TedeHusl. Torna pa3sHOCTh MEX1y HUIMH — U = €CTh Y/IBO€HHAsl 4acThb paccTosiHusg AB, npomnisiBaemas
miotoM 3a l4. 3nauywmt. Ilnotr 3a 14 mpomsiBET wacTek paccTtosiHus AB, ciemoBatenbHO, Bce
paccrosinue AB oH mporuibsiBeT 3a 48 4.

[Ipu Takom pemreHWH HaAM HE TMOHATOOMIIOCH COCTaBIATH CUCTEMY ypaBHeHUU. OJHAKO 3TO
pellIeHre cIoXKHee MPUBEIECHHOTO BhIlIe (HE BCAKHIM 0T aeTcsl HATH pa3HOCTh CKOPOCTEH JIOJKH IO
TEYEHHIO M MPOTHUB TeueHHs peku). Ho ecnu BBl Tak M HE CMOTJIM pa3o0paThCs ¢ peuieHueM JTaHHOM
3a/1a4M, WM )K€ y BaC MPOCTO HET Ha 3TO BPEMs, a Ha HOCY €€ Kyda KOHTPOJIBHBIX, TO Bbl MOXKETE
3aKa3aTh PELICHUE KOHTPOJIbHBIX padOT Ha CIELUAIbHBIX OUpXkKax.
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	Угол между прямой и плоскостью.
	Пусть  - наклонная, проведенная из точки M к плоскости , а  - ее проекция на плоскость  (рис.1). Тогда угол  - называется углом между прямой  и плоскостью . Таким образом определяется угол между прямой и плоскостью, пересекающей эту прямую и не перпен...
	Сложение векторов
	Вычитание векторов
	Умножение вектора на число
	Тема 14.2. Основные понятия математической статистики
	Статистическое распределение выборки
	Эмпирическая функция распределения
	Полигон и гистограмма
	Решение рационального уравнения , где   и— многочлены(Q(x)(0), сводится к решению уравнения  = 0 и проверке того, что корни удовлетворяют условию          Q (x) ( 0.
	Также используется теорема Виета:
	Рациональные неравенства.
	Свойства равносильных неравенств.

	При решении неравенств используют свойства равносильности. Неравенства с одной переменной называются равносильными, если множества их решении совпадают.
	Доказать. Неравенства P(x) + T(x) > Q(x) и P(x) > Q(x) – T(x) – равносильные.
	P(x) + T(x) – T(x) > Q(x) – T(x), отсюда P(x) > Q(x) – T(x).
	Дано. P(x) > Q(x) – неравенство (1),
	T(x) > 0, x(R,
	P(x)(T(x) > Q(x)(T(x) – неравенство (2).
	Доказать. Неравенства (1) и (2) равносильные.
	Это свойство доказывается аналогично 3 свойству.
	Алгебраические неравенства.

	Линейными (строгими и нестрогими) называются неравенства вида
	Квадратными (строгими и нестрогими) называются неравенства вида
	Метод интервалов.
	Неравенства с параметрами.

	Системы рациональных неравенств.
	Графическое решение неравенств.

	Неравенства с одной или двумя переменными можно решать графически.
	Решение неравенства с двумя переменными f(x,y)>0 есть множество точек плоскости, координаты которых удовлетворяют этому неравенству.
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